Tutorial 4

1 Exercises on Differential Entropy

1. Evaluate the differential entropy 2(X) = — [ f1In f for the following:

(@) The uniform distribution, f(x) = ﬁ.

(b) The exponential density, f(x) = e M x> 0.

(c) The Laplace density, f(z) = %)\e_)"x'.

(d) The sum of X; and X5, where X; and X5 are independent normal random variables with mean p;
and variance 012, 1=1,2.

Solution:

(@) Uniform Distribution

b 1
h(f):—/ b—alnb—adx

=1In(b—a) nats

=log(b—a) bits
(b) Exponential distribution.
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(c) Laplace density.
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(d) The sum of two normal distributions.
The sum of two normal random variables is also normal, so applying the result derived the class for
the normal distribution, since X7 + Xo ~ N (11 + po, 0% + 05),

1
h(f) = §log 2me(0? 4+ 03)  Dbits.

Remark: If X ~ N (u,0?), then h(X) = }log(2mea?). O



2. Consider X is a continuous random variable defined over interval [a, b].

(a) What is the maximum value of h(X)?

(b) What is the corresponding distribution of X?

Solution:

Let u(z) = ;- be the uniform probability density function over [a, b], and and let p(z) be the probability

mass function for X. Then

b xr
D(pl[u) = / p()log i((m))dw

b b
_/ p(x)logp(m)d:):—/ p(z) log u(z)dz

= —h(X) — /abp(z:) log biadx
=log(b —a) — h(X)
Since D(p||u) >0
h(X) <log(b—a)
where the equality holds when p(x) is the uniform probability density function over [a, b]. O

3. Consider a additive channel whose input alphabet X = {0,+1,+2}, and whose output ¥ = X + Z,
where Z is uniformly distributed over the interval [—1,1]. Thus the input of the channel is a discrete
random variable, while the output is continuous. Calculate the capacity C' = max;,,) [(X;Y) of the

channel.
Solution:
We can expand the mutual information
I(X;Y)=h(Y)—-h(Y|X)
=h(Y)—h(2)
and h(Z) =log?2, since Z ~ U(—1,1).

The output Y is a sum of a discrete and a continuous random variable, and if the probability of X
are p_9,p_1,--- ,pa, then the output distribution of Y has a uniform distribution with weight 252 for
-3 <Y < —1 when X = —2, uniform with weight pT for —2 <Y <0 when X = —1, umform with
weight £ for —1 <Y < 1 when X = 0, uniform with weight &' for 0 <Y < 2 when X = 1, and
uniform with weight £ for 1 <Y < 3 when X = 2. Thus we have the density function of Y as follows
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Given that Y ranges from [—3, 3], the maximum entropy that it can have is an uniform over this range.
This can be achieved if the distribution of X is (1/3,0,1/3,0,1/3). Then A(Y') = log 6 and the capacity
of this channel is C' = log 6 — log 2 = log 3 bits. O

. Suppose that (X;Y; Z) are jointly Gaussian and that X — Y — Z forms a Markov chain. Let X and Y

have correlation coefficient p,, and let Y and Z have correlation coefficient p, .. Find I(X;Z).
Solution:

Note that for a constant a, h(a+ X) = h(X). Thus, without loss of generality, we assume that the means

of X, Y and Z are zero. Let
A — ( Uz Ox0z2Pzz >
- 2
020 zPzz o,

be the covariance matrix of X and Z where p,, is the correlation coefficient between X and Z. Then

we have
I(X;2)=hX)+h(Z) - h(X,Z)

Since (X, Y, Z) are jointly Gaussian, X and Z are individually marginally Gaussian, and (X, Z) is jointly
Gaussian. Thus, we have
I(X;Z) = h(X) + h(Z) — h(X, Z)
= %log(Qﬂeai) + %log(%reag) — %log(27re]A\)
- —% log(1 — pj.)

Now,
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We can conclude that

1
[(X;Y) = =5 log(1 = p7ypy.)



Remark: If (X,Y) is jointly Gaussian, the conditional distribution of X given Y = y is as follows.

o
X’Y =y~ N (M:c + fpry(y - :U’y), (1 - piy)(jg)
Y

2 Exercises on Gaussian Channel

1. Let Y7 and Y5 be conditionally independent and conditionally identically distributed given X.

(@) Show I(X;Y1,Ys) =21(X;Y1) — I(Y1;Y2).

(b) Conclude that the capacity of the channel X — (Y7,Y5) is less than twice the capacity of the
channel X — Y;.

