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Tables and Other Information

o The unit step functions are
1 t20
0 t<0
{ 1 n>0

0 n<0O

o Sum of an arithmetic series

N2
Y (a+nd) = (No — Ny + 1)a+ (N2 — Ny + 1)(Na + Ny )d

n=N1 2
e Sum of a geometric series
N-1 —_gN
n=0 N’ ﬂ =1
e Sine and cosine:
10 4 =36 . ed0 _ 36
cosf = ——— sinf = —————
2 j2

Complex exponentials: e/ = cos8 + jsin §

More trigonometric identities

sin(6; % 02) = sin 6, cos b3 = cos 8 sin b
cos(61 £ 63) = cos @y cosy F sin b; sin by
sin 0y sinfy = 1/2cos(6; — 62) — 1/2cos(8; + 65)
cos 8y cos By = 1/2cos(6; — 62) + 1/2cos(8; + 63)
sin 6; cos @2 = 1/2sin(6; — ;) + 1/2sin(0; + 63)

e The solutions to the quadratic equation az? + bz +c =0 are z = %

The Final Value Theorem for Laplace Transforms states that if z(t) = 0 for t < 0, z(0) is
finite, and z(¢) o x (s), then lim; o0 z(t) = lims_,g 8 X (s).

Continued on Page 7
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Second-order systems with no finite zeros

Consider a second-order linear time-invariant continuous-time system with transfer function

2

.
“n

2 - )
8% + 2Cwns + wf

T(s) =

The poles of this system are at

8= —(wnx jwny/1-¢* fO0<(<T,
8= —Cwptwpy/C?—-1 if¢(>1.

If ¢ <1 the system is said to be underdamped, if { > 1 the system is said to be overdamped, and
if ( = 1 the system is said to be critically damped.

T(s)

S

. Z
The step response of a system, ystep(t), satisfies ystep(t) «— . If the second order system

T'(s) above is underdamped, then its step response is,

Ystep(t) = (1 - A —e wnlgin (u)n v1-—C(%tH Q)) u(t),

vi—G6~ !

where ¢ = ata.n(@) = acos((¢). The percentage overshoot of this step response is

¢
t hoot = 100 -
percentage overshoo 00 exp ( \/T:‘?)

the 10%-90% rise time is approximately
_ 2.16¢ + 0.6

T;
Wn
and the 6% settling time is approximately
100
7o 2O
settle,d ~ Con
n

where In(-) denotes the natural logarithm.

Continued on Page 8
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] C.2 Basic Fourier Series Pairs

C.1 Basic Discrete-Time Fourier
Series Pairs Time Domam Drawmesin
1 = 1
- xif) = 5 Nikjet= A =5 j il di
Time Domai anuawyl Domain i i
xfn) = 3 Xjkje* Xik) = 3 xinje Period = T e
e e
Period = N 0,== e =T _ mnlkw,T,]
N e {n, T.<|tf=T1 ==
l-{" nl < M sin h%’(zmn)) air] = p*= X&) = 8k~ ¢l
M=o, M <|nl=N2 X{k] = o fe) = cox| puai] X1k] = {8k - p] + |8k + p]
x[r} = x|n + N} N sin(k 7) I
w1l = i i g} X[h) = = Hk = p] = -1- HE + p]
1, k=p,p=Np=2N,... 4 o
xln) = 7 Xk = 1o, otherwise :
d oiith = B Kr = pT} X ==
L, k=2p,2p =N, tp=IN,...
x{n] = cos(pfln) Xk} = 0. otherwise
1
= wp,p2N,px2N,...
5 k=pep P
xin] = sin(pfhor) e :2%. k=-p—ptN -p=2N ...
0, otherwise C.3 Basic Discrete-Time Fourier
N k=0, 2N, 22N, ... I Transform Pairs
xlm) =1 XUkl = 1o, otherwise
| Time Domain Freguency Domain
- S 1 -
xln] = Z5-_.8ln  pN] Xtk = i) = o= [, Xieme= dn Xe®) = 5 strie
safo52)]
] = L |nl=M X(e™) = :
* 0, otherwise (™) = ) (ﬂ)
snl +—
2
| C.4 Basic Fourier Transform Pairs i) = auln],  lal <1 X(e) = — L -
Vi Dioevnin Fragwirnsy Domsm ] = 8] X{e'™ =1
I & vl 1 &
sif) == ]r__-;h..p— . Xt = r_nm dr x[n] = u[n] Xie'®) = oAt r’_};_ﬂﬂ - 2mp)
Jn msT . 2 untuT} I ' 1, |0f=sw ) .
wirl {u. Xilpwh o ln) = —sin(Wn), 0<W=gw X(e/) = {0’ w<lal=s s X(e™) is 2w periodic
_ L Xijea = 1o 1A =W = (n + 1o X(e™ !
wil = —t | ] 8, v xn] = (n uln| (e"™) = (TT"")’
wfil = B Xipud = 1
wfiy =1 Xifud = lmhtrl_
wir| = whi] X = J-s--. 4 whfal
wify = =wltl,  Relaje0 K:.*-i-_‘ regd
2 = g uir), Rel=] = 0 Xijwl = m
~ — 1‘1 C.6  Discrete-Time Fourier Transform Pairs for Periodic Signals 679
il =™, a0 X{pw) = ——— { R
a o 1 I C.6 Discrete-Time Fourier Transform Pairs
Periodic Si
o ?1!__ - TP 1 Jor Periodic Signals
Periodic Time-Domain Signal Discrete-Time Fourier Transform
C.5 Four.ner Transform Pairs dnl= S Xiklehor -
for Periodic Signals = Xie) =27 3 X(kIHQ ~ kD))
Periodic Time-Domain Signal Fourier Transform *ie} = conlllyx) Xie') = ',i B0 - 0, - k2%) + 80 + O, - k2%)
*{n] = sin(flm) X =< 3 80 -0, - k2n) - 80+ 0, - k2m)

