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Rate Region of Gaussian Multiple Description Coding
With Individual and Central Distortion Constraints

Jun Chen, Member, IEEE

Abstract—The rate region of Gaussian multiple description
coding with individual and central distortion constraints is com-
pletely characterized. Specifically, a lower bound and an upper
bound are derived for each supporting hyperplane of the rate
region, where the lower bound is associated with a max-min
game while the upper bound is associated with a min-max game;
furthermore, it is shown that these two bounds coincide due to the
existence of a saddle point.

Index Terms—Contra-polymatroid, entropy power inequality,
min-max, multiple description coding, saddle point.

I. INTRODUCTION

ULTIPLE description coding is a quantization tech-
M nique developed for multimedia transmission through
unreliable links. In the standard setting of the multiple descrip-
tion problem, several coded representations are formed for the
target source such that any subset of these representations can
be used to reconstruct the source with certain fidelity. Each
representation is referred to as a description, and the goal
is to find the optimal tradeoff between the code rates of the
descriptions and the reconstruction distortions.

The first general result on the multiple description problem is
the 2-description achievable rate region by El Gamal and Cover
(EGC) [1], which is based on the idea of correlated quantization.
This result has been extended to the general L-description case
in [2]. It is observed in [3] and [4] that the EGC achievable
rate region can be enlarged by coupling correlated quantization
with the binning technique. Further improvements can be found
in [5].

Although the general multiple description problem is still
widely open, several conclusive results have been obtained for
the quadratic Gaussian case. Notably, when only individual
and central distortion constraints! are imposed, the minimum
achievable sum-rate has been derived by Ozarow for the 2-de-
scription case [6] and by Wang and Viswanath for the general
L-description case [7] (see also [2] for the symmetric case).
Moreover, the minimum achievable sum-rate together with two
trivial bounds on the individual rates yields an exact characteri-
zation of the rate region for the 2-description case [6]. However,
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IThat is to say, the distortion constraints are only imposed on the individual
descriptions and on the complete set of descriptions.

the rate region of Gaussian multiple description coding with
individual and central distortion constraints for the general
L-description case is still unknown. The key contribution of the
present work is a complete solution to this open problem.
Throughout this paper, the logarithm function is to base e.
We use I, to denote an n X n identity matrix and use A™ to
denote n-dimensional random vector (A(1), ..., A(n)) for any
positive integer n. The operators E(-) and tr(-) denote ex-
pectation and trace, respectively. For random vectors A™ and
B™, the conditional expectation of A™ given B™ is denoted by
E(A™ | B™) and the covariance matrix of A™ — E(A™ | B™) is
denoted by cov(A™| B™); with a slight abuse of notation, we
interpret cov(A™ | B™) as tr(cov(A™ | B™)) when n = 1. We
use the convention that % = 00, log0 = —o0, and 0log 0 = 0.

II. PROBLEM SETTING AND MAIN RESULTS

Let {X(m)}>°_; be a stationary and memoryless Gaussian
process with mean zero and variance o%. Given individual
distortion constraints d;y, ¢ = 1,..., L, and central distor-
tion constraint dy; . 1y, we say a rate vector (Ry,...,Rp)
is achievable if there exist, for all sufficiently large n, en-
coding functions £ : R™ — €™ with Llog c™| < R,
i = 1,...,L, such that

e (cov (X7 £(0M)) S dgys =1L

%tr (cov (X" | fl(")(X")7 ey fé")(X"))) <d,..1}-

The rate region R(dy1y, .- ., dqr},dqgi,.. 1y) is the convex clo-
sure of the set of all achievable rate vectors with respect to indi-
vidual distortion constraints dy;y,% = 1, ..., L, and central dis-
tortion constraint d(; . ry. Without loss of generality, we shall
assume 0 < dy1y,...,dgry,dq,.

Since R(dq1},- .., d{ry,dq1,.. 1y) is a closed convex set, it
suffices to characterize its supporting hyperplanes, which boils
down to solving the following optimization problem:

L} S Ug(.

L
a; R; (D

min
(Ra,, RL)ER(dg1ysesdqry din,.. ny)

where a;, ¢ = 1,.. ., L, are arbitrary nonnegative numbers. It is
clear that through suitable relabeling, we may assume, with no
loss of generality, that a3 > --- > «ap. Moreover, if ay, = 0,
then we can allocate enough rate to description L to meet the in-
dividual distortion constraint d ) and the cental distortion con-
straint dy; 1y without affecting the weighted sum-rate while
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the other descriptions only need to meet their corresponding in-
dividual distortion constraints; as a consequence, it follows from
the classic rate-distortion theory that

L
min o; R;
(Ri,- s RL)ER(df1y,dyrydya,..., L})i:1
L=1 2
=Y Slog ( 7x )
il dgiy
L 2
«; 0%
£ m()
; 2 dyiy
Therefore, we shall assume a7 > -+ > «f > 0 in the rest of
this paper.
Note that when a1 = - - - = ., the optimization problem (1)

yields the minimum sum-rate (up to a scalar) of the rate region

L
R;

min
(Ri,- s RL)ER(d{1y,-dirydgr, .. Ly) i

L—
1 (0% (0k +03)
= sup = log
a2>0

1

However, the technique used to derive (2) is not sufficient for
characterizing other supporting hyperplanes. The main reason
is as follows. To minimize the achievable sum-rate of the EGC
scheme, the covariance matrix of the quantization errors asso-
ciated with different descriptions has the property that all the
off-diagonal entries are identical and nonpositive. As shown by
the ingenious converse argument devised by Ozarow [6] (see
also [7]), this property can be effectively exploited to create
a conditional independence structure by introducing a hidden
auxiliary random vector. Remarkably, the resulting lower bound
coincides with the minimum EGC achievable sum-rate. Unfor-
tunately, when optimizing the EGC achievable scheme for other
hyperplanes, the corresponding covariance matrix of the quan-
tization errors in general does not have this simple structure.
As a consequence, a direct application of Ozarow’s argument
does not lead to a matching lower bound, and more sophisti-
cated techniques are needed.
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To the end of solving the optimization problem (1), we shall
introduce several auxiliary distortion constraints in addition
to the individual and central distortion constraints. We say the
weighted sum-rate R is achievable with respect to individual

distortion constraints d;y, ¢ = 1,..., L, auxiliary distortion
constraints d’, i ¢ = 2,...,L — 1, and central distortion
constraint d{l,___, Ly if there exist, for all sufficiently large n,

encoding functions fi(") R — CZ.("),i = 1,...,L, with

1 Zle a; log |C,L»(n)| < R such that

%tr (cov (X” | fi(")(X")))

<dgy, i=1,....L
%tr (cov (XX LA (XM, 1 (xXEM))
<dy, s, 1=2,...,L-1,
St (cov (X7 A, A0 (0)
<dg,.1)

Let H(d{l}, ey d{L},d/{l,Q}, . 7dl{1,...,L—1}7 d{l,...,L}) be the
infimum of all achievable weighted sum-rate R with respect to
individual distortion constraints d;y, @ = 1,..., L, auxiliary
distortion constraints d; _,% = 2,...,L — 1, and central
distortion constraint d{l,___, ry- Without loss of generality, we
shall assume 0 < d/{1,2}7 RN dl{l,...,L—l} < o3 Note that the
auxiliary distortion constraints are void if L = 2.

We define t(-) shown at the bottom of the page. The impor-
tance of this function is evident from the following theorems.

Theorem 1: We have

K (d{l}, ey d{L}7 dl{1,2}7 cey dl{l,...,L—l}'/ d{l,...,L})
> max min

a]?e[o,a‘;(],jzl,...,L—l dg1,..:y€[0,d] ’

1/} (d{l}, ey d{L}7 d{1,2}7 ey d{l,...,L}7 01y 70—%—1) .

