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Error Probability of Distributed Arithmetic Coding

Yong Fang™, Nan Yang, and Jun Chen™, Senior Member, IEEE

Abstract— Distributed Arithmetic Coding (DAC) is an interest-
ing realization of Slepian-Wolf coding that performs nonlinear
coset-like partition for equiprobable binary sources. Just as in
other coding problems, it is a very important issue to theoretically
predict the decoding error probability of DAC. This letter
proposes a plausible solution to this difficult issue. Our analyses
are based on the concept of coexisting interval introduced in our
previous work. Specifically, we use it to deduce the probability
that two given codewords coexist in the same coset. Experimental
results confirm the correctness of our theoretical analyses.

Index Terms— Distributed arithmetic coding, Slepian-Wolf
coding, coexisting interval, frame error rate.

I. INTRODUCTION

ISTRIBUTED Arithmetic Coding (DAC) [1] is an inter-

esting realization of Slepian-Wolf coding [2]. Although
there are a lot of researches surrounding DAC, most of them
focus on the applications or extensions of DAC, and there are
very few theoretical analyses.

It is well-known that for equiprobable binary sources, DAC
can be classified into coset codes. For any coset code, there are
three important theoretical problems of increasing difficulty:
(a) decoder design; (b) Hamming distance distribution; and
(¢) decoding error probability. The situations for DAC are
even more challenging, because the non-linearity of DAC
brings another theoretical problem: coset cardinality distribu-
tion. In our previous work on DAC, we addressed the issues
of coset cardinality distribution [3], decoder design [4], and
Hamming distance distribution [5]. Now in this letter, we try
to handle the most difficult problem—theoretical prediction
of decoding error probability. The tool for our analyses is
coexisting interval [6] (originally named as risky interval in
[5]), which was defined in our previous work to derive the
Hamming distance distribution for DAC [5], [6]. On the basis
of coexisting interval, this letter proposes an enumerative algo-
rithm to predict the decoding error probability of DAC, whose
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correctness is confirmed by experiments. However, we should
point out that the proposed algorithm in its current form is
not suitable for the large-code-length regime due to its high
complexity. Nevertheless, it suggests a principled approach to
theoretically predicting the decoding error probability for DAC
and paves the way for further development.

The rest of this letter is arranged as below. Sect. II briefly
reviews the background knowledge of DAC and coexisting
interval. Sect. III shows how to calculate the decoding error
probability of DAC if all but the last symbol of each block are
known at the decoder. Sect. IV first shows how to calculate
the decoding error probability of DAC if all but the last two
symbols of each block are known at the decoder, and then
generalizes the enumerative algorithm to the case that there are
an arbitrary number of erroneous symbols. Sect. V gives some
experimental results to verify the analyses. Finally, Sect. VI
concludes this letter.

II. REVIEW OF COEXISTING INTERVAL

For equiprobable binary sources, the symbol-to-interval
mapping rule of a rate-R distributed arithmetic codec is

r— [z(1—q),q+2z(1—q)), (1

where z € B £ {0,1} and ¢ = 2~ . The rate-R distributed
arithmetic encoder maps every length-n binary block z" £

(71,...,7,) € B" onto a real number over [0,2"f — 1] [5]
(for simplicity, we assume nR € Z in this letter):
s(@") £ (1-q)q "Dy g, @)
i=1

Let [i: j) 2 {i,i+1,...,7 — 1} be a set of integers. The
rate- R DAC bitstream of x™ is

m(z") £ [s(z™)] € [0: 2"F) C Z, 3)

where [-] denotes the ceiling function. The (n, R) distributed
arithmetic code is to a great extent like a channel code that
partitions source space B" into 2" cosets. Let us denote the
m-th DAC coset as C,,, = {z" : [s(2")] = m}. Since the
coset Cy includes only one codeword 0™ [5], we will ignore

the case m = 0 in the following. Let j¢ 2 (ji,...,jq) and
b? £ (by,...,by). We define the following set:
Tna 2 {j4 1< g1 <j2 <--- <ja<n}. “)
For jd € Jn,a and b4 € B9, we define [5]
d
(%07 & (1= q)g "t Y (—1)Pargie
d'=1
= —r(j%, vl @ 1), 5)
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For interval Z = (a, b], we define (a,b]+7 = (a+7,b+7].
Definition of Coexisting Interval: For m € [1 : 21,
I (j%,6%) £ {(m — 1,m] — 7(j%,01)} 0 (m — 1,m]. (6)

Physical Meaning of Coexisting Interval: Consider two
binary blocks " € B™ and " € B". Let 2" = 2" & 2".

