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Abstract – A pilot-aided method for estimating a
channel impulse response in orthogonal frequency di-
vision multiplex wireless systems is presented. In this
scenario the received signal, in addition to undergo-
ing multipath fading, may have significant correlation,
hence the commonly used least-squares algorithms may
be suboptimal. The covariance of the received signal is
modeled using basis functions which results in a struc-
tured covariance matrix. The unknown parameters are
estimated using an approximate maximum likelihood
estimator. The nonlinear parameters (corresponding to
the interferer) are computed first using the method of
moments and then the maximum likelihood algorithm
is applied to estimate the channel response. Since the
number of unknown parameters is related to the number
of pilot symbols, the algorithm outperforms the least-
squares approach without significant loss in bandwidth
efficiency. Numerical examples demonstrate the per-
formance advantage of the proposed channel estimator.
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1 Introduction
Orthogonal frequency division multiplexing (OFDM)
has received considerable interest in the last few years
for its advantages in high-bit-rate transmissions over
frequency selective fading channels. In OFDM sys-
tems, the input high-rate data stream is divided into
many low-rate streams [1] that are transmitted in par-
allel, thereby increasing the symbol duration and re-
ducing the intersymbol interference (ISI). These fea-
tures have motivated the adoption of OFDM as a
standard for digital audio broadcasting, digital video
broadcasting, and broadband indoor wireless systems.

Coherent OFDM transmission invariably requires an
estimation of the channel frequency response (i.e. the
gains of the OFDM tones). Currently, there are two
different types of channel parameter estimators: (i)
blind estimators and (ii) pilot-aided estimators. Blind
channel estimation techniques try to estimate the chan-
nel without any knowledge of the transmitted data.
Blind estimation methods are attractive because of the
possible savings in training overhead, however they are
only effective when a large amount of data can be col-
lected (so that stochastic estimation can be made reli-
ably). This is clearly a disadvantage in the case of mo-
bile wireless systems because of the time-varying na-
ture of the channel. Pilot-aided channel estimation is
the other type of approach in which training sequence
consisting of known data symbols (pilots) is transmit-
ted at the beginning of a session (or multiplexed into
the user data stream at a later stage) and the initial
estimation of channel parameters is performed using



the received pilot signal.
In this paper we present a frequency domain chan-

nel estimation algorithm in the presence of interfer-
ence using a pilot-aided channel estimation algorithm.
In the presence of interference the received signal, in
addition to multipath fading, may have frequency de-
pendent covariance which means that commonly used
least-squares algorithms may not be optimal. Suffi-
ciently accurate estimation of the covariance matrices
in such a model would impose significant training over-
head since the estimation requires large number of pi-
lot symbols. Therefore, we propose to model the fre-
quency dependence of the covariance matrices using
a priori known set of frequency dependent functions
of joint (global) parameters which results in a struc-
tured covariance matrix. In this way the number of
required pilot symbols will be dependent on the num-
ber of functions needed to achieve sufficiently accurate
approximation. We also assume that the channel vec-
tor is deterministic and completely unknown. In this
case the maximum likelihood estimator (MLE) is the
best possible estimator as long as the channel impulse
response is viewed as a deterministic unknown vector
and the estimator is unbiased. Therefore, we propose
estimating the unknown parameters using two estima-
tors: (i) computationally intensive MLE and (ii) an
approximate MLE in which the non-linear covariance
parameters are estimated using a method of moments
estimator.

In Section 2, we briefly describe the OFDM system
with pilot-symbol-aided channel estimation. In Sec-
tion 3, we derive the statistical model. In Section 4,
we present the MLE and discuss numerical implemen-
tation of the proposed non-linear algorithms. Section
5 demonstrates the applicability of our results through
numerical examples. In Section 6, we discuss possible
extensions to multiple-input-multiple-output (MIMO)
OFDM systems. Concluding remarks are given in Sec-
tion 7.

2 The OFDM Model
In this section we briefly introduce the channel model
for an OFDM system with pilot-symbol-aided chan-
nel estimator and describe the corresponding channel
statistics. Our goal is to develop a model that will
include unknown random effects due to a presence of
unknown interference and enable statistically efficient
channel estimation using sufficiently small number of
pilots.

