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ABSTRACT
Redundant multirate filter bank transceivers have recently been
proposed for block-based transmission over channels whose char-
acteristics are known at both the receiver and the transmitter. In
this paper we propose a criterion for the design of such transceivers
for applications in which the channel is not known at the trans-
mitter. The design objective is the minimization of the average
mean square error of the data estimates produced by a zero-forcing
equalizer over a statistically modelled class of channels. Two solu-
tion methods are proposed, one of which appears to be amenable to
modification for the solution of certain other robust performance
problems. It is shown that the optimal transmitter provides sub-
stantially improved performance over a scheme based on multi-
carrier modulation.

1. INTRODUCTION

Block-based data transmission is an effective technique for digi-
tal communication over channels which are affected by intersym-
bol interference (ISI). The block structure provides a convenient
framework with which controlled redundancy can be embedded
within the transmitted data stream. The key is to embed it in such a
way that the ISI can be efficiently mitigated at the receiver. Exam-
ples of such schemes include the Discrete Multitone Transmission
(DMT) techniques [1,2] used in Digital Subscriber Line (DSL) ap-
plications, and Coded Orthogonal Frequency Division Multiplex-
ing (OFDM) [1, 3] which has been proposed for digital audio and
video broadcasting in Europe.

Recently, redundant multirate filter bank precoding structures
have been proposed as a large and easily implementable class of
block-based transmission schemes [4, 5]. In applications such as
DSL, in which the channel environment is relatively constant, a
channel model can be constructed at the receiver and made known
to the transmitter. In that case the redundant multirate filter banks
at the transmitter and receiver can be chosen to maximize the
mutual information between the transmitter and the receiver [6].
However, in some wireless applications, the channel may undergo
substantial variations, and it may not be possible for the transmit-
ter to obtain an accurate model of the channel. In this paper we
provide a criterion for the design of the redundant multirate filter
bank transceiver for these applications.

The design criterion is the mean square error (MSE) of the
symbol estimates produced by a zero-forcing equalizer at the re-
ceiver. The actual channel is not known by the transmitter, but it
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is assumed that a statistical model for the channel is available at
the transmitter. A natural approach to the design of the transmit-
ter filter bank is to minimize the average MSE over the statistical
model. Using parameterizations based on the singular value de-
composition, the design problem can be simplified and analytically
solved. However, it is difficult to generalize that analytic solution
to control other (robust) performance criteria. As an alternative,
we show how the design problem can be formulated as a convex
semidefinite programme [7] which can be efficiently solved using
interior point methods. We will demonstrate the effectiveness of
the design methods, by showing that a designed transmitter can
provide substantially improved performance over a a multi-carrier
modulation scheme in a frequency-selective Rayleigh fading envi-
ronment. Finally, we will illustrate the flexibility of the semidef-
inite programming method by showing that it can be modified to
minimize the worst-case mean square error over a class of deter-
ministically bounded channels.

2. MULTIRATE FILTERBANK PRECODERS

The redundant multirate filter bank transceiver which we will
design is illustrated in Figure 1. (This structure was proposed
in [4–6, 8].) The message data s[n] are grouped into blocks of
length M, with the m-th element of each block being sm[n] =
s[nM+m]. Each sequence sm[n] is upsampled by P and filtered
by a filter fm[n] of length ≤ P. The output blocks from the trans-
mitter can be written as:

uuu[n] = FFF0sss[n]. (1)

Here the length P vector uuu[n] has
[
uuu[n]

]
i = u[nP+ i], 0 ≤ i≤ P−1,

the length M vector sss[n] has
[
sss[n]

]
m = s[nM+m], 0 ≤m≤M−1,

and the P×M matrix FFF0 has
[
FFF0

]
i+1,m+1 = fm[i], i= 0, . . . ,P−1,

m = 0, . . . ,M−1. Similarly, the estimate of sss[n] generated by the
receiver can be described by

ŝss[n] =GGG0(xxx[n]+vvv[n]), (2)

where signal and noise components of the received signal, xxx[n] and
vvv[n] respectively, are length P vectors with the same structure as
uuu[n]. Here, ŝss[n] has the same structure as sss[n], and theM×Pmatrix
GGG0 has

[
GGG0

]
j+1,p+1 = gp[ j], j = 0, . . . ,M− 1, p = 0, . . . ,P− 1,

and the gp[ j] are filters of length ≤M. If we assume that the linear
time invariant channel h[�] is a finite impulse response (FIR) filter
of length L and that M and P are chosen to satisfy M ≥ L and
P=M+L−1, then we can write [6]:

ŝss[n] = GGG0HHH0FFF0sss[n]+GGG0HHH1FFF0sss[n−1]+GGG0vvv[n], (3)
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Figure 1: The baseband redundant multirate filter bank transceiver model

where HHH0 is a P×P Toeplitz lower triangular matrix with first col-
umn

[
h[0],h[1], . . . ,h[L−1],0, . . . ,0

]T , and HHH1 is a P×P Toeplitz
upper triangular matrix with last column

[
h[1],h[2], . . . ,h[L −

1],0, . . . ,0
]T . The first term in (3) represents the desired block,

the second term represents interblock interference, and the third
term represents noise and external interference. For simplicity, we
will focus our attention on real-valued channels and transceivers.

