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On the Generalization of Natural Type Selection to
Multiple Description Coding
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Abstract—Natural type selection was originally proposed by
Zamir and Rose for universal single description coding. In
this paper, we generalize this principle to universal multiple
description coding (MDC). Two schemes based on random
codebooks are proposed: one is of fixed distortion and the
other is of fixed weight. Their operational sum-rate-distortion
functions are derived, which coincide with the EGC (El Gamal-
Cover) sum-rate bound if the parameters of the schemes are
optimized. It is also shown that in both schemes the joint type
of reconstruction codewords can be used to improve the rate-
distortion (R-D) performance. Based on our theoretical results,
a practical universal scheme is proposed by leveraging the MDC
methods based on low-density generator matrix (LDGM) codes.
The performance of this scheme is compared experimentally with
the EGC bound, which shows its effectiveness.

Index Terms—Data compression, natural type selection, uni-
versal multiple description coding.

I. INTRODUCTION

WE study the problem of universal multiple description
coding (UMDC), in which no knowledge of the source

statistics is assumed, while good operational rate-distortion
(R-D) performance is still expected asymptotically. Although
significant effort has been devoted to universal lossless/lossy
data compression, research on UMDC is still very limited. It is
worth noting that the techniques used in designing universal
lossy single description codes are not directly applicable to
UMDC due to the fact that there are multiple decoders in
MDC and each decoder decodes a different set of descriptions.

As pointed out in [3], since a lossy decoder only needs
to produce an approximate replica of the source, the aim of
its codebook adaptation is not to match itself to the source
statistics but to find the “right” set of type classes. Further-
more, a mechanism of natural type selection is proposed in
[3] for lossy single description coding. It is shown that, given
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a codebook, codewords of certain type will be favored during
the coding process, based on which a better codebook can be
generated. The theory of natural type selection illuminates the
connection among universal source coding, Blahut-Arimoto
algorithm, and the rate distortion theory.

In this paper, we generalize the concept of natural type
selection to two-channel MDC, in which the source is encoded
into two descriptions and each description is either received
entirely or lost completely. We propose two schemes based
on random codebooks: one is of fixed-distortion and the
other is of fixed-weight. For both schemes, we analyze the
relationship between sum-rate and distortion, and establish
results that are parallel to those given in [3]. It is shown
that the R-D performance of the proposed schemes improves
progressively as coding proceeds. Inspired by these theoretical
results, we then propose a practical universal scheme by
leveraging the MDC methods based on low-density generator
matrix (LDGM) codes [12]. Experimental results show that
the R-D performance of this scheme approaches the El Gamal-
Cover (EGC) bound.

Recent work on UMDC includes [1], [2]. In [1], MDC
of discrete ergodic sources is studied. The relationship be-
tween block MDC and stationary MDC is revealed, based on
which a universal coding algorithm is proposed. Given an n-
dimensional source vector x ∈ Xn, a triple of n-dimensional
vectors (y, z,w) is first found by solving an optimization
problem with simulated annealing, after which y and z are
compressed separately by the Lempel-Ziv algorithm, and w
is compressed losslessly conditioned on both y and z. In
[2], a universal scheme is presented for multiple description
scalar quantization under the assumption that the cells of
side quantizers are Voronoi regions. It is also shown that the
complexity of the scheme can be greatly reduced by exploiting
the structure of quantizers.

The rest of the paper is organized as follows. Section II
introduces the notations and conventions used throughout the
paper. Section III contains the definition of the EGC region
along with a discussion of its properties. Section IV presents
two UMDC schemes based on random codebooks, supported
by several theoretical results. A practical UMDC scheme is
proposed in Section V, and the experimental results are given
in Section VI. We conclude the paper in Section VII.

II. NOTATIONS AND CONVENTIONS

We use uppercase letters (e.g., U ) to denote random vari-
ables, use their lowercase counterparts (e.g., u) to denote their
realizations, and use calligraphic letters (e.g., U) to denote
the corresponding alphabets. Lowercase boldface letters (e.g.,
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u) represent deterministic vectors while uppercase boldface
letters (e.g., U) represent random vectors or matrices. Given
an n-dimensional vector u ∈ Un, its i-th element is denoted
by u[i], and its type is denoted by tu(u), u ∈ U . We use
tuv(·) for the joint type of u and v. Given a matrix A, we
use A[i][j] to denote its (i, j) entry.

We assume that the source is an i.i.d. process generated by
a generic random variable X . We denote the source alphabet
by X , and the probability mass function (pmf) of X by
pX(x), x ∈ X . Given two alphabets U and V , the distortion
between u ∈ U and v ∈ V is represented by dU ,V(u, v).
For n-dimensional vectors u ∈ Un and v ∈ Vn, we
define dU ,V(u,v) � 1

n

∑i=n
i=1 dU ,V(u[i],v[i]). For simplicity,

dU ,V(·, ·) is abbreviated to d(·, ·) if the underlying alphabets
can be inferred from the context. The logarithm function is to
base 2 throughout the paper.

III. SOME BASIC RESULTS ON THE EGC REGION

In two-channel MDC, a quintuple (R1, R2, D0, D1, D2)
is achievable if for every ε > 0, there exist two en-
coding functions ψ1 : Xn → {1, 2, · · · ,M1}, ψ2 :
Xn → {1, 2, · · · ,M2}, and three decoding functions φ1 :
{1, 2, · · · ,M1} → Xn

1 , φ2 : {1, 2, · · · ,M2} → Xn
2 , φ0 :

{1, 2, · · · ,M1} × {1, 2, · · · ,M2} → Xn
0 , such that

1

n
log(Mi) ≤ Ri + ε,

E [d (X, φi(ψi(X)))] ≤ Di + ε, i = 1, 2,

E [d (X, φ0(ψ1(X), ψ2(X)))] ≤ D0 + ε,

where X is an n-dimensional random source vector.
The EGC theorem [6] states that for two-channel

MDC a quintuple (R1, R2, D0, D1, D2) is achievable if
(R1, R2, D0, D1, D2) ∈ conv(A ), where

A � {(R0, R1, D0, D1, D2) : ∃ random variables Xi ∈ Xi,

i = 0, 1, 2, such that Ri ≥ I(X ;Xi), i = 1, 2,

R1 +R2 ≥ I(X ;X0, X1, X2) + I(X1;X2),

E[d(X,Xi)] ≤ Di, i = 0, 1, 2}, (1)

and conv(A ) denotes the convex hull of A . Define

Ãsum � {(R,D0, D1, D2) : ∃(R1, R2, D0, D1, D2) ∈
conv(A ) such that R ≥ R1 +R2},

Asum � {(R,D0, D1, D2) : ∃(R1, R2, D0, D1, D2) ∈ A

such that R ≥ R1 +R2},
Rsum(D0,D1, D2) �

inf{R : (R,D0, D1, D2) ∈ Asum}. (2)

The following result follows directly from the above defini-
tions.

Proposition 1. conv(Asum) = Ãsum.

Let f(x0, x1, x2, x), q(x0, x1, x2), r(x1), and s(x2) be

functions over
(∏i=2

i=0 Xi

)
× X ,

∏i=2
i=0 Xi, X1, and X2, re-

spectively, where all the alphabets are assumed to be finite.

Define

G (f(x0, x1, x2, x), q(x0, x1, x2), r(x1), s(x2))

�
∑
x∈X

∑
x0∈X0

∑
x1∈X1

∑
x2∈X2

f(x0, x1, x2, x)×

log
f(x0, x1, x2, x)

pX(x)q(x0, x1, x2)r(x1)s(x2)
, (3)

and

P � {(q̃(x0, x1, x2), r̃(x1), s̃(x2)) : q̃(x0, x1, x2), r̃(x1), and

s̃(x2) are nonnegative functions defined over

X0 ×X1 ×X2,X1, and X2, respectively;∑
x1∈X1

r̃(x1) = 1;
∑

x2∈X2
s̃(x2) = 1;∑

x0∈X0
q̃(x0, x1, x2) = 1, ∀(x1, x2) ∈ X1 ×X2.}.

