
Solutions for Problems on Transmission Signals

1.

H(ω) =

1
1

R2
+jωC2

1
1

R1
+jωC1

+ 1
1

R2
+jωC2

=
R2 + jωR1R2C1

(R1 + R2) + jωR1R2(C1 + C2)
= K

so

K =
R2

R1 + R2

=
C1

C1 + C2

2.

S(ω) =
2

1 + jω

H(ω) =

{
ke−jωt0 |ω| ≤ 1rad/sec

0 |ω| > 1rad/sec

H(ω) = ke−jωt0

|Y (ω)|2 = |S(ω)|2|H(ω)|2 =
4k2

1 + ω2

Ein =

∫ ∞

−∞
s2(t)dt =

∫ ∞

0

4e−2tdt = 2

Eout =
1

2π

∫ ∞

−∞
|Y (ω)|2dω =

1

2π

∫ 1

−1

4k2

1 + ω2
dω =

4k2

π
arctan 1

3. (a)

Eout =
1

2π

∫ ∞

−∞
|F (ω)|2dω

=
2

2π

∫ 2π

0

[− 1

2π
(ω − 2π)]2dω

=
1

4π3

[
1

3
ω3 − 2πω2 + 4π2ω

]
|2π
0 =

2

3

(b)
1

4π3

[
1

3
ω3 − 2πω2 + 4π2ω

]
|ω1
0 =

1

3

therefore,
(ω1 − 2π)3 = 4π3 ⇒ ω1 = (2 +

3
√

4)π
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4.

s(t) = cos ω0t +
1

2
cos 2ω0t +

1

4
sin 4ω0t

=
1

2
ejω0t +

1

2
e−jω0t +

1

4
ej2ω0t +

1

4
e−j2ω0t − j

8
ej4ω0t +

j

8
e−j4ω0t

Ss(ω) = 2π
∑

n=±1,±2,±4

|Sn|2δ(ω − nω0)

where

Sn =
1

T0

∫ T0
2

−T0
2

s(t)e−jnω0tdt

therefore,

Ss(ω) = 2π

[
1

4
δ(ω − ω0) +

1

4
δ(ω + ω0) +

1

16
δ(ω − 2ω0) +

1

16
δ(ω + 2ω0)

+
1

64
δ(ω − 4ω0) +

1

64
δ(ω + 4ω0)

]

Es = 2
1

2π

∫ ∞

0

Ss(ω)dω = 2

(
1

4
+

1

16
+

1

64

)
=

31

32

low pass RC filter:

H(ω) =

1
jωC

R + 1
jωC

=
1

1 + jωRC
=

1

1 + j ω
2ω0

So(ω) =2π
∑

n=±1,±2,±4

|H(nω0)|2|Sn|2δ(ω − nω0)

= 2π

[
4

5

1

4
δ(ω − ω0) +

4

5

1

4
δ(ω + ω0) +

1

2

1

16
δ(ω − 2ω0) +

1

2

1

16
δ(ω + 2ω0)

+
1

5

1

64
δ(ω − 4ω0) +

1

5

1

64
δ(ω + 4ω0)

]

= 2π

[
1

5
δ(ω − ω0) +

1

5
δ(ω + ω0) +

1

32
δ(ω − 2ω0) +

1

32
δ(ω + 2ω0)

+
1

320
δ(ω − 4ω0) +

1

320
δ(ω + 4ω0)

]

Eo = 2
1

2π

∫ ∞

0

So(ω)dω = 2

(
1

5
+

1

32
+

1

320

)
=

15

64

5.

