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5.3 Matrix Formulation of the DFT

Introduce the NV x 1 vectors:

: T
x = |z[0],2[1],...,2[N - 1]|",
: T
X = |X[0],X[1],...,X[N —1]|
where X k| is the DFT of the sequence x|n],
and the N x N matrix:
WO wo WO WO
WO Wl W2 WN—]_
W = WO W2 w4 WQ(N—l)
wo whN-1 p2W-1) ... wpiV-1)2

where W = e—72n/N,




The DFT can be expressed in the matrix form:

X = Wx.

Likewise, the inverse DFT can be given by:

1
x = —WHX
N

where the operator {-}* indicates the Hermitian (or complex
conjugate) transpose.

Proof: Elementary, using the fact that WA#W = WW¥# = N 1,
where I is the identity matrix.
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5.4 Interpretation of the DFT via the Discrete
Fourier Series (DFS)

Construct a periodic sequence by “repeating” the finite
sequence z[n|, n = 0,...,N—1:

{z[n]} =+{...,2[0],..., =[N —1],z[O],..., =[N —1],...}

={z[n]} ={z[n]}
The discrete version of the Fourier Series can be written as:
. kn
Tn] = > X /2N
k
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where X [k] = NX,. 4



Remarking that:

W—kn _ ejQWW — 6j27r N — W—(k—l—mN)n,

for integer values of m, we obtain that the summation in the
Discrete Fourier Series (DFS) should contain only N terms:

1 N—-1

z[n] :N Z

k=0

~ - kn
(k] e/°™N DFS

The DFS coefficients are given by:

N-—1
~ . kn
Xkl = Y #n] e 2™V inverse DFS

k=0
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Proof:




The DFS analysis and synthesis equations are:
N—-1

~ -~ _kn
X[kl = ) Z[n] e J°TN analysis
k=0
1 N—1 .
T[n] = ~ > X[k] el 2N synthesis
k=0

Remarks:

— The DFS and DFT analysis and synthesis equations are identical
except for the fact that the DFT is applied to a finite (nonperiodic)
sequence x[n|, whereas the DFS is applied to a periodic sequence

— The conventional (continuous-time) FS represent a periodic signal
using an infinite number of complex exponentials, whereas the DFS
represent such a signal using a finite number of complex exponentials.
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5.5 Properties of the DFT

Linearity:

If X[kl =DF7T{z[n]} and Y|[k]=DFT{y[n]},
then aX[k] +0bY[k] = DFT{az[n] + by[n]},

where the lengths of both sequences should be equalized by
means of zero-padding.

Also, if z[n] = DFT Y X[k]} and y[n] = DFT {Y[k]},

then azx[n]+by[n] = D]—_T_l{aX[k] +bY[k]}.



Circular shift of a sequence:

If  X[k] = DFT{z[n]},
then X|[k] e_jQWka = DFT{x[(n —m)mod N]}.

Also,if z[n] = DFT H{X[k]},
then z[(n — m) mod N| = D]:T_l{X[k] e_jQWka} ,

where the operation mod N is exploited for denoting the
periodic extension z[n] of the signal z[n|:

x|n] = x[nmod N].






Proof of the circular shift property:

N—-1
> z[(n —m)mod N] Whkn
n=0
N—1
= Y z[(n —m)mod N] wk(n—m+m)
n=0
N—1
= whm Y z[(n —m) mod N] wk(n—m)
n=0
N—-1
= Whkm Y z[(n —m) mod N]
n=0

where we use the facts that Wk(i mod N) — JJ/kl gnd that the
order of summation in the DFT does not change its result.



Example of the DFT circular time-shifting property: m = 1

Q20— - - - 150 —
C ()
S le o
3 °/ |y il o3F7| 100
) :: mn
= - 50! ]
£ TTH | [teessensnsstt]
2 ﬁff oL T290000000007
0 Yo 5 10 15 0 5 10 15
n Kk
6 6
c 4 X .e0??Tl £ 4
S S
= 2 = 24 Y[K]
— —
LQL O.T{¥IIII _____ LQL O_.TTTT?,Q..‘ ]
N g Steea | N g teay)
2 5 10 15 2 5 10 15

K K



	COMP ENG 4TL4:Digital Signal Processing

