
EE 4CL4 – Control System Design 

Solutions to Homework Assignment #9 

1. Compute the Z-transform for the discrete sequences that result from sampling the following 
signals a 1 Hz: 

a. ( )45.0cose 1.0 π+− tt . 

b. . (25 pts) tt 25.02 e−

If the sampling frequency is 1 Hz, then the sampling period, ∆, is 1 s.  To compute the Z-transform 
of a sampled signal f(t) we first obtain the expression for f(k∆) = f[k] and we then use the table of 
Z-transform pairs to obtain the Z-transform. 

a. If ( ) ( )45.0cose 1.0 π+= − ttf t , then: 
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where .  Using the Z-transform pairs for sequences of the form 1.0e−=a [ ] ( )θkakf k cos=  and 
 gives: [ ] θkf = (kak sin )
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b. If , then: ( ) tttf 25.02 e−=

[ ] ,2 kbkkf =  

where .  Using the Z-transform pair for a sequence of the form  gives: 25.0e−=b [ ] kkbkg =
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We now make use of the Z-transform property that [ ][ ] ( )
z
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2. Consider the following recursive equation describing the relationship between the input u[k] 
and the output y[k] in a discrete-time (sampled-data) system: 

[ ] [ ] [ ] [ ] [ ]23.016.0206.015.0 −+−=−+−− kukukykyky . 

a. Determine the transfer function. 

b. From the above result, compute the response of the system to a unit Kronecker delta. (25 
pts) 

a. Taking the Z-transform of both sides of the difference equation with zero initial conditions 
gives: 

( ) ( ) ( ) ( ) ( )zUzzUzzYzzYzzY qqqqq
2121 3.06.006.05.0 −−−− +=+− . 

The transfer function is normally expressed in positive powers of z only, so we multiply both 
sides by z2 to yield: 
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b. The response of the system to a unit Kronecker delta is the inverse Z-transform of the transfer 
function: 
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The inverse Z-transform of the expressions inside the square brackets can be found in the table 
of Z-transform pairs, and then the “Backwards Shift” property from the Z-transform properties 
table can be used to find the effect of the factor 1/z outside the square bracket: 

[ ] ( )[ ]
[ ] ( ) ( ){ } ( ) ( )
[ ] ( ) ( ) ( ) ( )
[ ] ( ) ( ) .2.0213.0165

2.02.02.43.03.08.45

2.02.43.08.42.02.43.08.4
11

1111

1

kk
K

kk
K

kk
K

q

k

k

k

zHkh

−+=

−+=

−+−−=

=

−−

−−−−

−

δ

δ

δ

Z

 

Alternatively, the “Unit Step” property from the Z-transform properties table can be used 
instead to find the effect of the factor 1/z outside the square bracket: 
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where µ[k] is the unit step function. 
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3. Determine the step response of the discrete-time system with the transfer function: 

( )
( )26.0

1
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The step response y[k] of a given system with transfer function Hq(z) can be computed from 

( ) ( )
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=
z
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A partial fraction expansion is then used and known inverse Z-transforms for simple fractions are 
applied. 
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4. Assume that, in Figure 12.6 on page 339 of Goodwin et al., Go(s) is given by: 
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a. Compute the Delta-Transform of the transfer function from u[k] to y[k], ( )γδoH , as a 
function of the sampling interval ∆. 

b. Verify that, if we make ∆ → 0, then: 

( ) ( )sGH oso ==→∆ γδ γ
0

lim . (25 pts) 

a. One method for computing the Delta-transform transfer function makes use of the property: 

( ) ( )
1+∆=

∆=
γδ γ

zoqo zYY . (1) 

As in Fig. 12.6 (in the book) we assume a zero order hold.  Then, the Z-transform for the 
system’s response to the Kronecker delta is: 
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From Eq. (1) above, the Delta-transform for the system’s response to the Kronecker delta is 
then: 

( ) ( )
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We now note that the Delta-transform transfer function is the system’s response to a scaled 

version of the Kronecker delta, [ ]kKδ
∆
1 , rather than the unscaled Kronecker delta.  Therefore, 

the transfer function ( )γδoH  can be obtained from: 

( ) ( )

( )
( )( ) ,2

21

11
21

1

2

ba
abba

ba

ee

YH oo

++
+−

=

+
+

+
−=

−+∆
∆

+
−+∆

∆
−=

∆
=

∆−∆−

γγ
γ

γ
γ

γ
γ

γ
γ

γ
γ

γγ δδ

 

where ( ) ∆−= ∆−ea 1  and ( ) ∆−= ∆−21 eb . 

b. First we calculate the values of a and b when ∆ → 0, making use of the Taylor series expansion 
of the exponential terms: 
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Thus: 
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