(4)

Proposition 2. Rsum(D0, D1, D2) is given by (5).

We use (f∗(x0, x1, x2, x), q
∗(x0, x1, x2), r

∗(x1), s
∗(x2))

to denote the minimizer of the optimization problem given
by (5).

Proof of Proposition 2: It can be shown by using the
log-sum inequality [5, Theorem 2.7.1] that⎧⎪⎪⎨⎪⎪⎩

q∗(x0, x1, x2)=
∑

x f∗(x0,x1,x2,x)∑
x,x0

f∗(x0,x1,x2,x)
,

r∗(x1)=
∑

x,x0,x2
f∗(x0, x1, x2, x),

s∗(x2)=
∑

x,x0,x1
f∗(x0, x1, x2, x),

(6)

which, together with (2), implies (5).
According to the Karush-Kuhn-Tucker (KKT) conditions

[15, Proposition 3.3.7] for the minimization problem in (5),
there exist λ0, λ1, λ2 ≥ 0 such that

f∗(x0, x1, x2, x) =

pX(x)q∗(x0, x1, x2)r
∗(x1)s

∗(x2)e
−

∑i=2
i=0 λid(x,xi)∑

x0,x1,x2
q∗(x0, x1, x2)r∗(x1)s∗(x2)e−

∑i=2
i=0 λid(x,xi)

. (7)

Define L(λ0, λ1, λ2) by (8). We then have the following result,
whose proof is given in Appendix A.

Proposition 3. Let
(
q̂(x0, x1, x2), r̂(x1), ŝ(x2)

)
be the mini-

mizer of (8) for some (λ0, λ1, λ2) ≥ 0. Let f̂(x0, x1, x2, x) be
given by (7) with q∗(·), r∗(·), s∗(·) replaced by q̂(·), r̂(·), ŝ(·),
respectively. Let D̂i =

∑
x0,x1,x2,x

f̂(x0, x1, x2, x)d(x, xi).

Then,
(
f̂(·), q̂(·), r̂(·), ŝ(·)

)
is the minimizer of (5) with

Di = D̂i, i = 0, 1, 2. Let R̂ = G
(
f̂(·), q̂(·), r̂(·), ŝ(·)

)
. Then,(

R̂, D̂0, D̂1, D̂2

)
∈ ∂(conv(Asum)).

According to the EGC theorem, the EGC region is formed
by convex combinations of points, each of which corresponds
to a joint pmf f(x, x0, x1, x2) over X × X0 ×X1 ×X2. It is
shown in [6] that the marginals of f(x, x0, x1, x2), i.e., f(x1),
f(x2), f(x0|x1, x2), can be used to design the codebooks.
However, in universal coding, the pmf f(x, x0, x1, x2) is
not known a priori, and the codebooks need to be designed
beforehand. To find a universal scheme, it is necessary to re-
formulate (1) so that the probability distributions for designing
the codebooks are decoupled from f(x, x0, x1, x2). With this
in mind, we define G (·) in (3) and establish its relationship
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Rsum(D0, D1, D2) = min
f(·),q(·),r(·),s(·)

G (f(x0, x1, x2, x), q(x0, x1, x2), r(x1), s(x2)) (5)

subject to
∑

x,x0,x1,x2
f(x0, x1, x2, x)d(x, xi) ≤ Di, i = 0, 1, 2.∑

x0,x1,x2
f(x0, x1, x2, x) = pX(x), ∀x ∈ X ,

(q(x0, x1, x2), r(x1), s(x2)) ∈ P , f(x0, x1, x2, x) ≥ 0.

L(λ0, λ1, λ2) � min
q(·),r(·),s(·)

−
∑
x

pX(x) log

( ∑
x0,x1,x2

q(x0, x1, x2)r(x1)s(x2)e
−

∑i=2
i=0 λid(x,xi)

)
(8)

subject to(q(x0, x1, x2), r(x1), s(x2)) ∈ P .

with Rsum(D0, D1, D2) in (5). The relationship between
Rsum(D0, D1, D2) and Ãsum can be found by combining
Propositions 1, 2, and 3.

IV. GENERALIZING NATURAL TYPE SELECTION TO MDC

A. The Basic Coding Process

We first present two 2-channel MDC schemes, which form
the basis of the UMDC schemes given in Section IV-C. The
schemes presented here are motivated by the EGC scheme [6],
though they have several crucial differences. It will be seen
that, according to the theoretical results in Section IV-B, these
schemes can be viewed as “natural type selectors” for UMDC.

Fig. 1 describes the modules constituting the proposed
schemes. The encoder has two alternative forms, depicted
in Fig 1(a) and Fig. 1(b), respectively. In Fig. 1(a), for
each source vector, the encoder first calls a procedure named
SearchWithFixedDistortion. The procedure begins with the
codebook generation, using three functions q(·, ·, ·), r(·), and
s(·) which satisfy the following condition:

(q(·, ·, ·), r(·), s(·)) ∈ P, (9)

where P is defined in (4). Then, each possible combination
of codewords is examined until the distortion constraints are
met. The procedure outputs a triple of codewords and a
triple of integers (m0,m1,m2) indicating the locations of the
codewords in the codebooks. Elias’s δ-code [7] is then used
to convert m0, m1, and m2 into three binary sequences. The
binary sequences corresponding to m1 and m2 are transmitted
in Descriptions 1 and 2, respectively. The binary sequence
of m0 is split into both descriptions. Fig. 1(b) is similar to
Fig. 1(a) except that the encoder calls a procedure named
SearchWithFixedWeight, which returns the triple of codewords
with the least weighted distortion value in the codebooks.

Fig. 1(c) shows the diagram of a side decoder. The side
decoder only decodes a portion of the received bitstream.
It first performs integer decoding, then a procedure named
SideReconstruction is invoked to reconstruct the codewords.
The central decoder is displayed in Fig. 1(d). It performs inte-
ger decoding to retrieve (m0,m1,m2), which was previously
returned by SearchWithFixedDistortion/Weight at the encoder.
Then it calls a procedure named CentralReconstruction. All
the procedures mentioned above are given in Fig. 2.

Fig. 1(a), Fig. 1(c), and Fig. 1(d) constitute the scheme of
fixed-distortion∗. Fig. 1(b), Fig. 1(c), and Fig. 1(d) constitute
the scheme of fixed-weight.

In practice, the random sampling performed in the pro-
posed procedures is implemented with pseudo-random number
generators (PNGs), which are shared by the encoder and the
decoder. Suppose that SearchWithFixedDistortion or Search-
WithFixedWeight is invoked for a source vector x. Let q(·, ·, ·),
r(·), and s(·) be the functions input to the procedure, and let
(x0,x1,x2) be the triple of codewords returned. To ensure
that xi(i = 1, 2) is reconstructed by side decoding of the i-th
description, and that x0 is reconstructed by central decoding,
it suffices for the decoder to know q(·, ·, ·), r(·), and s(·). In
Section IV-C it will be revealed how the decoder synchronizes
its q(·, ·, ·), r(·), s(·) with those of the encoder. For the time
being, we assume that the above condition is satisfied.

B. Theoretical Results

In this section, we derive several results regarding the
schemes given in Section IV-A. We begin with some defini-
tions. Let w(x0, x1, x2) be a pmf over X0 ×X1 ×X2. Define

IA(pX(x), w(x0 , x1, x2), D0, D1, D2)

�min
f(·)

∑
x∈X

∑
x0∈X0

∑
x1∈X1

∑
x2∈X2

f(x0, x1, x2, x)×

log
f(x0, x1, x2, x)

pX(x)w(x0, x1, x2)

subject to
∑

x,x0,x1,x2
f(x0, x1, x2, x)d(x, xi) ≤ Di,

i = 0, 1, 2,∑
x f(x0, x1, x2, x) = w(x0, x1, x2),∑
x0,x1,x2

f(x0, x1, x2, x) = pX(x), ∀x ∈ X ,

f(x0, x1, x2, x) ≥ 0.

