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The Capacity of Finite-State Markov Channels
with Feedback

Jun Chen, Student Member, IEEE, Toby BergerT, Fellow, IEEE

Abstract

We consider a class of finite-state Markov channels with feedback. After introducing a troduce
a simplified equivalent channel model, we construct the optimal stationary and nonstationary input
processes that maximize the long-term directed mutual information. Furthermore, we give a sufficient
condition under which the channel’s Shannon capacity can be achieved by a stationary input process.
The corresponding converse coding theorem and direct coding theorem are proved.

Index Terms—Channel capacity, Markov channel, feedback, typicality.

I. INTRODUCTION

We study the capacity of a feedback channel whose state process can be affected by its input
and whose state information is available at both the transmitter and the receiver. Our channel
model is illustrated in Fig. 1. Were it not for the feedback, our channel would belong to the
family of finite-state channels. The FSC literature is vast; see, for example, [1]-[3]. In [4], Verdu
and Han gave a general capacity formula for channels without feedback. If in our model the
state process were not affected by the input, i.e., p(sgi1|Zk, Sx) = P(Skr1|Sk), the model would
reduce to a special case in the general framework of [5] and [6].

The feedback channel coding problem goes back to early work by Shannon [7], Dobrushin
[8] and Wolfowitz [9]. Tatikonda [10] introduced a model of feedback channels which can be

viewed as a generalization of the formulation in [4], derived a general formula for the capacity of
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Fig. 1 Our Model

channels in this class, and used dynamic programming to compute the optimal input distribution.
We show that channels descirbed by our model, which is called the Markov channel in [10],
possess under certain conditions a relatively simple capacity formula and that the corresponding
optimal input distribution can be computed with markedly less complexity than in the general
case.

It’s easy to see that if we let Y, = (Vi, Skr1) and Q(yr|zk, yr—1) = p(vk| Tk, Sk)p(Ska1|Tk, Sk)s
then Fig. 1 can be simplified to the model shown in Fig. 2. Therefore, we henceforth consider

only this simplified channel model. The model in Fig. 2 was perhaps first introduced in [11],
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Fig. 2 An Equivalent Model

[12]. Ying and Berger [13] analyzed the capacity of this channel model when the output is
binary. In this paper we will give a more general treatment.

The rest of this paper is divided into eight sections. In Section II we introduce several basic
notations and definitions. In Section III we prove the converse channel coding theorem for

our model, which provides an upper bound on the achievable rate of information transmission
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through the channel. Then we give a recursive formula to calculate the maximal directed mutual
information in Section IV. In Section V we analyze the optimum stationary input distribution that
maximizes the long-term directed mutual information. We generalize in Section VI to analyze
the optimum not-necessarily-stationary input. A sufficient condition under which the optimum
stationary input is actually optimum among all the input distributions is given in Section VII. We
prove the direct channel coding theorem and suggest a coding scheme in Section VIII. Finally,

several directions to extend our results are discussed in Section IX which serves as a conclusion.

II. PRELIMINARIES

A. Notation

We assume throughout the paper that the channel input and output alphabets both are finite .
Without loss of generality, we let x € {1,2,--- ,N,} and y € {1,2,--- | N, }.

B. Code Description

An (n, M, e,y,) feedback code for our channel consists of

1) An encoding function f that maps the set of messages W = {1,--- , M} to channel input
words of blocklength n through a sequence of functions { fyo,k}zzl that depend only on

the message W and the channel outputs up to time k£ — 1, i.e.,
Xi = fy k(W Y7, (1)
Although it might seem to be more general to let
Xi = Fupu (W, X771 V),
this actually is equivalent to (1), as shown by the following argument:

Xi = fia(W) = fya(W),

Xo = fu oW, X1, Y1) = fy oW, f, 1(W), Y1) = f, o(W, V7).

It follows easily by induction that X = f, (W, X1, Y1) = f, (W, Y™), so (1) is
of full generality.
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2) A decoding function g, that maps a received sequence of n channel outputs to the message

set gy, : V' — VYV such that the average probability of decoding error satisfies

M

. ) .

P2 MZP(W#w!W:w,Yozyo) < e, where W =g, (Y7"). @
w=1

Note: The encoding function f, and decoding function g, both depend on the initial
channel state y,.
Definition 1: R, is an c-achievable rate given the initial state y, if for every 6 > 0 there
exists, for all sufficiently large n, an (n, M, e,y,) code such that %logM > R, —0. R, is
achievable if it is e-achievable for all ¢ > 0. The supremum of all achievable rates 12, is defined

as the feedback capacity CJ Od given the initial state y,.

III. CONVERSE CHANNEL CODING THEOREM

This section is devoted to the proof of the converse channel coding theorem.

Theorem 1(converse channel coding theorem): Given the initial state y,, information trans-
. ) . . o . Cyyon
mission with an arbitrary small expected frequency of errors is not possible if R > lim sup —2=.

n—oo

Here

n = (XYY, = T(Xg; Yi|Yieo1)],
Cy,. p(X?I)fé%(X?)[( 1; Y1|Yo yo)+§ (Xs Y| Yi-1)]

and P*(X7) is the set of input distributions on X" which consists of all the probability mass

functions that satisfy
p(XHXf—l’ Ygﬂ—l) = p(Xk|Yk—1), k= 1,2,--- ,n.

Proof:
In the proof we implicitly assume that P(Y; = y,) = 1 and thus use Y} instead of y,.

Let IV be the message random variable. For any (n, M, ¢,y,) code, by Fano’s inequality
HW|Yg") < h(P.) + P.log M. 3)

Since

H(W(YZ) = H(W) — (W3 ") = log M — I(W: Y,

we have

(1= Fe)log M < h(Fe) + I(W;Y"),
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CHEN AND BERGER 5

which we rewrite as

1 h(Pe) + I(W;Y5')

—log M < 4
n o= n(l—P.) @
As n — oo, P, — 0. Hence the channel capacity
fd - 1
C," = limsup —log M
0 n—oo M
1
< limsup max —[(W;Yy"). Q)
n—oo PXT) N
We have
IW:Yy') = H(YS') = H(YS' W)
= D HWIYF™) = HYYy ' W)
k=1
< Y HYio) = HYGYE X W)
k=1
< N HYYio) - HYlYier, X0)]
k=1
= ZI(Xk;Yk’kal), (6)

k=1

where (a) holds because, when conditioned on the input X, and the previous output Y;_; (i.e.,
the current channel state), the channel output Y, becomes independent of both the message W

and the earlier outputs Y2 .

We call Z I(X; Yi|Yy_1) the directed mutual information. The concept of directed mutual
1nf0rrnat10n was introduced by Massey [14] who attributes it to Marko [15]. See [10] for a
detailed discussion of this concept. It has been shown in [13], that the maximum directed mutual
information for our channel model is attained inside P*(X7); i.e., no loss of generality results

from restricting p(X7") to P*(X{) when maximizing the directed information.
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So we have

1
cld < hmsupmax —I(W;Yy)

Yo n—o0 p(X )n

< limsup max—zf Xi; Yie| Y1)

n—o0 p(Xn

n—oo PXT)EP*(XT) N

1
= limsup max Z[(Xk;Yk\Yk,l)
=1

y 7
= limsup —*— |
n—oo n

. C n . . . .
We remark that, although lim sup —2= is an upper bound on the achievable rate, it is not

n—oo

always tight. Consider, for example, Fig. 3 in which the transition probability associated with

Y, =34

N

w

Fig. 3 Example 1

every arrow in the middle figure is % It is apparent that

1) If Yy =1, we can transmit no information through this channel.

2) If Yo =3 or 4, we can transmit 1 bit of information per channel use.

3) If Yy = 2, then Y; = 1 with probability %, whereupon Y, = 1 for all k. Then half of the
time Y; = 1, in which case Y, = 1 for all k. The other half time Y; = 3, in which case
we can transmit 1 bit of information per channel use after that.

According to Definition 1, the capacity of the channel of Figure 3 is O if the initial channel
state Yy = 2. However, one readily can compute that lim sup % = %, an equal mixture of the

n—oo

channel capacity for Yy = 1 and that for Y, € {3,4}.

