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Abstract

We consider a distributed sensing system in which several observations are com-
municated to the fusion center using limited transmission rate. The observations
must be separately encoded so that the target can be estimated with minimum
average distortion. We get an achievable region of rates and average distortion.
The quadratic Gaussian case is discussed in detail and the results are applied to
the quadratic Gaussian CEO problem to derive an upper bound on the sum-rate
distortion function.

I. Introduction

In this paper, we consider the following distributed sensing system (see Fig.1).
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Figure 1: Model of distributed sensing system

{X(t)}2, is the target data sequence that the fusion center is interested in. This data
sequence cannot be observed directly. L sensors are deployed, which observe indepen-
dently corrupted versions of {X (¢)}?2,. The data rate at which sensor ¢ (i =1,2,---, L)
may communicate information about its observations to the fusion center is limited to R;
bits per second !. Due to wide geographical separation of the sensors or other reasons, the
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IThe rate constraints may come from the restrictions on the resources, say bandwidth, power, etc.,

that are available to sensors



sensors are not permitted to communicate with each other, i.e. sensor ¢ has to send data
based solely on its own noisy observations {Y;(t)}s,. Finally, the decision {X ()}, is
computed from the combined data at fusion center. This model has been studied in [1]
in the case of two sensors. So part of our work can be viewed as a direct generalization
of [1]. A closely related problem, called CEO problem, was discussed in [2] for discrete
case, and [3, 4] for quadratic gaussian case. Here we mainly follow the notations adopted
in [3].

Let {X (%), Y1(t),--- ,YL(t)};2, be a temporally memoryless source with instantaneous
joint probability distribution P(z,y,ys,- -+ ,yr) on X x V¥ where L is the number of
sensors, X is the common alphabet of the random variables X (¢) fort =1,2,---, ) is the
common alphabet of the random variables Y;(¢) for i = 1,--- | L; t = 1,2,---. In this pa-
per, we let U™ denote random vector [U(1),U(2),--- ,U(n)], and u" = [u(1),u(2),- - ,u(n)]
be its realization.

Fori=1,---, L, sensor i encodes a block y! = [y;(1),--- ,y:;(n)] of length n from its

observed data using a source code ¢! = gf)i(yf) of rate R = < log IC™]|. The code-

i

words from the L sensors, cgn), e ,C(Ln), are sent to the fusion center. The task of fusion
center is to recover the target data sequence " = [z(1),--- ,z(n)] with small expected
distortion defined as d™ = 1Ed(X", X"), where d(z,2) is a given distortion measure

and X" is the estimate of random target sequence X". The fusion center implements a

mapping fgl) : C§n) X ooee X C(Ln) — X", i.e. the estimate at fusion center is of the form
s _ ) () o (n)
" =Jp (Cl ’  Cp )

The rest part of this paper is divided into four sections. In Section II we use mul-
titerminal source coding techniques to find an achievable region of rates and average
distortion (Ry, R, -+, Rp, D). The proof of achievability is outlined, with the detailed
proof left to the Appendix. In Section III, we evaluate this region for correlated memo-
ryless Gaussian observations and squared distortion measure. The results are shown to
coincide with known results in special cases. In Section IV, the results got in Section III
are applied to study quadratic gaussian CEO problem. Areas for extension of the results
are suggested in Section V which serves as conclusion.

II. Achievable Region

Definition: A (L+1)-tuple of rates and distortion (Ry, Rs, - - - , Ry, D) is said achievable
if for any € > 0, there exists an ngy such that for n > ng there exist encoders:

fa v —c logle!™| < n(Ri +e¢)
F Ve — e log|es| < n(Ry +¢)

f Ve log|et”| < n(Rp +e)

and a decoder:
e x e xox el - xn

such that %E[i d(X(t),X(t)] <D +e.

Theorem: Given the joint distribution of the discrete random variables (X, Y7, Ys, -+ , Y7 ):
P(z,y1,Y2, -+ ,yr) and the bounded distortion measure d : & x X — [0,dpna], a



rates-distortion (L + 1)-tuple (Ry, R, -+, Ry, D) is said achievable if there exist ran-
dom variables Wy, Wy, --- Wy on spaces Wi, Wh, - - -, W, respectively with W; — Y; —
(X, Y7\ iy, W \qiy) for all @ € Zp; and a function g : Wy x Wy x -+ x Wy, — X such
that:

> R > I(Ya; Wa| Wiy 4) (1)
icA
Ed(X,X)<D (2)
for any A C Z;, where X = g(Wp, Wy, -+ [ W). Here:
(i) The notion A — B — C means that A, B, C form a Markov chain;
) IL\AéILﬂAC;
)

(iv) If B = {i1,i9,+ - ,i}, then Wz & (Wi, Wi,,--- ,W;,). Specially, Wy £ @ and
L(U;V|0) £ I(U; V).