Parallel to [3] and the references therein, we refer to IA(·)
as “lower mutual information”. If the feasible region of the
above optimization problem is empty, we set IA(·) = +∞.

∗Lines 14-16 in SearchWithFixedDistortion correspond to the situation of
coding failure. When this procedure is used, M (see line 1) should be chosen
large enough so that the probability of coding failure is negligible.
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SearchWithFixed
Distortion

(Procedure 1) 

( ), ( ), ( , , )r s q⋅ ⋅ ⋅ ⋅ ⋅

0 1 2, ,D D D

x

1m

0m

2m

Integer Coding

Integer Coding

Integer Coding

0 1 2( , , )x x x

Description 1

Description 2

(a) The basic encoder.

SearchWithFixed
Weight

(Procedure 2) 

( ), ( ), ( , , )r s q⋅ ⋅ ⋅ ⋅ ⋅

0 1 2, ,λ λ λ

x

1m

0m

2m

Integer Coding

0 1 2( , , )x x x

Description 1

Description 2

Integer Coding

Integer Coding

(b) Another form of the basic encoder.

SideReconstruction
(Procedure 3)

1( ),⋅r X

1x
1m

Integer Decoding

bits for m0 are discarded 

Description 1

(c) The basic side decoder. The other side decoder has the same
structure with r(·) and X1 replaced by s(·) and X2.

CentralReconstruction
(Procedure 4)

( ), ( ), ( , , )r s q⋅ ⋅ ⋅ ⋅ ⋅

0x

1m

0m

2m

Integer Decoding

Integer Decoding

Integer Decoding

Description 1

Description 2

(d) The basic central decoder.

Fig. 1. The basic coding modules. The procedures involved are given in Fig. 2.

For q(x0, x1, x2), r(x1), and s(x2) satisfying (9), define

D (w(x0, x1, x2) ‖ q(x0, x1, x2)r(x1)s(x2))

�
∑

x0,x1,x2
w(x0, x1, x2) log

(
w(x0,x1,x2)

q(x0,x1,x2)r(x1)s(x2)

)
and

RA(pX , q, r, s,D0, D1, D2)

� min
w

{IA(pX , w,D0, D1, D2) + D(w ‖ qrs)}, (10)

where we abbreviate pX(x), w(x0, x1, x2), q(x0, x1, x2),
r(x1), s(x2) to pX , w, q, r, s, respectively. Note that IA(·) and
RA(·) will be used to analyze SearchWithFixedDistortion. For
SearchWithFixedWeight, let λ0, λ1, λ2 ≥ 0 and define

IB(pX , w, λ0, λ1, λ2, D)

� min
D0,D1,D2

IA(pX , w,D0, D1, D2),

subject to
∑i=2

i=0 λiDi ≤ D,

RB(pX , q, r, s, λ0, λ1, λ2, D)

�min
w

{IB(pX , w, λ0, λ1, λ2, D) + D(w||qrs)}. (11)

Using (10), we get

RB(pX , q, r, s, λ0, λ1, λ2, D)

= min
D0,D1,D2

RA(pX , q, r, s,D0, D1, D2)

subject to
∑i=2

i=0 λiDi ≤ D.
(12)

The properties of RA(·) and RB(·) are summarized as follows.

Proposition 4. If q(x0, x1, x2), r(x1), and s(x2) are strictly
positive, then

(i) The minimizers of (10) and (11) are both unique.
(ii) Both RA(pX , q, r, s,D0, D1, D2) and RB(pX , q, r, s,

λ0, λ1, λ2, D) are continuous functions of pX(·) un-
der the norm for pX(·) defined by ‖pX(·)‖1 =∑

x∈X |pX(x)|.

(iii) RA(pX , q, r, s,D0, D1, D2) is continuous in (D0,
D1, D2). RB(pX , q, r, s, λ0, λ1, λ2, D) is continuous in
D.

Proof Outline: The first result can be proved following
similar steps in [3]. The next two can be verified by using the
proof technique in [4, Chapter 2].

For RA(·), we also have the following result, which follows
from (5).

Proposition 5. Rsum(D0, D1, D2) = minq,r,s RA(pX , q,
r, s,D0, D1, D2).

The following proposition can be proved using the definition
of RB(·).
Proposition 6. Given pX , q, r, s, λ0, λ1, λ2, there exists a
Dmax ≥ 0 such that

(i) RB(pX , q, r, s, λ0, λ1, λ2, D) > 0, ∀D < Dmax, and is
zero otherwise,

(ii) RB(pX , q, r, s, λ0, λ1, λ2, D) is a convex and strictly
decreasing function of D when 0 < D < Dmax.

Next, we introduce two lemmas, which will be used to prove
our main results.

Lemma 1. Let Mk = {(m0,m1,m2) : m0,m1,m2 are
positive integers, m0m1m2 = k.}. Then,

lim
m→∞

log(
∑k=m

k=1 |Mk|)
logm

= 1. (13)

Lemma 2. Suppose that q(x0, x1, x2), r(x1), and s(x2) satisfy
the constraint in (9). Let x be some n-dimensional vector
output by the source. Let X0, X1, and X2 be three n-
dimensional random vectors. The elements of X1 and X2 are
drawn i.i.d. from the pmfs r(x1) and s(x2), respectively. The
i-th element of X0, denoted by X0[i], is generated by random
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Procedure 1 SearchWithFixedDistortion(x, D0, D1, D2, q(·, ·, ·), r(·), s(·))
Require: q(·, ·, ·), r(·), and s(·) are functions satisfying the condition given by (9). � x is a source vector.

1: n ← the dimension of x. M ← a positive integer; define three n-dimensional vectors: x0 ∈ Xn
0 , x1 ∈ Xn

1 ,
and x2 ∈ Xn

2 ; define two M ×n matrices: A1 ∈ XM×n
1 and A2 ∈ XM×n

2 ; define an M ×M ×M ×n matrix
A0 ∈ XM×M×M×n

0

2: fill in A1 and A2 by iid sampling from the pmfs r(x1), x1 ∈ X1 and s(x2), x2 ∈ X2, respectively
3: for each (m0,m1,m2) ∈ {1, 2, · · · ,M}3 do
4: for i = 1 to n do
5: generate A0[m0][m1][m2][i] by iid sampling from q(x0,A1[m1][i],A2[m2][i]), x0 ∈ X0

6: for k = 1 to M do
7: Mk ← {(m0,m1,m2) : m0,m1,m2 are positive integers, m0m1m2 = k.}
8: for each (m0,m1,m2) ∈ Mk do
9: for i = 1 to n do

10: x1[i] ← A1[m1][i]; x2[i] ← A2[m2][i]; x0[i] ← A0[m0][m1][m2][i]
11: compute d(x,xi), i = 0, 1, 2
12: if d(x,xi) ≤ Di, i = 0, 1, 2 then
13: return (m0,m1,m2), (x0,x1,x2)
14: for i = 1 to n do
15: x1[i] ← A1[1][i]; x2[i] ← A2[1][i]; x0[i] ← A0[1][1][1][i]
16: return (1, 1, 1), (x0,x1,x2)

Procedure 2 SearchWithFixedWeight(x, λ0, λ1, λ2, q(·, ·, ·), r(·), s(·))
1: execute line 1 to 5 in Procedure 1
2: (m0,m1,m2) ← argmin(k0,k1,k2)

{
λ0d(x,A0[k0][k1][k2]) +

∑i=2
i=1 λid(x,Ai[ki]), subject to k0k1k2 ≤ M

}
3: for i = 1 to n do
4: x1[i] ← A1[m1][i]; x2[i] ← A2[m2][i]; x0[i] ← A0[m0][m1][m2][i]
5: return (m0,m1,m2), (x0,x1,x2)

Procedure 3 SideReconstruction(m, g(·),Y)

Require: m is a positive integer. Y is a finite alphabet. g(·) is a pmf over Y .
1: n,M ← same as those in SearchWithFixedDistortion/Weight; define an n-dimensional vector y ∈ Yn; define

an M × n matrix A ∈ YM×n

2: fill in A by iid sampling from the pmf g(y), y ∈ Y
3: for i = 1 to n do
4: y[i] ← A[m][i]
5: return y

Procedure 4 CentralReconstruction(m0,m1,m2, q(·, ·, ·), r(·), s(·))
Require: m0, m1, m2 are positive integers. q(·, ·, ·), r(·), s(·) are functions satisfying the condition given by (9).