I'V. RECURSIVE FORMULA FOR THE MAXIMUM DIRECTED MUTUAL INFORMATION

We mentioned in Section III that the maximum directed mutual information of our channel

model is attained inside P*(X7). This not only greatly simplifies the structure of the input
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distribution that maximizes the directed mutual information, but also makes the joint (input,

output) process possess a Markov structure, as described by the following lemma.
Lemma 1 [11], [13]: If we restrict the distribution of input X' to P*(X7]), then we have

1) {Yi,k=0,1,--- ,n} is a first-order Markov chain,
2) {(Xk,Y%),k=1,2,--- ,n} also is a first-order Markov chain.

Lemma 1 evidences how the underlying Markov structure in our channel model allows us to
bring to bear on the problem at hand powerful techniques from Markov theory and dynamic

programming. This is partially reflected in the following theorem.

Theorem 2:

Ny
Cin = max{I(pjn, Q) + E T j(Pin)Cin—1} forany i=1,2--- N, @)
Pin .
, o

where

1) p;n is the distribution of the first input when ¢ is the initial state. (The inclusion of n in the
subscript is intended to stress that this distribution generally depends on n; we emphasize
that p;,, is not the input distribution at time n.)

2) Cip = max  { > I(Xg Yi|Yio1) + I(X1: V1Yo =19) };

p(XT)EP*(XT) k=2
3) @Q; is the channel transition probability matrix for state i, i.e., Q;(7,1) = Q(Yy = j|Xi =

l? Yk*l = Z>’
Nz
4 T, i(Pin) = Pin(D)Qi(4, 1), where p; (1) is the I component of the probability vector
=1
Pin’
5) CZ',O =0 for ¢ = 1,2,"' ,Ny.
Proof: We prove this theorem by induction.
It’s obviously true when n = 1. 8)

Suppose it’s true when n =1,--- ,m — 1. )
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m

i)+ Z T( X5 Y Y1)}

k=2

[y

m—

= max (XYY =)+ > (X YalYior) + I(Xon; Viu| Y1) }

Then
Ci,m = max {[(Xl; Y1|Yo =
p(XTM)eP*(XT)
p(X[M)eP*(XT)
= ma; (XYY =1)+
p(XmeP}fam{ (X hifYo =19)

Ny

Eond
[l
v

3

[(Xk; Yk|Yk71)
2

i

+ ZP(Ym—l = D X; Yo | Y1 = )}

Jj=1

© max  {I(X;Vi|Yo =
P(XP P (X7 )

= max {I(X1;1|Yo =i

p(XTHEPH(XT" )

+ I(meh mel |Ym72) +

m—1 Ny

i)+ > (X Yl Vi) + > P(Yoo = §)Cia} (10)
k=2 j=1
m—2

Z) + ](Xk,Yk|Yk_1)

P(Yim-1=7)Cj1}

= max (XYoo =14)+ > T(Xg; Yi|Yi-1)

p(XPTHEP (X"

k=2
Ny

Ny
+ 3 P(Yio = DI (Xet; Yot Yoo = )+ Y P(Yiuoy = Yoo = )Cia]} - (1)
=1

© max  {I(X;Y|Yp =

P(XT"TEPH(X]"T?)

j=1
m—2 Ny

)+ Y I(XYalYie) + ) PV = )Cia} - (12)
k=2 =1

Ny

j=1

@ [(XYilYo=i)+ > P(Yi = j)Cjn-
p(Xll)Ié%)*((Xﬂ{ ( b 1’ ‘ Z>+ ( ' j> ” 1}
Ny
= rgax{](@7m, Qz) + g E,] (@,m)cj,m—l}a
i,m ]:1
where

(b) holds because I(X,,; Y |Yim—1 = 7)
affect the remaining part of (10), so

follows from (8).

DRAFT

depends only on p(X,,|Y;,—1 = j) and its value does not

we can maximize it greedily. The result of maximization
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CHEN AND BERGER 9

(c) holds because the quantity in the square brackets in (11) depends only on p(X,,,_1|Y;,—2 = 1)
and its value does not affect the remaining part of (11), so we can maximize it greedily.

The result of said maximization follows from the induction hypothesis (9), and

(d) holds via the same line of reasoning as in (11) and (12). [ |
Theorem 2 shows that we can compute {C;,,i = 1,2,---,N,} in the following recursive
way:

Use (7) to find {C;;,7 = 1,2,---,N,} and their corresponding {p;3,7 = 1,2,---, N,}.
Put {C;;,7 = 1,2,--- ,N,} into (7) to find {C;,7 = 1,2,--- ,N,} and their corresponding
P51 = 1,2,--- , N, }. Repeat until we get {Cj,,i = 1,2,---, N, } and their corresponding
{Pir,i=1,2,---,N,} (Note: The maximum value of a continuous function over a compact set
always exists, though p;}, (i = 1,2,--- , Nysk = 1,2, ,n) need not be unique in general).

Since Q;(i = 1,2,--- , N,) are fixed, for simplicity we henceforth abbreviate /(p, @;) as I;(p).

V. OPTIMUM STATIONARY INPUT DISTRIBUTION

From Theorem 2 we see that the optimum input distribution generally depends on time,
which significantly complicates the problem. In this section we restrict our attention to input
distributions that depend only on the current channel state (i.e., the previous channel output)

but do not depend on time. We call these the stationary !

input distributions, and we let P**
denote the set of such distributions. Correspondingly, P* defined in Section III is the set of
nonstationary input distributions. Let p; denote the input distribution when the channel state is .
Then no loss in generality results from writing an element of P** as (p, p2,-- - , P, ). It’s clear
that, if we restrict the input distribution into P**, then {Y},k = 0,1,---} is a homogeneous

Markov chain.

When the input distribution is stationary, we can easily find the following recursive formula:

Ny
Lin = Li(5) + > Tii(0) Lin, (13)
j=1

"Here, the term “stationary” does not have its usual connotation in the theory of random processes. Specifically, since we
do not rule out initial conditions that cause the state process’s marginals to undergo a transient, similar transient behavior may
well be exhibited by the marginals of the input process. What motivates our use of the term stationary” is that, if the channel
satisfies certain conditions (which will be made clear in Section VI) and the input distribution is “stationary” under our definition,
then the joint input and output process (i.e., the joint input and state process) forms an irreducible and aperiodic homogeneous

Markov chain and thus is asymptotically mean stationary in the sense of [16], [17].
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where

N,
) T () = l_Zlﬁi(l)Qi(jJ);
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2) L= > I(Xk; Yi|Yio1) + 1(X1; Y1|Yo = i) with P(Xy = j|Yio1 = 1) = pi(y).
k=2

It follows from (13) that

N, N,
Lyt = Lin = DT Lin — Y Tii(5) n
j=1 =1
Ny
= > T3 Ui — Lin)
j=1

Using matrix representation, we can write (14) as

[ [1,n+1 - [1,n ] [ Il,n - Il,nfl |
[2,n+1 - IZ,n —T [2711 - I2,n—1 7
L -[Ny,n+1 - INy,n i L -[Ny,n - IN,,,n—l ]
where
Tl,l(ﬁl) Tl,Z(ﬁl) e Tl,Ny (ﬁl)
T . TQ,l(ﬁQ) T2,2 (ﬁ?) e TQ,Ny (ﬁQ)
| Tn,1(Pn,) Tn,2(PN,) -+ Tn,nN,(PN,) ]

is a transition matrix for the homogeneous Markov chain {Y},k = 0, 1,

from (15) that

[1,n+1 - Il,n [1,1
I, — 1 I
n+1 2.n 2,1
=T"
L ]Ny,n+1 - ]Ny,n i | INy,l i

(14)

15)

-+ }. Tt follows easily

(16)

Since {Yj,k = 0,1,---} is a homogenous Markov chain, we can divide its states into two

categories: the transient states and the recurrent states. Recurrent states can be decomposed

into disjoint irreducible closed sets. Furthermore, there are two kinds of irreducible closed sets:

aperiodic and periodic. Now we discuss them separately.