Xijw) = 21.5.‘ X[k)dlw ~ kw,)

x{t) = i X[k)e=
-

x(t) = coslaw,t) Xijew) = wllo - w,) + 76w + w,) - =
. - x[n] = " X(e) =27 3, 80 - 0, - k2m)
x(t) = sin{e t) X{jw) = 7 o — w,) - 7 Sle + w,) P
- — kN _ir k2w
x(e) = X(jo) = 2ub(w - w,) Aol = 2 - 1 xen =3 5 ofn- T)

2 o 2
x(t) = £5._.8(t - n9F) X(jea) = ?' ‘?; 6(0 -k ?")

o= 1, lelsT, '
T, n<pl<m X(jw) = 3

2 r‘m(:-.T.) Moo - k)
x(t + T) = x(t)
Continued on Page 9




| C.7 Properties of Fourier Representations

Dripcrete-Time F5

Poumv';_'msfom I."I‘.,!?I-’-III wir FT ; Ij:ﬂ.\. i'I: p
x(t) «— X(jw) wim) - X WIIL‘H n‘:m
y(l)nir—'v(iu) ¥ial = = il Period = N
FT TR [ g TP =
ax(t) + by(t) aX(jw) + bY(jw) afn 'rl.—!r_ = aXjr™] & bY# ax{m| + byfn] i — + aX]k] + b¥k| :
T DTFE % ¥
‘(‘—'.)‘i’fl"‘x(fﬂ) - — ) gfn - m] v ::*-_':‘!__ﬂ
\TIT e TR,
eMxlt) s X(jlw - 1) LB B e S
- x [} = B, m @ i winl =0, mw®lp
FT 1 jo v
da)*—*mx(-.—) . ¥ " it Fs '”-‘-M.*I
FT
2 510 T joX(jo)
FT d . LS o
"iu(t)‘——’;:x(lo) wrfn X Xie™)
‘ ji TFT Xie®
f_ x(r)dr‘—"T—bgt—’(_‘j—‘l+1X(iO)8(u) k] —= 2 pe fadh Lo L klx
: e (s T .. Do -
I f_' 2yt = 1) dr s X(jeY(j) I =it Xie i I T stiytn - N — NXHYE
- FT 1 1 __. f i o ps OTHL D =
*(')r(f)‘—-’;;f_x(ir)Y(i(u-v))dv - | e 1__ T | sfulyfa] ———

- 1 . % 1 - % |
[t ae= o [ ixop o 2 e = el ol
OTFT TF
& Xlg - DT R, A
FT o Xjm] et — 2|~ k]
jt) «—> - [ N
Xjt) 2mx(~a) N s A = | _
0OiTe;
- Kir viaf read = n-":'lif = X|-¥]
(1) real s X*(ju) = X(~ja) n] — ] Emginary e O k) = =]
. . FT . . OfrT = OTFE L,
x(t) imaginary «—— X*(jo) = —X(—jw) xlm) trml amd even ——= Im[X1e @ = D xfi] real and rven +—— Im{Xk]) = 0
i . e BTH; O, ;
x(t) real and even «—— Im{X(jw)} = 0 i 8dd s Red X = O ximl erad wnd odd ——— Re(XIk]} = O