The interblock interference term in (3) complicates the design
of the receiver. However, by observing the upper triangular struc-
ture of HHH1, it is clear that interblock interference can be avoided
by forcing the last L− 1 taps of the transmitter filters to be zero;
i.e. forcing

FFF0 =
[
FFFT 000

]T
, (4)

where FFF is a M×M matrix [6]. In that case, the second term of
(3) is zero for all h[�] of length ≤ L.

3. MSE FOR THE ZERO-FORCING EQUALIZER

Under the constraint in (4), the estimated signal in (3) can be re-
written as

ŝss[n] =GGG0H̄HH0FFFsss[n]+GGG0vvv[n],

where H̄HH0 is the P×M matrix consisting of the first M columns
of HHH0. The matrix H̄HH0 has full column rank (except in the ex-
treme case where all of the channel taps are zero), and therefore,
a zero-forcing equalizer exists if and only if FFF is non-singular.
In that case, the ‘minimum-norm’ zero-forcing equalizer is [5],
GGG0 =FFF−1H̄HH†

0, where H̄HH†
0 =

(
H̄HHT

0 H̄HH0
)−1H̄HHT

0 denotes the ‘minimum-
norm’ pseudo inverse of H̄HH0. If FFF and H̄HH0 are known at the re-
ceiver, then employing this equalizer yields symbol estimates

ŝss[n] = sss[n]+FFF−1H̄HH†
0vvv[n].

If we assume that the signal and noise are mutually uncorrelated,
zero-mean, stationary and white, with covariance matrices RRRss =
σ2
ssIII and RRRvv = σ2

vvIII respectively, then the MSE of ŝss[n] in a given
channel is

MSE = tr
[
E

{
(ŝss[n]− sss[n])(ŝss[n]− sss[n])T

}]
= tr

[
GGG0RRRvvGGGT0

]
= σ2

vvtr
[
FFF−1(H̄HHT

0 H̄HH0
)−1FFF−T ]

, (5)

where we have employed the commutative properties of the trace
operator [9], and the fact that H̄HH0 has full column rank. If the
transmitted symbol is to be deduced from the elements of ŝss[n] in a
symbol-by-symbol fashion, a natural objective for the design of

the transmitter is to minimize the MSE, subject to a bound on
the transmitter power, tr[FFFFFFT ] ≤ P0. If the channel matrix H̄HH0 is
known at the transmitter, and ifWWWΛΛΛWWWT = (H̄HHT

0 H̄HH0
)−1 is an eigen-

value decomposition of the positive definite matrix (H̄HHT
0 H̄HH0)−1,

then the optimal FFF is given by

FFFopt =
√
P0/tr[ΛΛΛ1/2] WWWΛΛΛ1/4UUUT , (6)

whereUUU is an arbitrary orthonormal matrix. (This result was stated
in [5, Footnote 5]. Its proof is a special case of the proof in Sec-
tion 4.1.) However, in some wireless applications it may be diffi-
cult for the transmitter to obtain an accurate model for h[�], and an
alternative approach is required.

4. DESIGN FOR STATISTICALLYMODELLED
CHANNEL UNCERTAINTY

For a class of channels described by a statistical model, the ex-
pected MSE is

MSEav = σ2
vvtr

[
FFF−1E

{
(H̄HHT

0 H̄HH0)−1}FFF−T ]
. (7)

Therefore, if the matrixQQQ= E
{
(H̄HHT

0 H̄HH0)−1} is known at the trans-
mitter, a natural design objective would be to minimize MSEav,
subject to a constraint on the transmitted power:

Problem 1 Given the statistical model of the channel, QQQ, and a
bound, P0, on the transmitted power, find a matrix FFF ∈ �M×M
achieving

min tr
[
FFF−1QQQFFF−T ]

,

subject to tr
[
FFFFFFT

] ≤ P0.

We now explore two approaches to the solution of Problem 1.

