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Outer Bounds on the Admissible Source Region for
Broadcast Channels With Correlated Sources

Kia Khezeli and Jun Chen, Member, IEEE

Abstract—Two outer bounds on the admissible source region
for broadcast channels with correlated sources are presented:
the first one is strictly tighter than the existing outer bound
by Gohari and Anantharam, while the second one provides a
complete characterization of the admissible source region in
the case where the two sources are conditionally independent
given the common part. These outer bounds are deduced from
the general necessary conditions established for the lossy source
broadcast problem via suitable comparisons between the virtual
broadcast channel (induced by the source and the reconstruc-
tions) and the physical broadcast channel.

Index Terms—Bandwidth mismatch, broadcast channel,
capacity region, deterministic channel, joint source-channel
coding.

I. INTRODUCTION

ET {S(#)};2, be an i.i.d. random process with marginal

distribution pg over alphabet S. In the lossy source
broadcast problem (see Fig. 1), an encoding function f-#™)
S™ — XP™ maps a source block §™ £ (S(1),---, S(m)) to
a channel input block X”” = (X(1),--- , X(pm)), which is
sent over a discrete memoryless broadcast channel py, v, x
with input alphabet X and output alphabets );, i = 1,2;
at receiver i, a decoding function gi(p mm). . - 3{”
maps the channel output block Yipm 2 (Yi(1),---, Yi(pm))
(generated by X”™) to a source reconstruction block 3;" =
(S’i(l), ,S’i(m)), i = 1,2. The number of channel uses
per source sample, i.e., p, is referred to as the bandwidth
expansion ratio. We assume that S, 31, 32, X, Vi, and )»
are finite sets throughout the paper.

Definition 1: Let w; : S x & — [0,00), i = 1,2, be
two distortion measures. We say distortion pair (dj, d2) is
achievable under distortion measures w; and w; subject to
bandwidth expansion constraint x if, for every € > 0, there
exist encoding function f"-F™ : " — XP™ and decoding
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.(pm,m)
1

sy — 8" i =1,2, with p < k +e,

functions g ;

such that

L Bl (S0, @) < dite, i=1,2

t=1

A special case of the lossy source broadcast problem,
sometimes referred to as broadcasting correlated sources
(see Fig. 2), has received particular attention. In this case,
S(t) = (81(1), S2(¢)) with S;(¢) and S,(¢) jointly distributed
according to p(s,,s,) over alphabet S} x S>,t =1,2,---, and
receiver i wishes to reconstruct {S;(¢)};2, almost losslessly,
i=1,2.

Definition 2: A source distribution ps, s,) is said to be
admissible for broadcast channel py, y,|x subject to bandwidth
expansion constraint x if, for every € > 0, there exist encoding
function f@-Pm) 8" x 8" — X" and decoding functions
gi(pm’m) : yfm — 8", i =1,2, with p <k + ¢, such that
1 m
— D Pr(Si(1) # Si(1) <€, i=12.

gt
The set of all such ps, s,) is referred to as the admissible
source region for broadcast channel py, y,x subject to
bandwidth expansion constraint .

Remark: Definition 2 is a special case of Definition 1 with
di=dr=0and w; : § xS; — {0, 1} given by

0, s =35

w;i((s1,82), §i) = [1 otherwise © | = 1,2 (D

It is worth mentioning that, for the problem of broadcasting
correlated sources, typically the more restrictive block error
probability constraints are adopted. However, it is clear that
outer bounds derived under average symbol error probability
constraints automatically hold under block error probability
constraints.

Han and Costa [1] derived an inner bound on the admissible
source region; see [2] for a minor correction and [3] for an
alternative characterization. Outer bounds were established by
Gohari and Anantharam and by Kramer, Liang, and Shamai.
Note that, due to the lack of cardinality bounds on the
auxiliary random variables, neither the original version
of the Gohari-Anantharam outer bound [4], [5] nor the
Kramer-Liang-Shamai outer bound [6] is directly computable.
Thanks to [7], a computable characterization of the
Gohari-Anantharam  outer bound has been found
recently [8], [9]. On the other hand, it is difficult, if not
impossible, to express the Kramer-Liang-Shamai outer bound
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Fig. 1. The lossy broadcast problem.
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(pm,m) > S;ﬂ ~ S;n
2
Fig. 2. Broadcasting correlated sources.

in a computable form because of the fact that certain auxiliary
random variables involved in this bound are constrained!
to be i.i.d. copies of the source variables. For this reason,
only the Gohari-Anantharam outer bound is considered in the
present work.

In this paper we establish two necessary conditions for
the lossy source broadcast problem. Both conditions are built
upon the intuition that the virtual broadcast channel (induced
by the source and the reconstructions) is dominated by the
physical broadcast channel. Our effort is largely devoted
to seeking mathematical formulations that can capture, to
a certain extent, this vague intuition. It will be seen that
the notion of dominance, which has a precise definition in
the point-to-point case due to the source-channel separation
theorem, permits several possible generalizations to the broad-
cast channel setting, and each generalization gives rise to a
necessary condition for the lossy source broadcast problem.
These necessary conditions, when specialized to the problem
of broadcasting correlated sources, yield two outer bounds on
the admissible source region: the first one is strictly tighter
than the Gohari-Anantharam outer bound while the second one
provides a complete characterization of the admissible source
region in the case where the two sources are conditionally
independent given the common part.

The rest of this paper is organized as follows. We explain
our general approach in Section II. Section III contains a
short review of the relevant capacity results for broadcast
channels. The necessary conditions for the lossy source
broadcast problem and the induced outer bounds on the
source admissible region are presented in Sections IV and V.
We conclude the paper in Section VI.

1f such a constraint is removed, then the Gohari-Anantharam outer bound
is at least as tight as the Kramer-Liang-Shamai outer bound.

II. VIRTUAL CHANNEL VERSUS PHYSICAL CHANNEL

For the purpose of illustrating our general approach, it is
instructive to first consider the point-to-point communication
problem. Specifically, in the point-to-point setting, an encoding
function f(m-PM . S§M _ XP™ maps a source block S
to a channel input block X”, which is sent over a discrete
memoryless channel py;x with input alphabet X and output
alphabet ); at the receiver end, a decoding function
glomm) . ypm . Sm maps the channel output block Y*™
(generated by X”™) to a source reconstruction block $™. For
any conditional distribution Pgmigm> let Pis be its single-
letterized version defined as

NI IR .
P§|S(5|S) = m E pS‘(,)|g(;)(5|S)»
t=1

where

Pioiso@1D = D pemsnG™s™ [ ps).

s™:s(t)=s tit' #t
™5 (1)=$

One can readily verify that
. 1 & .
Elw(S, )1 = — > Elw(S®), $©)] )
t=1

for any distortion measure w : S x S — [0, 00). We say
that Pm|gm is degraded with respect to pypmxsm (Where

pyemixem (0" xP™) = [17Z) pyix(v(9)1x(q))) if
pS‘m ‘Sm (:S:m |sm)

= D pxomgn @™ |s™) pyom xom (yP" xP™)

xpm yppm
5

XpS‘m‘ypm (3:’71 Iypm)
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for some conditional distributions pxpmgm and Pmjypm note
that, in the point-to-point communication problem, we have

pxomsn (X" s™) = TP = f(’"””")(sm))
Py G 1y = TGE™ = g™ (yP™)),

where I(-) is the indicator function. We shall refer to an
arbitrary conditional distribution p ggasa virtual channel, and
say that it is realizable through the physical channel py|x with
bandwidth expansion ratio p if it can be obtained, via
single-letterization, from certain p m)gm degraded2 with
respect to pypm|xpm. It is worth emphasizing that a realizable
P3s is not necessarily degraded with respect to py|x. Indeed,
even in the bandwidth-matched case (i.e., p = 1), there might
not exist conditional distributions pxs and p S|y such that

P3sGls) = D pxisls) prix (1) pgy G1y)

x’y
since otherwise the end-to-end distortion
LS Elw(S(1),$(t))] could be achieved® without

coding. Nevertheless, it can be shown that every realizable
P3s is dominated by py|x in the sense that

1(S;8) < pI(X;Y) 3)

for some input distribution pyx. In a certain sense, (3) is
the only connection between a generic realizable virtual
channel and the physical channel. Indeed, the source-channel
separation theorem essentially asserts that a virtual channel
P3s is (asymptotically) realizable through the physical
channel py x with bandwidth expansion ratio p if and only if
P3s is dominated by py|x in the sense of (3). Note that, given
bandwidth expansion ratio p, the achievability of end-to-end
distortion d is equivalent to the existence of a realizable virtual
channel Pis satisfying E[w(S, 3’)] < d. More generally,
one can formulate the question of determining whether
there exists a realizable virtual channel in a prescribed set;
imposing distortion constraints can be viewed as a specific
way of choosing such sets.