a) Aperiodic irreducible closed set (Suppose it contains states ai, as, - -

DRAFT
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Now consider the principal submatrix of 7' with respect to the al" a% ---  a!* columns

and rows, we denote it as 7},. Clearly, we can derive from (16) that

Ial,n+l - Ial,n ]al,l
Iag,n+1 - Iag,n _ T(Ib IO:Q,I ’ (17)
| [ai,n+1 - Iai,n i L Iai,l h
where
Tahal (ﬁm) Ta1,a2 (ﬁal) e Tal,ai (ﬁm)
T — TaQ,al(ﬁaz) Ty (ﬁ@) o Taga, (ﬁ@)
L Tai,al(ﬁai) TaiﬂQ(ﬁai> Tai,ai(ﬁ%-) i
By the Markov convergence theorem for an aperiodic irreducible closed set (see e.g. [18]),
we have
Ta, Tay Ta,
Tay Tay Ta,
" — ' o _ as n — 0o, (18)
L Tar Tas Ta; |

where {m,,, -+ ,m,,} is the unique stationary (or equilibrium) distribution for the aperiodic

irreducible closed set {aj,--- ,a;}. So by (17) and (18),

Ia1,n+1 - ]al,n 7Ta1 7Ta2 e 7Tai Ial,l
Iag,n—l—l — Iag,n Tar, Tay - Tg -[(12,1
—
L [ai,nJrl _[ai,n ] L Tay Tay = Tg 1 L Iai,l ]
as n — oo. Thus we have
n
> Lapy = Loy i-1)
. ag,m . =1
lim &~ lim
n—oo M n— 00 n
= lim ([ak,n - Iakm*l)
n—00
7
= E Waljal,la (19)
=1
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which is independent of k(k = 1,2,---,4); that is, starting from any state in a given

aperiodic irreducible closed set, the limiting average directed mutual information is identical.

b) Periodic irreducible closed set (Suppose it contains states by, by, -+ ,b; and suppose the
period is d. Let Sy, S1, -+, 541 be the cyclic decomposition of the state space).
Now consider the principal submatrix of 7" with respect to the b bY, - - - | b;h columns and

rows, we denote it as 7;. Clearly, we can derive from (16) that

[ Dy — Doy Iy, 1
Loy 1 — oy _qp [b?,1 | 20)
| Loy 1 — Doy | Ty
where
[ Toios o) Toroa Do) -+ Tors, () |
T — sz,bl‘(ﬁbz) Tbg,bg.(ﬁbg) sz,bj-(ﬁbz)
L Ty (Do) Thyo(Bh,) -+ Ty, (D)

By the Markov convergence theorem for a periodic irreducible closed set (see e.g. [18]),

we have

n

1 m
- > (T ke — m,

m=1

lth

where (17");,; is the component on the k™" row and column of matrix 1y -1} --- T,
—_——

{mb,,--+ ,m,} is the unique stationary (or equilibrium) distribution for the aperiZ)ndic ir-
reducible closed set {by,bq,--- ,b;}. More specifically, if b, € Sy and b, € S, (actually
we just need the subscript of the cyclic state space that they belong to differ by r(r =
0,1,---,d—1)), then we have

lim (T = 7, d; 21)
(T )k =0 for (m mod d) # r. (22)

DRAFT September 8, 2004



CHEN AND BERGER 13

It follows by (20), (21) and (22) that

(]bk,m - Ibk,m—1>

AL

Iy, n )
lim %% = Jjm 7=
n—oo N n—oo n
nJ
> (T wady]
. m=1[=1
= lim
n—oo n
J (T na
— Z I, 1 lim m=l
n—oo n
=1
J
= Zﬂblfb,,b (23)
=1
which is independent of k(k = 1,2, --- | j); that is, starting from any state in a given periodic

irreducible closed set, the limiting average directed mutual information is identical.

Since the limiting average directed mutual information is seen to have the same expression
for an aperiodic irreducible closed set as for a periodic irreducible closed set, in order to find the
stationary input that maximizes the average directed mutual information given the initial state

Yy = k, we can proceed as follows, where without loss of generality we suppose k& = N,:

i) Let P be the space containing all the N, x 1 probability vectors. Now consider the product

space A =Py x Py X --- x Py, where P; = P forall i =1,2,--- | N,. Decompose A into
Ny—1

2Nv=1 disjoint subsets such that A = i yU B A; and the A; have the property that for any
P1 X Pa X -+ X Py, € Ay, the indices of tlh:é) positions that are 1 in the binary expansion of ¢
correspond to the states that form an irreducible closed set with state k(= INV,). For example,
let N, = 4 and 7 = 3; then the binary expansion of 7 is 011. For any p} X pa X p3 X Py € As,
states 1, 2, 4 form an irreducible closed set. For any pj X ps X - - - X ﬁNy € Ay, state k(= N,)
is either a transient state or an irreducible closed set formed by itself.

i) The maximum average directed mutual information for a stationary input distribution can

be obtained by
max { max )eAi(Z mla)} (24)

; ... 9Ny—1 D1 X+ X P
i€{1,2,--,2Ny—1} ~(p1 DNy oA,
if the above maximization operation is feasible. Here A; is the set containing the indices

of the positions that are 1 in the binary expansion of i 4+ 2¥v~!. For the previous example,

if i = 3, then A; = {1,2,4}.
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iii) In ii), we did not consider Ay in the maximization. Clearly, under some stationary input

distribution (py,pa, - - - , Py, ), if state k forms an irreducible closed set by itself, then
I
lim ~*" = 0;
n—oo M

if state k is transient, then we have

.1
Tim % = Z Kl
where F; is the probability that the Markov chain will end in the irreducible closed set @
and I is the limiting average directed mutual information for this irreducible closed set as

was discussed in a) and b). The example discussed in Section III is a special case of iii).
When the initial state is transient under any input distribution, it may seem to be a good choice
to maximize the probability that the Markov chain will be absorbed in the irreducible closed
set that has the largest limiting average directed mutual information. To see that the problem

actually is much more complicated, consider the example shown in Fig. 4. If Y, = 2, then we

Y= Y =2 Y, =34 Y, =56
1 1 1 — 1 1
> 2 1/2 2 2
3 3 3 3 3 3
4 4 4 4 4
5 5 5 5 5 5
6 6 6 6 6 6

Fig. 4 Example 2

can let X; = 2 or 3 (other inputs will drive the Markov chain into state 1 which is a dead end).
But if we choose X; = 3, then with probability %, the Markov chain will be driven to state 1
and stuck there forever; also, with probability %, the Markov chain will be driven to state 3 and
we can transmit 1 bit of information per channel use after that. If we choose X; = 2, then the
Markov chain will be driven to state 5 and we can transmit log, 5 — 2 bits of information per
channel use after that. Clearly, for this channel model, if we want to drive the Markov chain into

an irreducible closed set with highest limiting average directed mutual information — namely

DRAFT September 8, 2004



CHEN AND BERGER 15

{3,4} — then we need to take the risk that we may actually end in the bad irreducible closed
set {1}. The feedback channel capacity introduced in Definition 1 can be roughly interpreted as
the maximal reliable communication rate in the worst case scenario. So for this channel model,
it’s easy to check that C’{ 4= log, 5 — 2. By Example 1 and 2, we can see that, if there does
not exist a input distribution under which all the channel states form a single irreducible set,
the feedback channel capacity given in Definition 1 may not reveal the intrinsic structure of the

channel. Outage capacity seems to be a more proper concept in this context.

VI. OPTIMAL NONSTATIONARY INPUT DISTRIBUTION

Next, we study the nonstationary input distribution that maximizes the limiting average directed
mutual information. Here, “nonstationary” means the input depends both on the current channel
state (i.e., the previous channel output) and on time, whereas “stationary” (as was discussed in
Section V) means the input depends only on current channel state. As we saw in Section V, the
transition matrix of the Markov process {Yj,k =0, 1,---} depends on the input distribution. If
the input is stationary, then {Y;,k =0,1,---} is a homogeneous Markov chain and we have a
simple way to determine the unique decomposition of the state space into disjoint irreducible
closed sets and transient state sets. But when the input distribution is not stationary, then {Y}, k =
0,1,---} becomes an inhomogeneous Markov chain and there is no simple method to determine
whether a state is transient or recurrent. Roughly speaking, if we view a Markov chain as a
random walk on a directed graph, then the connectivity of this graph (which is determined by
the transition matrix) is fixed for a homogeneous Markov chain, while it changes with time for
an inhomogeneous Markov chain. In our case the connectivity of the graph is determined by the
input distribution, so it will change with time if the input is nonstationary. In order to make the
analysis tractable, we need to impose some restrictions on our model.

First we introduce two concepts: strong irreducibility and strong aperiodicity. Here we imitate
the definitions of irreducibility and aperiodicity in the classic Markov theory.