Rvi
(τ) =

∫ ∞

0

vi(t)vi(t + τ)dt =

∫ ∞

0

e−αte−α(t+τ)dt

= e−ατ

∫ ∞

0

e−2αtdt = −e−ατ

2α

[
e−2αt

]∞
0

=
e−ατ

2α

2



Total normalized energy:

Evi
= Rvi

(0) =
1

2α

Fourier transform of the input signal vi(t):

Vi(ω) =

∫ ∞

0

e−αteωtdt = − 1

α + jω

[
e−(α+jω)t

]∞
0

=
1

α + jω

Transfer function of the filter:

H(ω) =
R

R + 1
jωC

=
jωRC

1 + jωRC

therefore,energy spectral density function of the output voltage vo(t) is

|Vo(ω)|2 = |Vo(ω)|2|H(ω)|2 =
ω2R2C2

1 + ω2R2C2

1

α2 + ω2

if α = 1
RC

, then

|Vo(ω)|2 =
ω2 1

α2

1 + ω2 1
α2

1

α2 + ω2
=

ω2

(α2 + ω2)2

Total normalized energy in the output is:

Evo =
1

2π

∫ ∞

−∞
|Vo(ω)|2dω =

1

2π

∫ ∞

−∞

ω2

(α2 + ω2)2
dω

Let ω = α tan θ, 1 + tan2 θ = sec2 θ, dω = α sec2 θdθ therefore,

Evo =
1

2π

∫ π
2

−π
2

α2 tan2 θ

(α2 sec2 θ)2
α sec2 θdθ

=
1

2π

1

α

∫ π
2

−π
2

tan2 θ

sec2 θ
dθ =

1

2πα

∫ π
2

−π
2

sin2 θdθ

=
1

2πα

1

2

∫ π
2

−π
2

(1− cos 2θ)dθ =
1

4α

∴ Evo =
1

2
Evi

6. (a)

v(t) =

{
k t

T
0 ≤ t ≤ T

0 otherwise

v(t + τ) =

{
k (t+τ)

T
0 ≤ t ≤ T

0 otherwise
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0 t

K

( )v t

T

0 t

( )v t

K

T

where T ≥ τ ≥ 0

Rvi
(τ) =

∫ ∞

−∞
vi(t)vi(t + τ)dt = k2

∫ T−τ

0

t

T

(t + τ)

T
dt

=
k2

T 2

[
t3

3
+

1

2
t2τ

]T−τ

0

= k2

[
T

3
− 1

2
τ +

1

6

τ 3

T 2

]
for T ≥ τ ≥ 0

Since Rvi
(τ) = Rvi

(−τ).

Rvi
(τ) =

{
k2

[
T
3
− 1

2
|τ |+ 1

6
|τ |3
T 2

]
|τ | ≤ T

0 |τ | > T

1
( )v t

0

1

t

t

1

1

0 T

2

T

2
( )v t

(b) Consider 0 ≤ t ≤ T and 0 < τ≤T
2
.

v1(t) = t/T

v2(t− τ) =




−1 0 < t ≤ τ
1 τ < t ≤ τ + T/2
−1 τ + T/2 < t ≤ T
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therefore,

Rv1v2(τ) = Rv1v2(−τ) =
1

T

∫ T

0

v1(t)v2(t− τ)dt

=
1

T

[∫ τ

0

t

T
(−1)dt +

∫ τ+T/2

τ

t

T
(1)dt +

∫ T

τ+T/2

t

T
(−1)dt

]

=
1

T

{[
− t2

2T

]
|τ0 +

[
t2

2T

] ∣∣τ τ+T/2 +

[
− t2

2T

] ∣∣∣∣
∫ T

τ+T/2

}

= − τ 2

2T 2
+

(τ + T/2)2 − τ 2

2T 2
+

(τ + T/2)2 − T 2

2T 2

=
2τT − T 2/2

2T 2
=

τ

T
− 1

4

If T
2

< τ < T , then

Rv1v2(τ) = − τ

T
+

1

4

7. (a)

Rv(τ) =
1

T

∫ T
2

−T
2

v(t)v(t + τ)dt

=
1

T

∫ T
2

−T
2

sin ω0t sin ω0(t + τ)dt

=
1

2T

∫ T
2

−T
2

− cos ω0(2t + τ) + cos ω0τdt =
cos ω0τ

2

(b)

S(ω) = F [R(τ)] =

∫ ∞

−∞

cos ω0τ

2
e−jωτdτ

=
1

4

∫ ∞

−∞

(
ejω0τ + e−jω0τ

)
e−jωτdτ

=
π[δ(ω + ω0) + δ(ω − ω0)]