(iii

Moreover, if T is the region of (L + 1)-tuple satisfying the above conditions, then any
(L + 1)-tuple in the convex hull of T is achievable?.

Outline of Proof:

Our proof closely follows the proof in [7] which is based on strong typicality and Cover’s

binning technique [8].

Let (Wy, Wy, -+ W) and function g satisfy the conditions given in the theorem. Con-

struct the random codebooks {C™ = (!, c{ .- ci™)}3 (where C!™ denotes the

codebook of encoder 7) as follows:

At encoder i, generate M; i.i.d. codewords W/ according to [] p(w;(l)) and index them
=1

Wr(j),j = 1,2,--- ,M;. Let CZ-(") = {I/I/'l”(])}]]\i1 Randomly assign the indices of the

codewords to one of 2" bins* using a uniform distribution over the indices of the bins

such that every bin contains N; = M;27 " codewords . For the simplicity of future proof,

we suppose every generated W/ satisfy strong typicality. By weak law of large numbers,

this assumption holds with probability close to one when n is large enough. Or we can

simply draw W,* from strongly typical set to ensure this assumption.

The coding and decoding procedures are described as follows:

Encoding Scheme:

The coding procedure is divided into two operations, called precoding and coding.

At Encoder i, given observations y7, if it’s typical, map it onto the w}(j) € Ci(n) with the
smallest index j such that (y/,w!(j)) is jointly typical. Let w!(y!") denotes the w} onto
which ' is mapped.

For coding, the index of the bin which contains w!(y!") is sent. Let b;(y?) denote this

2This follows through a time-sharing argument.
3Here Ci(n) actually is not the C;n) stated in the definition at the end of last page. As we will see, we
will not send the codewords in Ci(n) directly. Instead, we will send the index of bin. That’s why we have

278 bins at encoder i, while generally |Ci(n)| > onfti,
4We suppose 2™ is an integer. When n is large enough, this assumption causes no essential loss.



bin index. If y!* is not typical or there does not exist wl'(j) € C,;(n) such that (y', w!(j))
is jointly typical, then a special error symbol is sent. This special error symbol does not
increase the rate R; in the limit of large n, so we may safely ignore it.

Decoding Scheme:

Given (by,bg, - ,br), if there exists a unique (w},wy,--- ,w}) such that w} € B;(b;)
(where B;(b;) denotes the bin with index b; at the encoder i) and (w},wy, -, w}) is
jointly typical, then call it (w},wy, -+ ,w}); otherwise declare an error and incur the

maximum distortion d,,... If the received vector contains special error symbol, also de-
clare an error and incur the maximum distortion d,,,,. Assuming no error, produce the
estimate (k) = g(w,(k), we(k), - ,wp(k)) for k=1,2,--- ,n.

See appendix for detailed analysis of the probability of decoding error.

III. Gaussian Case®

For simplicity, in this section, we consider two-sensor case. Let {X (), Y1(t), Ya(¢)}i2, be
i.i.d Gaussian vectors with p(yy, ya2|x) = p1(y1]2) - p2(ye|z), i.e. Y) and Y, are independent
conditioning on X. We let two auxiliary random variables W7, W5 be joint Gaussian with
X, Yy, Y5, which makes it possible to get explicit formulae in quadratic Gaussian case.
As usual, squared distortion measure is used here.

A. Parametric Representation

Since W, — (Y1,Y) — Wy and Y] — X — Y5, we can get the following two equations®:

i) (1 N,
()= (1) >+(&) @
Wi\ (L 0\ (W T
()=o) () (%) 2
where N; and N, are independent (Gaussian noises at the two sensors with variance 012\,1
and 012\,2 respectively; [; and [y are two scalars; 77 and T3 are two mutually independent

Gaussian random variables with variance o7, and o7,. (Ny, Na) are independent of X
and (71, T3) are independent of (Y7, Y3).