This perspective can also be adopted in the broadcast
channel setting. For any conditional distribution Pgm s
we define its single-letterized version P§, s 3

gm>

PN 1 PN
P3, 5,51, 5208) = - Zpg,(,)jgz(ms(t)(m,S2|S),
t=1

where

P3,0).52015(0 515 5215)

= 2 Py G [T psG@).
s"is(t)=s t't' #t
5;”:§,-(r):§,-,i:1,2

2Since Pgm | gm is only required to be degraded with respect to pypm|xpm,
we essentially allow non-deterministic encoding and decoding functions.
However, it can be shown via a standard derandomization argument that
restricting encoding and decoding functions to deterministic ones does not
affect the set of (asymptotically) realizable virtual channels.

30ne could simply use source variable S to generate channel input X
via px|s, and use channel output Y to generate reconstruction variable §
via Py In light of (2), the resulting distortion E[w(S, 8)] is the same as

L3 EBlw(S@), S@)1.
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It can be verified that

Blwi(S, 801 = - > By (5, (1)

=1
for any distortion measure w; S xS — [0, 00),
i = 1,2. We say that Pim S is degraded with respect
1°
0 pypm yomixom  (Where  pyom yom gom (V7" 3" [P =
[102) prix(1(q), y2(@)1x(q))) if

Pip sy G715 S5 15™)

xrm ™y

pxomism (xP™[s™)

2
m ~ m
X pypm ypmiom O™ 35" 1P [T pgopem GIYP™) - @)
i=1
for some conditional distributions pyem|sm and pgmym,
i =1, 2; note that Y

pxomisn (xXPM|s™) = T(xP™ = fOmPm (M),

Pymyem G 1y7™) = 167" = g Py, = 1,2,

in the lossy source broadcast problem. We shall refer to
an arbitrary conditional distribution p §.5,s as a virtual
broadcast channel,* and say that it is realizable through the
physical broadcast channel py, y,|x with bandwidth expansion
ratio p if it can be obtained, via single-letterization, from
certain Pgm gmjsm degraded with respect to Pypm ygm xom-
The fundamental problem here is to determine whether there
exists a realizable virtual broadcast channel satisfying the
distortion constraints (or more generally, whether there exists
a realizable virtual broadcast channel in a prescribed set). It is
conceivable that every realizable virtual broadcast channel
must be dominated, in a certain sense, by the physical
broadcast channel. However, it is apparently a formidable
task to develop a computable notion of dominance that can
completely characterize the set of realizable virtual broadcast
channels (since that would solve several long-standing open
problems in network information theory). Nevertheless, if one
does not insist on such a complete characterization, then it
is indeed possible to establish certain connections between a
generic realizable virtual broadcast channel and the physical
broadcast channel by suitably generalizing (3). For example,
it is straightforward to show that, if p 31 is realizable through
Dyy,v,|x With bandwidth expansion ratio p, then Pys must
be dominated by py, v, x in the sense that

1(S;8) < pl(X;Yy), i=1,2,

for some input distribution py. This is by no means the only
possible generalization of (3) to the broadcast channel setting,
and two stronger notions of dominance will be presented
in Sections IV and V. Note that each notion of dominance
implicitly provides an outer bound on the set of realizable
virtual broadcast channels, which in turn yields a necessary
condition for the achievability of any given distortion pair.

41t is worth mentioning that the idea of viewing the conditional distribution
of the reconstructions given the source as a virtual broadcast channel was
exploited earlier in [10] and [11] through a different angle.
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transmitter X"

MOaM17M2 — f(n)

Pyy,vo| X

Yo" receiver 1 N .
g%n) —> Mo, M;

receiver 2 R N
gén) —> Mo2, M>

Fig. 3. Broadcast channel with common and private messages.

III. REVIEW OF CAPACITY RESULTS FOR
BROADCAST CHANNELS

We shall give a brief review of certain capacity results
for broadcast channels that are relevant to the notions of
dominance developed in Sections IV and V. Let py, y,|x be a
discrete memoryless broadcast channel with input alphabet X’
and output alphabets };, i = 1,2. A length-n coding scheme
(see Fig. 3) for py, y,|x consists of

e a common message Mp and two private messages M;,

i = 1,2, where (Mo, M|, M>) is uniformly distributed
over My x M x Mo,

« an encoding function f(”) Mo x My x My — X that

maps (Mo, My, M) to a channel input block X",

« two decoding functions gl.(") (Y —> Mox M, i =1,2,

where g}") maps the channel output block at receiver i,
i.e., Yi’,ll’ to (M()i, M,‘), i=1,2.

Definition 3: A rate triple (Ry, Ry, Ry) € Ri is said to
be achievable for broadcast channel py, v, x if there exists a
sequence of encoding functions f(”) T Mox Mix My — X"
with %log|/\/li| > R;, i = 0,1,2, and decoding functions

g™ Y Mo x My, i =1,2, such that
nli;gopr{(ﬁ;[m,ﬂjll) # (Mo, My)
or (Moz, Ma) # (Mo, M)} = 0.

The capacity region C(py,,v,x) is the closure of the set of all
achievable (R, R, R>) for broadcast channel py, v, x.

Let Cin(px, Pr,,v2/x) denote the set of (Ro, Ri, Ry) € R3
satisfying

Ro < min{I (Vo; Y1), I (Vp; Y2)},
Ro+ R <I(Vo, Vi3 Yy), i=12,
Ro + R1 + Ry < min{I(Vo; Y1), I (Vo; Y2)} + I (Vy; Y1|Vo)

+1(Va; Y2| Vo) — I (V1; V2| Vo)

for some PVo, Vi, V2,X,Y1,Y2 = PVo,Vi,Va|XPXPY,Y5|X- Here it
suffices to consider [Vp| < |X|+4 and |V;| < |X|,i =1,2;
moreover, there is no loss of generality in assuming that X is
a deterministic function of (Vp, Vi, V») [12, Th. 1].> Define

Cin(pri.va1%) = | Cin(px> PYy.va1%).
Px

St is expected [13] that one can further improve the cardinality bounds on
Vi, i =1,2,t0 |V1|+|Va]| < |X]|+1 by leveraging the techniques developed
in [14].

We have [15, Th. 1] [16, p. 391, Problem 10(c)]

Cin(Py1,121x) € C(Pyy,121X)-

Note that Cin(py,,v,|x) is widely known as Marton’s inner
bound (see [17, Th. 2] for the case Ry = 0).