Let [n] £ {1,...,n}. Assume zju = (zj,,...,2;,) = 1¢ and
2\ 2 = 0"~ From (2) and (5), it is easy to know
s(@") = s(z") + T(jd,xjd,). (7)

The following properties of Z,, (j%, b?) are obvious:

o Z,,(j%,0%) and Z,,(j4,b% @ 19) are almost symmetric
around (m — 0.5) (except at the ends of intervals).

o« HIr(j% 0N > 1, Tn(j%09) = Ln(59,07 @ 17) =
If0 < 7(54,0%) < 1, Z,, (5%, b%) = (m—1,m—7(j%,b%)];
If -1 < 7(3%4v%) < 0, Z,,(j4, b4 = (m — 1 —
(5%, 6%), m).

o Let |Z| be the length of continuous interval Z. Then
|Im(jda bd)| = |Im (jdv bd D 1d)| = e(jda bd)’ where

£(5%,0%) 2 max(0,1 — |7(j%, %)) € [0,1].  (8)
If s(z™) € Im(jd,xjd,), then
[s(E")] = [s(z") + 7(j%, zja)] = [s(z™)] =m,  (9)

i.e., ™ and "™ coexist in the same coset C,,. Otherwise,
if s(z") € (m —1,m]\ Z,(j z;4), then 2™ € C,, but
"™ ¢ Cyp, i.e., they do not coexist in the same coset.

Definition of Coexisting Interval Set:
(540" 2{Tn (54 0% tm e [1:2"F)} . (10)

According to (5), the definition of 7(;j¢, b%), and (6), the def-
inition of Z,,, (5%, b?), the following theorem holds obviously.

Theorem 1: Let X™ and X™ be two binary blocks. Let
7" = X" P X'", where Z[n]\jd = 079 and Zjd = 14,
Given de, = b4, the necessary and sufficient condition for
[s(X™)] = [s(X™)], ie., X™ and X™ coexist in the same
coset, is s(X™) € Z(j¢,b%). We denote this equivalence as

{[s(xX™)] = [s(X")]} = {s(X™) € (%, X;a)}. (A1)

If [s(X™)] =m, s(X™) will be uniformly distributed over
(m—1,m] as n — oo [5], so we have the following theorem.
Theorem 2: Given Xja = b?, as code length n approaches
infinity, the probability of s(X ™) falling into Z(j%, b%) is equal
to £(j¢,b%). Define the event £ = {s(X™) € Z(j%,b%)}. Then

lim Pr{&|X;e« = b} = lim £(j¢,b%). (12)

ITI. ANALYSIS ON THE LAST SYMBOL

Equipped with the concept of coexisting interval, we can
make use of it to compute the decoding error probability of
DAC. Due to the difficult nature of this problem, we will start
with some simple cases. It was found in [5] that the residual
errors of DAC after decoding usually happen at the end of each
block, so we will begin with the simplest case: All but the last
symbol of each block are known at the decoder. Note that
in [4], the simplest case has been analyzed without utilizing
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coexisting interval. Now in this section, we will show how to
handle the simplest case with the help of coexisting interval.
Let X™ be the source and Y™ be the side information avail-
able only at the decoder. Assume that the correlation between
X" and Y™ is modeled as a binary symmetric channel (BSC)
with crossover probability €. Let Z" = X" @ Y™. Then the
event X; # Y; is equivalent to the event Z; = 1. On receiving
DAC bitstream M = [s(X™)], the ideal distributed arithmetic
decoder will search through the coset Cj/ to find the codeword
c}osest (in Hamming distance) to Y™, which is denoted by
X", and takes it as the estimate of X". The frame-error-rate
(FER) after decoding is Pr{e}, where e denotes the event
{X" # X"y}, If X" ! is known at the decoder, then
Xn=1 = X7=1 The conditional FER given X"~ is
Pr{e|X" '} = Pr{X, # X, |[V,} < Pr{e}.  (13)
Let us define X" £ (X™ @ (01, 1)), which is called
shadow codeword of X". Note that:
o If [s(X™)] # [s(X™)], decoding will always succeed,
regardless of side information Y
o If [s(X™)] = [s(X™)], decoding correctness purely
depends on Y.
By Theorem 1, the equivalent event of [s(X™)] = [s(X™)]
is s(X™) € Z(n, X,):