1. Distortion:

We rewrite (3) in the form:
Y
X = (a1 a) ( j,; ) +V

where (a; ay) = RE Ry and V is a Gaussian r.v. with variance 02 = 0% —

RTRy3 Ryx and independent of (Y7,Y5). Due to the fact that X — (Y;,Y5) —

5 Although we only prove the theorem in discrete case and bounded distortion measure. Our result
can be extended straightforward to Gaussian case and squared distortion measure by some standard
techniques [5], [6]. Specifically, the Markov lemma which is fundamental in this proof has been generalized
by [6] to Gaussian case.

6 Yy k1 Ny .

We can also let = X+ . But since all are zero-mean, (3) can always be got
Ys ko N
by scaling. In the case when k1 = 0 (or k2 = 0), we can let o, = 00 (or oy, = 00) in (3).



(W1, Ws), (T1,T,) and V are independent. In the Gaussian case, the optimal es-
timate of X from (Wi, W), i.e. E(X|W;, Ws), is linear MMSE estimate. So we
have:

Wy
W,

Substitute the covariances in it, we get:

(W1 W) = B Ry ( ) B(X = XM W) = 0% — REy Ry Ry

1 1 2 2
7S 2 51 2 52 (5)
D = ox  pioy, +1 pioy, +1
where p; = JITZ', fori =1, 2.
T
Clearly, a nontrivial D should be in the range of Dy < D < 0%, where Dy =
ﬁ, which is the MMSE of X given (Y1, Y>).
2

2
X N1 7Ny

The theorem gives:
Ry > I(Yy; Wh|[Ws) Ry > I1(Ys; Wo|Wh)
R1+R2 ](}/17}/2’W17W2)

>
subject to: E(X — X(Wy,W,))? < D.

For joint Gaussian random vectors X, Y, Z, we have:

U | det R« det R L1 det R det Re:
[(X;V) = - logt X (X, V(7) = -~ logh X2 V2
2 det R)Z’? 2 det R)??Z_' det RZ
So, we get:
S (1ioy, + 1) (u30%, + 1) — pipsp*oy, oy, 6
1 = 5 0g 2 9 1 ( )
30y, +
P (1ioy, +1)(u30%, + 1) — pipsp*oy, oy, -
2 = 5 0g 2 92 1 ( )
Hi0y, +
1
Ri+Ry > 3 log™ [(uioy, + 1)(u50%, + 1) — piuzp°oy. o3,] (8)

2
subject to (5), where Ry,y, = ( ovi p0Y§UY2 ) and p = 229 Note that we
POY, 0y, Oy, 9v19Y,
always have:

2

llog+ (pios, + D (p3oy, +1) — pipsp’oy, o3,
2 p3oy, + 1

+ 110g+ (uio, + Vw303, +1) — pipsp’oy, o3,
2 pioy, +1
1

< glog (i, + 1) {50y, +1) = pipp’ oy, 0%,

so whenever (Ry, Rs) is optimal, (8) will be an equality, while the equalities in
(6) and (7) generally can not be satisfied simultaneously (except when ppusp =
0).Similarly, due to the continuity of the distortion measure, (5) will turn out to
be an equality whenever (Rj, Rs) is optimal. Since we are only interested in the
boundary of the achievable region, we will view (5), (8) as equations later on.
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Figure 2: Achievable Region
The thick dash-dot line shows the boundary given by (5), (6), (8) and the thick dash line
(5), (7), (8). The solid line is where min(R1 + R2) lies. The lines A, B, C together define
the boundary of the achievable rates (R1, R2) for a fixed distortion D. The region above the
thin dotted lines is achievable (R1, Rz) for some pair of (u?, u2) that satisfies (5). The lower
convex envelop for all of them will be exactly the curve formed by A, B and C.

B. Special Case Study

1. Gaussian Multiterminal Source Coding with one distortion constraint:

If we let Y7 = X, the problem is reduced to that discussed in [6]. Apply o}, = 0%,
2

0.2
oy, = 0% + 0%, P° = m and Ry = log™ (udoy, + 1) to (5), (6) and (8), we
get:

2
Ri(D) > S log" X (1= p” + p2721%).

N | =

. Noisy Wyner-Ziv problem:

The successively structured CEO problem [9] is formulated as the data fusion is
done in a serial fashion. Sensors communicate one to the next over rate-constraint
channels. Each sensor does the optimal encoding to the combination of the received
data from the previous sensor and its own observed data, which is exactly the case
when setting Wy = Y3, i.e. p3 = oo in our problem. The main theorem in [9] is
termed “noisy” Wyner-Ziv problem. It’s given in [9] that:

