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Abstract

In this paper we propose a new frequency domain approach to blind source separation (BSS) of
audio signals mixed in a reverberant environment. It is first shown that joint diagonalization of the
cross power spectral density matrices of the signals at the output of the mixing system is sufficient to
identify the mixing system at each frequency bin up to a scale and permutation ambiguity. The frequency
domain joint diagonalization is performed using a new and quickly converging algorithm which uses an
alternating least-squares (ALS) optimization method. The inverse of the mixing system, estimated using
the joint diagonalization algorithm, is then used to separate the sources. An efficient diadic algorithm to
resolve the frequency dependent permutation ambiguities that exploits the inherent non-stationarity of
the sources is presented. The effect of the unknown scaling ambiguities is partially resolved using a novel
initialization procedure for the ALS algorithm.
The performance of the proposed algorithm is demonstrated by experiments conducted in real re-

verberant rooms. The algorithm demonstrates good separation performance and enhanced output au-
dio quality. The proposed algorithm is compared to that of Parra [1]. Audio results are available at
”www.ece.mcmaster.ca/˜reilly/kamran/index.htm”.

I. Introduction

In the blind source separation problem the objective is to separate multiple sources, mixed
through an unknown mixing system(channel), using only the system output data (observed
signals) and in particular without using any (or least amount of) information about the sources
or the system. The blind source separation problem arises in many fields of studies, including
speech processing, data communication, biomedical signal processing, etc.
An extensive part of the literature has been directed toward the simple case of instantaneous

mixing; i.e., when the observed signals are a linear combination of the sources and no time-delays
are involved in the mixing model [2–5]. A more challenging case is when the mixing system is
convolutive; i.e., when the sources are mixed through a linear filtering operation and the observed
signals are linear combinations of the sources and their corresponding delayed versions [6–9]. A
difficult practical example for the convolutive BSS problem is separation of audio signals mixed
in a reverberant environment.
The current literature on blind signal separation can be divided into the higher-order statistics

(HOS) [4, 10–12] and second-order statistics (SOS) [13–16] methods. The criterion used most
often in the SOS category is minimizing a correlation function of the observed signals subject to
a constraint on the separating network or the power of the output signals. The main motivation
behind the use of SOS methods is that estimating the correlation functions is easier and more
robust compared with estimating higher-order moments, required in most HOS based methods.
The SOS methods usually have a simple implementation, require fewer data samples, and con-
trary to HOS methods, they can handle Gaussian distributed inputs. A significant disadvantage
of SOS methods is that they require additional assumptions on both the channel and the source
signals. For example, one cannot use SOS methods for blind separation of instantaneously mixed
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uncorrelated white signals unless additional constraints are available on the mixing system. For
colored sources, the main assumption used by SOS methods is that the autocorrelation coeffi-
cients of the sources should be linearly independent [17]. Also refer to [15] and [18] for blind
identifiability conditions of SOS methods applied to convolutive mixing.
In recent years a few blind source separation methods have been proposed that exploit the non-

stationarity of the source signals. A non-stationarity assumption can be justified by realizing
that most real world signals are inherently non-stationary (e.g., speech or biological signals).
In [19, 20], methods have been proposed for blind source separation of instantaneously mixed,
non-stationary signals (cyclostationary in the second reference), while [1] considers blind source
separation of colored non-stationary signals when the mixing system is convolutive. Based on
the non-stationarity assumption, the methods in [21,22] can identify the underlying convolutive
mixing system which later can be used to recover the sources.
For the convolutive mixing problem, we can also divide the existing methods into frequency

domain [1, 12, 23]and time domain approaches [6, 24, 25]. The advantage of using frequency-
domain methods is that a time domain estimation problem with a large number of parameters is
decomposed into multiple, independent estimation problems, each with fewer parameters to be
estimated. As a result, in general the frequency-domain estimation algorithms have a simpler
implementation and better convergence properties over their time–domain counterparts. The
main difficulties with frequency–domain blind source separation of convolutive mixtures however
is the arbitrary permutation and scaling ambiguities of the estimated frequency response of the
un-mixing system at each frequency bin.
The proposed method in this paper exploits second-order non-stationarity of the input signals

to separate the convolved audio sources. Sufficient identifiability conditions under which non-
stationary sources can be separated in a convolutive mixing environment using only second-
order statistics of the observed signals has been discussed in [22] [26] [27]. These works propose
a frequency-domain method based on joint approximate diagonalization of observed signals’
cross spectral density matrices, estimated at different time epochs. In this paper, we extend
this idea to concentrate on the problem of separating audio sources mixed in real reverberant
environments.
Other methods, such as [1], also exploit non–stationarity of the observed signals in the fre-