(3)

Therefore, I{(d{l}, ey d{L},dl{l,Q}, ey dl{l,...,L—1}7 d{l,...,L})
can be lower-bounded using a max-min game. Interestingly,
the corresponding min-max game yields an upper bound on

r(dgy, - dry, dl{1,2}7 SRR dl{l,...,L—1}7 dyi,...Ly)-

Theorem 2: We have (4) shown at the bottom of the page.

l/}(d{l}7 RN d{L}7d{l,2}7 LR d{l,...,L}7 01y 70%71)
L—1
o ok (0% dq, ity — dp,.ir1yof + 0%07)
=\ 2 (oXdq,..iy — dp,..iyof + 0%07) (0% dgipry — dig1yo7 +0%07)
2 2

o — g1 ox ar Ix

+ o ( )) L0, 7) .
2 & dii,.iy 2 8 di1,...0)

< min max

7}],1',=2,...,L—1 a?G[O,ai,],j:l....,L—l

P (dgys - odgry, dpoy, .o din, 13,010 05_1) - “4)
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It turns out that max-min (cf. (3)) and min-max (cf.
(4)) coincide, yielding a complete characterization of

’i(d{l}v s 7d{L}7 dl{l,z}v cey d{{l,...,L—1}7 d{l,...,L})~

Theorem 3: We have the first set of equations shown at the
bottom of the following page.

One can immediately obtain the following result by setting
d'l{l,...,’i} = qg(, 1 =2,...,L — 1, to make the auxiliary distor-
tion constraints redundant.

Theorem 4: We have the second set of equations shown at the
bottom of the page.

As aside note, the rate region R(dy1y,. .., dyry,dq1,.. y) is
achievable using the lattice quantization scheme (possibly with
timesharing) developed in [8] and [9].

It will be seen that besides Ozarow’s method of creating
conditional independence structure, several new ingredients are
needed to prove these theorems, which include

 an application of Costa’s entropy power inequality [10],

* multiple auxiliary random vectors,

* saddle point analysis of a max-min/min-max game,

* a delicate construction of the covariance matrix of the

quantization errors for the EGC achievable scheme.

The remainder of this paper is divided into four sections. The
proofs of Theorem 1, Theorem 2, and Theorem 3 are given in
Sections III, IV, and V, respectively. We conclude the paper in
Section VI.
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pn
< e
— % log (d + U%) + w log(d) (5)

where h( -) is the differential entropy function.

Remark: 1t is worth noting that the maximum in (5) is not
necessarily attained at d = d’.
Proof: See Appendix A. O

Now we proceed to derive a lower bound on

R" — C,L-(n), 1 =1,...,L, be L arbitrary encoding functions
satisfying

%tr (cov (X"‘ | fi(")(X"‘)>)
Sd{i}; 1=1,...,L,
%terv(x%|f$”gxnyu.hﬁnkx%)))

Sdp, iy =201,
Lt (cov (X7 400, £0(x7))
<dp,..1y

Define C; = fi(n)(X"), i=1,..., L. Note that

L L
Z a; log ’Ci(n) > Z a; H(C;)
i=1 i=1

III. LOWER BOUND: PROOF OF THEOREM 1 L i
The following lemma is of crucial importance for establishing - Z(ai - Qit1) Z H(C) (6)
the desired lower bound. . =1 7=l
) ] ) where az 1 = 0. It is easy to verify that
Lemma 1: Let NT' and N3 be two n-dimensional Gaussian i
random vectors with positive definite covariance matrices Z H(C))
O'%In and O'%In, respectively. Let po > pu; > 0 be two j=1
real numbers. For any n-dimensional random vector S™ and i—1
random variable 7', both independent of N* and N3, such that =H(Cy,...,C) + Z I(Cy ,C5;Cl11)
tr(cov(S™|T)) < nd’, we have i=1
i—1
:I(X",Cl, 7C>—|— I(Cl ..... CJ,CJ+1)7
pih (S™ + N7 |T) — p2h (S™ + N3 | T) ;
+ (p2 — p1)h(S™|T) i=2,....,L. (1)
Iﬁ(d{l},...,d{L},d{{LQ},...,d{{l, ,L—1} d{1 _____ L})
= max min U (dgry, ..., dypy,d yeensd 0L, ... 00
s A I L PRP ¥ (dqy (L} {12} -5 01, L} 01 L1)
= max b (dgir,---,dspy,d ooy d o2 o2
to oepa " s L*ln?&[O,ai],j:l,...,L—lT/ (di1y (L} @{1,2}>--»@{1,..,L}, 01, i-1)
L
min a; R;
(R],...,Rl,)GR((l{l},...,(l{L},d{l _____ L}) ;
= max min h(dgry,...,diry,d ) o202
o}€[0,0%],5=1,...,.L—1 d{l____,i}e[o,ai],i=2,...,L—11/ ( ar £y 512 (L 21 L 1)
= min ma ¥ (dery, ..., dypy,d yeouyd 02, ... 00
dy1,..,i1€[0,0%],i=2,..., Lflofe[o,a?\,],ji(l....,Lfl v ( = (L1 21,2} (Lol 01 JL*l)

Authorized licensed use limited to: McMaster University. Downloaded on September 2, 2009 at 13:06 from IEEE Xplore. Restrictions apply.



3994 IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 9, SEPTEMBER 2009

Substituting (7) into (6), we obtain tr (cov (X" + Z7| CY))
I = tr(co (X” |C1)) + noy, <n(dgy +0%,),
> ailog|c(™ tr (cov (X + Z7'| Ciyn))
= = tr(cov(X" | Cisn)) + nod,
2 .
> Z(ai — i) (X" 0, ..., C)) sn (d{i+1} +oz), i=1,...,L-L
=t L i1 By the rate-distortion theorem
+ o — I(Cy, Cc;;C 2
;( +1)Z; (e j+1) 0 s Plog (25 (10,
= = 2 7 \dqy
L 2 2
n +
=Y (i — i) [(X™Ch, .., Cy) T(X" 4+ 22501) > Zlog ( X202 ) (11)
i=1 2 d1y + 07,
L n ox toz
4 T(X" 427 Cip1) > log | X172 )
+;azl(cl,...,oz_1,cl). (8) (X" + +1) 2 5 (d{m} +UZ>
= i=1,...,L—1. (12)
Let Z7,...,Z}_, be zero-mean n-dimensional Gaussian
random vectors with covariance matrices 0% I,...,0%, I, Moreover, we have
respectively. We have qieal (X" 4 205 Ch, ... Cy)
I(Ch... CL' 1;0') —OlI(Xn‘l‘an,Cl,...,Cl)
=1 (Xn + Zn 1,01,. . ~7Ci—1) +1 (Xn + Zl-n_l;Ci) + (ai - ai+1) (X 7017 - '7Gi>
+1 (017 .. -7Oi717Ci |Xn + Zin_l) = ai+1h(Xn + Z;n) - aih (Xn + Zztn—l)
—I(X"+ 2 ;0. ., C) + (o — aip1)h(X™)
> I(Xn-l-Zn 1,01,...,01'_1) _ai+1h(Xn+Zn|Cla~~-;Ci)
F (X" 4+ 77 15C) +aih (X" + 727 1| Ch,...,C)
—I(X"+ 250, C) = (@i = aip (X" [ Cr, .., Gi)

= oz,i;;n log (ag( + U%i)

(Ug( + U%iil)

7(0” — ig1)n log (og()

which, together with (8), yields

L
Z a; log ‘C,L-(")

+ 2
L — i th (X" + 77| Cy, ..., C))
Z i~ i) (X7 G, G +azh (X" + 2P, | Chy..., )

L _(ai_ai+1)h’(Xn|Cl7"'7Ci)7
+> i (I(X"+ 27 45Ch,...,Cia) i=2,.... L—1. (13)
+ 1 (X" + 7" -C-) Since tr(cov(X™|C4,...,C;)) < ndf{l i} it follows from
_I(Xn+Zn e ~~7Cz)) Lemma 1 that