Let Cout(px. py,,v»)x) denote the set of (Ro, R1, R2) € Ri
satisfying

Ro
Ro + R;

min{/ (Vo; Y1), I (Vo; Y2)},

min{/ (Vo; Y1), 1 (Vo; Y2)} + 1 (Vi; Yi[ Vo),
i=1,2,

min{/ (Vo; Y1), I (Vo; Y2)} + 1 (V1; Y1 Vo)

+1(X; Y2| Vo, V1),

Ro + Ry 4+ Ry < min{I (Vp; Y1), I (Vy; Y2)} + 1(Va; Y2| Vo)

+1(X; Y1|Vo, V2)

IA A

A

Ro+ R+ Ry

for some pvy v, vo,X,Y1,Y2 = PVo,Vi,Va|X PX Py, Y, x- Here it
suffices to consider [Vy| < |X| + 5 and |Vi| < |X| + 1,
i = 1,2 [7].% Define

Cout(py,,va1x) = U Cout(Px, Py1,v51X)-
Px

We have [7]

C(py,151%) € Cout(py,,v21%)- ©)

It is worth noting [15], [18] that Cin(px, py,,v»|x) can
be defined equivalently as the set of (Rg, R, R2) € Ri
satisfying

Ro
Ro + R;

min{/ (Vp; Y1), I (Vo; Y2)},

min{/ (Vo; Y1), 1 (Vo; Y2)} + 1 (Vi; Yi[ Vo),
i=1,2,

min{/ (Vo; Y1), I (Vo; Y2)} + 1 (V1; Y1 Vo)

+1(Va; Y2 Vo) — 1(V1; V2| Vo)

IA A

A

Ro+ R+ R

for some pvy. vy, vy, x.71.v, = PVo.v1.ValX PX P11y x - With this
equivalent definition of Cin(px, py,,v,/x), one can readily
show

Cin(px, Pri.v21x) S Cout(Px, Py, 121X)

6In fact, the cardinality bounds on V;, i = 1,2, can be further improved to
Vil <1X],i = 1,2 [18].
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by invoking the fact that,

PVo,V1,Va|X PX PY1,Y5| X
I1(X; Y2|Vo, V1) = 1(Va; Y2 Vo, V1)
1(V2; Y2, VilVo) — 1(V1; V2| Vo)
1(V2; Y2| Vo) — 1 (Vi V2| Vo)

for any py,viv.x.v.y, =

v

and similarly

I1(X; Y1|Vo, Vo) = I(V1; Y1IVo) — 1 (V1; V2| Vo).

IV. APPROACH I: COMPARISON OF CERTAIN
MEASUREMENTS INDUCED BY
TEST DISTRIBUTIONS

A. The Lossy Source Broadcast Problem

As explained in Section II, our goal is to develop suitable
notions of dominance that can (partially) characterize the set
of realizable virtual broadcast channels. One such notion is
established in the following Lemma (with its proof relegated
to Appendix A). Roughly speaking, it shows that every real-
izable virtual broadcast channel pg 81,5018 (with input distri-
bution pg) is dominated by the physwal broadcast channel
Dry,v,|x (with certain input distribution py) in the sense that,
given any test distribution py, ...y, |s for P§,.5,|5> One can find
a corresponding test distribution py,,...,v,|x for py, v, x such
that certain measurements based on py,...,u,|sPsPg, 5,5 are
less than or equal to those based on py, ... v, |x PX Py, V21X
multiplied by bandwidth expansion ratio p.

Lemma 1: If a virtual broadcast channel P35 is real-
izable through the physical broadcast channel py, y,|x with
bandwidth expansion ratio p, then there exists an input
distribution py such that, for any Pl U;.5.51.5
PUo. ULISPSP§, 55> One can find py,..v; xv.y, =
PVo. ViIX PXPY 1ol satisfying]

k k

2 WA Sa@ Uy a) = p 21V Ya) | Vi a)
i=1 i=1
for any 4; € {0,---,L}and a(i) € {1,2},i =1, --- k.

The following result, which gives a general necessary
condition for the lossy source broadcast problem, is a
simple consequence of Lemma 1. Its proof can be found
in Appendix B.

Theorem 1: If distortion pair (dy, d>) is achievable under
distortion measures w; and w; subject to bandwidth
expansion constraint #x, then there exists a virtual
broadcast channel P35, 515 with  E[w; (S, S‘i)] < d,
1,2, and an input distribution py such that, for
any Py v,.0,.5.5.5, = PUsULUISPSPS, §,5- One can find
PVo,Vi,Va,X,Y1,Ys = PV, Vi,Va|X PX PY,,Y,|x satisfying

1(Uo: §) < kI (Vo3 Yy), i =1,2,

1(Uo, Ui; §) <kI(Vo, Vis i), i =1,2,

1(Uo; 81) + I(Ua; $2|U0) < k[I(Vo: Y1) + 1(Va; Y2 Vo)1,
1(Uo: $2) + 1(Uy; $11Uo) < I (Vo; Ya) + I(Vi; Y1 V)],

l =

THere L and k are arbitrary positive integers. We define U 4
when A is a non-empty subset of {0, - - -
V 4 is defined analogously.

= UiicA
, L} and define U 4 = 0 otherwise;

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 61, NO. 9, SEPTEMBER 2015

1(Uy, Uy; 81) + I(S; $2|Uo, Uy)
<&l (Vo, V1; Y1) + 1(X; Y2| Vo, V1],
1(Uo, Uz: 85) + 1(S: $11Uo, Un)
<k[I(Vo, Va; Y2) + I(X; Y1 | Vo, V2)I,
1(Uo; 81) + 1(Ua; $:|Uo) + I(S; S$1|Uo, Uz)
< k[I(Vo; Y1) + 1(Va; V2| Vo) + I (X; Y1|Vp, V2)1,
1(Uo; $2) + I(Uy; $11U¢) + I(S; S2|Uo, Uy)
<x[I(Vo; Y2) + I1(V1; Y1|Vo) + I (X; V2| Vo, V)]

Here it suffices to consider |Uy| < |S|, Vol < |X]| + 5,
Uil < IS, and |Vi| < |X], i =1,2.

Remark: Gohari and Anantharam independently obtained
a necessary condition for the lossy source broadcast channel
[8, Th. 2], which is, roughly speaking, a special case
of Theorem 1 withx =1, S = (S, S),and U; = S;,i =1, 2.

The following result is a direct consequence of Theorem 1.

Corollary 1: If distortion pair (dy, d») is achievable under
distortion measures w; and w; subject to bandwidth expansion
constraint x, then there exists a virtual broadcast channel
P3,.51s with E[w; (S, S‘,-)] < d;, i = 1,2 and an input
distribution px such that

Cout(Ps, P3, 5,5) < KCout(Px, PY1.121X)-

B. An Improved Outer Bound on the Source
Admissible Region

The following outer bound on the admissible source region
was established by Gohari and Anantharam [8, Corollary 2]
(see also [9, Th. 2]).

Let Sy denote the common part between S and S> in the
sense of [19] and [20].

Theorem 2: 1If p(s,,s,) is admissible for broadcast channel
Dyy.v,|x subject to bandwidth expansion constraint x, then
there exists PVo,Vi, Vo, X, Y1,Ys = DPVo,Vi,Va|XPXDPY1,Y>|X such
that

H (So) < xmin{I(Vo; Y1), I(Vo; Y2)},
H(S;) < x[min{l(Vo; Y1), I (Vo; Y2)} + 1 (Vi3 YilVo)l,
i=1,2,
H(S1, $) < k[min{l (Vo; Y1), I (Vo; Y2)} + I(V1; Y1 Vo)
+1(X; Y2| Vo, V)],
H(S1, 82) < x[min{l (Vo: Y1), I (Vo: Y2)} + 1 (V2; Y2| Vo)
+1(X; Y1|Vo, V2).

It is easy to observe that the inequalities in the statement
of Theorem 2 closely resemble those in the definition of
Cout(Py,,v,1x). In fact, one can readily establish Theorem 2 by
interpreting So as the common message and S; as the message
(including both the private message M; and the common
message My) intended for receiver i, i = 1,2, and then
following the proof of (5). However, this approach is not
completely satisfactory. Note that My, M;, and M, are
assumed to be independent. If the correspondence between
sources and messages is exact, then S; < Sy < S must
form a Markov chain. That is to say, the source-message
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correspondence does not fully capture the dependence
structure between S and S>.

