EE757
Numerical Techniques in Electromagnetics

Lecture 12




1D FEM

e \\We consider a 1D differential equation of the form

_i(ad_g”j+lg¢: f, xe(0,L) subjectto the
dx\ dx

boundary conditions ¢(0) = p, {acclfpwgo} =
X x=L

e « and f are functions associated with the physical
parameters and f Is the excitation




1D FEM (Cont’d)

e The functional associated with this problem is

L d L
F(p)=05] a(d(Dj +,ng dx- [ fe dx+[7gp2—q¢}
0 X 0 2

x=L

(Prove it)!

Element 1 2 M-1 M
N-2 N-1

E 1

Node 1 2




1D FEM (Cont’d)

]
€ 1 2
1 1 2
2 2 3
3 3 4
M M M-+1

e \\e utilize an index table to determine the global index of




1D FEM (Cont’d)

e \We approximate the unknown function ¢ by a linear
approximation over each element, I.e.,

. (X)=a"+b’X, XeQ.
e |t follows that we have
a*+b°x;, @,=a‘+b’xs
@ Express a® and b® in terms of nodes values

o () = SNE(X) 9

e—

2




The Homogenous Neuman BC Case

e For this case (= q = 0), the functional Is given by

L d¢\2 , L
F(p)=05]| T + Lo |dx-[ fedx
0 X ) 0

@ Use elemental expansion

! _
X5 € 2 M X

|:((0)=05h£1 f| e dd(p + B % |dx-X [ f @ dx
€=l e X e=1x¢




The Homogenous Neuman BC Case (Cont’d)

e The eth subfunctional Is thus given by

e 2 e
e X2 d ° e X2 e
F¢(p°)=05] o{ dz] +,B(¢))2 dx- | f @ dx
< e
e |t follows that we have
oF(p) _¥.0F ((p),izl,z,...,N
0, e<l O,
e Notice the coefficient of any node value may be obtained

through summing the associated coefficients obtained by
differentiating each subfunctional

X

1

o Substitutizng In the eth subfunctional with the expansion
9" (%)= LN (X) ¢ e get
]=
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The Homogenous Neuman BC Case (Cont’d)

e |t follows that we have
2 2 dNEdN
F (@) —OSI{aZZ N

f =1 j=1 dx dX

+ﬂ¢| N NJ¢:|dX

2
- j f égpr?dX

X
1
@ Differentiating w.r.t. ¢
e
dE® 2 % dN?dN? . X5 .




The homogenous Neuman BC case (Cont’d)

e The coefficients of the matrix K& and the vector b¢ are

. x5 dN?dNQ -
Kij:I[a dx dXJ"‘ﬂNiNj]dX

e

e The process of assembly involves storing the local
elemental components into their proper location in the




An Assembly Example

e assuming that we have only 3 elements (4 unknowns)

Element 1 2 3
Node I 5 C.% 21_'
0 0 0 O] 0]
e e . O 0 0 O 0
e Initialization: K = . b=
O 0 0 O 0




An Assembly Example (Cont’d)

KO KZ 0 0 "
« | K3 K3 O 0l e x
0 0O 0 O 0
0 0 0 0] 0

(2) (2) (2)
e 2nd element: K = { = } and b(z)—{ }

@ k@ )
21




An Assembly Example (Cont’d)

e By assembling the 39 element we finally have the system
of equations

K @) K 1) 0 0 B £1)
- Kgll) K(l) K(Z) K(Z) 0 ' bgl) 4+ b§2)

(2) (2) (3) (3) (2) (3)
0 K21 K22 K11 K12 b2 +b1
3 3 3
0 0 KS K8 >




The General Boundary Case

e For the case g=0 or =0 , the functional is augmented by
the subfunctional




Dirichlet’s Boundary Conditions

e Dirichlet’s boundary conditions are imposed by eliminating the
corresponding nodal values

e Example: for the case N=4, we have

Kii Kiz Kiz Ku b:

K — Koi K22 K2z Ko | b b,
Ksi Ks2 Kisz Kas bs
K1 Kaz Kaz Kag] | b4 |

if o=




L

|
<

W

> 3 O_
TN

Example




Example (Cont’d)

e The expression for the incident electric field is
EM(X,Y) = E,eXp(—jk.r), k=—ko,cos@ax+k,sinfday

EX°(X,Y) = Eo&XP(jkoXCOSO— jk, ySing)
e Notice that all field components must have a variation of
exp(— j k, ysin @) to satisty field continuity

VX(EVX E|-@’E=—jud
U
e Taking Into account that E=E,a,, 6/0z=0 and J=0, we get

o 1 0 o 1 0 )
+ +kier |IE,=0
| OX\ p, OX) OYy\ . Oy i

e The wave ecﬁjation for this problem is
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Example (Cont’d)

. ol 1 OE . .
e Substituting for—| — |=0, and —==—j k,Sin6 E, we get
J ay(ur] oy )

He X H,

) E, =0 with the BC E,(0)=0




Example (Cont’d)

e The wave equation In each layer, thus becomes
1 d°E, sin“é d’E

+Kolem— E.=0 L+ (2) i —sin“é ,=0
Ay (e 0 ) ) > ké(grm i, —sin“0) E
which has the solution

Em= (Amexp(J K xm X) + Bmexp(' jkxm X))exp(—j koSin 0 y)

kxm — ko \/grmﬂrm —Sln29




Example (Cont’d)

77m+1,m + Rm €X0 (_2 J kxm Xm+])

R = } exp(ZJ K xm+ Xm+1)
1 1+ 77m+1,m Rm €EXP (_ZJ kxm Xm+1) 1
Bm rm kxm+ — HMrme kxm
Rm:_1 77m+1,m:lu 1 lLl -
Am ,Llrm kxm+1+ ,urm+1 kxm
Bi1

R,=—=-1 (conductor) (Prove it)!




FEM Solution

e Our problem is given by

. 2
e ( T EZj+k§(5r—5'” %) E, =0 with the BC E,(0)=0
dx | g, dx U,

e A boundary condition at x=L to have a finite computational
domain

e For L<x, we have
E, (% Y)=(E,ep( Jk,xcos8)+ RE,exp( - jk, xcos6))exp(~jk, ysin6)




FEM Solution (Cont’d)

e Manipulating we get

d EZ(X) _ 21 kOCOSHEoeXp( J kOXCOSQ)_ J koCOSHEz(X)
dx ﬂ
(dEde(x)HkoCOS@EZ(X)j = 2]k, 000 E,ep( K, L cos)
X=L+

e Utilizing the continuity of the electric and magnetic field we




FEM Solution (Cont’d)

e |t follows that our problem is given by

d({1dE,|,  ,, sin’0 .
T Kolér— z:O —
dx[yr dxj ko (& " )E with E,(0)=0

leEA@

J7R N
e Comparing with our 1D FLEM formulation we have

.29
0=E,(X), a=1Uu, B=—Ki(e-27)

+jk0c036’Ez(x)] =2]k,C0SOE,exp( Jk,LcosO)

Hr