= (a1 — ap)[(X™;C1) + axl (X" + Z7'; C1) aiprh (X" + 2| Cy, ..., C)
L-1
—a;h (X" + 2 |Ch,...,C;
+Zai+1I(X"+Z?;Ci+1) aih (X" + IJ 1 )

i=1 + (o — i) W(X" | Ch, .., C)

< max i+l log (df1... v+ 0
+ Z (i1 I (X" + Z]5C,...,C) dy, €0y, 5] 2 ( {1,...,i} z )

. _dinty, (d + )
_Olzl(Xn‘i‘Z:l_l,Cl,,Cl) 2 g {1 ..... z} (o4 1
-I—(Ozi —ai+1)I(X";Cl7...7Ci)) + %bg(d{l }> (14)
—arl (X" +Z}_1;Ch,...,CL)
+arl(X™;C Cr) 9) Plugging (14) into (13), we obtain

Note that a1 I (X" + Z1Ch,...,Cy)
—oziI(X"-i-Z” 1;Cq,. C’)
tI‘(COV(Xn | Cl)) < nd{l}, + (ai — L+1)I(X ,Cl, e, Cl)
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S . an di1,..iy + U%Fl Since a%j ,7=1,...,L—1,can be arbitrary positive numbers,
min —_— 5 5 :
A€, ] 2 03( +U%¢71 it follows that
2 2 L
Q1M ox t 0z, 1
GG [ OXT 07 LS i log le™
9 g <d{1,...,i} n 0%) - z;az log |C;
i=
(Oli — Oli-i-l)n U?Y > sup min
e ) 72 >0 5=1 m1 iy €0 =2 L)

1=2,....,L—1. (15) 2 2
¢ (d{l}a"'7d{L}7d{1,2}7"'7d{1 ..... L}aO—Zl:"'aO—ZL,l) .

Similarly, since tr(cov(X™ | C1,...,CL)) < ndg
lows from Lemma 1 that

1}, it fol-

Define a new function 1( - ) via the following equation:

¢ (dgay, oo dqny, diaoys o dga 1}, 05, 00 _1)
—Oth(Xn+ZZ_1|Cl,...,CL)+OéLh(Xn|Cl,...,CL) . 9 2
=¢ (d{1}7"'7d{L}7d{1,2}7"'7d{1,...,L}7UZ17'"7UZL_1)

arn d+ J%L71
Sd[ol(?ax ]2 log d X%
1€|0,dyy,.., X%, . .
ot , where o7 = JQ\T‘/;,] = 1,...,L — 1. In view of the fact
d X Z;
__arn log {12} ¥ 92, . that there exists a onje-to-one map between 0%7 € (0,00) and
2 di1,..0) o2 € (0,0%), we have
Therefore, we have 1 L
- ; a; log Ci(n)‘
—apl (X" +Z}_4;Cy,...,CL) > sup min
+ar (X" Cy,...,CL) 02€(0,0% )i =1y, L=1 A1y €10y | 5 10=2, ol
= —Oth (Xn‘l'Zz_l) 1/}(d{1}7"'7d{L}7d{1,2}7"'7d{1 ..... L}aa—%:"':U%—l) .

h(X™ h( X"+ 277 _|Cy,....C
+anh( n) tor ( + 211G L) Note that the right-hand side of the above inequality is not af-
—arh(X"|Ch,..., CL) fected if we extend the domain of ¢ from (0,0%) to [0, 0%].

2 Th fi lete.
> arLn log< i O’X2 ) e proof is complete

2

We shall show that for any (d{1},...,d(1,.. ,1—1)) with

) IV. UPPER BOUND: PROOF OF THEOREM 2
dg, iy €0.dy  plii=2,..., L1,

< max
o7
o2€l0,0%],=1,...,L—1

) . (16) K (d{l}a"'7d{L}7dl{1,2}7"'7dl{l,___,L_1}7d{1,...,L})
Substituting (10), (11), (12), (15), and (16) into (9), we get

1 L
— Z a;log ‘C,L-(n)
[t

z i divy, - dizy,diy oy, .
= [ 1-:27___,]:_14)( {1}s- -+ Q{L}, {12}, -+

1/} (d{l}, .- '7d{L}7d{1,2}7 e '7d{1 ..... L}?o—%a' e 70%—1)
amn

from which Theorem 2 follows immediately. We assume
dg1,..;y > Oforalli = 2,..., L — 1 since otherwise the
right-hand side of the inequality is equal to infinity and (17) is
9 trivially true.

) ’ Note that the maximization problem

where d ..,d d
a’]ze[o,(rgﬁ?;,...,quﬁ (dgays gy dnoy
¢(d{1}7"'7d{L}7d{1,2}7 d{l ..... L}7U%17 '70%11,1) d{l ..... L}7017"'7UL—1)
L o — Qg ( Ug( ) can be decomposed into (18) shown at the top of the following
-
—~ 2 di1,..iy page.
L Gir (0% +0%.) (dqa,...iv1y +0%) Lemma 2: Define 1
2 (d,y +0%,) (dgiy +0%) o < LR S _)
Lo ( 0% ) et 2 gy dgey 0% )
—log{ ——— ).
2 8 di1,...1} iy, ey = A1,y Ay — ok
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0% (0%d —d 0?2+ 0%02
max_ log [ — X(X{I’Q’J“}z et T X ) ——— |, j=1,.... -1 (8
oreloxl T\ (0% dq..5) — dqu..iy0f + 0% 07) (de{]+1} — d(j41y05 + 0% 07)
1) If max{dg, . j3, d{]+1}} < 0%, then d<{>1 1y ti{1,...,L}»U%7-~-»U%—1) (22)
d; (1jt1} and the maximizers to (18) are given by
""" J < max l/} (d{1}7...7d{L},
0, d{ 1,41} 2 d{1 _____ i1} 02€[0,0%],5=1,...,L—1
‘732' =< 0%, di 1y < d¥y j+1y di1,2},-- ~7d{1,...,L}7U%7 e 0r_q).
07, otherwise
j=1,...,L—1 (19) Proof: See Appendix C. O

where &]2_’ given at the bottom of the page, is the unique In view of Lemma 3, to prove (17), it suffices to show that

solution to the following equation: ( . .
KR L}>

o%d i -t .

<ﬁ + fﬁ-) < (d{l} ..... iy Aoy, dpy 62 .,&%_1)

_ < Ug(d{l,...,j} + A2_> ' where & o ,7=1,...,L — 1, are the maximizers to (22).
X — 4,0 ! Now we shall associate d)(d{l} ..... d{L}
ok diity 9 -1 J{lyz}, e, J{l,---,L}: G%,...,6%_,) with a natural ex-
(m + JJ) ten§ion of the EGC gchievable .rate regipn. For any random
variables Uy, . . ., Ur, jointly distributed with the generic source

for 67 € (0,0%). The maximizers 03, j = 1,...,L — variable X, define

1, given in (19) are monotonically i 1ncreas1r1g contlnuous
functions of d; ;) and monotonically decreasing con- R(Ui,...,Ur) = { (By,...,RL): Z R; >

.....