We shall show that one can obtain a tighter outer bound
on the admissible source region by specializing Theorem 1
to the case of broadcasting correlated sources. Note that,

it 3,5 psO)pg sGils)wils, &) = 0 for w; given by (1),
i = 1,2, then we must have® pg ¢ ¢ = ps, 5,((s1,5,)> Which
is a deterministic broadcast channel; moreover, in this case,
there is no loss of optimality in choosing U; = S;, i = 1, 2.
As a consequence, we obtain the following outer bound on the
admissible source region.

Theorem 3: If p(s,.s,) 1s admissible for broadcast
channel py, v, x subject to bandwidth expansion constraint «,
then there exists an input distribution px such that,
for any pus.,sy) = PU|S1,5)P(S1,5,), one can find
PVo,Vi,Va, X, Y1,Ys = PVo,Vi,Va|X PX DY), Yo x Satisfying

1(U; S) <xl(Vo; Yi), i=1,2,
H(S) =xl(Vo,Vis Yi), i=12,
1(U; $1) + H($21U) = 1 (Vo; Y1) + 1(V2; V2| Vo)l,
1(U; $2) + H($11U) < k1 (Vo; Y2) + 1(V1; 1| Vo)l,
1(U; S1) + H(S1, $21U)

< k[l (Vo, Vi; Y1) + 1(X; Y2| Vo, V1)],
I1(U; $)+ H(S1, $21U)

< kI (Vo, Va; Y2) + I(X; Y1 Vo, V2)l,
1(U; S1) + H(S1, $21U)

< kI (Vo; Y1) + 1(V2; 2| Vo) + 1(X; Y1|Vo, V2)],
I(U; $)+ H(S1, $21U)

< k[ (Vo; Y2) + 1(Vi; Y1IVo) + 1(X; Y2| Vo, VI)].

Here it suffices to consider [U/| < |Sy| x |S2], Vol < |X]|+5,

and |V;| < |X|,i=1,2.
It is easy to verify that

Cin(P(81,5:)> P$1,5:1(51,52)) = Cout(P(51,52)> PS1,51(51,55))
= C(p(sy,5))» (6)

where C(p(s,,s,)) denotes the set of (Rg, Ry, R2) € Ri
satisfying

Ro

Ro + R;

min{/ (U; 1), I[(U; $2)},

min{I(U; S1), I(U; $)} + H(Si|U),
i=1,2,

min{/(U; $1), I(U; $2)} + H(S1, $2|U)

=
=

Ro+Ri+ R

IA

for some py (s,,5,) = PUISI,S)P(s1,52) With U] = |S1] x
|S2|+2. One can deduce the following result from Theorem 3
(or Corollary 1).

Corollary 2: 1If p(s,,s,) is admissible for broadcast channel
Dyy.v,|x subject to bandwidth expansion constraint x, then
there exists an input distribution py such that

C(p(si,$0) S kCout(Px, Py, Y51X)- 7

8More precisely, we have p §1.515 = PS1.521(51.52) when the input alphabet
restricted to {s € S : pg(s) > 0}.
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The necessary condition in Theorem 2 can be written
compactly as

(H(So), H(S1150), H(S2150)) € xCout(Py,,v2X) (8

when S; < Sp < > form a Markov chain. The following
result shows that the same simplification is possible for
Theorem 3 and, as a consequence, these two theorems are
equivalent in this special case.
Theorem 4: The necessary condition in Theorem 3 is
equivalent to (8) when S1 < So <> > form a Markov chain.
Proof: See Appendix C. [ ]
It is clear that one can recover Theorem 2 from Theorem 3
by choosing U = Sp. Therefore, the new outer bound is at
least as tight as the Gohari-Anantharam outer bound. We shall
give an example to show that the improvement can be strict.
Our example is motivated by the observation that the charac-
terization of the capacity region of the deterministic broadcast
channel with a common message involves an auxiliary random
variable which is not necessarily a function of the channel
input [21] as well as the observation that H (Sp) is not a
continuous function of p(s,.s,)-
Now consider the example where the physical broadcast
channel is the Blackwell channel p)lfl’yz‘ x» Where

Py yax 15 y21%)
_[1, (x,y1,¥2) =1(0,0,0),(1,1,1),(2,0,1)
=10

otherwise

with x € {0,1,2} and y; € {0,1}, i = 1,2; more-
over, let S| = (So(a),S1) and S = (Sp(a), $2) with
o € [P{b_l(%logz_3 — %),Hb_l(log23 — %)), where Sp(a),
So(a), S1, and S are binary random variables defined
over {0, 1}, and Hb_l(-) - [0, 1] — [O, %] is the inverse of the
binary entropy function Hj(-). Specifically, we assume that
(So(a), So(a)), S1, and S are mutually independent with

2
r5,0) = p5,0) = H,"(3),
pgo(a)(o) = pSO(a)(O) =a,
P3o(@)50(e) 110 = Py(a)50(e) (110) = (@),
af(a)
1 _ b

where f(a) is the unique solution in (0, 1 —a] of the following
equation

P5o(@)150@) Q1D = P3ya)1500e0 O =1 —

H(So(@), So(0)) = logy 3 — g

Note that such S§; and S; have no non-trivial common part,
i.e., H(So) = 0. By setting px(0) = px(1) = px(2) = %,
Vo =0,and V; = Y;, i = 1,2, one can readily verify that
D(S,,5,) satisfies the necessary condition in Theorem 2 with
x = 1 for any a € [H, '($log,3 — 2), H, '(log; 3 — %)).
However, we shall show that this is not the case for Theorem 3.
It is easy to see that, if the afore-described p(s,s,) is admis-
sible for the Blackwell channel pffb v,|x Subject to bandwidth
expansion constraint x, then, by Corollary 2 as well as the fact
that COUt(Pg,Yﬂx) = C(pg,mx)’ we must have

C(p(si.sn) S kC(PY, v, x)- 9
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By choosing U = (Sp(a), So(a)), one can readily verify
that (Hp(a), %, %) is contained in C(ps,,s,) for any
o € [Hb_l(% log, 3 — %), Hb_l(logz 3— %)). On the other hand,
it follows from [2, Lemma 1] that (log, 3 — %, %, %) is not

contained in C(pf?1 y,1x)- Note that (Hp(a), %, %) converges to

(log, 3 — %, %, %) as a — Hb_l(logz 3— ‘31). Since C(py,,v,x)
is closed, it follows that p(s, s,) violates (9) with x = 1

(and consequently the necessary condition in Theorem 3 with
x = 1) when a is sufficiently close to Hljl(logz 3— %).

This example indicates that choosing U = Sp in Theorem 3
is not always optimal. In this sense, the common part between
S1 and Sy does not play a fundamental role in the new outer
bound; see [3] for a related observation.

V. APPROACH II: COMPARISON OF CAPACITY REGIONS
A. The Lossy Source Broadcast Problem

In a certain sense, the notion of dominance in Section IV
hinges upon the converse results for broadcast channels. In this
section we shall develop a different notion of dominance that
is mainly based on the achievability results for broadcast
channels. This notion is captured by the following
lemma, which shows that every realizable virtual broadcast
channel p $1.5018 is dominated by the physical broadcast
channel py, y, x in the sense that Marton’s inner bound of
P35S with input distribution pg is contained in the capacity
region of py, v, x. The proof of this lemma is relegated to
Appendix D.