2.1 Channel Model

Consider an OFDM system that consists of ns subcar-
riers of which nu + 1 subcarriers at the central spec-
trum are used for transmission and the other subcar-

riers at both edges form the guard bands. Each trans-
mission subcarrier is modulated by a data symbol xjk,
where j represents the subcarrier number, and k rep-
resents the time slot number (OFDM symbol number).
The OFDM transmitters usually employ an inverse fast
Fourier transform (IFFT) of size ns for the modulation.
In order to limit the transmit signal to a bandwidth
smaller than 1/T , where T is the sampling time inter-
val of the OFDM signal, the subcarriers in the guard
band are not used. A guard interval is also added for
every OFDM symbol to avoid intersymbol interference
caused by multipath fading channels. As a results, the
output complex baseband representation of the trans-
mitted signal is given by

s(t) =
∞∑

k=−∞

nu/2∑

j=−nu/2

xjkg(t− k(T + Tg))eij∆ωt (1)

where xjk is a subcarrier coefficient corresponding to
an OFDM symbol, i is the imaginary unit number, g(t)
is a shaping pulse, usually rectangular, T is the useful
symbol interval, ∆ω is the OFDM subcarrier spacing,
and Tg is the guard interval. Since the guard interval
contains a repetition of a preceding part of the signal
only, it is not of interest in this discussion and therefore
we assume without loss of generality that Tg = 0 which
also implies ns = nu + 1. We also have ∆ω = B/ns

where B is the OFDM bandwidth .
The signal s(t) is then transmitted through a multi-

path wireless channel characterized by

h(t, τ) =
np∑

i=1

γi(t)c(τ − τi), (2)

where h(t, τ) is an nr-dimensional user channel re-
sponse vector, nr is the number of antennas on the
receiver side, np the number of multipaths, γi(t) and
τi are the delay and complex amplitude of the ith path,
respectively, and c(t) is the shaping pulse. The shap-
ing pulse in OFDM systems can be modeled as a pulse
with a raised cosine spectrum. In order to simplify the
derivations we will assume c(t) = δ(t) where

δ(t) =
{

1 t = 0
0 elsewhere . (3)

We will show later that the only difference between
h(t, τ) for a square-root raised cosine and h(t, τ) for
c(t) = δ(t) is in a scaling factor which does not affect
our derivation.

In the remainder of the paper, unless otherwise
noted, we will assume that the channel is determin-
istic and time independent i.e., γ(t) ≡ γi which yields
h(t, τ) ≡ h(t) =

∑np
i=1 γic(t− τi). In Section 5 we



will discuss possible extensions to time-varying chan-
nels using time interpolation based on appropriately
selected basis functions.

For a time-independent channel the received signal
in the time-domain is given by

y(t) = s(t) ∗ h(t) + u(t) + e(t) (4)

where ∗ denotes the convolution, u(t) is the interfer-
ence, and e(t) is additive noise.

Using (4) and the Discrete Fourier Transform, the
received signal in the frequency domain can be written
as

yjk = hjxjk + ujk + ejk (5)

where yjk is the nr-dimensional received signal vector
at the jth subcarrier and kth time slot, hj is the nr-
dimensional user channel vector at the jth subcarrier,
xjk is a user data symbol at the jth subcarrier and the
kth time slot, ujk is the unknown interference vector
at the jth subcarrier and the kth time slot, and ejk

is additive white Gaussian noise. Observe that we use
the subscript j to denote frequency dependence and
similarly, we use the subscript k to denote time de-
pendence. In the frequency domain, the user channel
vector is the Discrete Fourier Transform of the user
channel impulse response h(t). In particular,

hj =
np∑

l=1

αle
−j2πB(j−1−nj/2)τl/ns (6)

where B is the bandwidth of ns subcarriers. An im-
plication of (6) is that there will generally be no sig-
nificant correlation between the channel at the first
subcarrier (j = 1) and the channel at the last subcar-
rier (j = ns) unless the length of the Fourier transform
equals the number of frequency slots and all multipath
delays correspond with the sampling times at the re-
ceiver.