Definition 2 (Strong irreducibility): Let

T(i,j) = min }{Q(Yk =jI Xk =1Y 1 =1i)}

le{l, ,Ng
We say there exists a directed edge from state ¢ to state j if T(z’, j) > 0. We say a Markov chain

{Yy,k=0,1,---} is strongly irreducible if for any two states i and j (i can be equal to j), there
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exists a directed path from 7 to j. For simplicity, we just say 7', the N, x N, matrix whose (7, j)
1s T(i, j), is strongly irreducible, since T contains all the information that determines whether
the Markov chain {Y;,k =0,1,---} is strongly irreducible or not.

Definition 3: Where the “length” of a path is the number of edges comprising the path, let
D; be the set of lengths of all the possible closed paths from state ¢ to state . Let d; be the
greatest common divisor of D;. d; is called the period of state .

The following result says that period is a class property.

Lemma 2: If the Markov chain {Y},,k = 0,1,---} is strongly irreducible, then d; = d; for
any ¢ and 7.

Proof: Let K and L be the integers such that there exist a directed path of length K from
state ¢ to state j and a directed path of length L from state j to state 7. So there exists a directed
path of length K + L from state j to state j. Hence d;|(K + L).

Let m € D,, by Definition 3, there exists a directed path of length K + m + L from state j
to state j. So d;|(K +m+ L), and hence d;|m. Since m € D; is arbitrary, d,|d;.

Interchanging the roles of j and 7 gives d;|d;, and hence d; = d;. [

So for a strongly irreducible Markov chain {Y;, k = 0,1,---}, all the states have the same
period, which we shall denote by d.

Definition 4 (Strong aperiodicity):We say a strongly irreducible Markov chain {Yj, k =
0,1,---} is strongly aperiodic if d = 1.

For simplicity, we just say that T is strongly irreducible and strongly aperiodic. Clearly, our
definitions of irreducibility and aperiodicity are stronger than those in the usual sense; i.e., if
the Markov chain {Yj,k = 0,1,---} is stongly irreducible and strongly aperiodic, then it’s
irreducible and aperiodic in the usual sense for any input distribution {p" x, Pa k.- , PN,k fres-
Note, however, such a Markov chain is in general inhomogeneous since {p i, Do, - - ﬁNM}
may depend on k. Again, if we view the Markov process {Y;,k =0,1,---} as a random walk
on a directed graph, then strong irreducibility and strong aperiodicity assure us that this directed
graph is always strongly connected and all the states of it are of period 1 no matter what input
distribution is generating {Y}} via the channel.

We now proceed to prove a lemma which will be useful in the proof of the main theorem in
this section.

Lemma 3: If T is strongly irreducible and strongly aperiodic, then there is a K such that
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(T)%(i,5) > 0 for all 4, 7.

Proof: Since T is strongly irreducible, every row of T should have at least one positive element.
So we can scale every row of 7' to make it to be a transition matrix 7 in which the summation
of the elements on every row is 1. Clearly, 7' is irreducible and aperiodic in the usual sense and

we have

T(i,j) =0 < T(i,j) = 0.
By [16, Ex 5.9], there exists an K such that 7% (4, j) > 0 for all 4, j. Since
T(i,j) = 0 T(i,j) =0,

it follows that

T"(i,j) =0« T"(i,7) =0

for any positive integer n. So we can conclude that

T5(i,j) > 0
for all 1, j. |
Theorem 3: If 7T is strongly irreducible and strongly aperiodic, then lim Sin exists and is
independent of .
Proof: By Theorem 2, we have
N’U
Cin = Li(p;,) + Z T i (Din)Cin—1, (25)
j=1
Ny
where p; s, € argmax{/;(pin) + > Tij(Pin)Cjn-1}. Similarly,
pz n ]:1
N.U
Cint1=1; (ﬁf;ﬂ) + Z Ty (25;;-1—1)0]}”‘ (26)
j=1
By the definition of p;}, and p;},,, we have
Cin > LBk +ZT” Bin1)Cint, 27)
Ciner > Li(5}) +ZTw (5;)C (28)
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It follows from (26) and (27) that

N?/
Cini1 = Cimn < Tij(0511)(Cin — Cina)- (29)
j=1
Similarly, by (25) and (28) we have
Ny
Cimsr — Cin = > Tij(73)(Cin — Cin)- (30)
j=1

Using matrix representation, we can write (29) and (30) jointly as

Cl,n - Cl,nfl Cl,nJrl - Cl,n Cl,n - Cl,nfl
Cop— Cope C - C Copn — Cope
T: 2.n ' 2n—1 S 2,n+1. 2,n < T;+1 2,n ‘ 2n—1 7 (31)
L CNyJ’L - C(]Vy,n—l | L CNy,n—i-l - CNy,n i L CNy,n - C1Ny,n—1 _
where ) .
TLl(ﬁlTn) TlQ(ﬁlTn) e T17Ny (ﬁl:kn)
T — T2,1(ﬁ2:kn) T2,2 (ﬁQTn) U TQ,Ny (ﬁ2jkn)
| TNy 1 (DN, ) Ty 2 (N, ) - Ty, (PN, 0)

Since T is strongly irreducible and strongly aperiodic, by Lemma 3, there is a K such that

T5(i,j) > 0
for all 7, 5. From (31), we can get
[ Cia=Cin | [ Cinix—Cinixr | [ Gl = Cia
K-1 K
% CZ,n - C12,7171 C2,n+K - CQ,nJrKfl % C2,n - C(2,7171
=0 =1
L CNy,n - CVNy,n—l | L CNy,n—i—K - CNy,n-‘rK—l | L CNyJL - ONy,n—l |
(32)
It’s easy to see that
K-
H (i,5) = T (i, 7)

=0

for all positive integers 7, j, m. Let
o = min{T*(i, j)}.
27]
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Clearly, we have § > o > 0. Let

M, = max  (Cip —Cin-1),
i€{1,2, ,Ny}
M = iy, (Cim — Cin)
By (32), we can get
Mn+K S (1 - 05>Mn + My,

Myt K > aMn + (]- - a)mna

and thus we have

0 < (Mpix —mnix) < (1 —2a)(M, —m,).
It follows by recursion that
0 < (Mpgs1— Mprs1) < (1 —2a)"(My —my), (33)

and thus

lim (MnK+1 — mnK+1) = 0.

n—~o0

By (31), it’s easy to show that M, is monotonically decreasing, m,, is monotonically increasing

and both of them are bounded, so their limits exist. Hence

lim (MnK—i—l - mnK+1) =0

n—oo
implies

lim M, = lim m,,.

n—oo n—oo

That is, lim (C;,4+1 — C;,,) exists and is independent of i. So we can conclude that
n—oo

o > (Cig = Cig—1)
. Lo 1. k=1 ERT
lim —* = lim = lim (C;,, — Ci 1)

n—oo N n—00 n n—00

exists and is independent of . |
Now we begin to analyze the convergence rate of (C;,+1 — Cj,) — (Ci i1 — Ci ), which is

useful for the next section.
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By (33), we have, forany < and j (1 = 1,2,--- ,Ny;5 =1,2,--- | Ny),

‘(Cj,n - Cj,n71> - (Ci,n - Ci,nfl)’ S ‘Mn - mn‘ S ‘Ml.nT_lJK"‘l - anT—lJK+1’
< (1-2a)"F (M —my)
< (1-2a)% M, —m)

By, (34)

where 3 = (1 —2a)~"& (M; —my) and v = (1 — 2a)%. Note: 0 < v < 1.

VII. CONVERGENCE OF NONSTATIONARY INPUT TO STATIONARY INPUT

We now show that under certain conditions the limiting maximum average directed mutual
information actually can be achieved by a stationary input. Before proving the main theorem in
this section, we need to introduce several definitions.