tinuous functions of d{l,___, j+1}5 furthermore, the mono- i€A
tonicity is strict when o € (0, 0%). - AlX)GCAC .
2) If maX{d{l apdyin} = ok then dfy = ,2;4 (Vi) =hUj,j € A|X),0CAC{L,....L}».
dy, = min{dy1,..;},d+1}} and the maximizers '€
to (18) are given by (20) shown at the bottom of the page. ~ Note that R(Uy, ..., Ur) can be viewed as a generalization of
Proof: See Appendix B. [0 the well-known EGC rate region for the 2-description case.
L 3. Th S I and d . Itis observedin [7],[9] that R(Uy, . .., UL ) has an interesting
emma ere existdgiy, ¢ = L. boand dg, iy, 0 = contra-polymatroid structure; as a consequence, its vertices and
2,..., L, with . . . .
supporting hyperplanes can be easily characterized [11]. Specif-
0< J{i} <dgy, i=1,...,L, ically, (Ry(7),...,Rr(r)) is a vertex of R(Uy,...,Ur) for
ST / every permutation 7 on {1,..., L}, where
0< d{l,...,t} < d{l,...,L} v = 27 /L"/
CZ{l -1} F d{ }— JX < ci{l,___,i} R"f(l)(w) =1 (X Uﬂ(l)) )
1 1 1 -1 Rﬂ-(i)(ﬂ'):I(X.,Uﬂ-(l),...,Uﬂ.(ifl);Uﬂ_(i)), ZZQ,...,L.
Slz——+5———= | , i=2....L M f t' bers A1, ..., A
( Aoy dgy UX) oreover, for any nonnegative numbers 1, JAL
2bh MR =Y AR
(Rh ,RLnel%l(Ul, LU Z Z 77() 7\'(7,
such that
5 here 7 is any permutation on {1,..., L} such that A >
max dipy, ... dipyadipon, ..., w yP e (1) =
o2€[0,0%],i=1,...,L 1/ ( 1} {Lp> 1.2} - 2> /\ﬂ.(L).

o <0?yd{1 ..... i} oxdp,iy >< oXdgivy Ug(dn ..... j+1} )_ o%dgi,. iy
’ ok —dp.gy 0%k —dpgiy/ Nk —diny ok —dp /) ok —dp, g

0, di1,..j+1) > m%n{d{l,...,j}7d{j+1}} .
o =1 0%, dir,. j+1y <min{dg 5y, dgent j=1,...,L—1. (20)
any number in [0, 0%], otherwise
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Since it is assumed that a; > --- > ap, > 0, we have

L
min E oa; R;
(Rl,...,RL)ER(Ul,...,UL) =1

L
= I(X;Up) + Z o I(X, U, ...,
1=2
= (a1 — a2)I(X;Uy)
L
+ ) (@i —aip) | I(X;00)

=2

Ui—1; U;)

i—1

+> I(X, Uy, ...,

=1

Uj; Ujg) (23)

where ap 41 £ (. Note that
i—1
I(X:Uh) + ) (X, Uy, ... Uj;Ujpa)
j=1

i—1

= I(X;U) + Y (I(U1,...,Uj;Ujs)
j=1

7Uj))

+ZIU1,...7

Substituting (24) into (23), we obtain

+I(X;Uj+1|U1, e

:I(X,Ull U]+1) (24)

L
min E o; R;
(R1,..,RL)ER(Un,...,UL)

=1

= (1 — ) I(X;U1) + ) (i — @igr)

-

||
N

%
i—1

U+ Y I(U,.

J=1

X I(X;Ul,... Uj;Uj+1)

=~
L

((ai = ig)I(X; Uy, ..., Us)

Il
-

i

+ ip1I(Us, ..., Ui;Uigr)) + arl(X; Uy, ..., Ur).

(25)

It can be readily shown (cf. [2]) that

w(dgry, - diny, doyy - dgn1y)
>(R1, ,RIHGI%I(Ul, WUL) Zaz :
for (Uy,...,Ur) with
cov(X |U;) < dgy, i=1,....L (26)
cov(X |Ur,...,U;) < dg1 iy, i=2,...,L. (27)

3997

Therefore, to complete the proof, it suffices to construct
(U1, ...,Ur) satisfying (26) and (27) such that

min

; dy, ..,
(R ..... RL)GR Ul ..... UL)Z(M 1/) ( {1}

d{L}vd{l,Z}a"'ad{l ..... L}?a-%a"w&%—l) . (28)

It is easy to verify the following lemma, which will be served
as a building block for constructing the desired covariance ma-
trix of (Uy,...,Ur).

Lemma 4: For any dy, d1,d> € (0,0%) satisfying

1 1 1\!
di+dy—0% <dg<|—+— - =
1+ as UX_0_<d1+d2 U?\')
define
2d 2d
V12X+N+¢agX—ld - gX—(;l N,
X 1 Ox 0
O'g(dg O'g(do /
Va= X4 N =[50 = 2N
X 2 Ox 0
where N ~ N(0, ”O)N' N(0,1),and X ~ N(0,0%)

are independent. We have

cov(X | V) =d;, i=1,2,
cov(X | V1, V2) = cov(X | X + N) = dy,
E(ViVs) € [0,0%].

Remark:

1) Given V; and Vg, one can construct X + N.

2) Write X = X + X, where X ~ N(0,0% — 02) and
X ~ N(0,02) are independent, and

0_2 _ Ug(dl _ Ug(do Ug(dg _ Ug(do
Ugf—dl Ug(—d[) O'A%(_dQ Ugf—do

Ug(do

O'g(—do.

Note that V7 and V5 are independent conditioned on X

since
O'g( do

) G Py s N’
Ug(—dl Ug(—do
= 0’2 dl 0’2 do
X+ N - X — X N’ =0.
< + \/U?Y—dl U?Y—d()

Therefore, we have

I(Vl;VQ)
=I(X; V) + I(X; Vo) + I(Vy; Vo | X)
— I(X; Vi, Vo)

= I(X;Vh) + I(X; Vo) — I(X; V4, Va)
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U%(J{l,z,?)} _ U?YJ{I,2,3,4}

Ni1234
log Ug( —d{123) Ug( —d{1234) 23

1
2
(ffl\— (Jg(do —doo? + ag(az)
(0%dy — d10? + 0% 02) (6% dy — dyo? + 03%-02)

) -
where Ni12343 ~ N(Ova\d{l—mﬂ) and Ny, 5 4

0'3{—(‘1{1,2,3,4}
N(0,1) are mutually independent. By successively applying
Now we proceed to give an explicit construction of this procedure, we obtain

(Uy,...,UL). First consider the case where d{Z} < 0% for all
1 = 1,..., L, which, by (21), further implies d{ly___ﬂ-} < ag( U =X+ N{1,2}
forallz = 2,..., L. In view of (21) and Lemma 2, we have the 5 5 e
first equation shown at the bottom of the page. + ox d{}} _ %% d{~172} N/, o,

By Lemma 4, we can construct \ ox —dpy ok —dpy L2p

N N Uy=X+Ng,
U =X+ Ng o + Ug{d{Nl} - Ug{d{}z} J { — } =
2 ox —dpy 0% —dpgy 2 B 0% dgy . o%dg, N
2 7 2 7 {1,....i}»
27 27 \ ox —dyy oy —di, iy
ag ag .
Us= X + Ny — | 5ot - X023 v i=2.....L
\ 0% —digy 0% —dpyy

o with the property (29)—(32) shown at the bottom of the page.
where Ny 2y ~ N(0, (;%_d%)’ N{LZ} ~N(0,1),and X ~ 1t i§ easy to see that the distortion constraints (26) and (27) are

x =2y satisfied by the constructed (Uy,...,Ur). Moreover, one can
readily verify (28) by substituting (29)—(32) into (25).

2 J 2 J Now consider the general scenario in which d{i} < 03(7 i €
IxC2 | OXCHL28} e A and dgpy = 0%, ¢ A, fi AC{1,..., L} In thi
> g ~ {1,2,3} cand dgjy = 0%, 1 ¢ A, forsome A C {1,..., L}. In this
Ox —4{1,2} Ox — #{1.2,3} case, one can set U; = 0 for i ¢ A and apply the previous
construction to U;, ¢ € A. The proof is complete.

