" Fourier Series/Transform
Review

Fourier Review

Fourier Series and Transforms try to form a signal out
of sinusoids. These sinusoids have a specific
frequency and go on forever. That is your nice time
series which is represented by points in time will now
be represented by points in frequency. This is why we
use the terms “Fourier domain” and “frequency
domain” interchangeably.

Reminder:
ae'"™ = acog(bt) + jasin(bt)

‘What Transform, When?

Time Discrete Yes DTFS
Time Discrete No DTFT
Time Continuous | Yes FS
Time Continuous |No FT
Frequency |Discrete Yes I-DTFS
Frequency |Discrete No I-FS
Frequency |Continuous |Yes I-DTFT
Frequency |Continuous|No I-FT
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Discrete Time Fourier Series

1 S
DTFS: X[k] i NZn:<N> X[n]e s

1 ikQn
rotrs:  Xn] = NZKKN) X[k]e™

X[k] and x[n] have period N
Qg = 2n/N

Discrete Time Fourier Transform

DTFT: X[e"]= Y {nle”*"

I-DTFS: Xn] = E _[ X(e?)e™"dQ
2mm?,

X[k] has period 2n
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Fourier Series

X[K] =% [xme™at

<T>
I-FS: x(t) = " X[k]e*
K=-w

X(t) has period T
Q= 2n/T
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'Fourier Transform

X(jw) = ]:x(t)e“"‘dt

—o0

x(t) = %T T X (jw)e“dew

The Fourier Transform is the general transform, it can
handle periodic and non-periodic signals. For a periodic
signal it can be thought of as a transformation of the
Fourier Series

X(j@) = 27 S X[KIS(@-newy)

k=

Fourier Series

X[K] :T1 j x(t)e gt

X[k] :T1 [ x(t) cos(a kt)ct - jT1 [ X sin(@ k)t

By

A
X[k] = me—tan‘l[%j = ‘Xk‘egk
X L&

Fourier Series — Real Signals

XK= [xcos@k)dt- i [xOsin(@k)ch

<T>

A By
If x(t) is real valued: A=Ay B, = -B,

0= 3 XIKe" = X[0]+ 3 (XIKkle" + X[-kle™)= X[0] + (A + /B Je" (A, + jB.,)e
O = X[0+35(A + 180" (A = 1B)e )= X[01+ 3 (A (e )+ g [ e

) = X[0]+23" (A, costkay) + B, sin(kayt)) = X[0] + 23" Re{X ke

0 =x10+23 refxikge“e)= X[0] + 2| X[K]| cos(keuyt + 6, )

k=1
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Cosine Fourier Series

(1) = cos wol Flw)

f (t) = cos(apt) = Lo +%e’”’“‘

Even Function 2
FS X@=x(-1=}%
FT = 2a(FS) X(jw)=ndw+ wy)+nmdw— wy)

When is FT the continuous counterpart to 2rnFS?
How do the Delta’s move as frequency changes?

Fourier Series — Real +Even/Odd

x(t) = X[0] + 2i ReQx[k]‘ejske,k%[)

x(t) = X[0] + zi Re{(A, - iB, )(cos(kayt) + jsin(kayt)}
X(t) = X[0]+ 2" (A, cos(ket) + B, sin(kes,)

Even: f(t) = f(-t), therefore B, = 0; Cosine Series
Odd: f(t) = -f(-t), therefore A, = 0; Sine Series
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'Sine Fourier Transform

f(0)=sinwot

f(t) =sin(wpt) = z—l_e'“b‘ - L g

Odd Function 7
FS  X[=-X[-1] :/:I/Zj
FT = 2u(FS)  X(jo) = j ndw+ @) - j i&w= )

The Fourier Transform of an Odd Signal is Odd.
Notice the Fourier Domain graph is in jF(o). It is imaginary. ”




'DC Fourier Transform

Flw) l
o (2m)
t 1 w
ft)=1=€e"; @ =0
DC Function
FS X[0]=1

FT <> (FS)  X(jw)=2m Y X[Klo(w—kaw,)

K=

FT' X(j&)=2m(w)
The FT of a signal with a DC component is separable.
The DC component of a time signal is statistically the MEAN, »3

Pulse Train Fourier Transform

Fle)

fwy=s7()

LU Loflonf o

f(t)= Zé(t nT)
Function Wlth Perlod T
Fs  XIk=3 foralk

X(jow) = Jéd(t nT)e 174t = j Ze 2T gt = 277 Z o'(w—ZﬂyT
What happens in the Frequency Domain when the time
between pulses is shortened? When T > 0? When T = 0?
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Ideal Filter Fourier Transform

S AR I_l |

X(t) = Sinc(Wt)

Not Periodic — No FS

T X(o)= {/‘/N W T )

2w "W

Why is this called the “ideal filter"?
Notice similarities between this and rectangular time window, and

Delta Fourier Transform

ftny= 8@

’ Flw)=1
(1)1 1
0 0

t

f(t) = 3(0)
Delta Function
FS - No Fourier Series, Not Periodic

FT X(jw) = [d(t)e ™ dt=e /7% =1

The FT is only congruéwnt with the FS for PERIODIC signals.
A delta has an infinitely steep rise time, therefore it has a

great deal of high frequencies

CR
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‘Time Window Fourier Transform

S = rect('/,) Flw)=152(“71,)

i =rea{y)

1,

Not Periodic — No FS .

FT X(jw) =%a%:r Snc(w%)

sinc(x) = Sa(x) = )
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how W here is a counterpart to t there in controlling width.. ...... 27

‘Triangle Fourier Transform

fay=a( b\m) 7Sa% /A

X(t) = {1 ‘/ M<T =A

=7

a8
N

,_\
NN
S

Not Periodic — No FS
FT X(jw) = T[S nc(w%lz

Sinc squared can never be negative. Why are we introducing

these signals? They are the foundation of most analog
communication signals.

Qe Bong
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‘More Complex Example ‘More Complex Example

The spectrum of the pulse train is:

[ [ I X,(j&) = 7% kz slw-27)
R o oS 1 s 2 The spectrum of the square-wave is:
] ] X,(j) =7 sincl7)
s g o5 B s Convolution turns into Multiplication in the Freq Domain
(LI LTI g s o)
e e s e This turns into a line spectra, and how it changes with

An pulse train with period (T) one second is convolved changing the parameters is very informative

with a time windowing function with timing (z) of 0.5

seconds, to produce a 50% duty cycle square wave.
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Constant t 7=05 Constant T T=2
e yTTHHHNHh r=025
L < s ¢ =41
Tere T”HTT ...; =05
13 s Hi—
R |
--m 2 - 4 ° 4 O 2 10 z
¢ Amplitude INCREASES in proportion to Tau
. e Line spectra resolution is INDEPENDENT of Tau
° ﬁmplltudei DECREIA,?ES Ial\SlClé-IgASES T e The spectrum SPREADS as the window shortens
’ TIfTe specl ra r‘?SOI,‘\]JD"ErI‘,ENDENT fTaS 111 TIME RESOLUTION AND FREQUENCY RESOLUTION ARE
€ Enveiope Is ¢ ! INVERSELY RELATED 1111111 e B