Solution:

(@

I(X;Y1,Ys) = H(Y1,Ys) — H(Y1, Ya|X)
=H(Y1) + H(Yz) — I(Y1;Y2) — (HMWN|X) + H(Y2|X, Y1)
= HY1) + H(Y2) — I(Y1;Y2) — HYA|X) — H(Y2|X)
=H(Y1) - HW1[X) + H(Y2) — H(Y2|X) — I(Y1;Y2)
= I(X;Y1) + I[(X;Ys) — I(Y1; Y5)
=2I(X; Y1) — I(Y1;Y2)

(b) The capacity of the single look channel X — Y7 is
Cy =maxI(X;Y7)
p(z)
The capacity of the channel X — (Y7, Y5) is

CQ = maxI(X; Yl, Yg)
p(z)

=m(a§<2f(X;Y1)—I(Y1;Yz)
p(x

<max2I(X;Y1)
p(z)

=2C4

Hence, the two independent looks cannot be more than twice as good as one look. O

2. Consider the ordinary Gaussian channel with two correlated looks at X, i.e, Y = (Y7,Y3), where

Y1 =X+ 7
Yo=X+ 25



with a power constraint P on X, and (Z1, Z) ~ N>(0, K ), where
N N
K = Pl
Np N

Find the capacity C' for

@ p=1

b p=0

€ p=-1
Solution:

It is clear that the input distribution that maximizes the capacity is X ~ N (0, P). Evaluating the mutual

information for the distribution,

C =max I(X;Y1,Y2)
= h(Y1,Y2) — h(Y1,Y2|X)
= h(Y1,Y2) — h(Z1, Z2| X)
= h(Y1,Ys) — h(Z1, Z9)

(Zl,Z2)NN<O7 [ ]ifvp J;’Vp]>7

1 1
h(Zy,Z2) = §log(27re)2|K| =3 log(2me)2N?(1 — p?).

)

1 1
h(1,Y2) = 5 log(2me)?| K| = 5 log(2me)*(N?(1 — p*) + 2PN (1 — p)).

Now since

we have

Since Y1 = X + 77 and Y5 = X + Z5, we have

P4+ N P+ Np

(Y1,Y2) ~ N | O,
P+Np P+ N

and

Hence the capacity is

C =hY1,Ys) — h(Z1, Zs)

1 1 <1 + 72}) )
= — 10 .
9 8 N(+p)
(@ p = 1. In this case, C = %log(l + %), which is the capacity of a single look channel. This is not
surprising, since in this case Y7 = Ya.
(b) p = 0. In this case,
1 2P
C=-1 14 —
5 og( + N> R

which corresponds to using twice the power in a single look. The capacity is the same as the
capacity of the channel X — (Y7 + Y2).



(¢) p = 0. In this case, C' = oo, which is not surprising since if we add Y7 and Y5, we can recover X

exactly.

Remark: The capacity of the above channel in all cases is the same as the capacity f the channel
X — (Y1 +Y3). O

. Output power constraint. Consider an additive white Gaussian noise channel with an expected output
power constraint P. Thus Y = X + Z, Z ~ N(0,N), Z is independent of X, and E[Y?] < P. Find

the channel capacity.

Solution:

C= max I(X;Y)
P(X):E[(X+2)%]<P

= max r(Y) —h(Y|X)
p(X):E[(X+Z)?]<P

= max rY) —h(Z|X)
p(X):E[(X+Z)?]<P

= max rY) —h(2)
p(X):E[(X+2)?]<P

Given a constraint on the output power of Y, the maximum differential entropy is achieved by a normal
distribution, and we can achieve this by have X ~ N (0, P — N), and in this case,

1 1 1 P
= —log2meP — = log2meN = = log —.
C 20g7re 2og7re 2ogN

. Fading Channel. Consider an additive fading channel

Y =XV +2,

where Z is additive noise, V' is a random variable representing fading, and Z and V' are independent of

each other and of X. Argue that knowledge of the fading factor V' improves capacity by showing
I(X;Y|V) > I[(X;Y).

Solution:
Expanding /(X;Y, V) in two ways, we get

I(XGY, V) =1(X; V) + I(X;Y|V)

=1(X;Y)+I(X;V]Y)
ie.
I(X;V)+I(X;Y|V)=I(X;Y)+ I(X;V]Y)

I(X;Y|V) =I(X;Y)+ I(X;V[Y)
I(X;Y[V) 21(X;Y)



5. Consider the additive whiter Gaussian channel Y; = X; + Z; where Z; ~ N (0, N), and the input signal

has average power constraint P.

(@) Suppose we use all power at time 1, i.e. E[X?] = nP and E[X?] =0 for i = 2,3, ,n. Find

I(X™ym)
max ————~
p(z™) n

where the maximization is over all distributions p(z™) subject to the constraint E[X?] = nP and

E[X?=0fori=2,3,--- ,n.

(b) Find
I(X™Yym)
max _
Bl X7 X7I<P n
and compare to part (a).
Solution:
(@)
I(X™Y™) I(X1; Y1)
max = max
p(z") n p(z™) n
_ % log (1 + %)
n

where the first equality comes from the constraint that all our power, nP, be used at time 1, and

the second equality comes from that fact that given Gaussian noise and a power constraint nP,

I(X;Y) < $log(1 + 2P

(b)
I(xX™ym) nl(X;Y)
max ————> =max ———
p(z™) n p(z™) n
=max [(X;Y)
p(z"™)

g (142
Tp 08 N

where the first equality comes from the fact that the channel is memoryless. Notice that the quantity

in part (a) goes to 0 as n — oo while the quantity in part (b) stays constant.

Remark: The impulse scheme is suboptimal. 0
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