There are two types of interference with respect to
the cyclic prefix position: synchronous, when the inter-
ferer’s cyclic prefix is aligned in time with the user’s
cyclic prefix, and asynchronous, when these prefixes
are not aligned. In the case of synchronous interfer-
ence u(t) can be represented as a convolution of the
interferer’s channel g(t) and the interferer’s data sym-
bol sequence ψ(t), i.e., in the frequency domain

ujk = gjψjk (7)

where ψjk is an interferer data symbol at the jth
subcarrier and the kth time slot, and gj is the nr-
dimensional interferer channel vector at the jth sub-
carrier

gj =
np∑

l=1

βle
−j2πB(j−1−nj/2)τl/ns . (8)

When the interferer is asynchronous such a represen-
tation is not possible.

3 Statistical Model
In order to derive the MLE for the above OFDM model
we first develop a statistical model of the received sig-
nal as a function of the channel and interference pa-
rameters. Our goal is to develop a model which will
include the unknown random effect due to the pres-
ence of unknown interference and enable statistically
efficient channel estimation using a small number of
pilots.

We start by assuming that both the interference and
ambient noise are zero-mean Gaussian wide-sense sta-
tionary (WSS) random processes. In addition, we as-
sume that the ambient noise is uncorrelated in space
and time according to:

E[ejkeH
j′k′ ] = σ2δ(j − j′)δ(k − k′)Inr (9)

where superscript H denotes the Hermitian transpose
and that the interference is uncorrelated in time ac-
cording to:

E[ujkuH
j′k′ ] = Σjδ(j − j′)δ(k − k′)Inr (10)

where In denotes the n × n identity matrix and Σj

is the spatial correlation matrix of the interferer. In
the remainder of the paper we will omit the dimension
subscripts when the matrix dimension is obvious.

Then, the statistical properties of the received signal
are completely determined by its mean

hjxjk (11)

and covariance

εjk = ujk + ejk (12)
E[εjkεj′k′

H ] =
(
Σj + σ2I

)
δ(j − j′)δ(k − k′).(13)

In the synchronous case the covariance expression can
be further simplified into

E[εjkεj′k′
H ] =

(
gjg

H
j′E[ψjkψ∗j′k′ ] + σ2I

)
δ(j−j′)δ(k−k′),

(14)
where superscript ∗ denotes complex conjugate. In
the case of asynchronous interference we have nsnr

unknown parameters corresponding to the mean, and
similarly ns(ns − 1)n2

r + 1 covariance parameters. In
the case of synchronous interference, the number of the
covariance parameters is smaller i.e. ns(ns − 1)nr + 1.
Furthermore, the interference source ψjk can be mod-
eled as a zero-mean Gaussian random process uncorre-
lated in space and time with unit variance. Therefore,
the covariance in the synchronous case reduces to

E[εjkεj′k′
H ] =

(
gjg

H
j′ + σ2I

)
δ(j − j′)δ(k − k′).. (15)



Observe that the number of unknown covariance pa-
rameters in this model is nsnr which is significantly
smaller compared with the models (13) and (14). How-
ever, the above model cannot be efficiently imple-
mented since the number of the unknown parameters
is large compared with the number of measurements
nrnsnk corresponding to nk pilots.

In order to further decrease the number of unknown
parameters we propose to exploit the structure of chan-
nel vectors hj and gj . Following the approach of [2]
we model the user channel using set of a priori known
basis functions and the unknown corresponding coeffi-
cients. In [2] the user channel is approximated using
DFT of L unknown sample-spaced time-domain tap
gains, where L is chosen to encompass the maximum
expected multipath delay spread and the size of DFT
has to be much larger than the number of subcarriers.