Lemma 2: If a virtual broadcast channel p 81,5018 is
realizable through the physical broadcast channel py, y, x with
bandwidth expansion ratio p, then

Cin(Ps, Pg, 5,15) € PC(PY1.121x)-
The following necessary condition for the lossy source
broadcast problem is a simple consequence of Lemma 2.
Theorem 5: If distortion pair (dy, d2) is achievable under
distortion measures w; and w; subject to bandwidth expansion
constraint x, then there exists a virtual broadcast channel
P3, 5,5 With E[wi(S, $)] < di, i = 1,2, such that

Cin(pss P, 5,5) S ©C(Pyyva1x)-

Proof: Let (d1, d2) be a distortion pair that is achievable
under distortion measures w; and w; subject to bandwidth
expansion constraint x. In view of Definition 1 and the
discussion in Section II, for every € > 0, there exists a virtual
broadcast channel P 30 realizable through the physical
broadcast channel py, y, x with bandwidth expansion ratio
p < Kk + € such that E[wi(S,$N] < d +e, i = 1,2
It follows from Lemma 2 that, for such pgfe), 59| we have

Cin(ps, Pgo g0)5) S & +C(Pr1a1x)-
Since {pgff),gg)‘s : € > 0} can be viewed as a subset of

NEEAEEA .
{r € RY : Z§1681,§z€32

which is compact under the Euclidean distance, one can find
a sequence €1, €2, - - - converging to zero such that

7(s,51,8) = 1,5 € S},

m pae) » = pa &
k—o00 pSl(Ek)>Sgk)IS P3,.8s
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for some pg ¢ ¢ with E[w;(S,5)] < di, i = 1,2
Now the proof can be completed via a simple limiting
argument. |

B. Application to the Problem of Broadcasting
Correlated Sources

In view of (6), one can readily deduce from Theorem 5 the
following outer bound on the admissible source region.

Theorem 6: If p(s, s, is admissible for broadcast channel
Dri,v,|x subject to bandwidth expansion constraint &,
then

C(p(sy,s0)) S kC(pyy,va1x)- (10)

The following result provides a complete characterization
of the source admissible region and a rigorous justification
of the source-message correspondence in the case where
S1 < So < > form a Markov chain.

Corollary 3: A source  distribution  ps, s,y  With
S1 < So < > forming a Markov chain is admissible for
broadcast channel py, y, x subject to bandwidth expansion
constraint x if and only if

(H (S0), H(S1150), H(52150)) € kC(py, vypx)- (1)
Proof: The proof of the “if” part is based on a simple
separation-based scheme. The transmitter first compresses Sy’
via entropy coding and maps the resulting bits to the common
message Mo; given Sj', the transmitter further compresses S;"
via conditional entropy coding and maps the resulting bits
to the private message M;, i = 1,2. Note that (11) ensures
the existence of a good broadcast channel code such that
receiver i can recover (Mg, M;) and consequently Sl.’” with
high probability, i = 1, 2.

The “only if” part follows from Theorem 6 as well as
the fact that (H (So), H (S1/S0), H (52150)) € C(p(s,,s,)) when
S1 < So < > form a Markov chain. |

In view of Theorem 4 and Corollary 3, the necessary
conditions in Theorem 3 and Theorem 6 are equivalent
to (8) and (11), respectively, when S; < Sy < > form a
Markov chain. It is known [22] that in general Cout(py,,v,|x)
can be strictly larger than C(py,,y,|x). So it is possible to find
an example for which

(H (So), H(S11S0), H(52150)) & xC(py,,v,1x)»
(H (S0), H(81150), H(52150)) € kCout(Py,,v51x)-

This means® that Theorem 6 cannot be deduced from
Theorem 3.

Note that both (7) and (10) imply
C(p(sy,8)) S xCout(Pyy,vs1x)- (12)

We shall show that (12) suffices to recover several existing
results. Let Cp(py,,r,x) denote the capacity region of
broadcast channel py, y,|x with degraded message sets, i.e.,

Co(pry,va1x) = {(Ro, R2) : (R0, 0, R2) € C(py,,v,1x)}-

9We believe that Theorem 3 also cannot be deduced from Theorem 6.
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It is known [23] that Cp(py,,v,|x) is given by the set of
(Ro, R>) € R satisfying
Ro < 1(V; 1),
Ry < I(X; 1h|V),
Ro+ Ry < I(X; Y2)

IA

for some pv x vy, = PvIXPxPy..v.|x With [V| < [X|+ 1.
Moreover, it can be verified that

{(Ro, R2) : (Ro, 0, R2) € Cout(pry,v21x)} = Cp(pyy,v51%)-
(13)

The following result is a special case of [24, Th. 2 and 3].

Corollary 4: A source distribution p(s, s,) with Sy being
a deterministic function of S> is admissible for broadcast
channel py, y, x subject to bandwidth expansion constraint x
if and only if

(H(S1), H(52181)) € kCp(py,.151X)- (14)

Proof: The proof of the “if” part is based on a simple
separation-based scheme. The transmitter first compresses S
via entropy coding and maps the resulting bits to the common
message Moy; given S}", the transmitter further compresses S5’
via conditional entropy coding and maps the resulting bits to
the private message M. Note that (14) ensures the existence
of a good broadcast channel code such that receiver 1 can
recover My and consequently S}" with high probability while
receiver 2 can recover (Mo, M) and consequently S3' with
high probability.

The “only if” part follows by (12) and (13) as well as
the fact that (H(S1),0, H(S2/S51)) € C(p(s,,s,)) when Sy is
a deterministic function of S,. [ |

We say py,x 1is more capable than pyx if
I1(X;Y2) = I(X;Yy) for all px [25] [26, p. 121]. It can
be verified that

{(0, R1, R2) € Cout(py,,v21x)} = Co(Pyy,151x) (15)

when py,|x is more capable than py,|x.

The following result [6, Th. 4] is
of Corollary 4.

Corollary 5: A source distribution p(s, s, is admissible for
broadcast channel py, y,|x (with py, x more capable than
Dy, x) subject to bandwidth expansion constraint «x if and only
if (14) holds.

Proof: The proof of the “if” part is the same as that for
Corollary 4. The “only if” part follows by (12) and (15) as
well as the fact that (0, H(S1), H(52151)) € C(pcsy,s,)). N

a dual version

VI. CONCLUSION

We have established two necessary conditions for the lossy
source broadcast problem (Theorem 1 and Theorem 5), from
which new outer bounds on the admissible source region
(Theorem 3 and Theorem 6) are deduced. It is expected that
the idea of deriving converse results via suitable comparisons
between the virtual channel (induced by the source(s) and the
reconstruction(s)) and the physical channel has potential appli-
cations beyond the lossy source broadcast problem considered
in the present paper.
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APPENDIX A
PROOF OF LEMMA 1
Let (X7, y/™, yy", 8", 87 be jointly distributed
with §” according to

psm (Sm)PXﬂm|S"’ (xP™ |5m)PY1”’",YZ/’”‘\Xpm (ylpm, yfm |xP™)

2
< [T pgmyom GI1YP™), (16)
i=1

where

psn(s™) = [ [ ps(s),
t=1

pm
Py ypmixom 07" 95" 1) = TT01@)s y2(0)x (@)
q=1

Note that the induced conditional distribution!'? Pim gmygm
is degraded with respect to Py ypmxom’ in fact,1 ’e%lery
P §mysm degraded with respect to Pypm ypmixom can be
obtained in this way.