Definition 4 (the vector p-norms): For & € R"*!,

B =

1Z]lp = (1) + -+ + |zal”)?, p = L.
Specifically, for p = 1,2, oo, we have
Izl = [Z@)] +-- -+ [Z(n)],
. . . 1
2]l = (@) +--- +]T(n)]*)z,
17]leo = max [#(7)].
Definition 5 (the matrix p-norms): For A € R™*",
A—)
Al = sup 127l 5y
z20 ||Zllp

Specifically, for p = 1,2, oo, we have

m

1AlL = @%;'AQJ)"

|A||; is the square root of the largest eigenvalue of A’ A,

1Alle = max > JA(i, j)].
j=1

1<i<m 4

For the detailed discussion of the properties of the vector p-norms and matrix p-norms, see

[19].
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Definition 6: Let P denote the set of all /V, x 1 probability vectors. We say an N, x NV,
channel transition probability matrix () € Wy, ., if there exists a complete subset P C P such

that the following three conditions are satisfied:
() {Qp:peP}={Qp:peP}.
(i) For any ¢ € {Qp: p € P},

farg  max  I(FQ)}Nfarg  max  I(5.Q)} 0.

P:Qp=q and pEP P:Qp=q and PEP

(iii) There exists a positive constant A such that

aI(ﬁQ? Q) . a[(ﬁla Q)
ol ol

< =Pz — pill2

for any nonidentical f,, p» € P and [ with the direction from 1 to Po.

P is called the complete subset with respect to ().
See the appendix for the detailed discussion of Definition 6.
We also need the following lemma concerning the backward product of matrices.
Lemma 4 [13]: If ki [|A — Al < o0, then for any € > 0, there exists a positive number
=1

r1 such that, for all n > m > rq,

n—m

H An—k _ An—mtl

k=0

<e

Y

where A, Ax(k =1,2,--+) are stochastic matrices.

Now we are ready to prove the main theorem in this section.

Theorem 4: If T is strongly irreducible and strongly aperiodic and Q; € Uy, xn, (1 =
1,2,---,N,), then

lim Ci’n max {Z ml1},

n—oo 1 (P1:P2, PNy) 4
where (71,7, -+ , Ty, ) is the equilibrium distribution of the channel output process induced by
the stationary input distribution (p1,p2,- - - , Py, )-

Proof: Let P; be the complete subset with respect to ;. Since
Ny
D Lo (i) Ciner = Cl1 @b,
j=1
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where én_l = [Cip-1,- - ,C’Ny,n_l]T, Definition 6 and the discussion in the appendix assure
us that
N,
zn - max{[ pzn + Z pzn j,n—l}
Pin

is attained inside P; and there exists a unique Dim € P; such that

C pzn +ZT7] pzn Jn—1-

First we derive a bound on the convergence rate of p;;,. Let

fzn(m_j ﬁ)_'_z jTL 1= Ci,n—l)~

We have
N'!J
fint1(p) = L(p)+ Z T:;(P)(Cjn — Cin)
- fzn m+ZT,] ]7) - zn)_(Cj,n—l_Ci,n—l)]a
and thus
of; of; Ny oT: -
S (Frnn) = = (Bh) + [ (5 ) (Cin = Cin) = (Cinoa = Cinn)l, (39)
ol ol = ol

where the direction of [ is from Pim 0 P; 5,41 (We temporarily suppose that p;;, # p;}, ). Since
fimt1(Di541) s the maximum value of f;,11(p) and the direction of ['is from Py 10 iy, it

follows that
afi,n-‘rl
ol

(Pini1) 2 0. (36)

Since Z T; j(p)(Cjn-1 — Cin_1) is linear with respect to p, it follows that

= (Din ——=Pin) = in = (D)
al<,+1) 81(’) az( 1) — 81(’)
Then by Definition 6, we have
= Ping1) — —= D) < =AllBis — Pingalle (37
Py (p’ +1) Y (p, ) ||p p;, +1||2
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Since f;(p;},) is the maximum value of f;,(p) and the direction of ['is from Py 10 Py, it

follows that
afi,n

o (Pim) < 0. (33)
Putting (38) into (37), we get
afl N % = % -
a—li’(pi,nJrl) < _)\Zsz,n - pi,n+1||2' (39)

By (35), (36) and (39), we have

—AillDin — Dingallz + Z f Pim+)[(Cin = Cin) = (Cjna1 = Cip1)]
of, Moo
> 2 (Gi) + )20 )(Crn = Cin) = (Cjmo1 = Cinr)]
ol 90
afl n+1l /-«
- 7—» pl n Z 07
s (Pinr1)
or equivalently
1 Ny
|50 = Dingall2 < )\— M(Cjn = Cjn-1) = (Cin = Ci—1)]- (40)

It follows from (34) that
[(Cin — Cin-1) = (Cin — Cin-1)| < BY",

and it’s easy to check that

aT;; , ..

Z |——7’](pi,n+1)| < NoNy.

— 0l

J

So for any n > 1 we have
. oT; 1.,
|1Di 70 = Digall2 < x Z| j Pin+1)1(Cin = Cin-1) = (Cin = Cin-1)| < 07" NalNy. (41)
-1 1

It’s obvious that (41) also holds when p;}, = p;7 .. Thus

BNN miict — BNeN™
§ 7—>0, 42
S N1=7) (42)

for any n > 1 as m — oo. Hence p;}, is a Cauchy sequence. Since P; is complete, there exists

157 n = Biallz < D Wity = Bimagallz <
=1

p,* € P; such that Py — D;*. Clearly, this result holds for all i(i = 1,2,---, N,).
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Let £, =T — 1™, where

Ty (py5) Tio(pyh) - Tin, (D)
T 1o (pyy,) Top(pyl,) - Tan, (Do)
L TNyal(ﬁ]\}ky,n) TNy,Q(ﬁﬁy,n) e TNyvNy (ﬁ]\}kym) .
and
Tiapy")  Ti207%) - Tiw,(PyY)
T — Toa(Py")  Toa(py") -+ Ton, (P57
| TN, (PN,) TN, 2(PN,) -+ In,n, (Py,)

By Holder’s inequality and (42),

3
15— 571 < VI S
Clearly, we have
1Balloe = |73 — T*[|oe < NN s — 5oy < e
nlloo = n co X LVg max in _—7
yi€{1127"'7Ny} p7 ( _f)/)
where A = min{A,---, Ay, }. Hence

5
ﬁN2N2” BNZ N2y
Zl!E\|oo_ e L
CAL=7) A=)

Applying Lemma 4, we deduce that for any £ > 0, there exists a positive number 7; such

that, for all n > m > rq,

— (Tt <e. (43)

o0
Since p;;, — p;* for every i, it follows that for any £ > 0, there exists a positive number 7

such that, for all n > 7o,
(p1 ) ]1 (pl )
: <e. (44)

In, (PN, ) — In, (D)

o
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Let = max(ry,72) + 1. In the remaining part of this proof, we implicitly assume P(Yy = vy,) =

1. Now we have

n

S I(Xi Vil Vi)

—
a
~

Cyo )1

= Y [P(Yici=1),-+, P(Yiy = N,)]
=1 In, (DN, nt1—1)
L(p)
= [PYo=1),--,P(Yy=N,)] :

(e) The input distributions of X, X5,
{Pn, -

Similarly, we have

D N1 } respectively.

n

Cyo,n = ZI(Xk§Yk 1Y)

k=1
= [P(Yk*—l = 1)7 vP(Yk* 1= Ny
k=1
D 1Py, =1),- , P(Yy = N,)]

(f) All the input distributions of X, X, --

have

Lo.m)

n

September 8, 2004

P = N[ 7)

= %
. 7Xn are {pl,n7...