To choose an adequate basis functions model we ob-
serve that the main difficulty with estimating the un-
known parameters in models (6) and (8) is the un-
known, possibly large, number of multipaths and the
corresponding multipath delays. Also, note that if sev-
eral multipaths have the same delay they will be rep-
resented with only one term in the summation (6).
Therefore, we propose to substitute the real wireless
system with an equivalent system in which the num-
ber of multipaths and the corresponding delays are a
priori known i.e.

hj ≈
n∑

l=1

α̃le
−j2πB(j−1−nj/2)τ̃l/ns . (16)

The above model will be exact whenever
{τ1, . . . , τnp} ⊂ {τ̃1, . . . , τ̃n} and a very good approx-
imation whenever maxi[minj(τi − τ̃j)] is sufficiently
small.

Using (16) we can model the user channel as:

hj = Hjθ (17)

where θ are the unknown coefficients vector, and

Hj = fH
j ⊗ I

f j = [ei2πτ1jBW/ns , ei2πτ2jBW/ns , . . . , ei2πτljBW/ns ]
H

where I is nr × nr identity matrix, and ⊗ is the Kro-
necker product.

Similarly, in the case of a synchronous single inter-
ferer we propose to model the interferer’s channel using
a similar model i.e.,

uj = Ujη (18)

where Uj is the interferer channel interpolation matrix
computed at the subcarrier j and η is the vector of in-
terferer channel parameters. A natural choice for the

matrix Uj is the same as for the user channel interpo-
lation matrix Hj i.e., Uj = fH

j ⊗ I. However, we are
not limited to this choice and thus for generality, in
the remainder of the paper we will assume that these
two matrices are different.

4 Frequency Domain Channel
Estimation

Recall that the received signal is given by

yjk = hjxjk + ujψj,k + ejk (19)

with the following statistical description

yjk ∼ N (xjkhj , Σj)

Σj = σ2(I +
1
σ2

uju
H
j ). (20)

Our approach can be easily extended to a parametric
case E[ψjkψ∗j′k′ ] = G(j − j′, ξ)δ(k − k′) where G(·) is
a known (up to a parameter) matrix function and ξ
are unknown parameters. We will further discuss this
model further in Section 5.

The distribution of the received signal is thus given
by

yjk ∼
1

πnr |Σj |exp
[
− 1

σ2
εjk

HΣ−1
j εjk

]
.

It is obvious that xjk and hj cannot be estimated
simultaneously. In the pilot-aided channel estimation
method we first send a training sequence of known sym-
bols pilots xjk. Using the received pilot symbols the
log-likelihood function becomes

L(y, h, u, σ) = −nknnrlogσ − nk

n∑

j=1

log(1 +
1
σ2

uH
j uj)−

− 1
σ2

n∑

j=1

nk∑

k=1

(
yjk − xjkhj

)H(I +
1
σ2

uju
H
j )

−1(
yjk − xjkhj

)
,

where

y =
[
yT

11, . . . , y
T
n1, . . . , y

T
1k, . . . , yT

nk, . . . , yT
1nk

, . . . , yT
nnk

]T
,

h = [hT
j , . . . , hT

n ]
T
,

u = [uT
j , . . . , uT

n ]
T
.

Next, using the parametric model from Section III
and the Woodbury’s identity the likelihood functions
becomes

L(y,θ, η, σ) = −nknnrlogσ − nk

n∑

j=1

log(1 + ηHUH
j Ujη) +

+
1
σ2

n∑

j=1

1
(1 + ηHUH

j Ujη)

nk∑

k=1

ejk
HUjηηHUH

j ejk −

− 1
σ2

n∑

j=1

nk∑

k=1

ejk
Hejk (21)



where

ejk =
(
yjk − xjkHjθ

)
(22)

For a given ML estimate η̂ the covariance matrix
Σj = σ2D(η̂) becomes unknown up to the parameter
σ2. Therefore, the ML estimates θ̂ and σ̂2 are gener-
alized least squares (GLS) estimates

θ̂ = Q−1
n∑

j=1

HH
j D−1

j (η̂)sxy
j

σ̂2 =
1

nknnr

n∑

j=1

êH
j−D−1

j (η̂)êj−, (23)

where

sxy
j =

nk∑

k=1

x∗jkyjk

ej− =
nk∑

k=1

(
yjk − xjkHj θ̂

)

Q(η̂) =
n∑

j=1

sx
j HH

j D−1
j (η̂)Hj

D−1
j (η̂) = I − 1

1 + η̂HUH
j Ujη̂

UJ η̂η̂HUH
j .