Let (Uy,---,U;") be jointly distributed with
(S, XPm yP" Yy, S, 8 such that (UJ,---,UM) <
S o« (XPM, Y{om, szm, 3"1", 3"2") form a Markov chain, and
Uo(t),---,UL(t),S(), t = 1,---,m, are independent
and identically distributed. Let 7 be a random variable
independent of (Uy', - -- ,Uf,Sm,S’T,S‘E") and uniformly

distributed over {1, - -- , m}. Define
UiZUi(T)’ iZO""’L’
S = S(T),

S‘,‘ = S','(T), i=1,2.
The following properties of (Ug,---, UL, S, 3'1, 3‘2) can be

easily verified:

1) the distribution of (Uy, --- , Ur, S) is identical with that
of (Uy(2), U1(2), Ua(2), §(t)) for every t;
2) (Up,---,UL) < S < (81, ) form a Markov chain;
3) Pg, 5,5 i the single-letterized version!! of Pgn smisn-
Note that

k
1" ; 8" |um.
; (W2 8|Vl )

I
™-
M=

I
_
-

I

. om m t—1
1 1(U 4 (1); a(i)|UU3_:11Aj’ UA[ )

. qm -l
WA@Y 550 Ul

ULl Uyizia, )

I
™-
M=

I
_
-

I

um
- U;;IIA,-,:H’

10y¢ ps(s) > 0 for all s € S, then Pim gmsm is uniquely given by (4).
1:°2

If ps(s) = 0 for some s € S, then the conditional distribution in (4) is not
the only one that is compatible with the joint distribution in (16); in this case

we simply use (4) as the definition of p 371’ 3,2,,‘ gm-

llStrictly speaking, p3, -|s) is uniquely specified only for those

e
Sy18\
s € {s' € §: ps(s’) > 0}. However, this suffices for our purpose since
the results in the present paper depend on p 31.5/8 only through pgp 3, 505"
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v

k m
22 1WA @) Say U1 4, (1))

i=1 t=1

= mZI(U.A,(T) Sa@(T)lUu 4, (1) T)
i=1
k
=m > 1UA(T); Sap(T), TIU i 4 (T))
i=1
k
m > 1A T Say (U1 4, (T))
i=1
k
= mZI(UA,’ Sa(1)|UUr LA ).
i=1

v

On the other hand, we have

. pm
ZI(UAs a(,) Ul IA)<ZI(Um7 Ya(l)
We shall show that, for/ =1, --- ,k,
pm
ZHU%YM boia)
pm gq—1
SZI(Y2q+1aY1(q)| Lr?/j—:llAj’Yl )
k pm
1
+ D D TG Ya (@)U G4, SN (S
i=l g=1

which, in light of the Csiszdr sum identity [26, p. 25],

is equivalent to

m pm
> IR )
—1
le(Y{’ @IV Ve
g=1 =
k pm
1
+ZZI(UA’ a(z)(CI)| Uz -1 4 ,Yq szq+1)
i=l g=1

First consider the case [ = k. If a(k) = 1, we have

. ypm
W Y01V )

-1
=2 WA @I Y
g=1 "~

1
<> 1wy Yf';ql,Yl(q)lUk RURRCD

pm
—1
=2 10 @I, 1)
— =

pm
+ZI(UA,Y1(CI)|UUk IA an_ 217';'+1)
g=1

Ull.A)
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if a(k) =2, we have

pm | prm
T4 Yaw Uizt )

:Z[(Uﬁi;Yz(QN 3%;},4 YTg)

g=1
pm

—1
< DL YT @I Yy
q—l J=

1,
= ZI(Yq ; Ya(q)l Uk IA 2/),Z+1)
g=1
pm
m . m q—
+ZII(UA,.,Y2(Q)| Ut M
- ;

1
Y2pq+1)
Therefore, (18) and (19) hold when / = k. Now we proceed
by induction on [. If a(/) = 1, we have

m pm m
an - 2 1W4; YalUl-14)
k
= 1U%; Y™ Sll.:llA,H > UL YU G
o i=l+1
<1y YMuon., )
= A[ U/ lAj
pm q—1
+21(Y2q+1,Y1(q)| o)
pm
(18) m g=1 ypm
+ Z DI Yay (@)U Goap T Yag) Q0
i=l+1g=1
pm
—1
= D UL I@IUY YT
g=1 J=1"2
pm
-1
+ZI(Y2PZ+17Y1(Q)| -Aj’qu )
1
+ Z ZI(UA, Ya@@IUf1 YLy )
i=l+1g=1
(19) m pm m q—1
= ZI(UA,, Ve @I YT
pm
1
+ Z DI Yay (@)U G, YLV
i=l+1g=1
pm
—1
=ZI<YZQ+1,Y1(q>|UU,1A Y{T)
qg=1
k pm
1
+ DI Yai @IV 4 YLD,
i=l g=1

where (20) follows by the induction hypothesis. Therefore,
(18) holds when a(l) = 1. Similarly, it can be shown that (19)
holds when a(l) = 2. This finishes the induction argument.
Let @ be a random variable independent of
wyt, -, g, xem, Ylpm, szm) and uniformly distributed
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over {1,---, pm}. Define

Vi:(Uim;Y]Qil»sz’an+1’ Q)’ l:O’
X = X(0),
Y =Yi(Q), i=12

5L5

It is clear that (Vp,---,VL) < X <« (Y1,Y2) form a
Markov chain; moreover, px does not depend on the choice
of puy,...,u.|s. Continuing from (17),

k
ZI(U’"‘; (l)|UU' IA)
=1

pm
1
< DU LYY Yan (@)
qg=1
k pm
1
+ O D TS Ya (@) Jtay YLy ) @2
i=2 g=1
:me(UA ye! Y3041 Ya) (@)1 Q)
+meI(UA ) a(l)(Q)lU& I.A > Q Y2pr5+]9 Q)
i=2
< pml(Uﬁ YL L 0 Yay(Q))
+meI(UA ) a(l)(Q)lUu I.A > Q Y2pr5+]9 Q)

i=2
k
= pm Z I(V.A,ﬂ Ya(i)|VU;_:11Aj)’
i=1
where (21) is due to (18) and (19) as well as the fact that

pm
1
DI @Iy

pm

-1
+ D TS s Ya(@IY] Y80 )
q=1

pm
-1
= > 10 n@Ivy,)
q=1
pm
1
+ D IUL: Yay @IV YD)
q=1

i
< Zl(Uﬂ YL YT Ya) (@)

This completes the proof of Lemma 1.

APPENDIX B
PROOF OF THEOREM 1

According to Lemma 1, for every virtual broadcast channel
P3, 515 realizable through the physical broadcast channel
Dyy,v,|x Wwith bandwidth expansion ratio p, there exists an

input distribution py such that, for any PUp U1.8.50.8 =
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PUy,,ULISPSP§, §,s> ©On€ can find pvy...v.x.v.r, =
DVo,,VLIXPXDPY,,Y»x satisfying
k k
2 1WA SawlUa) = 2 2 1V Ya) Vi a)
i=1 i=1
(22)

for any A; C {0, ---
Now choose L = 2. Setting k = 1, A; =
in (22) gives

,L} and a(i) € {1,2},i = 1,--- ,k.
{0}, and a(1) =1

1(Uo; §1) < pI(Vo; Y1). (23)
Setting k = 1, A; = {0}, and a(1) = 2 in (22) gives
I(Uo; 82) < pI (Vs Ya). (24)
Setting k = 1, A} = {0, 1}, and a(1) = 1 in (22) gives
[(Uo, U §1) < pI(Vo, Vi; Y1). (25)
Setting k = 1, A; = {0,2}, and a(1) = 2 in (22) gives
I(Uo, U; $2) < pI(Vo, Va; Ya). (26)

Setting k = 2, A;
in (22) gives

1(Uo; 81) + 1(Ua; $2|Up) < plI (Vo; Y1) + 1 (Va; Ya| Vo).
27)

= {0}, Ay = {1}, a(1) =2, and a(2) = 1

={0}, 4o ={2},a(l)=1, and a(2) =2

Setting k = 2, A
in (22) gives
1(Uo; $5) + 1(Uy; $11Uo) < plI (Vo; Y2) + 1(Vi; Y1| Vo).
(28)