1
- ECZ(YO)

I (ﬁlfnJrlfk)

INy (ﬁl\?y,nJrlfk)

715’]\2,,71}7 {ﬁlfn—b U 7p_’]\>]ky,n71}a ttt,

: 7X:7i are {ﬁl*v" : aﬁ]\}ky}’ (9) }/O = }/b* =Y, So we

< Ay + Ag + A3, (45)
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where

Ay =

A3:

DRAFT
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‘[Ny (ﬁ]\?y,rki»lfk)

Li(py)

[Ny <ﬁ1\2/)
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Now we evaluate A, A, and A3 respectively:

n—oo

n—oo

i)
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1 Il(ﬁljkn)
n—oo N,
In, (PN, n)
Li(py")
—[P(Yo =1), -+, P(Yo = N,)] : =0. (46)
In, (Py;
1 n k—2 [1 (ﬁlfn—l—l—k)
nlggoﬁ Z [P(Yb_l)v ’ 7P(%:Ny)](HTrt—j) :
k=n+2—r j=0 .
’ In, (pNy,ank)
n [1(171*)
- Y PGa=D P =N f (=00 @)
k=n+2—r =
i INy(pNy>
1 n+l—r k—2 [1 (ﬁlfn—l—l—k)
LS PO = 1), PO = NI 7iy) '
k=2 =0 o,
’ i [Ny (pNy,n—l-l—k)
L(7)
= Y PO =1) e PO = NI |
k=2 o,
In, (DY)
1 n4+l—r k—2 ]1(ﬁlfn+17k)
< Y PO =1) - P = NI 7)) '
k=2 i=0 o,
’ INy(pNy,n—‘rl—k:)
n+l—r k—2 L(py)
In, (7%,)
1|l k—2 Lpy)
T Y PO =1), - P =N T |
k=2 =0 o,
’ Iy, (pNy)
DRAFT
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n+l1—r Il <ﬁ1*)
= Y PO = 1) PO = N
k=2 .
[Ny (7y,) i
1 nt+l—r k—2 Il(ﬁljer»lfk) - ]1(ﬁ1*)
< = 3 PO =1) P = NIl || TT 7 '
k=2 j=0 00 - Sk
i Iy, (pNy,n+1fk) — Iy, (pNy) -
. L)
~ S o PO = NI (T Ty = () (48)
k=2 7=0 oo INy( Ny> -
Clearly, we have
[P(Yo=1),--,P(Yo=N)ll, = 1 (49)
k—2
[z =1 (50)
=0 o
Li(py)
: < log N,. (&2))
In,(PN,) |||
By (43)
HT: (1) <e, (52)
sincen+2—k2r+1:max(rl,r2)+2>r1 if k<n+1-—r.By (44)
Li(P-6) — 1(PY)
: <g, (53)
‘[Ny (ﬁ]\}ky,n+lfk) - [Ny (ﬁ]\’f;) o
sincen+1—k>r=max(r;,r)+1>rif k<n+1-—r.
Putting (49)-(53) into (48) yields
limsup A3 < (log N, + 1)e. (54)

n—od

Now put (46), (47) and (54) back into (45), obtaining

1
lim sup E|Cy°’" — Gyl < (log Ny + 1)e.

n—oo
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Since here ¢ is arbitrary, it follows that

.1 .
nh_)rrgo E[C’yo,n — Gyl =0. (55)
The strong irreducibility of T guarantees that the output process {Y;,k = 0,1,--- ,n} in-

duced by any stationary input distribution form an irreducible Markov chain on the state space

{1,2,---,N,}. So from the analysis in Section V, we have

o Ny
. ;1 * = X
lim —% = " (),

n—oo N
=1

where (7], 75, - ,W}‘Vy) is the equilibrium distribution of the channel output process induced by
the stationary input distribution (p'*, p,*, -+ , P’ ]\}‘J) Hence

i Cywn . ol * .

Jim —>= = Zﬂ'l Li(p)"). (56)

=1
It is obvious that the limiting average directed mutual information induced by the optimal input
distribution is always greater than or equal to the limiting average directed mutual information
induced by any stationary input distribution, so we have

C il
lim —2" > max {Z mIl,l} ) 57)

n—oo 1 (P1:P2, ,PNy) —

Combining (56) and (57) and noticing the arbitrariness of y,, we can conclude that

c al .-
S >{melvl}zzwrm<@*>, 68
=1 =1

(P1:P2, PNy,

foralli (i=1,2,---,N,). [ |

Remark: The condition Q; € Wy, «n, (1 = 1,2,---,N,) is introduced for purely technical
reasons. It enables us to prove that p;;, converges to p;* exponentially fast by exploiting the strict
concavity property of mutual information function. Theorem 4 still holds when this condition is

removed. However, the proof will be less direct compared with the current one.

VIII. DIRECT CHANNEL CODING THEOREM

In this section we prove the direct channel coding theorem and suggest a coding scheme for

our channel model.
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Theorem 5 (direct channel coding theorem): If T is strongly irreducible and strongly

Ny
aperiodic, then all rates less than ~ max : > mdy1 ¢ are achievable, where (7, T, -+ , 7y, )
(B1.P2, . PNy) | 1=1

is the equilibrium distribution of the channel output process induced by the stationary input

distribution (p7,pa, - -+ , P, )-
Proof: We shall implicitly assume that P(Yy =y,) = 1.

It has been shown in [10] that the general formula for the capacity of feedback channels is

1-
d .. - n.vn
CJO = sup I(X —=Y)= sup liminf —i(X™;Y™),

p(Xfo)EIP(X?O) p(Xi)o)e'P(Xloo) in probability n

where

1) P(X°) = {{P(Xy|z} ", y"1)}2,} is the set of all channel input distributions;

2) {(X™Y") = log Ll
P(X1|Y0) P(Y{|Yo) k]:[2 P(X,|XF1yE
3) The liminf in probability of a sequence of random variables {7, }>° |, denoted by lirr}) 1{11f Z,
1n probability
is defined as the largest extended real number ¢ such that Ve > 0, lim Pr[Z, < c—¢| =0.

n—oo

b

Ny
Let (py", 05", ,Py,) € arg  max {Zﬁﬂu}- Let P(X) = 4| X YF2 v, =

(Br:D2, . PNy) | 1=1
J)=p; (), fork=1,2---5i=1,2,--- Ny j=1,2,--- , N,. Since T is strongly irreducible
and strongly aperiodic, we can check that the joint process { Xk, Ys, Yi—1}52, induced by the
stationary input distribution (py*,p5", -+, Py ) constitutes an irreducible Markov chain with
P(Xy = 4,Yy = j, Y1 = 1) converging to 7;p;"(¢)Qu(j|i), where (7,73, --- @} ) is the
equilibrium distribution of the channel output process induced by the stationary input distribution

(P1": Po"s - -+, Py, ). Note:

1) The recurrent state space of this Markov chain maybe smaller than {1,2,--- N,} x

{1,2,---,N,}x{1,2,--- , N, }. The strong irreducibility and strong aperiodicity of 7" only

guarantees that {Y;, k = 0, 1, - - } induced by the stationary input distribution (p’,*, p5*, - -+ , ' N,)

form an irreducible and aperiodic Markov chain on the state space {1,2,---, N,}.
2) We assume the strong irreducibility and strong aperiodicity of T only for simplicity. More
generally, we would need to decompose the state space into disjoint irreducible closed

sets, whereupon the proof would proceed along the same lines.
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Now we have

FXYT) =

P(Xp, Ye|Yi—1)

Since log =

process, it follows that {log =

Xi|Yi—1)P

(YelYi—1)

log

k

31

P(XT, Y"[Y0)
P(X1|Yo) P(Y{"|Yo) [T P(Xel X171 Y5 )
k=2

s

P( X, Yi|Yi-1)
k

[T P(X[ Y1) P(Ye|Yi1)
k=1

1

P( Xy, Yi|Yio1)

lo )
& P(Xi Y1) PVl Vi 1)

1

is a function of (Xy, Yy, Yr_1), and {(Xy, Yy, Yr_1)} is an ergodic

P(Xp,Ye|Ye—1)

15

n

which implies that

September 8, 2004

Xp|Y—1)P(Ye|Yi—1

} is also an ergodic process. So we have

_Zl P(Xk, Yi[Yi—1)
P(Xy|Yi—1)P(Ye|Yi-1)

i e Q1)
A QU

ZmZpl )Qu(i) log 5 Qu(j17)
? > A (D)

Ny
Z m 1,
=1
Ny
(ﬂ’ ;naxﬂ ) {Z 7Tzfz,1} in probability,

1
I'(X —-Y) = liminf —i"(X™Y™")

in probability 77,

Ny
= max {Z’/Tl[ll}

(P1.P2, ,PNy)
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Now the proof is complete since

C’Jj = sup I(X —=Y)
P(XT2)EP(XT?)
> (X —Y)
Ny

= max E 7Tl[l,1
(P12 PNy) |

Theorem 6: If 7 is strongly irreducible and strongly aperiodic and Q; € Uy, .y, (1 =

1,2,---,N,), then
Ny

C’gd = max E mida
0 (P1:P2, ,PNy) =1

and is independent of the initial state y,.

Proof: By Theorem 1,

C
ng < lim sup —2°.
0 n
n—oo

If T is strongly irreducible and strongly aperiodic, Q; € ¥y, «n, (¢ = 1,2,--- , N,), by Theorem
4,

C al
. ,n
lim —2" = max Zm[l,l .
n—oo 1 (P1,02, sPNy)
Theorem 5 shows the tightness of this upper bound and completes the proof. |
In the remainder part of this section, we suggest a coding scheme for our channel model,
which also makes the meaning of the capacity formula transparent.