Using θ̂ and σ̂2 we compute the MLE η̂ by maximiz-
ing the concentrated likelihood function L(y, θ̂, η, σ̂)
i.e., we compute η̂ using the following equation

∂L(y, θ̂,η, σ̂)
∂η

= 0.

Then,
n∑

j=1

UH
j Gj(η̂)Ujη̂ = 0 (24)

where

Gj(η̂) =
1

σ̂2wj
2

{
[σ̂2wj − η̂HUH

j EjUjη̂]I + wjEj

}

wj = 1 + η̂HUH
j Ujη̂ (25)

Ej =
1
nk

nk∑

k=1

êjkêH
jk (26)

êjk = yjk − xjkHj θ̂. (27)

Note that the solution to (4) is within the parameter
space since L(y, θ̂,η, σ̂) → −∞ when η →∞.

To solve the above equations we first obtain η̂ using
ordinary least squares estimates of θ and σ. Then, we
can use the following iterative algorithm:

• At step i compute η̂i+1 using σ̂i and θ̂i.

• Using η̂i+1 compute σ̂i+1 and θ̂i+1.

• Stop the algorithm if
‖η̂i − η̂i+1‖2 + (σ̂i − σ̂i+1)

2 ≤ ε otherwise
increase i and repeat the process.

4.1 Symbol Detection

In the previous section we pointed out that the symbols
xjk and channel/interference parameters (θ, η) cannot
be estimated jointly. We have also shown that by send-
ing known pilot symbols we can compute channel pa-
rameters θ̂ and η̂. Then assuming that the channel and
interferer properties do not change in time (or change
sufficiently slowly) we can use these estimates to ob-
tain ML estimates of the unknown symbols. Namely,
we can rewrite likelihood function (21) as

L(x) = − 1
σ2

n∑

j=1

nk∑

k=1

ejk
Hejk + (28)

+
1
σ2

n∑

j=1

1
wj

nk∑

k=1

ejk
HUjηηHUH

j ejk (29)

xi = [xi1, . . . , xink
] (30)

x = [x1, . . . , xn]. (31)

Then, maximizing L(x) respect to x we estimate the
unknown symbols using

x̂∗jk =
yH

jkD−1
n (η̂)Hj θ̂

θ̂
H

HH
j D−1

n (η̂)Hj θ̂
. (32)

4.2 Approximate Maximum Likelihood

Since our interest lies primarily in drawing inference
about θ (and subsequently xjk) we propose an alterna-
tive estimation scheme based on the estimated general-
ized least squares (EGLS) method for θ and method of
moments estimator (MM) for η and σ2, see [3]. These
methods provide simple non-iterative estimates of the
variance-covariance parameters without sacrificing any
efficiency in the estimation of θ.

The EGLS objective function is the same as for the
MLE except that Σj(η) is replaced by Σj(η̂) where
η̂ is any consistent estimator of η. Thus the EGLS
estimate of θ is given by

θ̂(η̂) = Q−1
n∑

j=1

HH
j D−1

j (η̂)sxy
j (33)

which is equivalent to the MLE whenever η̂ is the MLE.
Furthermore, since η̂ → η as nk → ∞ the EGLS es-
timator can be shown to be asymptotically equivalent
to the MLE.

We start by rewriting the received signal as

yjk = xjkHjθ + Ujξjk + ejk (34)



where ξjk is a random vector uncorrelated distributed
as

ξjk ∼ N (
0,ηηH

)

E[ξjkξH
jk] = ηηHδ(j − j′)δ(k − k′). (35)

Next, we note that the unobserved residuals can be
written as

εjk = yjk −Hjθ = Ujξjk + ejk. (36)

If we estimate ξjk via the usual least squares esti-
mator

ψ̂jk =
(
UH

j Uj

)−1
U − jHejk (37)

and σ2 via the usual mean square for error,

sjk = eH
jk

[
I − Uj(UH

j Uj)U−1
j

]
ejk/(nr − 1) (38)

then the MM estimator can be obtained by taking the
expectations of ψjkψ∗jk and averaging them across the
nsnk measurements. Since a pooled MM estimator of
σ2 is