2 2
1 o —0
RDW'(D) = 5 10g+ XD‘Y2 2 SliRE

~IxXMmivs
2 2 )
Represent TXIYs and TXyivs by on,, on, and o, we get:

4 4
o . UXUNQ
—log

2 (0% + U?VQ)[D(Jg(U?Vl + O'XO'N2 + 012\,10]2\,2) — 03(012\,10]2\,2

Rpw (D) =

While our solution gives:

= ! 1 1 2
R, 5 log™ [M%(o'%,l M) 1], subject to = — — 12
o? D= +

2
Ys Ox M10N1+1 0N2



It’s easy to verify that Ry(D) = Rpw(D). It is worth noting that Ry(D) corre-
sponds to point Ej in Fig. 2.
02 0'2
By further setting Y7 = X, we get Ri(D) = Rpw (D) = %long ﬁ, which is
X TN,
a classical result first discovered by Wyner and Ziv in [10].
3. Extreme cases:

We consider two cases: p =1 and p = 0 to get some intuitive view of the problem.

(a) p=1
This is the case: Y7 =Y, = X. (5)-(8) could be simplified to:

1 1 2 2 2 1 1 2 2 2
R, > 5 log* "’1‘7)((,“21 ‘;‘ 13) Ry > ~log* + Ux(u21 _;—MQ)
+ pa0x 2 L+ piox
1 2
Ry + Ry > : log™ [1+ 0% (1 + 113)], subject to % <1 +ox(pd+pu3)

We directly get: Ry + Ry > %long %. This is an interesting result, i.e. no
matter how we distribute rates between two sensors, it looks as if all rates are
assigned to one sensor. This phenomenon can be explained by the following
argument. Since two sensors have same observations, they can use a common
codebook which contains 2"f1+72) codewords (i.e. indices). Represent every
index in the form of Ax B where A € A, B € B, |A| = 2" |B| = 2"f2. Sensor
1 transmits part A and sensor 2 transmits part B (there is no confusion since
both sensors have the same observations and codebook). Fusion center then
combines A and B to get the original index. Apparently, this argument holds

for more general case when Vi =Y, =-.- =Y, = X + N.

(b) p=0
This is the case: Y7 = X + N; and Y, = Ny (or Yy = Ny, Ys = Ny), i.e. one of
the sensor observes pure noise. We have:

1 1
Ry > Slog™ (iioy, +1), Ry > Slog" (u3ok, +1)

1
Ry + Ry > 5 log™ [(uioy, + 1)(uso%, +1)], subject to

Obviously, distortion constraint does not rely on 012\,2 or fto. To minimize the
2 -D 4
’X IQV,/@:OandgetRl:%long(D(z ),

D(U§(+012V1)—U§(U : UX+U]2\,1)—JXUN1
Ry = 0. So all rate should be assigned to sensor 1.

rates, we set pj =

IV. Application to CEO problem

We apply the results in Section III to quadratic Gaussian CEO problem, i.e. trying to

find the minimal total rate R to achieve the distortion less than or equal to D. Define:
G(ui, 13) = (Hioy, + 1) (u30%, + 1) — pipip*oy, o3,

S S S
o 1 B, +1 D

A1+



Use Lagrange Multiplier, we get:

( 1 + 40%( . . 1 1 .
5 log 13, if Do<D<min(—m———, ———5—1);
Doy 0%, (5-—5) >t a5 o t—o——
1 2 i 0 5 UNI 0N2 ox UN2 oNl
150" o : 1 2 2 2 .
: _ =lo if <D<oxand 0% <o
win (B, + Ry) = {318 sz ¥ o xand o = o
1 2
4
1.+ ok : 1 2 2 2
5 10g D% +o%,) %%, if ———=——7 <D <oxand oy, >0y,
\ X Ny 7Ny

(9) shows that if the distortion constraint is loose or the total amount of available rate
is very limited, then the optima’ scheme is to use the more reliable sensor only. It’s easy
to see that the optimal rate allocation scheme corresponds to the points on line “B” (i.e.

segment from F) to F) in Fig.2, where

Fl = (% log Do2 (L _1 2‘10%”12\122 2 2 (L _1)\ 51 2012V2+20§1(_J§{U?V12(DL0_%))7
UQNl(D_OQ_E)Q(Q‘;NQ";Qle_UXUNZ(D_O_E)) 2 ;NQ(D_O_B)

