COMP ENG 4TL4:
Digital Signal Processing

Notes for Lecture #6
Friday, September 19, 2003




Another example: Convolution of two sequences z[n| =
{...,0,1,2,3,0,...} and h[n] = {...,0,2,1,0.5,0,...}.
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Stability: LTI systems are stable iff (if and only if):

©.@,

> |h[k]] < oo.

k—=—0o0

Proof: Let the input z[n] be bounded so that |z[n]| < L, <
o0, Vn € [—o00,00]. Then:

yinl] = k:iioow[n—k]h[k]
< kf::oomn—kmh[kn
< ka_fijoom[kn
= |y[n]| < oo if i |k [K]| < oco.

k=—00



Now it remains to be proven that if:

0@

> IRkl = oo,

k——00

then a bounded input can be found that will cause an
unbounded output. Consider:

2 [n] = { R*[=nl/|h[-n]| , hln] %0,

0, h [n] = 0,
y[0l= > z[-klh[kl= ) Ih[kll =
k=—00 k=—o0

©.@)

|f Z |h [k]| = oo, the output sequence is unbounded.

k=—0o0



Definition: A causal system is one for which the output
y|n| depends on the inputs {...,z[n—2],x[n—1],z[n]} only.

Causality: An LTI system is causal iff its impulse response
hin] = 0 forn < 0.

Proof:

Z h k] x[n — k]

k=—00

— i hlkl]x[n—k], Iif h[n] =0 for n <O.
k=0

y [n]

This equation clearly satisfies the definition given above.



Now it remains to be proven that if hn] # 0 for n < 0, then
the system can be noncausal. Let:

hin] = 0, n<-1,
h[-1] # O, =

y[n]:Zh[k]aﬁ[n—k]—l—h[—l]aﬁ[n—l—l] =
k=0

y|n] depends on z[n+1] = the system is noncausal.



Example: An LTI system with:

a, n >0,

h[n]:an“[n]:{o, n < O.

1. Since h|n| = 0 for n < 0, the system is causal.

2. To decide on stability, we must compute the sum:

o0
S = ). |«
k=—o0
00 1
= > |aff ={ 1-lal’ al <1,

= the system is stable only for |a| < 1.



2.3 Linear Constant-Coefficient Difference
(LCCD) Equations

Consider LTI systems satisfying:

N M
Za[k]y[n—k]ZZb[k]x[n—k] ARMA
k=0 k=0

(Autoregressive

I Moving Average
Particular cases: g ge)

M
J [n] — Z b [k] T [n — k] MA  (Moving Average)
k=0
N
Z alkly[n — k] = x[n] AR  (Autoregressive)

k=0



Example:

n

ynl= > x[k] accumulator
k——o00
n n—1
ylnl—yn-1] = > z[k]l- > z[K
k=—o0 k=—o0

n—1 n—1 )

= az[n]—l—{ Z x [k] — Z x [k] ;
k=—o0 k=—o0 y,

= z[n]

= AR system with {0} = 1, a{1} = —1,and N = 1.
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Property. MA systems are bounded-input bounded-output
(BIBO) stable, i.e.:

M M
y[nll =) blklz[n -k < > [b[K]] |z[n — k]| < oo
k=0 k=0

for any bounded input |x|n|| < co and coefficient sequence
b[n]| < .

Remark: AR systems may be unstable. For example, the
system:
y[n] =ay[n—1| 4+ z[n]

is unstable for a > 1, because y|n| is unbounded for
bounded z|n].
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Property: MA systems have a finite impulse response
(FIR), whereas AR systems have an infinite impulse
response (lIR).

Proof for MA systems:

'O, n < 0,
hman] =4 b[n], 0<n < M, = FIR!
0, n > M.

\

Proof for AR systems: y|n| depends on y[n—k|, k = 1,...,00

= y|n] depends on x|n—kl|, k = 0,...,00
= the impulse response h,y[n] is infinite,
l.e., is in general nonzero for all n > 0.
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