{Ts(X™)] = [s(X")]} = {s(X") € Z(n, X,)}.  (14)
Now it is obvious that
Pr{X, # X,|Vn} = Pr{[s(X")] = [s(X")]} -
Pr{X, # Y.}, (I3

where Pr{X,, #Y,} = ¢ and

Pr{s(X™)] = [s(X")1}
=Y Pr{X, =b} - Pr{s(X") € Z(n,b)|X, = b}. (16)
beB

By Theorem 2, we can obtain

Tim Pr{[s(X™)] = [s(X")]} = lm_(¢(n,0) + £(n, 1)) /2

=1-(1-q)q " (17)
Finally, we obtain the lower bound [4]
lim Pr{X, # X,|V,} = (2—2%)e. (18)
n—oo

IV. ANALYSIS ON THE LAST TWO SYMBOLS

After understanding the simplest case, now we consider a
slightly more complex case: All but the last two symbols of
each block are known at the decoder. It will be seen that the
analysis in the second simplest case is much more difficult
than that in the simplest case, and the extension from case
one to case two is not straightforward. Let Pr{e|X" 2} be
the conditional FER given X =2 4t the decoder, then

Pr{e|X" 2} = Pr{X}_| # X} 4|V 1}, (19)
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where X" | = (X,_1,X,). Define (22 — 1) = 3 shadow
codewords of X":
X(;Ll = (Xn S (On_Qv 0, 1))
X{IO = (Xn S2] (On727 1, 0))
lnl = (Xn SP) (0n—27 ]-a 1))
Let &1 = {[s(Xp)] = [s(X™)]} and €y = {[s(X7)] #
[s(X™)]}. €10, E10s E11, and &y are similarly defined. Then
Eo1 < {s(X™) € Z(n, X»n)}
10— {s(X™)eZn—1,X,-1)}
511 = {S(Xn) € I((n - 17n)aX:LL—1)}'

(20)

21

A. Enumeration of Event Combinations
2 < . . .
There are 22 ~1 = 23 = 8 event combinations in total.

1) &1 NE1p N E1r: The decoding succeeds always.

2) Eo1NE1pNEn: If Y, # X, the decoding fails, so the
failure probability is e.

3) &o1 NE1p N Erp: As case 2, the failure probability is e.

4) &1 N Ep N &gz If Z', = 12, the decoding
fails; if Z? , = (1,0) or (o, 1), dH(Yn,f(ﬁ) =
dy (Y™, X™) =1, where dg (-, ) denotes the Hamming
distance function, so the failure probability is 0.5. The
overall failure probability is

Pr{Zn 1= }
(1/2) (Pr{Z:LL—l = (17 0)} + Pr{Zn—l = (Oa 1)})
=2+ (1/2)(e(1 =€) + (1 — €)e) = e. (22)

5) €0 NEoNEn: IfY, # X, the decoding will fail;
it Zy_y = (1,0), we have dyg(Y", Xg) = 2 and
dg (Y™, X)) = dg(Y™, X™) = 1, so the failure
probability is 0.5. The overall failure probability is

Pr{Y, # Xn} + (1/2) Pr{Z}_, = (1,0)}
=e+e(l—¢)/2=¢B—¢)/2.

6) Ev1 N Eo N Erq: This case is a mirror image of case
5 by swapping the roles of (X,,—1,Y,,—1) and (X,,,Y},),
so the failure probability is also €(3 — €)/2.