We first consider the channel model shown in Fig. 5, in which the state information is

A
w X, Channel Yy w
| Encoder ————» Decoder >
Py, I%,S,) Esti
stimate
Message of Message
i A
S
S, k Sk
State
p(s,)

Fig. 5 Finite State Channel with State Information Available at Transmitter and Receiver
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simultaneously available to both the transmitter T and the receiver R. If the state process is

stationary and ergodic, then it’s well known [9] [20] [21] that the channel capacity is
K
CTR = m(s;) max I(X;Y|S =s,),
D wle) g IXiY1S =)
where K is the number of channel states and 7 is the stationary distribution of the ergodic state
process {S;}72;. The following is the outline of the coding scheme for this channel [21]:
Let

CTE = I(X:Y]|S = s.).
’ p(;?ﬂé‘fsj)( Y5 =)

Fix the blocklength V. Let N; be the number of times during the N symbols for which the
channel state is s;, i.e.,

Let N; = E[N;]. Since the state process is stationary and ergodic, we have N; = m(s;)N and

in probability.

A (N, 2N(C7=9) 2 code for this channel is constructed by multiplexing K codes (IV;, N3 (G-
(j =1,2,---,K), where code (N, QNJ(CJ'TR_%), =) corresponds to the channel state s;(j =
1,2,---, K). By doing this, we actually decompose the channel into X memoryless channels and

the existence of these codes follows immediately from the direct coding theorem for memoryless

channels. Since NN; is not necessarily equivalent to Nj, the codes are truncated if V; < Nj and

zero-filled if N; > N;. Represent each message W as a K-dimensional vector [Wy,- -+, W]
)

with W; € {1,--- ,QNJ'(CJ‘TR’?)}(]' = 1,2,---,K) and map the ;" index (i.e. W;) into a

codeword form the j** code (i.e., the code with parameters (Nj, N (Cf R_%), ). for1 <j < K.

If Sy = sj, then the transmitter sends as the k" symbol the next unsent symbol of the
codeword corresponding to the j* index of the message from the j* code (k =1,2,--- ,N;j =
1,2,---  K).

Since the receiver knows exactly the state information that was used at the transmitter, it can
demultiplex the received stream into K separate codewords and decode them. Since the state
process is stationary and ergodic, as N — oo, the rate

- Nj ~rr - TR TR
Z Woj — Zﬂ(sj)C’j =C

j=1 j=1
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is achievable.

It’s easy to see that the capacity formula of this channel model closely resembles ours in
that both of them can be represented as the average of mutual information over the stationary
distribution of the channel state process. This suggests that the multiplexing coding scheme may
work in our channel model as well. But we should note that in our model, the current channel
state is the previous channel output, so it will be affected by the channel input. Although we have
shown that if the input process is stationary, the output process (i.e., channel state process) is
an irreducible homogeneous Markov chain and thus is ergodic, it does not imply that the output
process induced by a specific codeword is still ergodic (or close to ergodic). The random coding
argument based on strong typicality tells us that for a discrete memoryless channel with finite
input and output alphabets, the statistics of the output process induced by a good codeword are
close to those of the output process induced by the optimal input distribution that achieves the
channel capacity. But strong typicality only guarantees that the statistics of a whole codeword
are close to the optimal input distribution, while a truncated version may not have this property.
In the multiplexing scheme, the output process is generated by several multiplexed codewords,
each of which is designed for its corresponding decomposed memoryless channel. And the length
of a multiplexed codeword is proportional to the stationary probability measure assigned on its
corresponding state. We want the statistics of the output process induced by the multiplexed
codewords to be close to the equilibrium distribution induced by the optimal stationary input.
Clearly, this depends highly on the cooperation of the multiplexed codewords. Even a small
fluctuation of the statistics in a portion of a multiplexed codeword may have a domino effect
on the transmission of the other multiplexed codewords and finally make the output process
deviate from the desired distribution. The result of the large deviation in the output process is
that the symbols in some multiplexed codewords are totally sent while many symbols in some
others of the multiplexed codewords are still unsent. So, in order to guarantee the stability of the
multiplexing scheme, we need the multiplexed codewords to behave better than those codewords
in the sense that their empirical distributions well-approximate the input distribution to which
they correspond. (Theorem 7) below shows that for a discrete memoryless channel with finite
input and output alphabets, the empirical statistics of each of the words of a good code can be
made to closely approximate the optimum input distribution even despite their being subjected

to truncation.
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Before proving Theorem 7, we need to give a definition.

We consider an information source { Xy, k > 1}, where X} are i.i.d. with distribution p(z).
Let |X'| denote the cardinality of the set of values X; may assume. Here we suppose |X| < oo
and p(z) > 0 for all z € X.

Definition 7: The super-typical set 7;"" with respect to p(X) is the set of sequences z} =

(1,29, -+ ,x,) € X™ such that

> 12 N(,a) = plo)] < 4
TeEX

for all » (m < r < n), where N(z,z]) is the number of occurrences of z in the sequence z7,
and 0 is an arbitrarily small positive real number. The members of 7;™" are called (J,m,n)
super-typical sequences.

It’s clear that the super-typical set 7,"" is a subset of the strongly typical set 7;". But the
following lemma says that as m and n go to infinity, these two sets have no essential difference.

Lemma 5: For any € > 0, § > 0, there exists a positive integer M such that when n > m >

M, we have

P(X?eT{"")>1—e¢.

Proof: We write

N(z, X]) = ZBl-(x),

where B;(z) = 11x,—y}. Then B;(x),i =1,2,--- ,r, are i.i.d. random variables with P{B;(z) =
1} = p(z) and P{B;(x) = 0} =1 — p(z). Note that

EBi(r) = (1 =p(z)) - 0+ p(z) -1 = p(z).

Let U;(x) = B;(x) — p(x). Clearly

EU?(x) = p(z) — p*(x),

and
EUNz) = p(z) — 4p*(z) + 6p° () — 3p*(z) < 7.
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Let S, (x) = Ui(x) 4+ -+ - + U,.(x). Now

ESY(x Z Uy(x E[ ) Ul@)Ui(@)Us(2)Ui(x)].

1<i,j,k, I <r
Terms in the sum of the form E[U?(z)U;(x)], E[U?(z)U;(x)Ux(x)] and E[U;(x)U;(x)Ux(x)U)(2)]
are 0 (if ¢, 7, k, [ are distinct) since the expectation of the product is the product of the expecta-
tions, and in each case one of the terms has expectation 0. The only terms that do not vanish are
those of form EU} (x) and E[U?(x)U; (x)]. There are r and 3r(r —1) of these terms, respectively.

The last observation implies
ESY(z) = rEUz) +3(r* — r)[EUZ(2)]> < Tr + 3r* — 3r < Tr?.

Chebyshev’s inequality gives us

P{|%N(x,Xf) —p(z)| > |X|2} P15 ()] > |§c§|2} = E(f5§f)| < 77“’2);‘* '

Hence

PIXTET™) < 30 PO NG XD = plo)] > )

= 1 . KN
X
< ZZ o
71X o= 1
< —
= ot L2

. 2 . .. . 9
Since 7%2 = % < 00, there exists a positive integer M, when m > M, we have 7'? > L <

e. Hence

PX7eT/"")=1-PX7€eT{"")>1—=.

when n > m > M. u

This lemma implies that no loss of generality results from restricting attention to the super-
typical set. It is obvious that the random coding argument based on strong typicality can be
translated to an argument based on super typicality without any change. So for any discrete
memoryless channel with finite input and output alphabets, there exists a good codebook, all the

codewords of which are super typical. This is summarized in Theorem 7.
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Theorem 7: Let (Q(y|z) be any discrete memoryless channel with finite input and output
alphabets. For any input distribution p(z) that is consistent with Q(y|x), for any 0 < £1,£9,9 < 1,
there exists ny such that for all n > m > ng, there exists a (n, M,e;) code with average
probability of error less than ; and %logM > [(p,Q) — eo. Furthermore, each of these M
codewords is(d, m,n) super-typical with respect to p(z).

