ELEC ENG 4CL4:
Control System Design

Notes for Lecture #27
Wednesday, March 17, 2004

Dr. lan C. Bruce

Room: CRL-229

Phone ext.: 26984

Email: ibruce@mail.ece.mcmaster.ca




Chapter 12 Goodwin, Graebe, Salgado®, Prentice Hall 2000

Discrete Delta Doman Models

The shift operator (as described above) isused in the
vast mgjority of digital control and digital signal
processing work. However, in some applications the
snift operator can lead to difficulties. The reason for
these difficulties are explained below.
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Consider the first order continuous time equation

ou) + (1) = A0 1 y) = ui)

and the corresponding discretized shift operator
equation is of the form:

azqy(tx) + ary(ty) = bru(ly)
Expanding the differential explicitly asalimiting
operation, we obtain the following form of the

continuous time eguation:
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If we now compare the discrete model to the
approximate expanded form, namely

a,y(t+A)+a,y(t)=bu(t); whereA=t, —t,
we then see that the fundamental difference between

continuous and discrete time is that the discrete

model describes absolute displacements (i.e. y(t+A)
In terms of y(t), etc.) whereas the differential

equation describes the increment

e y(t+AA)— y(t)
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Thisfundamental difficulty isavoided by use of an
alternative operator; namely the Delta operator:

s(rikay, LETDA) ~1G8)

For sampled signals, an important feature of this
operation is the observation that

lim 6 £(kA)}] = p(£(2)

1.e., the Delta operator acts as aderivative in the limit as
the sampling period — 0. Note, however, that no

approximations will be involved in employing the Delta
operator for finite sampling periods since we will derive
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exact model descriptions relevant to this operator at the

given sampling rate.

We next develop an alternative discrete transform (which
we call the Delta transform) which is the appropriate
transform to use with the Delta operator, I.€.

Time Domain

Transfer Domain

g
o

Z-transform
deltatransform
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Discrete Delta Transform

We define the Discrete Delta Transform pair as.

Dly(kA)] = Ys5(y) = Y (1 +7A)Fy(kA)A
k=0

1

D™ [Y5(7)] = y(kA) = 5 j{(l +7A) Y5 () dy

The Discrete Delta Transform can be related to Z-
transform by noting that
Ys (7) = AYq(Z>

z=A~v+1

where Y,(2) = Z[(kA)]. Conversely

V(=) = 50|

z—1
T=—A
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0 The next dide shows atable of Deltatransform pairs,
0 The slide after next lists some Delta transform properties.
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Table 12.3: Ddta Transform Table
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| flk] | DIf[k] Names
1
Z a; filk Z a; F;(7) Partial fractions
e+ 1] (A + D(Fi () — fi0]) Forward shift
M Y1 (7) — (1 +~A) f1[0] Scaled difference
Z 1 lF () Reimann sum
f[k: 1] (1 +’yA) F(v) + f[-1] Backward shift
flk = Uulk = 1] (11+ ’YAA) d?( )
1K tafdf)
i ro")
0 / s
klim FaLd lim vF(v) Final value theorem
lli_r’% FaLd ngrolc % Initial value theorem
k—1
> AlfE-1A Fi(7)Fa(7) Convolution
1=0
e 1 - d .
filk] f21k] 3 Fi(¢)Fz (17_‘_ CCA> 1 —|—(§A Complex convolution
(1 +al)* f[K] S

Table 12.4: Delta Transform properties. Note that F,(y) = DI[fi[K]],
U[K] denotes, as usual, a unit step, f[c] must be well
defined and the convolution property holds provided

that f,[K] = f,[K]

= Ofor all k< 0.
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Why Isthe Delta Transform sometimes
better than the Z-Transform?

As can be seen from by comparing the Z-transform
given in Table 12.1 with those for the Laplace
Transform given in Table 4.1, expressions in Laplace
and Z-transform do not exhibit an obvious structural
equivalence. Intuitively, we would expect such an
equivalence to exist when the discrete sequenceis
obtained by sampling a continuous time signal.

We will show that this indeed happens if we use the
alternative delta operator.
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In particular, by comparing the entriesin Table 12.3
(The Delta Transform) with those in Table 4.1 (The
Laplace Transform) we see that akey property of
Delta Transforms is that they converge to the
associated Laplace TransformasA -0, i.e.

m Ys(v) =Y (s)

S=7y

We illustrate this property by a ssmple example:
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Example 12.9

Say that {y[K]} arisesfrom sampling, at period A, a
continuous time exponential 2. Then

ylk] = ™2
and, from Table 12.3

Ys(v) = . _1 E;Z;l}

In particular, notethat asA -0, Y5 (y) - ﬁ which
is the Laplace transform of e~.

Hence we confirm the close connections between the
Delta and Laplace Transforms.



Chapter 12 Goodwin, Graebe, Salgado®, Prentice Hall 2000

How do we use Ddlta Transforms?