7) E01NE19NEir1: The decoding succeeds only if X | =
Y 1, so the failure probability is

1-Pr{Z' | =0} =1-(1-€¢)?=¢(2—¢).(24)

(23)

8) Eo1MNE19NE11: The decoding succeeds only if X' | =
Y™ ., so the failure probability is also €(2 — ¢).
The failure probabilities in case 7 and case 8 are the same,
so we merge them to obtain

(Eo1 NE10NE1) U (Eo1 NE10 NE11) = Eo1 NE10- (25)

Finally, we will obtain
Pr{e|X"?}
=e€(2—¢) - Pr{€o1 N&0}
+e- (Pr{&1 N0 NEnt +Pr{& NN}
+ Pr{€1 N &9 NE11}) +e(3—€)/2- (Pr{€1 N E1oNErr}
+Pr{€1 NEpNEnY). (26)
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The problem now is how to determine the probabilities of
&1, €10, and &11. To achieve this goal, we should consider
different b2. Let Pr{e|X" 2, X" ; = b*} be the FER given

X"=2 known at the decoder and X ; = b%. Then

1 _
I > Pr{elX" 2 X)L

b2 €B?

Pr{e|X"?} = =0} @)

B. Enumeration of Last Two Symbols

1) Case X', =
7(j%,b%), we have

0?: According to the definition of

T(n 70):(1—(1) >0
T(n=1,0)=(1-q)g*>0 (28)
T((n—l n),0%) = 7(n,0) + 7(n — 1,0) > 0.
If ¢ € (0.5,1), then 7(n,0) € (0,1), 7(n — 1,0) € (0,2),
and 7((n,n —1),0?%) € (0, 3). Thus,
Im(n,0) = ((m —1),(m —7(n,0))] #0
Zm(n—1,0) = ((m — 1), (m — min(1,7(n — 1,0)))]
Im((na n— 1); 02) =
(m — 1), (m —min(1,7((n,n — 1),0%)))].
(29)
It is easy to get
0<7(n,0) <7(n—1,0)<7((n,n—1),0%. (30)
Hence,
Z((n,n —1),0%) € Z(n —1,0) C Z(n,0). (31)

It can be seen that Z(n,0) is always non-empty, but Z(n —
1,0) and Z((n,n—1),0%) may or may not be empty, depending
on the value of ¢g. By solving 7(n — 1,0) = 1, we get
2q = (/5 — 1); by solving 7((n,n — 1),0%) = 1, we get
2q = /2. Hence we divide the interval 2¢ € (1,2) into three
sub-intervals.

e 1<2¢< (V5 1) Itlseasytoget1<r(n—1

7((n,n—1),0%), so Z(n—1,0) = Z((n,n—1),0?)
An example is shown in Fig. 1(a) and Fig. 1(b).

o (VB —1) < 2¢ <2 1Itis easy to get 7(n — 1,0) <
1 <7((n,n—1),0%),s0 Z(n—1,0)# 0 and Z((n,n —
1),0%) = (. An example of this case is illustrated by
Fig. 1(c) and Fig. 1(d).

e V2 < 2¢ < 2 It is easy to get 7(n — 1,0) <
7((n,n — 1),0%) < 1. Hence, Z(n — 1,0) # 0 and
Z((n,n —1),0%) # 0.

According to Theorem 1, given X_; = 0%, we have

o E1N&pNéEn =En N =&\ .

o 01N &0 = Ero-

o E1N&oNén =EnNn&onén =0

o« EnnNEoNE =E1NEpNEn =0

Finally, we get

0) <
=0.

Pr{elX"2, X7, = 02)

=€~ Pl"{&)l \ 510} + 6(2 — 6) : Pr{&o}. (32)
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7(n—1,0)

7(n,0) 1
(a)

7(n,0) 7((n,n —1),02)

l

0 7(n—1,0) 1
©
7((n —1,n),(0,1)) 7(n —1,0)

On—— ) — ) E——)
0 7(n.0) 1

(e
7((n —1,n),(0,1)) 7(n — 1,0)

O O — ) — ) E— )
0 7(n,0) 1

(2

Fig. 1.

2¢ =5 — 1. (g) and (h): b2 = (0, 1) and 2¢q = /2.

According to Theorem 1, we have

{01\ €10} < {s(X™) € {Z(n,0) \ Z(n
10— {s(X") € I(n—1,0)}.

LOY g,

According to Theorem 2, we have

hm Pr{&} = hm l(n—1,0)

=1- hm min(1, 7(n — 1,0))
. e (34)
lim Pr{&p \ 10} = lim (¢(n,0) — ¢(n —1,0))

= lim (min(1,7(n —1,0)) — 7(n,0)).