N (0, 0% ) are mutually independent. Now we write

Nii12y = Npi23) +

ey
where Ny 231 ~ N(0, ﬁ) and Ny, , 5, ~ N(0,1)

are mutually independent. Again, by Lemma 4, we can construct V. SADDLE POINT ANALYSIS: PROOF OF THEOREM 3

In order to show that max-min [cf. (3)] and min-max (cf. (4))

2 7 2 7
Us=X+Np23) — ZX d{f’} — ;TX d{}’2’3} N{u 3} coincide, it suffices to prove the existence of a saddle point.
ox —dzy oy —d123) /7 Given 012, 7=1,...,L — 1, the minimization problem
Now we can further write dor. o el0d Liz2,. L1
..... 7 y {1,71} PO Sy
N{17273} = N{172,374} ’g[} (d{l}7 ey d{L}7 d{172}7 ey d{L___?L}, 0'%7 ey J%fl)

o o%di.iy  oxkdp, i o%dyry  okdp ey ) oxdi, i
i = 7 7 2 d,. 2 4 , 2 4 )
g 0x {i+1} 9% {1,....5+1} ox {1,....5+1}

j=1,...,L-1.
1 2
I(X;U;) = = log [ =X (29)
2 \d
1 % .
[(X;Ur,. . U) = I(XG X + Npgg) = glog | =——=— |, i=2....L (30)
di,. iy
. ok (o3dinoy — dpusyot + o%6?)
I(U;Uz) = 5 log . - - . (31
27\ (oRdpy — dyo? + 0353) (o3diy — dy 52 + 02x53)
I(Uy,...,Ui1;U;) = (X + Nq1, i1y Us)
1 ok (o%dn sy — dp i, +o%62,)
= —log , 1=2,...,L. (32)

2 (U?\f(j{l,...,i—l} - J{l,...,i—l}f}f_l + 03(5'1-2_1) (U%J{i} - J{i}&?_l + U?\f&?_1)
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can be decomposed into
min
U
]

(33)

Lemma 5: If a; > 1, then the minimizers to (33) are given
by (34) shown at the bottom of the page, where

(@i — aiy1)ox 07 107

Q102 (0% — o2,

62{1 i} = .
(R L2 2 _ 2
—aiof (0% —0F)

If @; = @41, then the minimizers to (33) are given by

diy iy -1 > Ug
di1,..,iy = 0 z1<‘7t,
any number in [O,d’{1 i}} , 02, =0}
i=2,....L—1. (35)
Proof: See Appendix D. O

First consider the case where individual distortion constraints

dgiy,i=1,..., L, auxiliary distortion constraints d’{1 i} 1=
2,...,L — 1, and central distortion constraint dy; . 1) are all
less than 0% .

Let (d{l 2},...,d{1 _____ L—1},07,- 6’% 1) be a so-

lution to the min-max game in (4) We shall show that
(d{l 2} d{l, JL—1}s 52,...,6%_,) must satisfy the saddle
point conditions (19) and (34) [or (35)].

Note that (19) is automatically satisfied. Suppose (34) [or
(35)]is v1olated by some d{1 i+}- We shall focus on cz{l i}
o% _,, and 62 while assuming everything else is fixed. Since
61.2*_1 and a are determined by d{l,___,,* g according to
(19), to stress this dependence we denote 67 _; and 62 as

_1(5{1, ,i#}) and o2 (d{1 _____ ,i*})» respectively. By Lemma
2, U?*_l(d{l _____ i+y) is a monotomcally decreasing continuous
function of dyy -y while o2 (d{J ,i*}) is a monotonically
increasing contrnuous functlon of dyy,.. i-y. Define

..........

.....

Note that n(d{1
function of d{ly___,

1y

2)

3)

3999

i+}) is a monotonically increasing continuous
i+}- Now consider the following cases.
Caﬁe Loy > ajeqr, dyg iy < d{1 iy and
n(dyqs,...i-y) < 0.Increase dy; . ;- from d{l
one of the following happens: d{1 _____
n(dqa,...i-3) = 0. If we first have dy -y = d{r, S
then set d’f{‘l iy = {{1 i} Now suppose we first have
n(d,..i-y) = 0. Denote the corresponding dyy, .}
by dyi,... i+y. It can be seen that only the following three
situations are possible:

_____ 4=} until
i} = d{l’ sy OF

a) o%_y(dg,.. iy) = 05 (dgy,..iy) =0,
b) 0?*71(65{1 ...,z*}) 2 (d{l,.-.,i*}) = gi’
©) 0'i2*—1(d{1,...,1 y) € (O,UX) and o2 (dgy, ;) €

(0,0%).

For situation a), we set dj; ., = dg1,. 4. For sit-
uation b), we further increase d{l _____ i~} until one of the
following happens: dyq, ;<3 = cl{1 _____ ey Or n(dg,....i-})
becomes positive. If d¢y ;3 = d (i®} happens ﬁrst
then set d?l,...,i*} = df{l ( {1 _____ i+y) first be-
comes positive, then we further increase d{l %) until
it meets min{dA{l,_.f},df{l r}} and then set cl{1 i}
to be equal to the correspondlng dqu,...,i+y- For situation
¢), n(dya,...i+}) is at the point of turning positive (cf.
Lemma 2). We can further increase dy;,  ;-) until it
meets min{d{l,___,,;*},d’{l i }} and then set d? iy O
be equal to the correspondlng df1,...,i~}y- Note that when
U(d{r _____ Z}) > 0, the quantity a?{l _____ i} 1s a monotoni-
cally increasing continuous function of a?*_l(d{l _____ i*})
and a monotonically decreasing continuous function
of a (d{1 L*}), thus, is a monotonically decreasing
continuous function of dyy,.. ;-y. Furthermore, we have
_____ i+} = 00 at the point where 7)(dyy, . ;-}) turns posi-
tive. Therefore, the above procedure is always possible.

.....

Case 2: -+ > @iy, A1, vy <
mln{d{1 _____ «},d _____ *}} and ’I’](d{l _____ Z*}) > 0.
We can increase dy; . ;+) from d{l ;=) until it hits
mrn{d{1 _____ +},d *}} and then set d Ly to be
equal to the correspondrng di1,..iv}-

Case 3:~Oéi > QG 41, d{l ) < d{l i) < diL Lty
and 7(dy1,... i+y) > 0. Decrease dyy .} from d{1 _____ i)
until one of the following happens: dg; . -} = d{1 _____ i}
orn(dya,..i+y) = 0. If wefirsthave dyy ;-3 = d{l’___’,*},
then set d{ _____ oy = dy1,..i-y- Now suppose that
n(dgi,..i-y) = 0 happens first. Denote the corre-
sponding dyq . i<y by d?l it} Note that that both

2 (.2
d{{l,...,i}7 Q10 (UX —o
. 7 U 2/( 2 2
J min {d{l,...,i}; d{l _____ i}} ) ®i4+10; (UX —0;
{1,...,i} = / ) 2 (2
d{l, i} Q4105 \Ox — 05

.....

(34)
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o _1(dy -y) and o7 (d};  ;.y) must be equal to
zero. )

4) Case 4: Qe = Qg da,.ivy < d{{1,...,i*}’
and o _ (dgi, i) > a?*(d{l _____ #+1)- Increase

d1,.. iy from d{l ,i+) until one of the following
happens di, iy = d’{1 _____ i or o2 _(dg,ey) =
,,»-(d{1,...,z })- Set dh iy 1o be equal to the corre-

sponding dy . i+}-
5) Case 5~: Qe = al +1,
ok 4 (dq,..iy) < oh(dp,..