σ̂2 =
1

nsnk(nr − 1)

ns∑

j=1

nk∑

k=1

s2
jk (39)

and since

E[ξjkξH
jk] = ηηH + σ̂2

(
UH

j Uj

)−1
(40)

for a fixed θ, it follows that a simple MM estimator of
ηηH is

̂(ηηH) =
1

nsnk

ns∑

j=1

nk∑

k=1

ξ̂jkξH
jk −

σ̂2

nsnk

ns∑

j=1

(UH
j Uj)

−1
.

(41)
A nice feature of σ̂2 is that it is invariant to the

value of θ used in forming the residual vector ejk. Un-
fortunately, this invariance property does not hold for
η̂ηH . By writing η̂ as η̂(θ) to reflect the dependence of
MM estimator on θ we can estimate η using the set of
generalized estimating equations (GEE). However, this
procedure would require an iterative algorithm such as
iteratively reweighted least squares.

Rather than performing iteratively reweighted least
squares, an alternative approach would be to use an
MM estimator of η which, like σ̂2 is invariant with
respect to θ. In general such an estimator may not
be available. However, for a particular choice of inter-
polation matrices Hj and Uj we can derive a residual
method of moments (RMM) estimate of ηηH , similar
to the estimator proposed in [3]. Namely, for interpo-
lation matrices such that

Hj = UjAj (42)
Aj = I ⊗ aH

j (43)

the RMM estimate (independent of θ) can be shown
to be

̂(ηηH)RMM = S− σ̂2

nsnk

ns∑

j=1

[
1− aH

j (AHA)
−1

aj

](
UH

j Uj

)−1

(44)
where

A = [a1 . . . ans ]
H

, (45)
S = B̃

(
I −A(AHA)AH)

)
B̃, (46)

B̃ =
[
b̃11, . . . , b̃1nk

b̃21, . . . ..., b̃nsnk

]H

, (47)

b̃jk = (UH
j UJ )

−1
UH

j yjk. (48)

The RMM estimate is similar to the residual or re-
stricted maximum likelihood (REML) estimation in
that it corrects for small number of pilots bias.

The above algorithm estimates the covariance Λ =
ηηH without exploiting the structural information i.e.
it estimates n(n−1) unknown parameters. To account
for the additional information an iterative algorithm
with respect to η is required. It is possible, then, that
it will provide little improvement in computing time
over the fully iterated MLE. To avoid iterations, we
propose to employ a suboptimal approach and fit Λ̂ to
ηηH using the generalized least squares (GLS). First,
let λ̂ij be the i-th row and j-th column element of
matrix Λ̂. Then the objective function for the GLS
can be written as

∑

i,j

wij(η)‖λ̂ij − ηiη
∗
j ‖

2
(49)

where
η = [η1, . . . , ηl]

T (50)

and wij(η) covariances of λ̂jk. Observe that Λ̂ has
the non-central Wishart distribution with the non-
centrality factor dependent on η and thus wij(η) is
also dependent on η. The GEE (50) are highly non-
linear and thus may not significantly reduce the com-
putational complexity. Instead, we propose to use the
empirical covariances Λ̂−1 which yields the following
set of l non-linear equations

l∑

j=1

wijη
∗
j

(
λ̂ij − η∗i ηj

)
= 0 for i = 1, . . . , l (51)

which can be solved easily using any standard method
for solving non-linear equations. It is Important to
note that the choice of weighting factors wij will have
a little impact in terms of inference about θ but it may
impact any inference related to σ2 and η.

A common drawback with MM type estimators is
that they may occasionally produce negative-definite



estimates. To ensure having a non-negative definite
estimate of Λ we can apply the correction procedure
described in [3]. However this procedure requires an
iterative algorithm in which case MLE may be better
a choice.

4.3 MANOVA Model Estimator

The proposed approximate MLE exploits covariance
structure Σj(θ) which results in the computationally
expensive implementation but with smaller training
overhead requirements. For comparison purposes, in
this section we derive the MLE algorithm for unstruc-
tured covariance model. Using these results, we will
compare performance of the approximate MLE and
MANOVA estimator for various interference scenarios
in Section 6.