quency domain. However, the approach offered in this paper differs from previous works in
at least three respects. First, the approach in [1] is based on a gradient descent procedure,
while the method proposed in this paper is based on a more efficient alternating least–squares
with projection (ALSP) method. Second, an efficient method for addressing the permutation
problem inherent with frequency domain approaches is proposed. This algorithm exploits the
non–stationarity of the observed signals, and the spectral correlation of the sources between
adjacent frequency bins. Most audio signals of interest possess these properties. Thirdly, the
scaling problem, also inherent with frequency domain approaches, is addressed in this paper by
a novel initialization procedure that significantly improves the quality of the separated audio,
as has been demonstrated in our real room audio experiments.
So far the results shown for most of the convolutive blind source separation methods, especially

the HOS methods, are limited to computer simulations, using synthetically generated mixing
channels with small orders. Among these methods there are some that only consider two-input
two-output (TITO) mixing systems [7, 8, 15] and some that assume mixing systems with the
same number of inputs and outputs [28]. There are few methods that consider blind source
separation of acoustic signals in real room situations [1, 29]. Nevertheless the performance of
these algorithms requires some improvement in highly reverberant environments, in order to
achieve satisfactory subjective audio quality. In this paper we show our results for real room
experiments with long reverberation times. The proposed method is not limited to mixing
systems with fixed dimensions nor to ones with the same number of outputs and inputs. The
only requirement is that the number of outputs for the mixing system be greater than or equal
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to the number of inputs.
The organization of this paper is as follows: The problem formulation including the set of

required assumptions is presented in Section II. Section III discuses the joint diagonalization
problem including some new identifiability results based only on the second–order statistics
and the non-stationarity property of the input signals. In Section IV we present a frequency-
domain algorithm for convolutive blind source separation. A novel solution to the permutation
problem is discussed in Section V. Simulation results for synthetic convolutive mixing scenarios
are described in Section VI and real room experimental results are described in Section VII. The
first set of experiments are based on real room recordings done in a small office environment
with a moderate reverberation time. The second set of experiments are done in a conference
room with a highly reverberant characteristic. In all these experiments, the original sources
(speech signals) are successfully recovered with good audio quality. We also compare our results
with those obtained using the method in [1]. Conclusions and final remarks are presented in
Section VIII.

II. Problem statement

A. Notation

We use bold upper and lower case letters to show matrices and vectors respectively. The
remaining notational conventions are listed as follows:
(·)T Transpose
(·)† Hermitian transpose
E{·} Expectation Operator
diag(a) Forms a diagonal matrix from the vector a.
diag(A) Forms a column vector from the diagonal elements of A.
vec{A} Forms a column vector by stacking the columns of A.
mat{a} Forms a J × J matrix from a J2 × 1 column vector a
A+ Pseudo Inverse of the matrix A.

B. The Convolutive Mixing Problem

We consider the following N -source J-sensor multi–input multi–output (MIMO) linear model
for the received signal for the convolutive mixing problem1:

x(t) = [H(z)]s(t) + n(t) t ∈ Z (1)

where x(t) = (x1(t), · · · , xJ(t))
T is the vector of observed signals,

s(t) = (s1(t), · · · , sN (t))
T is the vector of sources, H(z) is the J × N transfer function of the

mixing system and n(t) = (n1(t), · · · , nJ(t))
T is the additive noise vector. We assume hij(z),

the ijth element of H(z), to be a rational function of z. For the special case where the hij(z)

are causal FIR filters, we have H(z) =
∑L

t=0H(t)z
−t where L is the highest polynomial degree

of hij(z) for all i, j. The objective of the blind source separation algorithm is to estimate the
un-mixing filtersW(z) from the observed signals x(t) such that

W(z)H(z) = ΠD(z) (2)

where Π ∈ RN×N is a permutation matrix and D(z) is a constant diagonal matrix with diagonal
elements which are rational functions of z. In the frequency-domain this is equivalent to finding
aW(ω) ∈ CJ×N such that:

W(ω)H(ω) = ΠD(ω) ∀ ω ∈ [0, π) (3)

1Here we use the notation [H(z)]s(t) to denote the convolution between a system with z-transform H(z) and
source vectors s(t).
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where H(ω) is the corresponding DTFT for H(z). Often with frequency-domain methods, the
matrix Π is dependent on ω. However, to ensure adequate separation performance, Π must
be made independent of frequency. Equation (3) corresponds to the case where the outputs
of the un-mixing filter, although separated, are a filtered version of the original sources. To
ensure satisfactory audio output quality, D(ω) should at least be approximately constant with
frequency.