J{l,...,i*} > 0, and

i})- Decrease da,...i%}

from dyy, ;-1 until Uzu1(d{1,...,z‘*}) = o2 (d{l’ ,f})
and then set d’f{‘l ity to be equal to the correspondlng
d{L 7*}

Through the above constructlon the resulting d
12-—1(d? _____ ,L.*}), and o2 (d}
(35)). Note that

1/} (d{l} ..... d{L}vd{l 2}

d{, LL—1}sd{1,.. ,L}701~-~-»5%—1)

Lbix 3
{1,...,i* }) must satisfy (34) (or

L G
diry,d12y,- - dp -1y,
d{l,...,L}: U%v ) U%—l)

> (d{1}, cee d{L}afZ{l,2}7 ceey J{1,...,L—1}7

d{l,...,L}: 5%» ) 51‘2*—27 Ui%‘—l (d?l,...,i*}) )
0% (@fyiy) R0 58 (36)
> p l*}gm,{l ..... ﬂ]w (du}v--~»d{L}»J{1,z}~--,
J{l,...,i*—1}7d{l,...,i*}7J{l,...,i*+1}7---;J{l,...,L—1}7
d{l,...,L}: 5%» cees 51‘2*—27 01'2*—1 (dfl,...,i*}) )
0% (dfriy) s Fnses53) 37)
=1 (d{1}7 e d{L},J{LQ}, . -765{1,...,1:*—1},
dia,. - },d{1 ..... oty o1y dpnys
52,60 . 0h (d;y___yi*}) 7
o2 (di{kl _ *}> GFits- .7&%_1)
- afG[O,airﬁ?i(l,...,L—lql) (d{l}’ d{L}7
1oy, dg i —1y Ay ey
J{l it} - --7d{ v L—1}5 d{l, ,L}7U1a---70%71)-
Since (d{1 2}....,d{1 _____ L,l},&%,....aL 1) is a solution to

the min-max game in (4), the inequalities in (36) and (37) must
be equalities. Note that the equality holds in (36) if and only if

?_l(d? _____ i*}) =62 _, and 02 (dYy, ) = &2 while the
equality holds in (37) if and only if one of the followmg three

conditions is satisfied:

Dodyy iy = d~{1, Hi}s
2) oj. 1(d* ..... *}) ?(dh ..... i ) = 0;
o

3) a;+ = Olz*+1 and 02< 1(d?1

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 9, SEPTEMBER 2009

Therefore, J{l _____ i1, 07_p, and G satisfy (34) [or
(35)], which leads a contradiction with the assump-
tion that (34) [or (35)] is violated. As a consequence,
(dN{LZ}, cey d~{1,___,L_1}, G2,...,62_,) must be a saddle
point.

Now we proceed to treat the case where some of the distor-
tion constraints are equal to 0% using a limiting argument. We
subtract each distortion constraint by e. It is clear that the re-
sulting distortion constraints are all less than ai—; therefore, the
aforedescribed argument can be used to prove the existence of
a saddle point. By sending ¢ to zero, one can find a converging
subsequence of saddle points. It can be readily verified that the
limiting value is a saddle point of the original max-min/min-max
game. This completes the proof of Theorem 3.

A detailed characterization of the saddle point can be found
in Appendix E.

VI. CONCLUSION

We have characterized the rate region of Gaussian multiple
description coding with individual and central distortion con-
straints. Different from the 2-description case and the minimum
sum-rate case where a single auxiliary random vector suffices
to yield a matching converse, multiple auxiliary random vec-
tors Z7',...,Z}_, are needed in the current setting. Note that
although it is not necessary to specify the joint distribution of
Z7,...,Z7_, in our proof, one may put them into the same
probability space and create a certain structure. In particular, if
only individual and central distortion constraints are imposed,
the auxiliary random vectors Z7', ..., Z}_; can be arranged to
form a Markov chain with an order determmed by ai,...,ar;
however, this order can be affected if additional distortion con-
straints are introduced. It is worth noting that Markov structured
auxiliary random vectors have also been used in a recent work
[12] to derive an outer bound of the Gaussian multiple descrip-
tion problem with symmetric distortion constraints that is within
a constant gap from the inner bounds. Our result indicates that in
the case where only individual and central distortion constraints
are imposed, one can in fact obtain the true rate region by sys-
tematically optimizing the auxiliary random vectors.

APPENDIX A
PROOF OF LEMMA 1

Consider the following two cases.

1) Case 1: 63 > o7. We can write NJ = NJ* + N™, where
N™ is an n-dimensional Gaussian random vector with co-
variance matrix (63 — 07)I,,, and N is independent of
N7T'. Note that

inh (S™ 4 NJ | T) — jioh (8" + N§ | T)
+ (p2 — pa)h(S™|T)

— uih (S™ + N} | T)
— puih (5"+Nf+1\7" |T)
— (p2 — )R (S™ + N3 [T)
+ (2 — p)h(S™T)

= —wI(N";S" + N{' + N"|T)
— (p2 — p)I (N33 8™ + N3 | T).
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Define S = E(S™|T). We have

I(N”;S”+Nf+]\7"|T)

Il
-~

( ")—}L(N"|S"+N1 +N", T)
(N™) = h(N™|S§" = " + Ni' + N")
(A(N(m)) = k(N (m)| S (m)

— 8(m) + Ni(m) + N(m)))

vV
>

Y

3

I(N(m); S(m) — S(m) + Ni(m) + N (m))

[
MS

" (ESm) — Sm)) + 03
—log 38
Zm:l? ( E(S(m) = <m>>2+o%> G
n d’+a§

where (38) follows from the worst additive noise lemma
[13, Lemma I1.2], and (39) follows from the convexity and
monotonicity of log(%f2) in b (when a > 0 and b > 0)
as well as the fact that tr(cov(S™ | T)) < nd’. Similarly, it
can be shown that

&t o
[(NP 8" + NP |T) > glog< ;”Z>, i—1,2.

(40)
In view of the fact that both 1 and p15 — 11 are nonnegative,
we have
pih (8™ + NJ'|T) = poh (S + N3 | T)
+ (k2 — p)h(S™|T)
< Mo (501
03

2 d +
L (2 —2u1)n log <d, d 2)
= Bl log (¢ + 0F) — 5 log(d' +03)
+ 4@2 5 n log(d").

2) Case 2: 03 < o7. By the conditional version of Costa’s

entropy power inequality [10] (cf. [14]), we have
h(S" + N3 |T)

4001

Therefore
pih (S™ + NP |T) = poh (S™ + N2 | T)
+ (2 — p)R(S™ | T)
<uh(S"+ NP T) - 222

o ((1- Z_Z) exo (205" |7))

2
03 2 n n
+ U—%exp (Eh(S + Ny |T)>>
+ (p2 — p1)h(S™ | T')
= I (N{;S" + Ni"|T)
_tany, ( O
01 01

x exp< IS+ 7 1T)) ).

Now it follows from (40) that

pih (S + Ni' | T) = poh (S™ + N3 | T))
+ (p2 — pa)h(S™|T)

2 o3 do?
= ——log (d+ o}
de[(?i;'] 2 0 ( +01)
B0 poga -+ 03) + L2 1og(a)
The proof is complete.
APPENDIX B

PROOF OF LEMMA 2

We shall only treat the case max{d . ;3,dgj41y} < o3
since the other one is straightforward to verify. Consider the
objective function G (o) shown in the equation at the bottom
of the page. It is easy to verify that

-1

9G; (a7) _( oxdi1, . i+1y 2)
7~ |2 t+oj
9o ox —d,. 541}

-1

B oxdi,. iy +02>
ok —dg.gy

1
oxdij+1y +02_>

[ 2
o3 L,
n o2 0°G; (012') _ < oxdq1,...5+1) 2)
> piog ((1- 2 ) oo (2csm 7)) 2 ()’ % —digan
o7 J ,
2 d ) -
o5 2 IxHM1,...5} 2
+ —<e “h(S"+ N |T . +<7+0-)
o (o) ) G T
2 =1 0—31( (Ug(d{l ..... g1y d{l7 7].|_1}U + O’XO'Q)
Gj(o7) =log 2 g d 2 d d 2 2 2
(UX {1,005} — 0{1,...,5} 5 +UX0j) (UX {7+1} — A{j+1}0; +UX0j)
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—2
( o diiay +02~>
X —dgay