4.1. Analytic Solution

The optimal solution to Problem 1 has the same structure as FFFopt in
(6), except thatWWWΛΛΛWWWT =QQQ rather than (H̄HHT

0 H̄HH0)−1. To prove that
claim, let FFF = VVVΦΦΦUUUT , where VVV and UUU are orthonormal matrices
and ΦΦΦ is diagonal with real positive entries (since FFF must be non-
singular), arranged in decreasing order. In addition, arrange WWW so
that the elements on the diagonal of ΛΛΛ are arranged in decreasing
order. Using the commutativity properties of the trace operator, we
can simplify the design problem to

min
ΦΦΦ,VVV 1

tr[ΛΛΛVVV 1ΦΦΦ
−2VVVT1 ] (8)



subject to tr[ΦΦΦ2] ≤ P0 and VVV 1 being an orthonormal matrix. If φ j
and λi denote the diagonal elements of ΦΦΦ and ΛΛΛ, respectively, then

tr[ΛΛΛVVV 1ΦΦΦ
−2VVVT

1 ] =
M
∑
i=1

λi
M
∑
j=1

|vi j|2φ−2
j , (9)

where vi j is the (i, j)-th element of VVV 1. It can be shown that the
minimum of the right hand side of (9) can be achieved by a per-
mutation matrix VVV 1 which places the φ j in the same order as the
λi (see the Appendix of [5] for some related work). Since λi and
φ j are both arranged in descending order, that permutation matrix
is diagonal. Hence the design problem reduces to

min
φi≥φi+1>0

M
∑
i=1

λiφ−2
i ,

subject to ∑Mi=1 φ
2
i ≤ P0. Taking the derivatives of the Lagrangian

function and equating them to zero we have that

φi,opt = λ1/4
i

√
P0

∑M
i=1

√
λi

,

and hence the optimal transmission filter bank is

FFFopt =
√
P0/tr[ΛΛΛ1/2] WWWΛΛΛ1/4UUUT , (10)

where UUU is an orthonormal matrix. Since it is assumed that the
receiver knows the actual channel over which the data was trans-
mitted, rather than just a statistical model, GGGopt = FFF−1

optH̄HH
†
0.

4.2. Semidefinite Programming Solution

Although the analytic solution in (10) offers considerable insight
into the design problem, it may be difficult to generalize it to
include other relevant constraints. Therefore, it is of interest to
consider efficient computational solutions to Problem 1, with the
expectation that they might be more easily generalized. Unfor-
tunately, both the objective and the constraints in Problem 1 are
non-convex functions of the elements of FFF . Therefore any algo-
rithm which attempts to solve Problem 1 directly is complicated
by the intricacies of dealing with potential local minima. However,
we will now show that Problem 1 can be precisely transformed
to a convex semidefinite programme [7] which can be efficiently
solved using interior point methods.

If we let RRR = FFFFFFT , then Problem 1 is equivalent to
minRRR tr

[
QQQRRR−1], subject to tr

[
RRR
] ≤ P0, and RRR > 000. Here, the re-

lations AAA > BBB and AAA ≥ BBB for symmetric matrices AAA and BBB denote
that (AAA−BBB) is positive definite and positive semidefinite, respec-
tively. The additional constraint (RRR > 0) is a sufficient condition
for RRR to be factorizable as RRR = FFFFFFT . It is also necessary in our
case, because a singular RRR will lead to an unbounded objective.
Once an optimal RRR has been found, an optimal FFF can be found by
performing a Cholesky factorization of RRR.

Let us write QQQ in terms of its Cholesky factors, QQQ = LLLLLLT , so
that tr[QQQRRR−1] = tr[LLLTRRR−1LLL]. For any (positive definite) symmetric
matrix satisfying SSS ≥ LLLTRRR−1LLL, we have that

tr[SSS] ≥ tr[LLLTRRR−1LLL], (11)

and since LLLTRRR−1LLL is symmetric, equality in (11) can be achieved
by setting SSS= LLLTRRR−1LLL. Therefore, minimization of tr[QQQRRR−1] over
RRR> 000 is equivalent to minimization of tr[SSS] over SSS > 000 and RRR> 000

subject to SSS ≥ LLLTRRR−1LLL. This problem can be further simplified
using the Schur Complement Theorem [9], which implies that if
RRR> 000 then

SSS ≥ LLLTRRR−1LLL if and only if
[
SSS LLLT
LLL RRR

]
≥ 000. (12)

Using these facts, Problem 1 can be re-cast as:

Reformulation 1 Given QQQ = LLLLLLT and P0, find symmetric matri-
ces RRR,SSS ∈ �M×M achieving min tr[SSS], subject to

P0− tr[RRR] ≥ 0 (13)[
SSS LLLT
LLL RRR

]
≥ 000. (14)

Reformulation 1 consists of a linear objective, a linear con-
straint (13) and a linear matrix inequality (LMI) (14), and hence
it is a convex semidefinite programme (SDP) [7]. Such pro-
grammes can be efficiently solved using interior point methods.
(SeDuMi [10] is a particularly efficient Matlab-based tool.) Note
that we have not explicitly enforced RRR > 000 in Reformulation 1.
This is because the LMI in (14) ensures that RRR ≥ 000 and because a
singular RRR will lead to an unbounded objective.