Proof: The proof is omitted since it is almost the same as the standard proof of direct coding
theorem for memoryless channel based on weak typicalicy or strong typicality; see [22]. The
only difference is that we require that the randomly generated codewords satisfy super typicality.
And Lemma 5 assures us that there is no essential difference between strong typicality and super
typicality when the alphabets are finite. [

We want to point out another difference between the multiplexing coding scheme for our
feedback channel and that for the channel model shown in Fig. 5. Zero filling is not a good
choice for our channel when N; > Nj, since this will make the statistics of the codeword
deviate from the corresponding input distribution and thus induce a big deviation at the output.
Instead, we will fill in the letters so as to ensure that the lengthened codewords still satisfy super

typicality and/or we will try to drive the channel into those states that still have unsent symbols.

IX. CONCLUSION

We derived a simple formula for the capacity of finite state Markov channels with feedback
when the channel transition probability satisfies certain conditions. Actually the same capacity
formula holds under much weaker conditions. It will be shown elsewhere that, based on the
classification of Markov decision processes [23], the capacity of Markov channels with feedback
can be studied in full generality.

Finally, we mention the relationship between the channel whose state process cannot be
affected by the input and the one whose state process can be affected. We assume in both
cases the realization of the state process is available both at transmitter and receiver. For the
channel whose state process cannot be affected by the input, the conventional multiplexing coding
scheme [20] [21] can be viewed as a greedy algorithm which tries to maximize the immediate
mutual information. For the channel whose state process can be affected by the input, this greedy
algorithm is not optimal since we not only want to maximize the immediate mutual information

but also want to visit the preferable states as often as possible. So the optimal coding scheme
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is a tradeoff between these two goals. From this perspective, it seems appropriate to call this
type of code an error correction and state control code in contrast with a conventional error
correction code. Since the optimal coding scheme needs to exploit the ergodicity of the state
process, however, it usually causes a long delay in decoding, especially when the state space
is big and/or the probability measures assigned to some states are close to zero. Therefore, in
some delay-limited applications, certain kinds of greedy schemes are more attractive. In this
sense a channel whose state process can be affected by the input is considerably more flexible
than one whose state process cannot be affected, since we can use “idle” periods to drive the
channel into preferable states and thereby increase the efficiency when we really need to use the
channel for information transmission. In a quite general manner of speaking, such a channel can
be “matched” to an information source in the spirit of [11]. Perhaps this is one of the reasons
why many real neural networks possess structure that subscribes to the channel models treated

in this paper.

APPENDIX

Lemma 6: For any N, x N, channel transition probability matrix (), if rank(Q)) = N,, then
Q€ VN, xn,-
— Nx —
Proof: Let Ap be an arbitrary N,-dimensional vector with the constraint ) Ap(i) = 0. Let

=1

Kq = Q&p. We have
Q"Aq=Q QLY.
If rank(Q) = N,, then QT Q is invertible, whereupon it follows that
Ap=(Q"Q)'Q"Aqg.
So
Aq

Y

2

|

< ll@rorer],

which implies that
0*H(Qp) - 1 0*H(q)

—

—. 59
S = QPO QIR o(g)? )
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We have
PHD _ N~ OPH()
= = —————"— COS (; COS (\
O(Aq)? 2 JZ 0q(i)0q(j) ’
N1 Ny—1N,—1
= — —cos o — Z Z cosozi COS
=1 q< =1 j=1
Nyl Ny—1 2 Ny—1
= — 2 %COSQ o — (Z cosoz]> ; B cos® o
Ny—1
< - Z cos® a; = —1, (60)
i=1
where .
q(i) :
cosa; = o (i=1,2,---,N,—1).
[Aq(5)]?
j=1
Combining (59) and (60), we have
’H 1
SQ]H) < — 5 (61)
d(Ap)? (QTQ)Q|[;
Since
N, )
H(Qp p(i) ) Q(j.1)log
1@, ) - Z ]Zl Q3j,1)
Nac Ny
and Y pl(i) > Q(j4,1) log ﬁ is linear with respect to p, it follows that
i=1 j=1 ’
PIGQ) _ PHQP) ! )
oL ot T IlQTQ)TQTI

Now let P = P. It’s easy to verify the Condition (i) and (ii) in Definition 6 are trivially
satisfied. Furthermore, for any nonidentical p’,p> € P and [ with the direction from p1 to Pa,
by (62), we have

Q) dIF,Q) 01

o o 6[2( 1+ 0(02 — p1), Q)l|Pr — Pl
< i —
> - D1 — P2if2;
Q") Q"I;
where 6 € (0,1). So Condition (iii) in Definition 6 is also satisfied. |

Now we begin to discuss the implications of three conditions in Definition 6, which immedi-

ately suggests a way to construct P in the general case.
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Consider the following equivalence relation:
p1 ~ po if and only if p; — ps is in the null space of ().

Let {P,} be a partition of P generated by the above equivalence relation such that for any «,
D1, P2 € Py if and only if p) ~ ps.
Condition (i) implies that PN P, # 0 for any «. Condition (iii) implies that for each «,

P NP, contains at most one element since if there exist two nonidentical 7y, j» € P NP,, then

Ol (ps, ol(py, 0’1, . . . .
P2, Q) 01, Q) _ O+ 0~ )~ ol

ol ol
= ——(Q(py + 0(py — PP — P22
ol?
= 0,

where the last equality follows from the fact that ['is in the null space of Q. Hence P NP,
contains exactly one element.
Ny
Let h = [hy, - ,hn,|T with h; = ;Q(j,z’) log o5 (@ = 1,2,---, ;). Condition (i)

implies that

(PNP,) C argmaxI(p,Q)
pEP

[e

— argmax[H(Qp) — h' ]
PEPa

= argmin h'p
PEPa

where the last equality is because H(Qp) is a constant for j € P,

Now we are ready to present the procedure of constructing P.

1) Let N5, = min(N,, N,). By singular value decomposition, there exist orthogonal matrices

U e RNv*Nv and V' € RN=*N= guch that
Q=UxVvT,

where

¥ = diag(oy1,--- ,0n,,,) € RNy xNa

with 0y > 09 > --- > op,,, > 0.
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2) Let r = rank(Q). Then we have 0y > --- > 0, > 0 = 0,41 = --- = 0On,,,. Let 2, =
diag(oy,--+ 0, 1,---,1) € RNNv_ Partition V as Q// V, ] and let V, = [\v/ 0]
r Nyg—r r Ny—r

Then ’
p= VU g+ vk, (63)
where k* = k%, kx,_,]7 is a solution to the following constrained optimization

problem:
arg min ETf/rl; (64)
k

subject to (V,X1UTG+ V,k) € P.
3)

P LS UTG+ VR G e QP),

where QP = {Qp': p € P}.

It is easy to check that the resulting P satisfies Conditions (1) and (ii) in Definition 6 and we

have
8[(ﬁ27Q) a[(ﬁb@)
= — — <0
ol ol
for any nonidentical 7}, € P. We are unable to prove that [81(?[4@ - 81(1;}@)] /P2 — pill2 is

uniformly bounded away from 0 as required in Definition 6. However we believe it is true under
fairly general conditions.

Now consider the following maximization problem:
max{I(7,Q) +¢"Qp }, (65)
peEP

where ¢is an arbitrary IV, x 1 real vector. Suppose the maximum is attained inside P~ for some

o*. Let 7 * be that unique element of P N P,-. Now we have

max{I(p,Q) +¢ Q' } = max{I(p,Q)+¢"Qp}
peEP PEP o

= max[H(Qp) — k" p+e"Qjl

ﬁepa*

= HQF)+¢7Qp" — min P
PEP o

= HQF*)+e%Qp* - 'y,
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where (h) follows from the fact that H(Qp)+¢ 7Qp'is a constant for § € P,-. So the maximum
is attained inside P. Furthermore, there exists a unique p' * € P that achieves this maximal value.

Since if there are nonidentical p)*, p,* € P such that
17", Q) + 1 Qpy" = 10y, Q) +¢ T Qpy" = I;leag{f(ﬁ Q) +c"Qp},

by taking derivative with direction [ from py* to py*, we have

8 — % — — % a = % — = %
gﬂ(pl Q) +c7Qp = &ﬂ(m ,Q)+2TQpy] =0,

1.e.,
a[(ﬁZ*v Q) _ 8I(ﬁ1*, Q)
ol ol
which is contradictory to Condition (iii) in Definition 6.

=0,
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