2

Another way:

v(t) = sin ω0t =
j

2
e−jω0t − j

2
ejω0t

S(ω) = 2π
∞∑

n=−∞
|Sn|2δ(ω − nω0)

where

Sn =
1

T0

∫ T0
2

−T0
2

s(t)e−jnω0tdt
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therefore,

Ss(ω) = 2π

[
1

4
δ(ω − ω0) +

1

4
δ(ω + ω0)

]

=
π

2
δ(ω − ω0) +

π

2
δ(ω + ω0)

( )x t

t

2 2

A

t

A

( )x t

2 2

8. (a) when 0 ≤ α ≤ τ ,

Rx(α) =

∫ ∞

∞
x(t)x(t + α)dt =

∫ τ
2
−α

− τ
2

A2dt = A2(τ − α)

when −τ ≤ α < 0,

Rx(α) =

∫ ∞

∞
x(t)x(t + α)dt =

∫ τ
2

− τ
2
−α

A2dt = A2(τ + α)

so

Rx(α) ==

{
A2(τ − |α|) for |α| ≤ τ

0 for |α| > τ
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(b)

Sx(ω) = F [Rx(α)] =

∫ ∞

−∞
Rx(α)e−jωαdα

= 2

∫ τ

0

A2τ(1− α/τ) cos ωαdα

= −2A2

∫ τ

0

α cos ωαdα

= −2A2

∫ τ

0

α/ωd sin ωα

=
2A2

ω

∫ τ

0

sin ωαdα

=
2A2

ω

1− cos ωτ

ω
=

2A2

ω2

(
sin

ωτ

2

)2

(c)

Sx(ω) = |X(ω)|2 = |F [x(t)]|2

=

∣∣∣∣∣
∫ τ

2

− τ
2

Ae−jωtdt

∣∣∣∣∣

2

=

∣∣∣∣
Ae−jωτ/2 − Aejωτ/2

−jω

∣∣∣∣
2

=
2A2

ω2

(
sin

ωτ

2

)2

9. (a)
H(ω) = 1/(1 + jωRC)

power spectral density of the output noise

Sno(ω) = S(ω)|1/(1 + jωRC)|2 =
1

2
K

(
1

1 + ω2R2C2

)

(b)

Rno(τ) =F−1[Sno(ω)]

=
1

2π

∫ ∞

−∞

1

2
K

(
1

1 + ω2R2C2

)
ejωtdω

=
1

2
K

{
1

2π

∫ ∞

−∞

1

R2C2

[
1

1
R2C2 + ω2

]
ejωtdω

}

=
K

2R2C2
F−1

[
1

α2 + ω2

]

where α = 1
RC

.

To find F−1
[

1
α2+ω2

]
:

From Problem 5, if f(t) = e−αtu(t),
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then F (ω) = 1
α+jω

= α
α2+ω2 − j ω

α2+ω2 . But

f(t) =
1

2

[
e−α|t| + e−α|t|sgn(t)

]
= fe(t) + fo(t)

and
fe(t) ↔ Re[F (ω)]

fo(t) ↔ Im[F (ω)]

∴ 1

2
e−α|t| ↔ α

α2 + ω2

∴ F−1

[
1

α2 + ω2

]
=

1

2α
e−α|t|

∴ Rno(τ) =
K

2R2C2
F−1

[
1

α2 + ω2

]
=

K

2R2C2

[
RC

2
e−|t|/RC

]
=

K

4RC
e−|t|/RC

2

1

t

1 2
( ) ( )s t s t
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10.
s1(t) = 1 − 1 ≤ t ≤ 1

s2(t) = t − 1 ≤ t ≤ 1

Rs1s2(0) =

∫ 1

−1

s1(t)s2(t)dt =

∫ 1

−1

tdt =
1

2
t2|1−1 = 0

∫
|s1(t) + s2(t)|2dt =

∫ 1

−1

|1 + t|2dt =

∫ 1

−1

1 + 2t + t2dt = 2 +
2

3
=

8

3
∫
|s1(t)|2dt =

∫ 1

−1

dt = 2

∫
|s2(t)|2dt =

∫ 1

−1

t2dt =
2

3

∴
∫
|s1(t) + s2(t)|2dt =

∫
|s1(t)|2dt +

∫
|s2(t)|2dt
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