Setting k =2, A = {2}, a(l)=1,and a(2) =2

in (22) gives
1(Uo, Uy 81) + I(Uy; $2|Uo, Uy)
< plI(Vo, Vi; Y1) + 1 (V25 Y2 | Vo, V1)1 (29)

Setting k =2, A1 = {0,2}, A, = {1}, a(l) =2,and a(2) = 1
in (22) gives

1(Uo, Uz; $) + I(Uy; $1|Uo, Us)

{0,1}, A, =

< plI (Mo, Va; Y2) + I (V15 Y1 Vo, V2)1. (30)
Setting k = 3, A = {0}, Ay = {2}, A3 = {1}, a(l) =
a(3) =1, and a(2) = 2 in (22) gives
I(Uo; 81) + 1(Uy; $2|Uo) + I (Uy: 811U, Un)
< plI(Vo; Y1) + 1(V2; Y2 Vo) + 1 (V1; Y11Vo, V2)I. (31)
Setting k = 3, A1 = {0}, A = {1}, A3 = {2}, a(1) =
a(3) =2, and a(2) =1 in (22) gives
1(Uo; $) + 1(Uy; 811Uo) + I (Ua; 82|Uo, Uy)
< pl (Vo; Y2) + 1 (Vy; Y1 Vo) + I (V2; Y2| Vo, V)], (32)
LeF R.(ps’pﬁl,ﬁﬂs) denote the set of (ri,---,ryg) € RLO
satisfying
ri < I(Uo; 81),
ry < 1(Uo; 52),
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r3 < 1(Up, Ur; 8),

ra < I(Ug, U; 5)),

rs < 1(Uo; 81) + 1(Ua; $2|Uo),

re < 1(Uo: $) + 1 (U $1100),

r7 < I(Uo, Uy; $1) + I(S: 821U, Uy),

rs < 1(Uo, Us; 82) + 1(S; $1|Uo, U2),

ro < I(Uo; $1) + 1 (Ua; S2|Uo) + 1(S; $11Uo, Un),
rio < 1(Uo; $2) + 1 (Uy; $11Uo) + 1(S; $2|Uo, Uy)

for some p; = PUoULUISPSPS, 5,5 analo-

,T10) €

,U1,U2,8,81,5,
gously, let R(px, pr,,v,|x) denote the set of (ry,---
RLO satisfying

r1 < I1(Vo; Y1),

ra < 1(Vo; Y2),

r3 < I(Vo, Vi; Y1),

ry < 1(Vo, V2; Y2),

rs < 1(Vo; Y1) + 1 (V25 Y2| Vo),

re < I(Vo; Y2) + I1(Vy; Y11 Vo),

r; < I1(Vo, Vi; Y1) + 1(X; Y2 Vo, V1),

rs < 1(Vo, V2; Y2) + 1(X; Y1 Vo, V2),

ro < I(Vo; Y1) + 1(V2; Y2| Vo) + 1(X; Y1V, Va),
rio < 1(Vo: Y2) + I(V1; Y1[Vo) + 1(X; Y2 Vo, V1)

for some pvy,v,,v5,x,7,,¥2 = PVo,vi,ValX PX PYy,Ya|x- It can be
shown (see [27, Remark 3.6]) that (23)-(32) can be stated

equivalently as

R(pss P3, 5,5) S PR(PX PY1.va|x)- (33)

Moreover, the following argument by Nair [18] indicates that,
to compute R(ps,ps 5 S) and R(px, py,,v»|x), it suffices
to consider IL{0| < |S| +5 Mol < | X+ 5, |U;| < |S|, and
Vil < |X|, i = 1,2. We shall only give the proof for
R(ps, p§1,§z\S) since R(px, pr,,v,/x) can be treated in the
same way. The main idea is that it suffices for U; and Uj
to preserve the extreme points of R(ps, P§, 5| ), and then
Up can be used to convexify the region. Note that every
convex combination of the constraints in the definition of
R(ps, p§1,§z\S) can be written in the form

AH(81) + 22H ($2) 4+ A31(S; §1) + 241(S; $2)
+AsH ($1|Uo) + A6 H (52| Uo) + A7H (81|Uo, Ur)
+ AgH (821U, Uz) + A9 H (S1|Uo, Uz) + A10H (S2|Up, Uy),

which depends on py,vu,,u,,s only through py, v,,s and
DU, U,,s- First fix py,. For every Uy = ug, one can find
Ps,U1Uo (-5 -luo) with |Uy] < |S] that preserves psju, (-luo) and
l7H(S]|U() = ug, U1) + /110H(52|U0 = up, U); similarly,
one can find ps v, v, (- s lug) with |Us| < |S| that preserves
psiuo(-lug) and AsH(S2(Uo = uo, Uz) + A9H(51|Uy =
up, Uz). We can get a consistent joint distribution py,,u,,v,,s
by setting puy,u;,vs,8 PUqy,S PUI|Up.S PU>|Up,s- Finally,
it suffices to have |Uy| < |S|+5 for preserving ps, H (S;|Up),
H (8:|Up, Uy), and H(8;|Uo, Up), i = 1,2.
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Let (d,d>) be a distortion pair that is achievable under
distortion measures w; and w; subject to bandwidth expansion
constraint k. In view of Definition 1 and the discussion
in Section II, for every € > 0, there exists a virtual broadcast
channel p S(e) S(e)l s realizable through the physical broadcast
channel py1 v»|x Wwith bandwidth expansion ratio p < x + €
such that E[w; (S, S e))] <d;i+e,i=1,2. It follows by (33)

that, for such P3© 555 WE have
1> 2

R(ps, pgo s10)5) € (6 + OR(px©, Pri.121X)

for some py. Since {(psl(e) S‘éé)‘s,px(e)) € > 0} can be

viewed as a subset of {(w,7') € R‘f‘xls‘lx‘sﬂ X R‘f‘

AoAn , -
Ziueél.,fzeéz m(s,51,8)=1,s E.S, anq Dex ™ (x) =1},
which is compact under the Euclidean distance, one can find
a sequence €1, €2, - - - converging to zero such that

hm Da (ek) A(ek) = D§,.5,s°

hm @ = PXx
k—o00 Px@w =P

for some P8, 505 with E[w; (S, S‘,-)] <di,i=1,2, and py.
Now a simple limiting argument yields

R(ps, P3, 3,5) € KR(PX, Pyivaix)- (34)

Note that R(px, pr;,v,x) is a convex set. As a consequence,
(34) holds if and only if « R(px, py,,v,|x) contains all extreme
points of R(ps, p $1.5| ). To realize all such extreme points,
it suffices to consider |fp| < |S|. This completes the proof of
Theorem 1.

APPENDIX C
PROOF OF THEOREM 4

We shall only prove that (8) implies the necessary condition
in Theorem 3 when S <> Sp <> S> form a Markov chain since
the other direction is straightforward.

Note that the necessary condition in Theorem 3 can be
written equivalently as

R(p(si,s2)) € €R(px, py,,v21x) (35)
for some pyx, where R(pe,,s,)) is the set of
(ri, -+ ,r10) € ]RLO satisfying

r < I(U; S1),

r2 < I(U; $2),

r3 < H(S),

ra < H(S2),

rs < I(U; S1) + H(S:|U),

re < I(U; $) + H(S1|U),

r; < I(U; S1) + H(S1, $21U),
rg < I(U; $)+ H(S1, $2|U),
ro < I(U; S1) + H(S1, $2|U),
rio < I1(U; $2) + H(S1, $2|U)

for some py (s,,5,) = PU|(51.5) P(51,5,) With [U]| < |S| + 2,
and R(px, pr;.r,|x) is defined in Appendix B. On the
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other hand, (8) can be written equivalently as

(H (S0), H(51150), H(52150)) € xCout(px, Py, v21x)  (36)

for some py. Therefore, it suffices to show that (36) implies
(35) when S1 < Sp <> S form a Markov chain. Throughout
the proof we assume pyx is fixed.