1: n,M ← same as those in SearchWithFixedDistortion/Weight; define an n-dimensional vector x0 ∈ Xn
0 ; define

two M ×n matrices: A1 ∈ XM×n
1 and A2 ∈ XM×n

2 ; define an M ×M ×M ×n matrix A0 ∈ XM×M×M×n
0

2: fill in A1 and A2 by iid sampling from the pmfs r(x1), x1 ∈ X1 and s(x2), x2 ∈ X2, respectively
3: for each (k0, k1, k2) ∈ {1, 2, · · · ,M}3 do
4: for i = 1 to n do
5: generate A0[k0][k1][k2][i] by iid sampling from q(x0,A1[k1][i],A2[k2][i]), x0 ∈ X0

6: for i = 1 to n do
7: x0[i] ← A0[m0][m1][m2][i]
8: return x0

Fig. 2. The procedures which are called by the coding modules given in Fig. 1. X0, X1, and X2 are finite alphabets. D0, D1, and D2 are distortions. On
line 11 of Procedure 1, d(x,xi) =

1
n

∑j=n
j=1 dX ,Xi

(x[j],xi[j]).

sampling from the pmf q(x0,X1[i],X2[i]), x0 ∈ X0. Then,

− 1
n log(QA(x, D0, D1, D2))

� − 1
n log(Pr{dX ,Xi(x,Xi) ≤ Di, i = 0, 1, 2})

= RA(tx, q, r, s,D0, D1, D2) + o(1), (14)

− 1
n log(QB(x, λ0, λ1, λ2, D))

� − 1
n log(Pr{

∑i=2
i=0 λid(x,Xi) ≤ D})

= RB(tx, q, r, s, λ0, λ1, λ2, D) + o(1), (15)

where limn→∞ o(1) = 0.

The proof of Lemma 1 is given in Appendix B. Lemma 2
follows in similar lines to the derivations in [9] and [3].
Equipped with the above lemmas as well as the proper-
ties of RA(·) and RB(·), we are ready to analyze the
procedures shown in Fig. 2. Our next result reveals how
RA(pX , q, r, s,D0, D1, D2) is related to SearchWithFixedDis-
tortion. It also shows that this procedure plays the role of a
“natural type selector”.

Proposition 7. Let X be an n-dimensional random source
vector. Let
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Basic Encoder 
Fig. 1(b)
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0 1 2( , , )x x x
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Basic Side Decoder 1
Fig. 1(c)

Basic Side Decoder 2
Fig. 1(c)

1X

1x

2X

2x

Basic Central Decoder 
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0x
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Encoder Central Decoder
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( )s ⋅

Update

Update

Update

Fig. 3. The complete framework of UMDC.
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t x x x t x x x K
r x t x x x s x t x x x
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←

← ←

←

←

 


Update in the encoder and central decoder

11 1 1( ) ( ) ( )t x t x t x← + x

If k mod K = 0

Y

1 1 1( ) ( ) / , ( ) 0r x t x K t x← ←

Update in the side decoder

1 1 1

a positive integer, 1
( ) 1/ | |, (

, 
) 0,r x

K
t

k
x

← ←
←← X

 + 1, output ( ), ( ), ( )k k q r s← ⋅ ⋅ ⋅

 + 1, output ( )k k r← ⋅

A new triple of codewords (x0, x1, x2) 
has been reconstructed

A new codeword x1
has been decoded

Fig. 4. The update modules in Fig. 3: updating the functions used to generate the codebooks.

((M0,M1,M2), (X0,X1,X2)) =

SearchWithFixedDistortion(X, D0, D1, D2, q(·, ·, ·), r(·), s(·)),

where (M0,M1,M2) is a triple of positive integers;
(X0,X1,X2) is a triple of n-dimensional vectors; q(·, ·, ·),
r(·), and s(·) are positive-valued functions satisfying the con-
straint in (9). Suppose in SearchWithFixedDistortion, M �
2nRA(pX ,q,r,s,D0,D1,D2). Then ∀ε > 0, ∃n0 > 0, ∀n > n0,

Pr
{∣∣∣ log(M0M1M2)

n
−RA(pX , q, r, s,D0, D1, D2)

∣∣∣ < ε
}

> 1− ε, (16)

Pr {‖tX0X1X2 − wA‖1 < ε} > 1− ε, (17)

where wA is the minimizer of (10).

Remark 1. Let L(·) be the length function of Elias’s δ-code
[7]. It is known [7] that L(m) ∼ log(m). Since Elias’s δ-
scheme is used to encode each Mi, i = 0, 1, 2, into a binary
sequence, asymptotically the rate of Mi is 1

n log(Mi) and the
sum-rate equals 1

n log(M0M1M2). Combining this with (16)
and Proposition 5, we note that if q(·, ·, ·), r(·), and s(·) are
chosen appropriately, then asymptotically the coding system
depicted in Fig. 1 with Fig. 1(a) as the encoder achieves the
EGC sum-rate bound.

Remark 2. By Proposition 4(i), the minimizer of (10) is
unique. Thus, (17) implies that the codewords returned by
SearchWithFixedDistortion have a joint type approximately
equal to wA. As a consequence, this procedure can be in-
terpreted as a “type selector”.

Remark 3. The conditions given in Proposition 7 for q(·, ·, ·),
r(·), s(·) are slightly stronger than those given by (9). We
require q(·, ·, ·), r(·), s(·) to be strictly positive in order
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……

……

Variable nodes

Check nodes

……Network nodes

Source nodes

:{0,1}lρ →X

Fig. 5. The multilevel LDGM code proposed in [10].

to prove (16) and (17). But note that to ensure Search-
WithFixedDistortion to be executable, the conditions given
by (9) suffice. It is unclear whether (16) and (17) hold if
q(x0, x1, x2)r(x1)s(x2) = 0 for some (x0, x1, x2).

The proof of Proposition 7 is given in Appendix C. For
SearchWithFixedWeight, we have the following result, whose
proof is given in Appendix D.

Proposition 8. Let X be an n-dimensional random source
vector. Let

((M0,M1,M2), (X0,X1,X2)) =

SearchWithFixedWeight(X, λ0, λ1, λ2, q(·, ·, ·), r(·), s(·)),

where (λ0, λ1, λ2) ≥ 0 and q(·, ·, ·), r(·), s(·) are positive-
valued functions satisfying the constraint in (9). Suppose in
SearchWithFixedWeight, M =

⌊
2nRB(pX ,q,r,s,λ0,λ1,λ2,D)

⌋
for

some 0 < D < Dmax. Then, ∀ε > 0, ∃n0 > 0, ∀n > n0,

Pr
{∣∣∣D −

∑i=2
i=0 λid(X,Xi)

∣∣∣ < ε
}
> 1− ε, (18)

Pr {‖tX0X1X2 − wB‖1 < ε} > 1− ε, (19)

where wB is the minimizer of (11).

Remark 4. In view of (19), SearchWithFixedWeight can also
be interpreted as a “type selector”.

Remark 5. By [7] the sum-rate is asymptotically
1
n log(M0M1M2). Since M0M1M2 ≤ M , the sum-rate
of SearchWithFixedWeight is asymptotically upper-
bound by 1

n log(M). While SearchWithFixedDistortion
returns on the first occurrence of a qualified triple of
codewords, SearchWithFixedWeight performs a full search
and returns the triple with the minimum weighted distortion.
Thus, for SearchWithFixedWeight, we conjecture that
limn→∞

1
nE[log(M0M1M2)− log(M)] = 0.

