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3.2 Properties of the DTFT

Linearity:

If X() =F{z[n]} and Y() = F{ylnl},
then a,X(ejw) + bY(er> = F{az[n] + by[n]}.

Also, if z[n] = f_l{X(ejw)} and y[n] = f_l{Y(ejw>},
then ax[n] + by[n] = f_l{aX(ejw) + bY(ejw)} .

Proof. Elementary (direct substitution).



Example of DTFT linearity property:
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Time shifting:

If X(ejw> = F{x[n]} then X(ejw) e 1M = Flx[n —m]}.

Also,if z[n] = F~H{X(e)},
then z[n — m] = f_l{X(ejw> e_jwm} .

Proof:
Flz[n—m]} = > z[n—m] e IWUn — > x[k] e~ Jw(m+k)
— e Jwm Z x [k] e Jwk — X(ejw> g~ Jwm
k—=—o00

]_——1{X(€jw> e—jwm} = F Y Fn - m} = z[n —m)]



Example of DTFT time-shifting property: m = 1
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Frequency shifting:

If X(ejw) = F{xz[n]} then X(ej(w_'/)> = ]:{a:[n] ejyn} .

Also,if z[n] = f_l{X(ejw)} ;
then z[n] /¥ = F_l{X(ej(w_V))} .

Proof:

f{x[n] ej’m} = i x[n] e J(w—r)n _ X(ej(w_’/)>

n——oo

f_l{X(ej(w_’/))} = f_l{]:_l{x[n]ejyn}} = z[n] V"



Time reversal:

If X(ejw) = F{xz[n]} then X(e_jw> = F{x[—n]}.
Also, if z[n] = f_l{X(ejw)} ,
then z[—n] = f_l{X(e_jw)} .

Proof:

o0 @)

Flal-nl} = Y alznle " = 3 afm] ™ = X(e7)

n——oo =M m=—oo

FHXE )} = FHFol-n]} =z[-n]




Example of DTFT time-reversal property:
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Differentiation in frequency:

. dX(ejw>
If X(ejw) = F{z[n]} then j = F{nz[n]}.
Also, if z[n] = F_l{X(ejw>} ,
X(edw
then nx[n] = fl{j (e )}
Proof: dw
00 . X d(e_jwn)
Fnxz[n]} = _2: nx [n] e %" :]_E: x[n] o
o0 . dX(elw

F1 {F{nz[n]}} = nx[n]
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Convolution theorem:

If X(e) = Fla[nl} , H(Y) = F{hln]}

and y[n] = Z x[k] h[n — k] = z[n] x h[n],

k=—0o0

then Y(e/¥) = F{y[n]} = X(e/*) H(e™*).

Convolution of sequences in the time domain is equivalent to
multiplication of the corresponding Fourier transforms in the
frequency domain.
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Proof of convolution theorem:

O o0

Y(ejw> = F{y[n]} = Z { Z az[k]h[n—k]}ejwn

n=——oo k=—00 —m

i i z[k] h[m] eI« (m+k)

Mm=—o0 k=—00

{ Z x[k]ejWk}{ Z h[m]ejwm}

k=—00 m=—o

X(e’*) H(e’)
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Windowing theorem:

If X(e) = Fla[n]} , W) = Flwlnl} |

and y[n] = z[n]w(n],

then Y(ejw) F{y[n]} = o / ej’/ W(ej(w_”)> dv

Muiltiplication of sequences in the time domain is equivalent
to periodic convolution of the corresponding Fourier
transforms in the frequency domain.

Proof: by means of direct substitution, similarly to the proof of
the convolution theorem.
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Example of DTFT windowing property:
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Generalized Parseval theorem:

If X(ejw) = F{z[n]} , Y(ejw) = Flyln]} ,

®.@,

then >  z[n]y"[n] = —/ ejw Y*(ejw> dw.

n——oo

Proof. similar to the proof of the Parseval theorem.
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Summary of the main properties of the DTFT

Sequence z[n]

Fourier Transform X(ejw)

ax[n] + by[n]

a (eW) + bY(er)

x* [—n] X*(ejw>
x[n — m] e Jwm X (elw
eIV z[n] X(ej(w_’/)>

z[—n X(e_jw>
n x[n] J dXe™)
. dw
x[n] * h[n] X(ejw> H(ejw>

1
ﬂfzw

X(ejy) W(ej(w_y)) dv

>0 en])?

A [ X(e) [ dw

> e _ oo x[n] Yy [n]

% I X(ejw) Y*(ejw) dw
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3.3 Frequency-Domain Representation

of Discrete-Time Signals and Systems

Recall the impulse response h[n)|

of an LTI system:

yln] = > h[k]z[n — K]

k=—00

Consider an input sequence: x|[n| = /", —co < n < o

y[n] = ioj hlk] (k) = elvn i hlk] e 7<k}

k=—0o0

= ejwnH(ejw>

k=—oo

= H(e)

S
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The complex function:

©.Q)
H(e™) = Y hl[k]e 7"
k=—o0
IS called the frequency response or the transfer function of
the system.

Remarks:

— The impulse response and transfer function represent a
DTFT pair = H(e’®) is a periodic function.

— The transfer function shows how different input frequency

components are changed (e.g., attenuated) at the system
output

— This function will be very useful for the consideration of
signal filtering = if y|n| = h|n|xz|n], then Y(e/®) =
H(ejm)X(ejm) 17



Interpretation of impulse
and frequency responses

Olnl, LTI system i)
jon jon :
e LT system &)
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Example: the delay system:

y[n] = xz[n —ny] with fixed integer ny
z[n] = eJwn — y[n] = eJw(n—ng) _ H(ejw> — T JWNg
Since |H(e/?)| = 1, this system is frequency nonselective.

Such systems are often referred to as allpass systems. This
was illustrated on slide #5.

(Examples of frequency selective systems will be given in Lab
#2 and later in the course when the filtering operation is
considered.)
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