It is clear that both R(p(s,,s,)) and R(px, py;,v,|x) are
closed convex sets. Let A1, --- , 419 be arbitrary non-negative
numbers. We have

10

max Aiti

(r1,-,r10)€R(P(sy.55)) 0
= max A I(U; S1)+ I(U; S$)+ 23H(S1)

pU\(Sl,Sz)
+ A4H (82) + As[I(U; S1) + H(S2|U)]
+ 461 (U; S2) + H(S1|U)]
+ A7LL(U; S1) + H(S1, $21U)]
+ 48[ (U; $2) + H(S1, $2|U)]
+ A0l (U; S1) + H(S1, $21U)]
+ 410l (U $2) + H(S1, $2|U)]
= max (A1 +A3+ A5+ 47+ A9)H(S))

pU\(S],Sz)
+ (A2 4 24 + Ao + Ag 4+ 210) H (S2)
— (41 + 45 — A6 + A7 + A9)H(S1]U)
— (A2 — A5 + A6 + A8 + A10) H (S2|U)
+ (A7 4+ 28 + Ao + A10)H (S1, $2|U)
= max (A1 + 43+ A5+ 174+ 19)H(S1)

pU\(S],Sz)

+ (A2 + A4 + A6 + A8 + 210) H(S2)

— (A1 + 22)H (S0|U)

— (A1 + 45 — A6 + A7 + A9) H(S51]S0, U)

— (A2 — As + A6 + Ag + A10) H (52180, U)

+ (A7 + A8 + A9 + A10)H (S1, $2150, U)
max (A1 + A3+ A5 + A7 + A9) H(S))

pU\(Sl,Sz)

+ (A2 + Aa + A6 + A8 + A10) H(S2)

— (A1 + A2)H (S0|U)

— (A1 + A5 — A6 — Ag — A10)H (81150, U)
— (2 — A5 + 46 — A7 — A9) H (82150, U),

(37)

IA

(38)
where the last inequality follows from the fact that

H(S1, 82150, U) = H(S1150, U) + H (82150, U).  (39)

Leta=A14+45—A¢—Ag—Ajpand b = Ar —As+ ¢ —A7— .
Consider the following four possible cases.
1) a <0and b < 0: The maximum value of (38) is attained
when U = Sp.
2) a > 0 and b < 0: The maximum value of (38) is attained
when U = 5.
3) a < 0and b > 0: The maximum value of (38) is attained
when U = 55.
4) a > 0 and b > 0: The maximum value of (38) is attained
when U = (51, ).
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It is clear that the equality holds in (39) for the following
four choices of U:

D U =S,
2) U=3Sy,
3) U=25,,
4) U = (51, $2).

Therefore, the maximum value of (37) is also attained by one
of these four choices of U; as a consequence, for the necessary
condition in Theorem 3, there is no loss of generality in
restricting U to such choices. Note that (36) can be expressed
alternatively as

H(So) < xmin{l(Vy; Y1), I (V' Y2)}, (40)
H(S)) < w[min{Z (Vy'; Y1), I (Vg Y2)} + 1V NV,
(41)
H(S2) < w[min{Z (Vy'; Y1), I(Vg's Y2)} + (V55 2| V)],
(42)

H(S1, S2) < x[min{Z (Vg Y1), 1(Vy's Y2)} + T (V] lVE)
+ I(X; V2|V, VI, (43)

H(S1, $) < K[min{I(VS‘; Y1), I(V(;k; )} + I(Vz*; Y2|V6k)
+ I(X; 11|Vy, VoI (44)

for some pys v vi x. v,y = PV, v, viIX PX Y. Y x - Setting
U = Sop in Theorem 3 yields the same set of constraints.
On the other hand, when U = S, the necessary condition in
Theorem 3 can be written as

H(So) < kI (Vo; Y2), (45)
H(S1) < kI(Vo; Y1), (46)
H(S$2) < kI (Vo, Va; Y2), 47)

H(S2) < k[I(Vo; Y2) + I(Vy; Y11Vo) + [(X; V2| Vo, V1)1,

(48)
H(S1,82) < «[I(Vo; Y1) + 1(V2; Y2 Vo)1, (49)
H(S1,$) < x[I(Vo, Vi; Y1) + I(X; Y2| Vo, V)] (50)

for some pvy, vy, va,x,v1,Y, = PVo,V1,V2|X PX PY1,Y>|x - By choos-
ing Vo = Vi = (V§, V) and V, = X, we can see that
(40)=(45), (41)=(46), (42)=(47), (42)=(48), (43)=(49),
and (43)=-(50). The case U = S, follows by symmetry. When
U = (851, $2), the necessary condition in Theorem 3 can be
written as

H(S1) < kl(Vo; Y1),
H($2) < kl(Vo; Y2),

(51
(52)

for some py,x,v;,y, = PVIxPXPy. v,)x- By choosing
Vo = X, we can see that (41)=(51) and (42)=-(52). Hence,

(35) is indeed implied by (36) when S} <> Sp < S form a
Markov chain. This completes the proof of Theorem 4.

APPENDIX D
PROOF OF LEMMA 2

Let (87", 3'5”) be jointly distributed with S according to
psm (Sm)psin’gén |Sm (5{” N 3:511 |Sm),

where pgn(s™) = [[/L; ps(s(r)). We
is degraded with respect to

that
pylp"”’ yé”m | Xm >

assume

Pgm gmism
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Where pY{)m,szm‘Xm (ylpm, y§m|xm)
(1(q), y2(q)1x(q)). As a consequence,

pm
[1;=1 Privaix

pc(psinjswénlsm) g C(pYI/’m,Yz/’mlxm) = me(pyl’y2|x). (53)
Let éin(psm, psin’génlsm) denote the set of (Rg, Ry, Ry) € Ri
satisfying

Ro < min{I(U": ST, 1(UJ": ST},
Ro+Ri < I(Uy, UM S, i=1,2,
Ro+ Ri+ Ry < min{I(Ug'; $7), 1(UG'; $7)
+ 1P STUG + 1(US'; $31UgY
— I(UT" U UG

IA

A

for some (UY", U, U3") jointly distributed with (S™, S7, S2)
such that (UJ*, U, Uy < S™ < (87, 8') form a Markov
chain, and (Ug(¢), Ui (¢), U2(¢), S(t)), t = 1,---,m, are
independent and identically distributed. It is clear that

Cin(psn., Pgm smsm) S Cin(Psms Pgm gmjgn)
g C(pg;"’gén‘sm)' (54’)

variable
and

Let T be a random
e, oy, oy, sm, Sy, S
over {1, ---,m}. Define
Ui = Ui(T),
S = S(T),
S‘,‘ = g,'(T), i=1,2.

independent  of
uniformly  distributed

i=0,1,2,

Note that

m
LWy 8 = D" 1(Uo(e); 871U

t=1

= > 1(Uo(): 8", U§™H

t=1

2 1Wo(0): i (1)

t=1

= mI(Uo(T); $;(T)IT)
ml(Uo(T); $i(T), T)
mI(Uo(T); Si(T))
ml(Uo: 8), i=1,2

v

v

moreover,

Lm; §mum
m

= > 1WU0): §"Ug, U,

t=1

m
= D> 1Wi0: 8", Uy g U U @)

t=1

> > IUi@); Si0)|Uo())
t=1

m1(Ui(T); §(T)|Uo(T), T)
m1(Ui(T); §(T), T\Uo(T))
m1 (Ui (T); $i(T)|Uo(T))
ml(U;; S;|Ug), i=1,2,

v
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and
LU US UG = mI(Uy; Ua|Up).
Therefore, we have
mCin(ps, P§, 5,5) S Cin(psn., Pm gmism)- (55)

Combining (53),
of Lemma 2.

(54), and (55) completes the proof
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