Remark 6. For reasons similar to those given in Remark
3, we require q(·, ·, ·), r(·), s(·) to be positive-valued in
Proposition 8.

C. UMDC with Random Codebooks

Fig. 3 shows the fixed-weight UMDC scheme, whose en-
coder is built upon Fig. 1(b). The scheme can be divided
into two parts: the encoder and the central decoder. The
side decoder is a subset of the central decoder and is shown
inside a dashed box. Besides the modules given in Fig. 1, the
scheme includes several new modules named “Update”. Fig. 4
shows how these modules update q(·), r(·), s(·), which are
used for codebook generation. With the additional modules,

LDGM Encoder 1

Description 2

Update
1x

Description 1

LDGM Encoder 2

x

1( )ρ ⋅

Update
2x

2 ( )ρ ⋅

Fig. 6. Updating the codebooks of the MDC scheme proposed in [12] shown
inside the dashed box.
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Fig. 7. Convergence behavior of the UMDC scheme on a nonuniform
binary source with Hamming distortion. pX(0) = 0.75. R1 = R2 =
0.231bit/symbol. (R1, R2,D∗

0 ,D
∗
1 ,D

∗
2) is located on the EGC bound. The

length of each source vector is 10000.

the decoder is able to synchronize its codebooks with those
of the encoder.

Let X(k) be the k-th n-dimensional random vector out-
put by the source, and let X

(k)
0 ,X

(k)
1 ,X

(k)
2 be the recon-

struction codewords of X(k). Moreover, let
(
q(k), r(k), s(k)

)
denote the k-th triple of functions output by the “Up-
date” module at the encoder. For each k, the encoder in-
vokes SearchWithFixedWeight with

(
q(k−1), r(k−1), s(k−1)

)
and produces a triple of integers

(
M

(k)
0 ,M

(k)
1 ,M

(k)
2

)
indicat-

ing the locations of the reconstruction codewords in the code-
books.

{
M

(k)
1 : k ≥ 1

}
and
{
M

(k)
2 : k ≥ 1

}
are transmitted

in Descriptions 1 and 2, respectively, and
{
M

(k)
0 : k ≥ 1

}
is split into both descriptions. If there is no transmis-
sion error, that is,

{(
M

(k)
0 ,M

(k)
1 ,M

(k)
2

)
: k ≥ 1

}
is re-

ceived correctly, then for each k, the central decoder could
reproduce

(
q(k), r(k), s(k)

)
by using its “Update” module

given in Fig. 4 with the previously reconstructed code-
words. If only one description is received correctly, say
the description containing

{
M

(k)
1 : k ≥ 1

}
, then according

to Fig. 4, for each k the side decoder could reproduce
r(k)(·) with the previously reconstructed codewords X

(k)
1 ={

X
(k′)
1 : 
k/K�K −K + 1 ≤ k′ ≤ 
k/K�K

}
. Note that the
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function r(k)(·) generated at the encoder depends only on
X

(k)
1 . Therefore, the functions required by each decoder for

codebook generation can always be obtained from the types
of previously reconstructed codewords, and the encoder needs
neither to know which description is received, nor to transmit(
q(k), r(k), s(k)

)
.

To analyze the R-D performance of the UMDC scheme, we
need the following result for RB(·), which can be proved by
using the log-sum inequality [5, Theorem 2.7.1].

Proposition 9. Let

q̂(x0, x1, x2) =
wB(x0, x1, x2)∑
x0

wB(x0, x1, x2)
,

r̂(x1) =
∑

x0,x2

wB(x0, x1, x2),

ŝ(x2) =
∑

x0,x1

wB(x0, x1, x2),

where wB(x0, x1, x2) is the minimizer of (11). Then,

RB(pX ,q̂, r̂, ŝ, λ0, λ1, λ2, D)

≤ RB(pX , q, r, s, λ0, λ1, λ2, D). (20)

The following proposition shows that the weighted distor-
tion of the codewords reconstructed by the proposed scheme
does not increase with time when n tends to infinity.

Proposition 10. Suppose in SearchWithFixedWeight, M =⌊
2nC
⌋
, where 0 < C < 2H(pX). Then, ∀δ > 0, ∀k, ∀Δk,

lim
n→∞

Pr

{∑i=2

i=0
λid
(
X(k+Δk),X

(k+Δk)
i

)
−
∑i=2

i=0
λid
(
X(k),X

(k)
i

)
> δ

}
= 0, (21)

where (λ0, λ1, λ2) > 0 †.

Proof Outline: For brevity, we assume K = 1 for the
modules given in Fig. 4. The proof of (21) for K > 1 is
similar and is omitted. When K = 1,⎧⎪⎪⎨⎪⎪⎩

q(k)(x0, x1, x2) =
t(k)(x0,x1,x2)∑
x0

t(k)(x0,x1,x2)
,

r(k)(x1) =
∑

x0,x2
t(k)(x0, x1, x2),

s(k)(x2) =
∑

x0,x1
t(k)(x0, x1, x2),

(22)

where t(k)(x0, x1, x2) denotes the joint type of(
X

(k)
0 ,X

(k)
1 ,X

(k)
2

)
. Note that if 0 < C < 2H(pX),

then for any (q, r, s) ∈ P, q, r, s > 0, and (λ0, λ1, λ2) > 0,
there exists a D > 0 such that

RB(pX , q, r, s, λ0, λ1, λ2, D) = C.

Besides, according to (11), for positive-valued q(·, ·, ·),
r(·), s(·), the minimizer of (11) is also positive-valued.
Let w

(k)
B (x0, x1, x2) be the minimizer of (11) with q =

q(k−1), r = r(k−1), s = s(k−1). In view of (19), we have

lim
n→∞

Pr
{
t(k) = w

(k)
B

}
= 1. (23)

†Here we assume (λ0, λ1, λ2) > 0 instead of (λ0, λ1, λ2) ≥ 0 because
in the case λ0λ1λ2 = 0 the problem degenerates to successive refinement
or single description coding.

Combining (23), (22), (20), (18), Proposition 6(ii), and the
condition M =

⌊
2nC
⌋

with 0 < C < 2H(pX), we find that
∀δ > 0, ∀k,

lim
n→∞

Pr

{∑i=2

i=0
λid
(
X(k),X

(k)
i

)
−
∑i=2

i=0
λid
(
X(k−1),X

(k−1)
i

)
> δ

}
= 0,

from which (21) follows.
One can get the fixed-distortion UMDC scheme by replac-

ing the basic encoder in Fig. 3 with that in Fig. 1(a). It can
be shown that as n tends to infinity the sum-rate of this
UMDC scheme does not increase with time. It is still an open
problem whether the R-D performance of the proposed scheme
converges to the EGC bound.

V. APPLICATION TO PRACTICAL MDC

We first review the multilevel LDGM code proposed in [10],
which is designed for single description coding. Fig. 5 shows
the factor graph of a multilevel LDGM code. The code consists
of four levels of nodes. Suppose there are n source nodes, n
network nodes, and l ·n check nodes where l is some integer.
Each check node takes binary values. Each network node is
connected to one source node and l check nodes, and its value
is determined by the values of its adjacent check nodes through
a mapping ρ : {0, 1}l → X̂ . The reconstruction codeword
x̂ ∈ X̂n is formed by putting the values of all the network
nodes into a vector.