First, we collect the received waveforms into matrix

Yk =




y1k
...

ynsk


 . (52)

Next, we rewrite the received signal model as

yk = Hkθ + Ek (53)

where

Hk =




x1H1

...
xnsHns


 . (54)

In the unstructured covariance model (MANOVA)
the columns of Ek are independent and identically dis-
tributed (i.i.d.) according to a multivariate normal
distribution with zero mean and covariance matrix Σ

Vec(Ek) ∼ N (0,Σ⊗ I) (55)

where Vec is the vector operator defined in the follow-
ing way

E = [e1 · · · en] (56)

Vec(E) =




e1

...
ens


 (57)

The log-likelihood function for the above model is

L(y, θ,Σ) = −1
2
trace{Σ−1

nk∑

i=1

ekeH
k } −

−nsnk

2
|Σ| (58)

ek = yk −Hkθ (59)

The MLE of θ and Σ are, respectively,

θ̂ =
1
nk

(HH
k Hk)

−1
HH

k

nk∑

i=1

yk (60)

Σ̂ =
1

nsnk

nk∑

i=1

yk(I −Hk(HH
k Hk)

−1
HH

k )yH
k .(61)

The above model does not assume structured covari-
ance Σj(θ) = HjηηHHH

j + σ2I and thus should per-
form better when the covariance differs significantly
from this structure. However, since the number of un-
known parameters is much larger in the unstructured
model the approximate MLE may still give better re-
sults then MANOVA MLE for the same number of pi-
lots.

5 Numerical Examples
In this section we demonstrate the performance of the
proposed estimator by numerical examples. In all ex-
amples, unless otherwise stated, we assume nr = 4 ele-
ment antenna array and a 16-QAM signal occupying a
6.0MHz bandwidth i.e. B = 6.0MHz. The size of the
DFT is set to 512 and the number of usable carriers is
ns = 370. The number of pilot bauds is nk = 3 with
pilot symbols on all subcarriers. The number of ba-
sis functions for both interpolation matrices is n = 40
(10 for each antenna). The maximum multipath delay
is τmax = 8.0µs. We define the signal-to-interference
(SIR) as the ratio of signal power to interference power
and set it to 15dB. The number of multipaths is set to
np = 100 with an exponential power delay profile. The
phase shift on each path is uniformly distributed over
[0, 2π).

Figure 1 illustrates the bit-error-rate (BER) perfor-
mance of the proposed approximate MLE as a function
of the number of basis functions n and SIR. It can be
seen that for a particular SIR there exists a threshold
above which increasing the number of basis functions
will not yield significant improvement in the perfor-
mance.

For comparison purposes in Figure 2 we present the
performance of the least squares estimator, the approx-
imate MLE, and the MANOVA MLE as a function of
SIR for a single synchronous interferer scenario. The
MANOVA MLE assumes that the received signal is
correlated in frequency i.e. that the covariances are
given by

E
[
ykyH

k′
]

= Σδ(k − k′) (62)

yk =
[
yH

1ksyH
nsk

]H
. (63)

As expected the approximate MLE outperforms the
other two estimators. Figure 4 illustrates the perfor-
mance of these estimators for the same scenario but



with two synchronous interferers. Figure 4 illustrates
the same results for a single asynchronous interferer.
For illustration purposes, we assume that the inter-
ferer is correlated in frequency with an exponentially
decaying profile.

6 Possible Extensions
6.1 Multiple Users

It has been shown [5],[6] that the antenna arrays can
increase the system capacity by allowing multiple users
to share the same time-frequency resources, a practice
called spatial division multiple access (SDMA). In this
section we discuss possible extensions of our results to
the multiple user scenario.

Assume there are nc SDMA users in the system shar-
ing the channel. The received signal in the frequency
domain is

yjk =
nc∑

l=1

hj,lxjk,l + ujk + ejk. (64)

We propose to model the the lth user channel using

hj,l = Hjθl. (65)

Observe that we model different user channels with the
same interpolation matrix Hj but different parameters
θl. If the interpolation matrices are different the un-
known linear parameters in the resulting model will be
identifiable only when specific conditions are satisfied
[7].