We saw earlier in this chapter that Z-transforms
could be used to convert discrete time models
expressed in terms of the shift operator into algebraic
equations. Similarly, the Delta Transform can be
used to convert difference eguations (expressed in
terms of the Delta operator) into algebraic equations.
The Delta Transform also provides a smooth
transition from discrete to continuous time as the
sampling rate increases.
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We next examine several properties of discrete time
models, beginning with the issue of stability.
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Discrete System Stability

Relationship to Poles

We have seen that the response of a discrete system
(in the shift operator) to an input U(2) hasthe form

fo(2,@,)

(z—a1)(z—ag) -+ (2 — an)

Y(2) = Go(2)U(2) +

where a; ... a, arethe poles of the system.

We then know, via a partial fraction expansion, that
Y(2) can be written as

Y(z) = Z zﬁ—JZ + terms depending on U (2)
j=1 ’
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where, for simplicity, we have assumed non repeated
poles.

The corresponding time response is

ylk] = B, [ozj]k + terms depending on the input

Stability requiresthat [a]* — 0, which isthe case if
0’,] <1

Hence stability requires the poles to have magnitude
essthan 1, i.e. to lieinside a unit circle centered at
the origin.
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Delta Domain Stability

We have seen that the delta domain is ssimply a shifted
and scaled version of the Z-Domain, i.e.

y=%2"1and Z=yA+1. It followsthat the Delta
Domﬁ n stability boundary is simply a shifted and
scaled version of the Z-domain stability boundary. In
particular, the delta domain stability boundary isa
circle of radius !/, centered on - ¥/, in the y domain.
Note again the close connection between the
continuous s-domain and discrete o-domain, since the
o-stability region approaches the s-stability region
(OLHP) asA - 0.
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Discrete Models for Sampled
Continuous Systems

So far in this chapter, we have assumed that the
model is already given in discrete form. However,
often discrete models arise by sampling the output of
a continuous time system. We thus next examine
how to obtain discrete time models which link the
sampled output of a continuous time system to a
sampled input.

We are thus interested in modelling a continuous
system operating under computer control.
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A typical way of making thisinterconnection is
shown on the next dlide.

The analogue to digital converter (A/D in the figure)
Implements the process of sampling (at some fixed
period A). The digital to analogue converter (D/A In
the figure) interpolates the discrete control action
Into a function suitable for application to the plant
INpUL.
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Figure 12.4: Digital control of a continuous time
plant

input
Plant

S
s
s
£
g

D/A A/D

]
I

Digital
controller




Chapter 12 Goodwin, Graebe, Salgado®, Prentice Hall 2000

Details of how the plant input Is
reconstructed

When a zero order hold is used to reconstruct u(t),
then

u(t) = ulk] for EA<t<(k+1)A

Note that thisisthe staircase signal shown earlier in
Figure 12.2. Discrete time modelstypically relate
the sampled signal y[k] to the sampled input u[K].
Also adigital controller usually evaluates u[Kk]

based on y[j] and r[j], where {r(kA)} isthereference
seguence and | < k.
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Using Continuous Transfer
Function Models

We observe that the generation of the staircase signal
u(t), from the sequence {u(k)} can be modeled asin
Figure 12.5.

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,

Figure 12.5. Zero order hold
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Figure 12.6: Discrete time eguivalent model with
zero order hold

Combining the circuit on the previous slide with the
plant transfer function G(s), yields the equivalent
connection between input sequence, u(kA), and
sampled output y(kA) as shown below:

ffffffffffffffffffff

u(kA) X u(t) Grols) i Cols) y(t)
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We saw earlier that the transfer function of a discrete
time system, in Z-transform form is the Z-transform
of the output (the sequence {y[k]}) when the input,
ulk], iIsaKronecker delta, with zero initial
conditions. We also have, from the previous slide,
that if u[k] = o.[K], then the input to the continuous
plant isaDirac Delta, I.e. u(t) = Jt). If we denote
by He(2) the transfer function from U,(2) to Y(2),
we then have the following result.

H,,(2) = Z [the sampled impulse response of Gpo(s)Go(s)]
= (1 — 2z~ 1) Z [the sampled step response of Gy ()]
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Example 12.10

Consider the d.c. servo motor problem used as
motivation for this chapter. The continuoustime

transfer function is
bo

Go(s) =
s(s+ ap)
Using the result on the previous slide we see that

Hoe) = 2 {b—o(kA) L b—ge—ék}

o (Z — 1) CL()bQZA B boZ X b()
B a? (z—1)2 z—-1 z—e @A
B (b()Cl()A -+ boe_aoA — bo) Z — boCLQAG_aOA — b()e_aoA + bg

N ai(z —1)(z — e~@04)
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Thismodel 1s of the form:
y(k+1A)=a:y(kA)+aoy(k—1A)+biu(kA )+ boulk —1A)
Note that this is a second order transfer function with a
first order numerator.

The reader may care to check that this is consistent
with the input-output model which was stated without
proof in the introduction i.e.

H 0g (Z) — 6le+60

We have thus fulfilled one prc_)mise of showing where
this model comes from.
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