Suppose X̂ = X = {1, 2, · · · , |X |}. Note that according to
[5]

R(D) = min
pX̂|X (x̂|x)

{I(X ; X̂) : E[d(X, X̂)] ≤ D}

= D
(
p∗X̂ |X (x̂|x)pX(x)

∥∥p∗X̂ (x̂)pX(x)
)
, (24)

where R(D) is the R-D function of pX(x). It is shown in
[10] that the following mapping is an asymptotically optimal
choice for ρ(·):

ρ(c1, c2, · · · , cl)

=

⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩
x̂ if

ŷ=x̂−1∑
ŷ=1

⌊
2lp∗X̂ (ŷ)

⌋
≤

k=l∑
k=1

2k−1ck <

ŷ=x̂∑
ŷ=1

⌊
2lp∗X̂ (ŷ)

⌋
,

1 if
k=l∑
k=1

2k−1ck ≥
ŷ=|X |∑
ŷ=1

⌊
2lp∗X̂ (ŷ)

⌋
.

(25)

Denote by G the generator matrix of the LDGM code, and
by c the vector composed of the values of the check nodes.
Note that c is of dimension nl and c = vG for some v.
Suppose that the entries of G are generated randomly and
independently of each other with a Bernoulli distribution.
Then, tc approaches the uniform distribution as n → ∞ for
almost all choices of v (see [10]). With the ρ(·) given by (25),
tx̂, the type of the reconstruction codeword, approaches p∗X̂ (x̂)
as l, n → ∞, which, according to (24), is necessary for the
asymptotic optimality of the whole LDGM code.

In [12], a two-channel MDC scheme using the above
LDGM code is proposed for binary sources with Hamming
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distortion. The scheme employs two LDGM codebooks, one
for each description, and the descriptions are generated se-
quentially. Given an n-dimensional source vector x, the first
description is produced with the penalties assigned according
to the source symbols. The penalties for the second description
is given based on the first description as well as the source vec-
tor. Denote by xj(j = 1, 2) the side reconstruction codeword
generated with the j-th description. The central reconstruction
codeword x0 is given by the following equation [12]:

x0[i] =

{
0 if x1[i] = x2[i] = 0,

1 otherwise,
(26)

where 1 ≤ i ≤ n.
Denote by ρj : {0, 1}lj → Xj , j = 1, 2, the nonlinear

mapping used in the LDGM codebook of the j-th description.
Based on the MDC scheme proposed in [12], a practical
universal scheme is given in Fig. 6. Each time a source
vector is encoded into two descriptions, and ρj(·) is updated
according to the following equation:

ρj(c1, c2, · · · , clj ) =

⎧⎪⎪⎨
⎪⎪⎩

0 if

k=lj∑
k=1

2k−1ck <
⌊
2lj txj (0) + 0.5

⌋
,

1 otherwise.

The practical universal scheme given above only contains
two codebooks and does not generate refinement information,
which is a simplified version of the scheme given in Fig. 3.

VI. EXPERIMENTAL RESULTS

We implement the UMDC scheme given in Fig. 6. Fig. 7
shows the convergence behavior of the scheme when applied
to a nonuniform binary source with Hamming distortion.
We set the length of each source vector to 10000, and set
l1 = l2 = 4. The generator matrices of the LDGM codes
are designed using the algorithm given in [13] for BIAWGN
(Binary Input Additive White Gaussian Noise) channels. For
the message passing and decimation over the LDGM codes,
the corresponding parameters are chosen according to [10]
and [12]. The central decoder combines both descriptions with
(26). In the “Update” modules depicted in Fig. 4, we set
K = 1. The curves in Fig. 7 are averaged over 5 independent
trials. In Fig. 7, it is observed that the UMDC scheme con-
verges quickly. Initially, the central distortion is slightly larger
than the side distortions, because the central decoder always
combines both descriptions with (26) and the codebooks at
that time are far from being optimal. However, as more source
vectors are coded, the central distortion decreases faster, and
is eventually less than the side distortions. Tab. I compares the
performance of the universal scheme (when it converges) with
the non-universal scheme proposed in [11] and the EGC bound
in the no-excess sum rate case [14]. On average, the central
and side distortions of the proposed scheme are comparable
with those of the non-universal scheme, and are about 0.022,
0.010, 0.007 larger than those given by the EGC theorem,
respectively.

VII. CONCLUSIONS

We consider universal coding in the context of multiple
descriptions. We propose two UMDC schemes using random
codebooks. The principle of natural type selection is general-
ized to MDC and the supporting theoretical results are proved.
It is shown that in each scheme the types of reconstruction
codewords can help to improve the R-D performance. We then
give a practical universal scheme based on the LDGM-based
MDC methods. The practical scheme derives its principles
from our theoretical framework. Each time a source vector is
encoded, the nonlinear mappings inside the LDGM codes are
updated according to the types of reconstruction codewords.
Experimental results show that the R-D performance of the
schemes gradually approaches the EGC bound.
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APPENDIX A

Proof of Proposition 3: Given λ0, λ1, λ2 ≥ 0, define

L (f(x0, x1, x2, x), q(x0, x1, x2), r(x1), s(x2), λ0, λ1, λ2)

� G (f(x0, x1, x2, x), q(x0, x1, x2), r(x1), s(x2))

+

i=2∑
i=0

∑
x0,x1,x2,x

λif(x0, x1, x2, x)d(x, xi).

For functions f(x0, x1, x2, x), q(x0, x1, x2), r(x1), s(x2) sat-
isfying the constraints in (5) with Di = D̂i, we have

L
(
f̂ , q̂, r̂, ŝ, λ0, λ1, λ2

)
= L(λ0, λ1, λ2) ≤ L (f, q, r, s, λ0, λ1, λ2). (27)

Since
∑

f(x0, x1, x2, x)d(x, xi) ≤ D̂i, i = 0, 1, 2, it follows

that G
(
f̂ , q̂, r̂, ŝ

)
≤ G (f, q, r, s), which means that(

f̂ , q̂, r̂, ŝ
)

is the minimizer of (5) with Di = D̂i. Notice
that the inequality in (27) holds irrespective of the values
of D̂i, i = 0, 1, 2. Thus,

(
R̂, D̂0, D̂1, D̂2

)
is located on a

supporting hyperplane of Asum, which implies that it belongs
to ∂(conv(Asum)).

APPENDIX B

Proof of Lemma 1: For each positive integer k, define
α(k) � |{l : l|k, l > 0}|, where “l|k” stands for “l divides k”.
Then

k=m∑
k=1

|Mk| =
k=m∑
k=1

∑
l|k

α(l) =

k=m∑
k=1

⌊m
k

⌋
α(k).

Thus,

m

k=m∑
k=1

α(k)

k
−

k=m∑
k=1

α(k) ≤
k=m∑
k=1

|Mk| ≤ m

k=m∑
k=1

α(k)

k
.



1370 IEEE TRANSACTIONS ON COMMUNICATIONS, VOL. 61, NO. 4, APRIL 2013

TABLE I
COMPARISON OF THE R-D PERFORMANCE OF THE PROPOSED UMDC SCHEME (3RD COLUMN), THE NON-UNIVERSAL SCHEME [11] (4TH COLUMN),

AND THE EGC BOUND IN THE NO-EXCESS-RATE CASE [14] (5TH COLUMN) FOR BINARY SOURCES WITH HAMMING DISTORTION. THE UNIT OF RATE IS

BIT/SYMBOL.

pX(0) (R1, R2) (D0,D1,D2)(UMDC) (D0, D1, D2)[11] (D∗
0 , D

∗
1 ,D

∗
2)

0.5 (0.320, 0.320) (0.091, 0.236, 0.275) (0.088, 0.235, 0.284) (0.068, 0.230, 0.264)

0.5 (0.231, 0.231) (0.157, 0.286, 0.293) (0.149, 0.275, 0.318) (0.124, 0.273, 0.287)

0.5 (0.395, 0.395) (0.052, 0.205, 0.254) (0.050, 0.206, 0.270) (0.033, 0.203, 0.251)

0.5 (0.167, 0.628) (0.047, 0.345, 0.135) (0.046, 0.333, 0.150) (0.032, 0.332, 0.134)

0.75 (0.320, 0.320) (0.048, 0.137, 0.145) (0.050, 0.139, 0.148) (0.026, 0.125, 0.136)

0.75 (0.231, 0.231) (0.096, 0.168, 0.164) (0.088, 0.162, 0.166) (0.066, 0.153, 0.153)

0.75 (0.395, 0.395) (0.021, 0.119, 0.134) (0.023, 0.121, 0.137) (0.002, 0.110, 0.124)

0.75 (0.167, 0.628) (0.016, 0.185, 0.068) (0.018, 0.188, 0.069) (0.002, 0.178, 0.060)

According to [8, p.57, p.70],

k=m∑
k=1

α(k)

k
=

1

2
log2(m) + 2C0 log(m) +O(1),

k=m∑
k=1

α(k) = m logm+ (2C0 − 1)m+O(
√
m),

where C0 is the Euler’s constant. Then, we have

C1m log2 m ≤
k=m∑
k=1

|Mk| ≤ C2m log2 m,

where C1 and C2 are constants. Hence, (13) is proved.