() real and odd < Re(X(ju)) = 0

Fourier Representations

]| C.9 Sampling and Aliasing Relationships

Let
Let

20 Siwe = 24T oy

vin) PRLLLLEN V(e

DTFS; 0, = 2w/N WIk]

x(t) ‘_Er_. X(jo)

vin} LT, vy
wn]

s IMPULSE SAMPLING FOR CONTINUOUS-TIME SIGNALS
FT 1 < r 2w
< H - — _— —
xlt) = D, x(nT)8(t — nT) Xl jo) = T ‘_Z. X(l(w k 3.))

X, jo) is 2m/F periodic.

= FT REPRESENTATION FOR A CONTINUOUS-TIME PERIODIC SIGNAL

gl) <L Gljw) = 2 = Glklb(w - ka.)

01 9984 uo psnunuo)d

DTFT REPRESENTATION FOR A DISCRETE-TIME PERIODIC-SIGNAL

win) <L, Wiei) = 20 ‘2", WIk]J5(@Q — k0,)

01 jJo 6 938



| E.1 Basic z-Transforms
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| D.1 Basic Laplace Transforms
Signal Transform ROC Signal Transform ROC
) % Rels) > 0 o] 1. Allz
1 i) == lel > 1
tu(t) 2 Refs) >0
1
o
t—1n, >0 e forall s ) 1=t |zl > |al
1 ozt
e "ult) yry Rels} > —a nauln] T—ap lz| > |a|
1 e §
teult). T Rels) > -a {cos(mlutn] i l2l>1
. ~! sin ),
[cos(w)lu(e) o Rets) >0 {skok O nllnd) 7o 7 lel>1
1-z' cos)
[sin(at)}u(e) T Rels) >0 [r" cos(@ym)uln] = z_,sz::; = zl>r
- s+a . z 'rsinQ),
[e™* cos(w,¢))u(t) m Refs) > —a [r" sin(Q,n)}ufn] 1=z 2rcos, + Pz lz|>r
fe™ sin(wyt)}ule) Y e Rels] > —a
, BILATERAL TRANSFORMS FOR SIGNALS THAT ARE NONZERO FOR #1 < 0
8 BILATERAL LAPLACE TRANSFORMS FOR SIGNALS Signa Bilateral Transform ROC
THAT ARE NONZERO FOR ¢ < 0 — —
1
u[—n - 1] — z
Signal Bilateral Transform ROC R 1 ~2 1 | -
8t-1,7<0 e forall s sl —n ~ 1] _1
1-az
—u(—t) 1 Refs)} <0 o ‘T az”! o 1 o
s naul—n — 1]
(1 - a
—— 5 Rels) <0 T
—e~"u(—1) ; Refs) < —a
s+a
E.2 z-Transform Properties
—te™*u(—t) ﬁ Refs} < —a l
Signal Unilateral Transform | Bilateral Transform ROC
x[n] X(z) X(z) R,
yln Y(z) Y(z) R,
ax{n] + byln] aX(z) + bY(z) -aX(z) + bY(z) AtleastR, N R,
x(n — k) See below 274X(2) R, except possibly |z| = 0, =
| D.2 Laplace Transform Properties osln] x(i) x(f;) |elRe
Signal Unilateral Transf Bilateral Transf ROC =n] - x(%) .
x(#) X(s) X(s) R {n] * yin] X(2)Yiz) X(z)Yiz) AtleastR, R,
¥t) Y(s) Y(s) R, nxln) d d X R, possibly addition
ax(e) + by(e) aX(s) + bY(s) aX(s) + bY(s) AtleastR, N R, —zg Xl “2g X@ or deletion of z = 0
e *"X(s) -
M L ihate - o) = xte = Aute - | X ke
*x(t) X(s = so) X(s — so) R, = Rels,)
1 s 1 s R
—x{= —x[= %
et fal (-) fal () fal
x(t) * Y1) X(s)Y(s) X(s)Y(s) Atleast R, N R,
—tx(t) % X(s) % X(s) R,
20 $X(6) - x(0°) $X(s) Atleasc R,
1 X(s) X(s)
| _x(ndr 3 _.z(f) dr+ e 5 At least R, N {Re(s) > 0)

The End.