For any 67 € [0, 0%] such that M |(, s2 = 0, we have
9°Gj (o7)
2
() | ...

oT =0
J J
2 -2
oxd{i,. j+1}

<- —+a—2>
<0§—d{1,---,j+1} !
27d . -1
n < ‘;A {1,....3} —1—?7]2)
Ox — d{l,---,j}
1 2
+< oXdii+1) +&2>
ok —dgry
=0

2) is a local maximum for any 67 € [0,0%]

Therefore, G (6
J (

satlsfymg |¢7 22 = = 0, and there is no local minimum
in (0,0%).
Note that
an (0']2)
8012-

= - 4 _
da,...j+1}

an (O'JQ)

1
=~ (dgugy + gy — dp gy — 0X) -
X

It is easy to show that

-1
1 1 1
+ - —) >dp +dsigq
<d{1,... 4 d{j+1} 0%{ {1,...,5} {j+1} —

with inequality if and only if max{d{l,___
Therefore, we have

i dgay) = ok

0G; (02) 0G; (%)

— <0= ——2 <0, (41)

80—12 o2=0 80]2 a?:a?\,

0G; (73) 9G; (7))

0T T Lt
0'].=0'X o']:

In both (41) and (42), if the first inequality is strict, then the

()
3]02 |O"—0 <0
i

second inequality is also strict. Furthermore,

and 3% (;' )
of dyi.. jy and d{JH} is equal to d{l j+1} and the other is
equal to 03( (in which case G(07) does not depend on o).
Since both dy; . ;1 and d{j+1} are less than o3 under our as-

sumption, only the following three cases need to be considered.
BG (a

|o2=2 > 0 hold simultaneously if and only if one

O'_O'

1) Case 1: J(a |(, 29 < 0 and loz=oz < 0.
We have OC:; (2 ) < 0 for 012» € (0,03(]. Otherwise, if

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 9, SEPTEMBER 2009

9G;(o3)
“oer = 0 for some o7 € (0,0%), then G(

local maximum, and there must exist a local minimum in
(0,07%), which leads to a contradiction with the fact that no

07) is a

local minimum exists in (0, JX) Therefore, G;(07) is a
strictly decreasing function of a, from 0 to o%.
2) Case 2: aG (J )|(,__(,A > 0 and OG( )|(,2_0 > 0.
We have 8’0(2_ 2500 for o} € [O,UX). Otherwise, if
i 0'2 ’ ‘
aGao(.Q ) = 0 for some o3 € (0,0%), then G;(07) is

a local maximum, and there must exist a local minimum

in (oz,oX), which leads to a contradiction. Therefore,
Gj(07) is a strictly increasing function of o7 from 0 to
0%

3) Case 3: OG (J )|,,__0 > 0 and OG (U )|o. —o2 < 0. There
exists a unique 55 € (0,0%) satisfying ’( )|g —52 =
0. We have 50(23') > Ofora € [0, A2) and —BG (0 ) <

7 € (&?,O’X]. The existence of such a a]- fol-
lows from the intermediate value theorem. To prove the
uniqueness, we assume that there exists a 62 # 62 such

J
that aG (” |p2=52 = 0. Since both G;(& %) and G,(57)
are local max1ma there must exist a local minimum be-

tween o] and &2 i which leads to a contradlction There-

0 for o2

fore, G (o ) is a strictly increasing function of a] from 0

to 02 and a strictly decreasing function of 02 from & a to
2

Ox-

Now we proceed to show that the maximizers 032,

7 = 1,...,L — 1, given in (19) are monotonically de-
creasing continuous functions of dyy . j11; and mono-
tonically increasing continuous functions of dyy . ;y; fur-
thermore, the monotonicity is strict when 0]2- € (0,0%).
We shall focus on the claim regarding d{l,...,j+1} since
the other one can be proved in a similar manner. Note
that for dyi . ;113 € (d{1 _____ J+1}7d{1 _____ ]+1}) we have
07 = 67 € (0,0%). To stress its dependence on dy . i1},

J J
we denote 67 as 67(d(y,.. j+1y)- Itis easy to see that

-1

( 0% (dp,. . jt1y +9)
0% — (dp,. j+13 +96)

2
UXd{l,--.,j} ~2 )
— —— o) o 5 d e
<g§(_d{17__’j} i (g, ivy)
_< 0% djt1)
ox —dii+1y

where ¢ is a small positive number. Now by the analysis for case
3, we must have 6% (d{l 41y) > 63 (dgy, . jy1y + 6). There-
fore, 67 (dy1,.. +1}) is a strictly monotonically decreasing
function of d{i,...,j+1}-

We shall prove that a'?(d{lv____’]q,l}) is a continuous function
of d{l,___, j+13 by contradiction. Without loss of generality, we
assume

612(d{1,---,j+1}))

-1

-1

+ 6?(d{17---,j+1})> <0

o2 2 lim A?(d{l,...,j+1}) # 3]2'(61{1

g 1))
dey, ey Td i1y
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for some dyy ;13- Note that

<0§J{1,--.,j+1} +Uz>
0% —dp, i1y

2
oxdq,..5) 5
- (# +o )
X {1,....5}

-1

-1

-1

ok dgi+1y +02>

ox = dyjy1y
0§<d{1 j+1}

= lim S Sk L L

2
dgr, iy Tdo, g1y <JX —dgi,. 1)

1
+67 (dqa,...i41}) )

o2 dyg ) -t
X1, ~2
— | =+ (df1,.. j+1 )
(U?y —dpgy (o im)
2 -1
oxdii+1} ~2 )
— s (dg,.
<0§( “dgay T (H0nien)

which is contradictory with the analysis for case 3.

By leveraging the analysis for case 1 and case 2, one can
use a similar argument to show that 67 (d{1 _____ i+1}) l 0
as dg,. j+13 1 d{1 _____ 1) and 67 (d{l, S+ 1 o3 as
dii, 41y L d{1 _____ i1} (fd?{‘1 _____ i1} > 0). The proof is
complete.

APPENDIX C
PROOF OF LEMMA 3

Consider the following procedure.

1) Initialization: j = 1 and d{l} = dy1y-

2) Let of» be a maximizer to the optimization problem shown
at the bottom of the page. If 0]2- = 0, then set J{ j+1} =

ey and ey = (3{1 ..... i} * d{jl+1} B é)il; if
0} = 0%, then set

dijp1y = dp, ey +ox —dp,j
and

diy,.. 1y = d1,. 41y
otherwise set

djpy = digy
and

dir, iy = dqn gy

4003

3) If j = L — 1, then stop; otherwise increase j by one and
go to 2).
It can be verified that the resulting d{i}, i = 1,...
., L, have the desired property.

, L, and

.....

APPENDIX D
PROOF OF LEMMA 5

Consider the objective function

Q; — Oy
- Tﬂlog (d{l,...,i})

iy —dp, nor +oxol).

One can easily verify the second equation at the bottom of the

page.
2 2 2
> ;41 and Q4 107} (UX - Ui—l) <

1) Case 1: oy
ajoi_i(0% — o7). We have % < 0 for all

i}
g1,y € (0,dy; ] Therefore, the minimum is at-
tained at dyy 5y = al{1 i}

2) Case 2: a; > a1 and ajpi02(c% — o2,) >
a;o?_ (0% — o?). We have % < 0 for

aQd(,
di1,..iy € (07d{1,...,7‘,}) and Cf)fi{‘il '''''''' 1‘}}) > 0 for
d1,...iy > dq1,..iy, where
; (i — aig1)o%o? 07
di1,. iy 5

2 (-2 2 2 2)°
Q410 (UX - 01—1) —ajof (0% —0f)
Therefore, the minimum is attained at d{1 i =
min{dgy i, dfy o}
3) Case 3: a; > @41, a1+102(0§( —0?2 ) =0} (0% —

o?) and o?_,0? > 0. We have % < 0 for
dg,..iy € (0, ’{1 L}] Therefore, th{evrnryl?i}ﬁimum is at-
tained at d¢y ;3 = d{1, i)

4) Case 4: 02, = o? = 0. The objective function is a con-
stant.