APPENDIX C

Proof of Proposition 7: For brevity, we use RA(pX , δ) as
the shorthand for RA(pX , q, r, s, D0 − δ,D1−δ,D2−δ). To
establish (16), we need to prove that ∀ε, 0 < ε < RA(pX , 0),
∃n1 > 0, ∀n > n1,

Pr
{

1
n log(M0M1M2) < RA(pX , 0)− ε

}
< ε/2, (28)

and that ∀ε > 0, ∃n2, ∀n > n2,

Pr
{

1
n log(M0M1M2) > RA(pX , 0) + ε

}
< ε/2. (29)

We prove (28) by characterizing the size of the codebook used
by SearchWithFixedDistortion, and prove (29) by relating it
to the set of jointly typical sequences.

We first prove (28). Define Nn �
⌊
2n(RA(pX ,0)−ε)

⌋
. In view

of Lemma 1, there exists n′
1 > 0, for all n > n′

1,∣∣∣⋃k=Nn

k=1 Mk

∣∣∣ ≤ 2n(RA(pX ,0)−3ε/4). (30)

By Proposition 4(ii), ∃ξ > 0, ∀pmf t(·) over X , if ‖t(·) −
pX(·)‖1 �

∑
x∈X |t(x) − pX(x)| < ξ,

|RA(t, q, r, s,D0, D1, D2)−RA(pX , 0)| < ε/4. (31)

For any finite alphabet Y and any pmf over it, say g(y), y ∈ Y ,
we use Tn,ε(g) to denote the strongly ε-typical set of g(·) in
Yn [5], i.e.,

Tn,ε(g) � {y ∈ Yn : |ty(y)− g(y)| < ε/|Y|, ∀y ∈ Y} .

Let X be an n-dimensional random source vector. Then,
∃n′′

1 > 0 such that ∀n > n′′
1 ,

Pr {X ∈ Tn,ξ(pX)} > 1− ε/4.

Note that Tn,ξ(pX) ⊂ {x : ‖tx − pX‖1 < ξ}. Combining
this fact with (14) and (31) implies that ∃n′′′

1 > 0, ∀n > n′′′
1 ,

∀x ∈ Tn,ξ(pX),

QA(x, D0, D1, D2) ≤ 2−n(RA(pX ,0)−ε/2). (32)

Then, ∀n > n1 � max{n′
1, n

′′
1 , n

′′′
1 },

Pr
{
M0M1M2 < 2n(RA(pX ,0)−ε)

}
≤ ε

4
+
∑

x∈Tn,ξ(pX )

∣∣∣∣∣
k=Nn⋃
k=1

Mk

∣∣∣∣∣QA(x, D0, D1, D2)×

i=n∏
i=1

pX(x[i])

(a)

≤ 2n(RA(pX ,0)−3ε/4)2−n(RA(pX ,0)−ε/2) + ε/4

= 2−nε/4 + ε/4,

where (a) is due to (30) and (32). This proves (28).
Next we prove (29). By Proposition 4(iii), ∀ε > 0, ∃δ > 0,

such that |RA(pX , δ) − RA(pX , 0)| < ε/4. In view of (10),
we have

RA(pX , δ)

=min
f(·)

G (f, q, r, s)

subject to
∑

x0,x1,x2

f(x0, x1, x2, x) = pX(x),

f(x0, x1, x2, x) ≥ 0,∑
x0,x1,x2,x

f(x0, x1, x2, x)d(x, xi) ≤ Di − δ,

i = 0, 1, 2,

where G (f, q, r, s) is defined in (3). Let f∗
δ (x0, x1, x2, x) be

the minimizer of the above problem. Then,∑
x0,x1,x2,x

f∗
δ (x0, x1, x2, x)d(x, xi) ≤ Di − δ, i = 0, 1, 2,

(33)
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which implies that ∃η0 > 0, ∀η, 0 < η < η0, ∀(x0,x1,
x2,x) ∈ Tn,η(f

∗
δ ),∑

x,x0,x1,x2

tx0,x1,x2,x(x0, x1, x2, x)d(x, xi) ≤ Di − δ/2,

i = 0, 1, 2. (34)

Define the following random events:

E1 � {∃(m0,m1,m2),m0m1m2 ≤ 2n(RA(pX ,0)+ε),

d (X,Ai[mi]) ≤ Di, i = 1, 2,

d (X,A0[m0][m1][m2]) ≤ D0} ,
E2 �

{∃(m0,m1,m2),m0m1m2 ≤ 2n(RA(pX ,δ)+ε/2),

(A0[m0][m1][m2],A1[m1],A2[m2],X) ∈ Tn,η(f
∗
δ )} ,

where Ai, i = 0, 1, 2, are the matrices defined in SearchWith-
FixedDistortion, and

Ai[mi] � (Ai[mi][1],Ai[mi][2], · · · ,Ai[mi][n]), i = 1, 2,

A0[m0][m1][m2]

� (A0[m0][m1][m2][1],A0[m0][m1][m2][2], · · · ,
A0[m0][m1][m2][n]).

Due to (34) and the fact that RA(pX , δ) < RA(pX , 0) + ε/4,
we have Pr{E2} ≤ Pr{E1}. Thus,

Pr
{

1
n
log(M0M1M2) > RA(pX , 0) + ε

} ≤ Pr{E1} ≤ Pr{E2}.
It can be shown by leveraging the proof technique in [6] that
Pr{E2} → 0 as n → ∞, which proves (29).

Finally, we prove (17). Suppose there is another procedure
SearchWithFixedDistortion′ same as SearchWithFixedDistor-
tion except that it does not return until an integer triple
(M ′

0,M
′
1,M

′
2) is found such that

(i) ‖tA0[M ′
0][M

′
1][M

′
2]A1[M ′

1]A2[M ′
2]
− wA‖ ≥ ε,

(ii) d(A1[M
′
1],X) ≤ D1, d(A2[M

′
2],X) ≤ D2,

d(A0[M
′
0][M

′
1][M

′
2],X) ≤ D0.

Suppose that the codebooks and source inputs of both proce-
dures are the same. Then,

Pr{‖tX0X1X2 − wA‖ < ε}
≥ Pr{M0M1M2 < M ′

0M
′
1M

′
2}

= 1− Pr{M0M1M2 = M ′
0M

′
1M

′
2}.

Define

RA,ε(pX , δ)

�min
f(·)

G (f, q, r, s)

subject to

∥∥∥∥∥∑
x

f(x0, x1, x2, x)− wA(x0, x1, x2)

∥∥∥∥∥ ≥ ε,∑
x0,x1,x2

f(x0, x1, x2, x) = pX(x),

f(x0, x1, x2, x) ≥ 0,∑
x0,x1,x2,x

f(x0, x1, x2, x)d(x, xi) ≤ Di − δ,

i = 0, 1, 2;

if the feasible region is empty, we define RA,ε(pX , δ) � +∞.
We have RA,ε(pX , 0) > RA(pX , 0), which is due to the

uniqueness of wA. Let ε′ = min
{
1
2ε,

1
2

(
RA,ε(pX , 0) −

RA(pX , 0)
)}

. By (16),

lim
n→∞

Pr
{
M0M1M2 < 2n(RA(pX ,0)+ε′)} > 1− ε

2 .