2) Case X'_; = (0,1): Similarly, we can obtain

T(n7 1) - —T(TL,O) - _(1 - q)q71 <0 (35)
T((n -1, TL), (Oa 1)) = T(TL -1, 0) - T(TL, 0) >0,

where 7(n — 1,0) and 7(n,0) are given by (28). For ¢ €
(0.5,1), 0 <7((n —1,n),(0,1)) < 7(n,0) < 1, so
1+

Zin(n,1) = ((m — 1+ 7(n,0)),m] # 0
Im((n—1,n),(0,1)) = (36)
(m—1),(m—7((n—1,n),(0,1)))] # 0.

Since 7((n—1,n),(0,1)) < 7(n,0) < 7(n—1,0), we have

I(n—1,0) C Z((n — 1,n), (0,1)). (37)

Therefore, some event combinations can be simplified as

o o1 N&w0N& =& NEnr.

o Eo1NE10NEL = &N Ero.

e Eo1NENE = 0.
Depending on the value of ¢, event combinations can be further
simplified as below

7((n,n — 1),0%)

Examples of 7(j%,b%) and Zp,, (¢, b%). (a) and (b): b*> = 02 and 2¢ = v/5 — 1. (¢) and (d): b2 = 0% and 2¢ = /2. (e) and (f): b = (0,
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Zm(n,0)
.é.—.
m—1 m — 7(n,0) m
(b)
Zm(n —1,0)
—— )
"o, .0 "
(d)
Zm((n_ 17”)7(()’1))
A
m—1 Im(n:,l) "
®
m(n—1,0) Tn(n, 1)
m=1 7 (@W=1,n),(0,1)) "
(h)
1) and
el < 2¢ < (V5 — 1): Clearly, 1 < 7(n — 1,0),
so Z(n — 1,0) = Z(n,1) N Z((n — 1,n),(0,1)) = 0.

Equivalently, £19 = &1 N &1 = 0. If 2¢ = V5 — 1,
the interval (0, 2" — 1] is fully covered by Z(n, 1) and
Z((n — 1,n),(0,1)), so Eu NE11 = 0. An example is
shown in Fig. 1(e) and Fig. 1(f).

e (V5 —1)<2¢q<2:Clearly, 7(n — 1,0) < 1, so Z(n —
1,0) # 0. In addition, Z(n, 1) NZ((n — 1,n),(0,1)) # 0
and &1 N &1 = (. Further, it is easy to obtain

- (V5-1) < 2¢ < V2 I(n,1)NZ(n — 1,0) =
(). Equivalently, &1 N E1p = 0. When 2¢ = /2,
the interval (0,2"F — 1] is fully covered by Z(n, 1)
and Z(n — 1,0), so &y N E9 = 0. An example of
this case is shown in Fig. 1(g) and Fig. 1(h).

- V2<2¢<2 Z(n,1)NZ(n—1,0) # 0 and hence
En NEo = 0.

Then Pr{e/X" 2, X" ; = (0,1)} can be calculated by the
same procedure as described for the case X7 ; = 02. For
conciseness, we omit the details.

3) Case X n , = (1,b): Due to the symmetry of 7(j¢,b% @
19) = —7(j%,b9), the analysis of case X" ; = (1,b) is
exactly the same as that of X', = (0,b), so only 2271 =2
cases b? = 0% and b = (0, 1) need to be considered.

Analysis on the General Case: After understanding the
above analyses, we can extend the method to the general case.
Given X" known at the decoder, there are 2! — 1 shadow
codewords and we can enumerate 22 ~! event combinations.
For each event combination, we enumerate 2t~1 symbol com-
binations. Finally, we make use of Theorem 1 and Theorem 2
to calculate the FER. Obviously, the order of complexity is
022 ~1.20=1) = O(22'+1-2)_ As t increases, the complexity
will go up sharply. It is left to our future work to reduce the
computational complexity.
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R=105 R=10.25
T T T T T T — : —