F2 _ (% log 20N1+20‘f70'f0N11(D_075), 1 log _ i i : ’ - i i )

o‘Nl(D—OfB) 2 DUNZ(D—OfB)(20'N1+2UX70X0N1(D—Ofﬁ))

It is clear that the optimal rate allocation scheme generally is not unique except when

one of the latter two cases in (9) happens. In these cases, “B” reduces to a point on R;

2
4¢7X0'N1

4 4
(1 + o% . 1 + 5%
axis (2 lOg D(U§(+012V1)_‘7§(‘712V1 ’O) or R2 axis (0’ 2 lOg D(U§(+J]2V2)_J§(‘712V2 )

V. Conclusion

In this paper, we derive the achievable region of rates and distortion in a distributed
sensing system. Future work will be devoted to evaluating this result in quadratic gaus-
sian case when L > 2. Whether or not this achievable region contains all the legitimate
points of rates and distortion is still an open problem. The key to the complete solution
is to establish a converse coding theorem which is currently under investigation. This
converse coding theorem, if found, will be a generalization of the results in [6].

APPENDIX: Proof of the Theorem

Consider the following exhaustive error events.

Ey o (XM Y Y -+ ) Y]") are not jointly typical.

L
Ey: U By, where Ey; = ES( Fi,for i =1,2,--- Ly F; : (Y, W) not typical for all
i=1

wrec™.

Es: Ef(\ES() Fry1 where Fpiq: there does not exist (W}, W3, --- W) such that
W e B;(b;) and (W, Wi - W} is jointly typical.

E,: ESO\ESNES(N Frye where Fpo: (W, W2, --- W) not unique.
Es: E{(\ES(\ B3\ E§( Frys where Fryg: Ld(X", X™) > D +e.

Let P. denote the probability of decoding error, where the bar over P. indicates that the
probability is averaged over the ensemble codebooks. It is clear that

"We only address the optimal schem in the achievable region.

(9)



(i) P(Ey) — 0 as n — oo by weak law of large numbers.

(ii) P(E,) < i P(E,;)

i=1
P(Es;) = P(EY N F;) = P(K|EY)P(EY) < P(E|EY)
= P{(Y;", W) not typical for all W* € C;|(Y{*, Y], .-, Y[") typical}
= [1 — P{(Y;", W) typical for randomly chosen W|Y;® typical }|™:
< [1 — 27l VaWotellMi < oxp(— M2 HVaWad+ed)

as n — oo if M; > 2PHYuWd+2e]  where ¢, could be made arbitrarily small as
n — oo.

(iii) P(E3) — 0 as n — oo by the Markov lemma on typicality.
3 A . 3
(V) P(ES) < P(Fysal U E5) = POV, 1) not wniquel ) E)
< SOOI Vo2~ EA cA] — 0if J] N; < 2MFa=2e0) forall.ACIL

.ACIL icA €A
Here WLOG suppose A = {iy,ia, - ,ix}, then
Y4 = Z ITWzpapr s Wi ); A Ar 2 {in_i41, 5142, -+ ,ix}, i.e. the last [ elements of

A; eq can be made arbitrarily small as n — oo.

(v) P(E5) — 0 as n — oo by the jointly strong typicality of (X" W7, W, .- W),
the definition of g and the boundedness of d (i.e. dye: < 00).

In summary, if M; > 2"UNaWil+2el and T N; < 273424 for all i € Z; and A C I,
€A

nY R I M n[ Y I(YiWi)~Sa—Ad]
then P, — 0 as n — oo. So we have 2 ic4 ZZT—f‘—NZQiEA g A,where
€A
Aq 223 & + 24 Since Ay can be arbitrarily small, it follows that

€A

Y ORi=Y IY5W) - By (10)

icA icA
Since VVZ — )/z — (X, YIL\{i}a WIL\{’i}>) we have
IYa; WalWzpa) = HWalWzpa) — HWaWz\a,Ya)

k k
= Z H(Wiz ‘WIL\Ak+1—Z) - Z H(VV” D/;l)

=1 =1
k k

= D HWWrp ) = HOW)] = Y HW,|Y:) = HOV,)
=1 I=1

k k
— —Z[(Wil;WzL\AkH,l)+ZI(Wil;}Ql)
=1 =1
= > I(Y;W) — Sy
jEA



Here as before we suppose A = {iy, g, ,ix}-

So we can rewrite (10) as > R; > > I(Y4; Wa|Wz,\4) for all A C Z;. QED.
iceA icA
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