Note that

Pr{‖tX0X1X2 − wA‖ < ε}
≥ Pr{M0M1M2 < M ′

0M
′
1M

′
2}

≥ Pr
{
M0M1M2 < 2n(RA(pX ,0)+ε′) and

M ′
0M

′
1M

′
2 ≥ 2n(RA,ε(pX ,0)−ε′)

}
> 1− Pr

{
M0M1M2 ≥ 2n(RA(pX ,0)+ε′)

}
−

Pr
{
M ′

0M
′
1M

′
2 < 2n(RA,ε(pX ,0)−ε′)

}
.

Thus, to establish (17), it suffices to prove

lim
n→∞

Pr
{
M ′

0M
′
1M

′
2 < 2n(RA,ε(pX ,0)−ε′)

}
≤ ε

2 . (35)

Let (Y0,Y1,Y2) be the triple of random vectors such that

(i) (Y0,Y1,Y2) is independent of X.
(ii) (Y0[i],Y1[i],Y2[i]) is independent of (Y0[j],Y1[j],

Y2[j]), ∀i �= j.
(iii) Pr {(Y0[i],Y1[i],Y2[i]) = (x0, x1, x2)} = r(x1)s(x2)

q(x0, x1, x2).

Since

Pr
{
‖tY0Y1Y2 − wA‖ ≥ ε, d(Yi,x) ≤ Di, i = 0, 1, 2

}
=
∑

t:‖t−wA‖>ε

2−n(IA(tx,t,D0,D1,D2)+o(1))Pr{tY0Y1Y2 = t}

= 2−n(minw:‖w−wA‖>ε{IA(tx,w,D0,D1,D2)+D(w‖qrs)}+o(1))

= 2−n(RA,ε(tx,0)+o(1)),

where the first equality is derived based on the results in [9],
and limp→pX

RA,ε(p, 0) ≥ RA,ε(pX , 0), there exists ξ > 0
such that for n sufficiently large,

Pr
{
M ′

0M
′
1M

′
2 < 2n(RA,ε(pX ,0)−ε′)}

≤ ε

2
+
∑

x∈Tn,ξ(pX)

(
i=n∏
i=1

pX(x[i])

) ∣∣∣∣∣∣
k=2n(RA,ε(pX,0)−ε′)⋃

k=1

Mk

∣∣∣∣∣∣×
Pr
{
‖tY0Y1Y2 − wA‖ ≥ ε,

d(Yi,x) ≤ Di, i = 0, 1, 2
}

(a)

≤ ε

2
+ 2n(RA,ε(pX ,0)−ε′+o(1))2

−n
(
RA,ε(pX ,0)− ε′

2 +o(1)
)

→ ε

2
,

where (a) follows from Lemma 1. This completes the proof
of (35)‡.

APPENDIX D

Proof of Proposition 8: Let D0, D1, D2 be values
such that RB(pX , q, r, s, λ0, λ1, λ2, D) = RA(pX , q, r, s,D0,

‡If limp→pX
RA,ε(p, 0) = RA,ε(pX , 0) = +∞, then ∃η, if ‖tx −

pX‖ ≤ η, Pr{M0M1M2 = M ′
0M

′
1M

′
2|X = x} = 0.
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D1, D2) and
∑i=2

i=0 λiDi ≤ D §. To prove (18), we only need
to prove

Pr
{∑i=2

i=0 λid(X,Xi) < D − ε
}
< ε/2, (36)

and

Pr
{∑i=2

i=0 λid(X,Xi) ≤ D + ε
}
> 1− ε/2, (37)

as n → ∞. The proof of (36) is similar to that of (28) and is
omitted. For (37), note that

Pr

{
i=2∑
i=0

λid(X,Xi) ≤ D + ε

}

≥ Pr

{
∃(m0,m1,m2),m0m1m2 ≤ 2nRA(pX ,q,r,s,D0,D1,D2),

d (X,Ai[mi]) ≤ Di +
ε∑i=2

i=0 λi

, i = 1, 2,

d (X,A0[m0][m1][m2]) ≤ D0 +
ε∑i=2

i=0 λi

}
,

which tends to 1 as n → ∞ according to the proof of (29).
Thus, (18) is proved.

We proceed to prove (19). Due to (18), ∀δ(0 < δ < ε), if
n is sufficiently large,

Pr{‖tX0X1X2 − wB‖ < ε}
≥ (1− δ)×

Pr

{
‖tX0X1X2 − wB‖ < ε

∣∣∣∣ ∣∣D −
i=2∑
i=0

λid(X,Xi)
∣∣ ≤ δ

}
.

(38)

Define

RB,ε(pX , δ)

�min
f(·)

G (f, q, r, s)

subject to

∥∥∥∥∥
∑
x

f(x0, x1, x2, x)− wB(x0, x1, x2)

∥∥∥∥∥ ≥ ε,

i=2∑
i=0

∑
x0,x1,x2,x

f(x0, x1, x2, x)λid(x, xi) ≤ D + δ,

∑
x0,x1,x2

f(x0, x1, x2, x) = pX(x),

f(x0, x1, x2, x) ≥ 0,

and RB,ε(pX , δ) = +∞ if the feasible region is empty. If
∃δ1(0 < δ1 < ε) such that RB,ε(pX , δ1) = +∞, then
according to (38), eventually, Pr{‖tX0X1X2 − wB‖ < ε} ≥
1− δ1 ≥ 1− ε, and (19) is proved.

Next we consider the case in which RB,ε(pX , δ) < +∞,
0 < δ < ε. In this case, we actually have RB,ε(pX , δ) < +∞,
∀δ > 0, since RB,ε(pX , δ) is at least non-increasing in δ.
Furthermore, by using upper and lower limits, we find that

lim
δ→0+

RB,ε(pX , δ) = RB,ε(pX , 0). (39)

By Proposition 4(i), RB,ε(pX , δ) > RB,0(pX , δ) = RB(pX ,
q, r, s, λ0, λ1, λ2, D + δ). Thus, (39) implies that ∃δ2

§Actually, the equality holds due to Proposition 6.

(0 < δ2 < ε) such that RB,ε(pX , 0) ≥ RB,ε(pX , δ2) >
RB,0(pX , 0).

Suppose there is another procedure SearchWithFixed-
Weight′ same as SearchWithFixedWeight except that it returns
the integer triple (M ′

0,M
′
1,M

′
2) which satisfies the following

equation:

(M ′
0,M

′
1,M

′
2)

= argmin(k0,k1,k2)

{
λ0d(X,A0[k0][k1][k2])+∑i=2

i=1 λid(X,Ai[ki]),

subject to k0k1k2 ≤ M,

‖tA0[k0][k1][k2]A1[k1]A2[k2] − wB‖ ≥ ε
}
.

Then,

Pr{‖tX0X1X2 − wB‖ < ε}

≥Pr
{∑i=2

i=0 λid(X,Xi) < λ0d(X,A0[M
′
0][M

′
1][M

′
2])+∑i=2

i=1 λid(X,Ai[M
′
i ])
}

≥1− Pr
{∑i=2

i=0 λid(X,Xi) ≥ D + δ2
2

}
−Pr
{
λ0d(X,A0[M

′
0][M

′
1][M

′
2]) +
∑i=2

i=1 λid(X,Ai[M
′
i ])

≤ D + δ2
2

}
.

In view of (37), to prove (19) it suffices to show that

lim
n→∞

Pr
{
λ0d(X,A0[M

′
0][M

′
1][M

′
2]) +
∑i=2

i=1 λid(X,Ai[M
′
i ])

≤ D + δ2
2

}
< ε, (40)

which can be proved in a way similar to that for (35). Thus,
(19) is proved.
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