Using the above model equation (64) can be written
as:

yjk = HjΘxjk + ujk + ejk. (66)

where

Θ = [θ1 · · ·θnc ] (67)
xjk = [xjk,1, . . . , xjk,nu ]. (68)

Next, let

Yj = [yj1 · · ·yjnk
] (69)

be the collection of all received pilots, and

Xj = [xj1 · · ·xjnk
] (70)

be the collection of all pilot symbols at jth subcarrier.
The received signal is described in the matrix form as:

Yj = HjΘXj + Uj + Ej (71)

where Uj represents the random interference matrix
and Ej represents the random ambient noise matrix.

We assume that the rows of Ej are i.i.d. according to
a normal distribution, i.e.,

Vec(Ej) ∼ N (0, σ2I). (72)

We continue to assume a synchronous interferer case
i.e.,

Uj = Ujη ⊗ψj (73)

ψj = [ψj1, . . . , ψjnk
]T (74)

which results in the following distribution:

Vec(Uj) ∼ N (0, (UjηηHUH
j )⊗ I). (75)

Computing the MLE of Θ and η in the above model
requires an iterative algorithm. However, we can fur-
ther simplify the model assuming that the pilot sym-
bols sent on different carriers are the same i.e. Xj = Xi

for all i, j. In this case the distribution of the received
signal will be given by

VecY ∼ N (0, [H(ηηH ⊗ I)]⊗ I) (76)

where

H = bdiag[H1, . . . , Hns ] (77)

Y =




Y1

...
Yns


 (78)

The extension of the approximate MLE presented in
Section 4.2 to the above model is straightforward.

6.2 Time-varying Channel

The channel estimators discussed so far assume a con-
stant channel over the block of received pilot symbols.
These estimators work well only when the channel has
not changed significantly in time. In this section we
discuss means for interpolating in time between blocks
of channel estimates at different times in order to find
channel estimates at all times of interest.

We propose to model the channel time variations us-
ing a set of appropriately chosen temporal basis func-
tions {pi(k)} where i = 1, . . . , m. In particular we
model the channel hjk (we introduce subscript k to
denote the time dependence) as

hjk = fH
j Θpk (79)

where Θ is n×m matrix of unknown parameters and

pk = [p1(k), . . . , pm(k)]T . (80)

Next let Pj = [xj1p1, . . . , xjnk
pnk

]. Then, using the
matrix notation from the previous section the received
signal can be written as

Yj = HjΘPj + UjΦQj + Ej (81)
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Figure 1: BER as a function of n and SIR.

where Φ is matrix of time-frequency parameters mod-
eling the interferer channel and Qj is a matrix of inter-
ferer basis functions (analogous to Pj). It is straight-
forward to show that the distribution of the received
signal is:

VecYj ∼ N (Vec(HjΘPj), HjΦQ̃ΦHHH
j ) (82)

where

Q̃ = bdiag[q1q
H
1 , . . . , qnk

qH
nk

]. (83)

Due to a complex structure of the covariance matrix
the RMM estimator of Φ similar to one proposed in
Section 4.2 may not exist. In this case the most rea-
sonable choice will most likely be an iterative MLE.

7 Conclusions
We have proposed pilot-aided channel estimation al-
gorithms for estimating OFDM wireless channel in
the presence of interference. The algorithms included
the MLE and the approximate MLE. We have shown
that the approximate MLE can achieve desired perfor-
mance with a sufficiently small number of pilots unlike
the unstructured MANOVA MLE. We have also com-
pared performance of three algorithms: LS, approx-
imate MLE, and MANOVA MLE. We have demon-
strated that even when the asynchronous or multiple
synchronous interferers are present, the performance
of the approximate MLE is comparable to the perfor-
mance of the MANOVA MLE. An effort will be made
to examine the applicability of our approach to the
proposed extensions: time-varying channel and multi-
ple users scenarios.
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Figure 2: BER performance comparison - single inter-
ferer.
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