—o— Pr{e|X""'}, Empirical, n = 64 - — o %

—+— Pr{e|X"?}, Empirical, n = 64 — & o— - . _

——— Pr{e|X"'}, Empirical, n = 128 — - —6— I’r{e\X""}}, Emp?r?cal, n =64

—4— Pr{e|X"?}, Empirical, n = 128 —+— Pr{e|X"?}, Emp?r?cal, n =64

— % Pr{e|X"'}, Theoretical < Pr{e|X""}, Empirical, n = 128

— & Pr{e|X"2}, Theoretical A Pr{e|X"?}, Empirical, n = 128
2 Pr{e}, Empirical, n = 32 2 —%— Pr{e|X""'}, Theoretical
] —&— Pr{e}, Empirical, n = 64 a2 —&— Pr{e|X"?}, Theoretical
n10TE 1 A Pr{e}, Empirical, n = 32
g // g 10 —~4— Pr{e}, Empirical, n = 64
= =
¢ ) ?
! =
8 & P -
= =

[
1 023 L L L L L L L L L L
0.02 0.03 004 0.05 006 0.07 008 0.09 0.1 0.02 0.025 0.03 0.035 0.04

€

Fig. 2. Theoretical and empirical results of decoding error probability of DAC, where e denotes the event {X’ n£ XY™}

V. EXPERIMENTAL RESULTS

We consider two rates 2 = 0.5 and R = 0.25. When R =
0.5, according to (18), we have Pr{e|X" !} = (2 — v/2)e ~
0.5858¢. Then we consider Pr{e|X"~2}. For X”_, = 07,

7(n,0) = V2 — 1 ~ 0.4142

7(n —1,0) = 2 — /2 ~ 0.5858 (38)
T((n - 1,71),02) =1
and
Zn(n,0) =~ (m —1,m — 0.4142)
Tn(n—1,0) = (m — 1,m — 0.5858] (39)
Im((n -1, TL), 02) =0.
Thus we can get
Pr{e| X" 2, X" | = 0%} ~ 0.1716¢ + 0.4142¢(2 — ¢). (40)
For X', = (0,1), we have
7(n,1) =1 -2~ —0.4142
(41)
7((n —1,n),(0,1)) = 3 — 2/2 ~ 0.1716
and
Zn(n, 1) = (m — 0.5858, m] 42)

Zm((n—1,n),(0,1)) = (m —1,m — 0.1716].
Hence, Z,,,(n,1)NZ,,(n—1,0) = 0 and Z,,,(n, 1) UZ,,(n—
1,0) = (m — 1,m]. We define
R(a,b) £ {(m—a,m—1b]:me [L:2"F)}.
Then the event combinations can be further simplified as:
o E01N&n < {s(X") € R(0.1716,0)};
° (?01 N&E9NEL {S(Xn) S R(05858, 0.1716)};
o ngl N&wo = §10 H,{S(Xf) € R(1,0.5858)};
e E1N&E0NEL =EnNENE=EyNE =0
Therefore,
Pr{e| X" 2, X" | = (0,1)} = 0.1716¢ + 0.4142¢(3 — ¢).
(44)

(43)

Finally, when R = 0.5, we have
Pr{e|X" 2}
% (0.1716€ + 0.4142¢(2 — €) + 0.1716€+0.4142¢(3 — ¢€))
1.2071e — 0.4142¢2. (45)

Q

Similarly, following the above analysis, when R = 0.25,
we have Pr{e|X" 1} = (2 — 29%%)e ~ 0.8108¢ and

1
Pr{e|X" %} ~ 5 (1.5858¢ — 0.775€> + 1.775¢ — 0.775¢7)

1.6804¢ — 0.775¢2. (46)

To verify the correctness of the above analyses, we compare
theoretical results with empirical ones in Fig. 2. Experimental
settings are shown in figure titles. It can be seen that the
theoretical results closely match the empirical ones, providing
supporting evidences for the correctness of our analyses [7].
It can be found from Fig. 2 that Pr{e} and Pr{e|X" '}
almost stay the same for different code lengths, i.e., Pr{e}
and Pr{e| X" '} do not depend on code length. In addition,
by comparing Fig. 2(a) and Fig. 2(b), it can be found that
at the same ¢, the FER will be higher if the rate R is
reduced.

VI. CONCLUSION
Error probability analysis of coset codes is a challenging
problem. This letter makes an attempt on this problem for
DAC. We propose an enumerative method based on coexist-
ing intervals, which is validated by the experimental results.
However, a brute-force implementation of this method is
not feasible for large code length due to the quick growth
in complexity. Finding a more efficient implementation is a

worthwhile endeavor for future research.
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