An advantage of Reformulation 1 over the analytical solution
in (10) is that constraints which are convex functions of RRR can be
efficiently incorporated into the design. (Convex constraints have
already been found to be useful in other transmitter design prob-
lems [11, 12].) In addition, the approach which led to Reformula-
tion 1 can be modified to obtain efficient design methods for trans-
mitters which optimize certain other robust performance criteria,
as we will illustrate in Section 5.

4.3. An example

To demonstrate the improved performance of redundant multirate
filter bank transmitters designed using Problem 1, we consider the
design of transmission schemes for communication over a slowly-
varying frequency-selective Rayleigh fading channel. The fading
channel has four real-valued taps, each of which is independent
and has a Gaussian distribution with zero mean. The standard devi-
ation of the first and last tap is 0.374, and the standard deviation of
the two central taps is 0.6. Having calculated QQQ= E

{
(H̄HHT

0 H̄HH0)−1}
for this fading channel, we designed an optimal transmitter using
either (10) or Reformulation 1, with the transmitted power, P0,
normalized to one. (The efficiency of the convex SDP formula-
tion is evident from the fact that Reformulation 1 was solved us-
ing SeDuMi [10], in just 0.34 seconds on a 400 MHz Pentium II
workstation.) The resulting optimal transceiver generates an av-
erage mean square error of MSEav = 54.30. For comparison, we
consider a real-valued multi-carrier modulation scheme based on
the Discrete Cosine Transform which also uses the zero-padding
structure in Equation (4) to avoid interblock interference (and has
the same transmitted power). That scheme has MSEav = 55.02.
Although the MSE improvement is only small (around 1.3%), this
leads to a substantial reduction in bit error rate for simple thresh-
old detection, as is shown in Figure 2. (The bit error rate plotted in
that figure is the average bit error rate over 10,000 realizations of
the fading channel described above.) At low signal to noise ratios,
the bit error rate performance of the two schemes is indistinguish-
able, but at high signal to noise ratios the designed scheme has a
substantially lower bit error rate.
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Figure 2: Bit error rate against signal to noise ratio for the de-
signed (solid) and zero-padded OFDM (dashed) schemes in the
frequency-selective Rayleigh fading channel in Section 4.3.

5. DESIGN FOR DETERMINISTICALLYMODELLED
CHANNEL UNCERTAINTY

Solutions to Problem 1 provide robust performance in a statisti-
cally modelled class of channels, but they require that the matrix
QQQ is known at the transmitter. When this matrix is not known at
the transmitter, the following approach will provide robust perfor-
mance to certain deterministically bounded channel errors: Equa-
tion (5) can be re-written as MSE = σ2

vvtr
[
(H̄HH†

0)
T (FFFFFFT )−1H̄HH†

0].
Therefore, if H̄HH†

0 is known at the transmitter, then a filter bank
which minimizes the MSE is given by the solution to Reformula-
tion 1 with LLL = H̄HH†

0. (This can be shown using the Schur Com-
plement Theorem.) Now suppose that the transmitter’s estimate of
H̄HH†

0 is inaccurate, and equals H̄HH†
0 +Δ, where ‖Δ‖2 ≤ ρ. For a given

ρ, a transmitter which minimizes an upper bound on the worst-
case MSE over all Δ such that ‖Δ‖2 ≤ ρ can be efficiently found
by applying robust semidefinite programming techniques [13] to
Reformulation 1. In contrast, it appears to be difficult to modify
the analytic solution in Section 4.1 to accommodate this scenario.

6. CONCLUSION

In this paper we have proposed a performance criterion for the
design of robust redundant multirate filter bank precoders for un-
known frequency-selective channels. We selected a zero-forcing
equalizer at the receiver and chose the average mean square error
over a statistically modelled class of channels as the design cri-
terion. It was shown that the optimal transmitter filter bank can
be found either via an analytic solution, or via an efficiently solv-
able convex optimization problem. Transceivers designed using
either method were shown to perform substantially better than a
scheme based on multi-carrier modulation in a frequency-selective
Rayleigh fading channel. However, it appears that the convex op-
timization method is more amenable to modification to accommo-
date other (robust) performance criteria.

The design framework in Section 4 was based on perfect zero-
forcing equalization at the receiver and knowledge of the statistical
model of the channel at the transmitter. In continuing work in this

area, we are comparing the performance of transmitters which are
robust to statistically modelled uncertainties with those which are
robust to deterministically modelled uncertainties (as in Section 5).
We are also developing (efficient) design techniques which provide
robustness to uncertainties in the transmitter’s statistical model of
the channel, and robustness to imperfect equalization. These ideas
are also being extended to minimum mean square error equaliz-
ers. In each case, the convex optimization approach appears to be
easier to modify than the analytic approach.
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