5) Case 5: oy = ;41 and 02 | > o2 We have
% < Oforall dy, ;3 € (O’dl{l, Z}] There-
fore, the minimum is attained at dy; ;3 = d 1L}

6) Case 6: a; = ;41 and 0?2, < o7. We have
% > 0forall dyy ;3 € (O,d’{ly___ﬂ.}]. There-

fore, the minimum is attained at d{1 Liy = 0.
7) Case 7: a; = a;41 and 0 1= a The objective function
is a constant.

4

ok (o%dp,. vy —dp, iy o} +0%07)

max log

o3 2e[0,0%]

(o3 dpn,..y — .02 + 0502) (Gdgiany — dgianyo? + 0%0?)

9Q (g, i) (vipa0%o} (0% — 07 y)

A2 .2 2
—OéO'XO'L1( —

(a; — ajp1)ox o] 107

o?)) dq,..iy =

B 2dg1, iy (0%dq, iy —

gy, y0f g + 0%0?_y) (okdg,.iy —

di...iyo} + 0%07)
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APPENDIX E
CHARACTERIZATION OF THE SADDLE POINT

We shall assume throughout this appendix that all the distor-
tion constraints are less than o%.
The saddle point is in general unique. To see this, consider

two saddle points (d{1 2} s d{l, LL—1} a2, o% 1) and
(d{1 SRR d{l L—1}:T1s- - .,07_1). We must have 0]2 =
gj_UJ,j—l L—l,since

> (dg1 oy di1, L1}, TTr 101 1)
and the first inequality becomes equality if and only if 632- = g?./
j = 1,...,L — 1. Furthermore, unless 07_; = o7 = 0 or
a; = Qiy1, 072 =02, Wemusthaved{l iy =dp iy i =

2,...,L—1. Note that if there exists an ¢ such that d{l _____ Z} #+
ds, . 7},wecanﬁndanz <isuchthato? | = o? sda,.
..... ipanddg o1y = d{1 #—1y (Where d{1,...,zf 1} =
dgy,. -1} = d{l} if 7/ = 2), which implies 62 _;, = 0

.....

or 02, = UX (cf. (19)). Therefore, 1t is possible to have
d{l, i) 75 d{l i} only Whena ", = o =0ora; = ajy1,
oi_y = 0} = 0%.

We also have the following results.

Proposition 1: Let (dg1,2y,...,dg1,.. - 1} cr%. . 0%_1)
be a saddle point. We musthave dy; . ;3 > 0,0 =2,..., L—1.
Proof: 1f d¢y . ;3 = 0, then we must have o2 = 0 (cf.

(19)), which further implies 0? ; = 0 (cf. (34) and (35)).
Moreover, in view of (19) and the fact that d{i} > 0, one can
readily show that d{l,___,,;} = 0 together with 01»271 = 0 implies
dy1,....i—1y = 0. Now it follows by induction that dy;; = 0,
which results in a contradiction.

Remark: If dyy
Y(dgy, -
On the other hand, it follows by Theorem 3 that
¥ (dg1ys-- - 07 1)
= (dgy,oosdiny i gy, oy, )

1 =0 for some 7, then we have

d{L}7d{172}7 .. '7d{l,...,L}70%7 PN 70'%71) = Q.

diry.dg12ys-- - dg, 1}, 08,- -

which is clearly finite. This gives an alternative proof of Propo-
sition 1.

Proposition 2: Let (d{1 2} ..... ydi,. . n-1}, ol . .,00 )
be a saddle point. If ¢2._; = 0 for some i*, then 02 = 0 for
all 2 > %,

Proof: If a7 > 0, then we have o 1107 (0% — 02 _;) >
02 _1(0% —ol) and 0% > o2 _;. It follows by (34) and

(35) that dyy,.. ;-3 = 0, which leads to a contradiction with
Proposition 1. Therefore, we must have 2. = 0. The proof is
complete by induction. O

Now we proceed to give a more explicit characterization of
the saddle point (dy1 3, ...,d{1, . 1—1},0%,...,07_y) for the
case where only individual and central distortion constraints
are imposed. We shall set dl{l,...,i} = minje(1,. i) dijy, ¢ =

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 55, NO. 9, SEPTEMBER 2009

2,...,L—1,tomake the auxiliary distortion constraints redun-
dant.
First, one can make the following two observations by in-
specting (19), (34), and (35).
1) If a; > ;41 forsomes > 2, then eithero,_1 = 0; =0 or
L+1U7(UX f 1) > a0 (0% — o?) (which further
implies 07 > o2 ;); moreover, if aH_lcrt(aX —02 ) >
o 012 1((7%( — 07 ) then d{l i} = d{l,...,z}
2) If o; = ;41 for some i > 2, then 02 | = o?2.
These two observations, together with Proposition 2, lead to the
following classification.
1) Case l: 07 = --- = 07 _; = 0. We must have

J >< 1 N 1 1 >‘1
{1,....i} = d{l,_,_,i—l} d{;} Ug( ’

1=2,...,L—1

d
Conversely, if d{1 _____ Ly = J{l .L}» then we must have

1 1 \—1

i, iy 2 (d{1 5 T4, "i> for some 7 > 2,

which implies a,?_l = 0 and further implies 01 = ... =
2 _

o;_1 =0.

2) Case2: 0 < 0?2 < ---
uniquely determined by

< 02 < 0%. The saddle point is

o%d ; -t
( X%1,...,i} + UL21>
ox —dp,.)
-1
oxdi,. i1
< X%1,...,i—1} +U12_1>
Ox — d{1 yi—1}
9 -1
oxd
< X4 + 0; 1) ) 1= 27 7L
0\, dyi
o \=oclifa;=aip1, i=2,...,L—1
p B (i — ajy1)0%02_ 107
1,0} =
{8 ait107 (0% — 07_y) — ajo}_i (0% — 0F)
ifa; >a;p1, 1=2,...,L—1.
3) Case3:0<0f < <0Z | <0k =--=0}_; =
03, where i* = —1 4+ min{i : o; = ar}ifa; > ag
and i* = 1ifa; = ar. Nowo?,i = 1,...,L — 1, and

di,..iy, @ = 2,...,1%, are uniquely determined by

( okdg,. iy g )
ox —di,. =t

-1
JXd 1,..,0—1
< { } +Uz—l>
ox —df1,..i1)
o2dy; -
<2x{} +0L21> L i=2,0.,0% (43)
ox — dgy
o?  =o0lifa; =y, i=2,...,0 =1 (44)
ol =0%, i=1i%...,L—1 (45)
dyx,....i}
B (a; — aiy1)ox 07107
Ozi+10,i2(03( - U?_1> - aia?—l(ogf - 0‘?)
ifa; > 41, 1=2,...,7" (46)
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while dgy  4y,4=1"+1,..., L — 1, must satisfy

di1,.iy 2 dga,.iv1y — dpig1y + 0%, i=1i%...,L—1.

(47)
Note that d{l,...,L} does not appear in (43), (44), (45), and
(46). Therefore, given dy;y,4 = 1,..., L, we can increase
dg1,.ry without affecting 07, 7 = 1,...,L — 1, and

dr..i, 0 =2,...,i", until

i=i*+1

Denote this critical dg; . 1y by d{l,...,L}- If we further in-
crease dygy . 1), then the dyy ;- induced by (43), (44),
(45), and (46) cannot satisfy (47) anymore, and we enter
the regime covered by case 2. It is worth noting that

L
A1y = Zd{i} —(L-1)0%
i=1
when ao = = oy,
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