C. Main Assumptions

A0: J ≥ N ≥ 2; i.e, we have at least as many sensors as sources and number of the sources are
at least two.
A1: The sources s(t) are zero mean, second-order quasi-stationary signals and2 The cross–
spectral density matrices of the sources Ps(ω,m) are diagonal for all ω and m where ω denotes
frequency and m is the epoch index.
A2: The mixing system is modelled by a causal system of the form H(z) = [h1(z), ...,hN (z)]
and does not change over the entire observation interval.
A3: H(ωk), the DFT of H(z), has full column rank for all ωk, k = 0, . . . ,K − 1, ωk =

2πk
K
.

Also ||hi(ωk)||
2
2 = 1 where hi(ωk) is the ith column of H(ωk).

A4: The noise n(t) is zero mean, iid across sensors, with power σ2. The noise is assumed
independent of the sources.
A1 is the core assumption. As is shown in [22], this non-stationarity assumption enables us

to separate the convolved sources using only the second-order statistics of the observed signal.
The first part of assumption A3 guarantees that H(ωk) is invertible for all k = 0, . . . ,K − 1.
Although there is no physical justification for the second part of A3, we use it to resolve the
inherent scaling ambiguities that exist in our algorithm to identify H(ω).
Let Px(ω,m) represent the cross-spectral density matrix of the observed signal at frequency

ω and time epoch m. Based on the above assumptions we can write:

Px(ω,m) = H(ω)Ps(ω,m)H
†(ω) + σ2I, (4)

where Ps(ω,m) is a diagonal matrix which represents the cross-spectral density matrices of the
sources at epoch m. In practice we use a discretized version of ω given as ωk = (2πk/K) where
K is the total number of frequency samples. For J > N , σ2 can be estimated from the smallest
eigenvalue of the matrix Px(ω,m); so for now we consider the following noise free case:

Px(ωk,m) = H(ωk)Ps(ωk,m)H
†(ωk). (5)

III. The Joint Diagonalization Problem

The first stage of the proposed algorithm employs joint diagonalization of the set of cross
power spectral density matrices Px(ωk,m),m = 0, . . . ,M − 1 at each frequency ωk, over M
epochs, to estimate the mixing system up to a permutation and diagonal scaling ambiguity at
each frequency bin.
The joint diagonalization problem first introduced by Flurry [30] and later on was used as

a tool for solving the blind source separation problem by [14] [31], and [32]. The problem
is expressed as finding a single matrix Z that jointly (approximately) diagonalizes the set of
matrices R1, . . . ,RM . The most common criterion used for joint diagonalization is the one
given as

min
Z

M
∑

m=1

Off(Z†RmZ)

subject to Z ∈ C

(6)

2By second order quasi-stationarity we mean the variances of the signals are slowly varying with time such
that over some short time intervals they can be assumed approximately stationary. Further conditions on the
non-stationary condition are given later in the statement of Theorem 1.
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where Off(X) for an arbitrary matrixX is defined as the sum squares of the off-diagonal values of
the matrix X and C is the constraint set, which for example can be the set of square orthogonal
matrices or the set of full column rank matrices with unit norm columns. Another common
criterion is the following least-squares cost function

min
A,Λ(m)

||Rm −AΛmA
†||2F (7)

where Λm is diagonal for all m. The motivation behind using joint diagonalization as part of
the our algorithm can be explained through the following theorem:

Theorem 1: Consider the set of matrices

R = {Rm ∈ CJ×J |Rm = AΛmA
† m = 0, . . . ,M − 1} (8)

where A ∈ CJ×N is some full column rank matrix and Λm ∈ RN×N are diagonal matrices such
that the set of vectors λm = diag{Λm} span RN . We also assume that ai, the ith column of A
has unit norm, i.e.; ||ai||2 = 1. Now if there is a matrix B ∈ CJ×N and diagonal matrices Λ̃m

such that
Rm = BΛ̃mB

† (9)

and assuming that B has unit norm columns then B must be related to A as

B = AΠejD (10)

where Π is a permutation matrix and D ∈ <N×N is a diagonal matrix.
Proof : See Appendix I.

Based on the above Theorem we can easily see that for the set of matrices Px(ωk,m) m =
0, . . . ,M − 1, given by (5), if we find a matrix B(ωk) and diagonal matrices Λ(ωk,m) such that
Px(ωk,m) = B(ωk)Λ(ωk,m)B

†(ωk) and with the constraint that ||bi(ωk)||
2
2 = 1, where bi(ωk)

is the ith column of B(ωk), then we should have

B(ωk) = H(ωk)Π(ωk)e
jDk (11)

where Dk are diagonal matrices. In other words, using a joint diagonalization procedure, we
can estimate the mixing system H(ωk) up to a frequency dependent permutation Π(ωk) and
frequency dependent phase ambiguity ejDk .
In order to attain adequate separation performance, the permutation ambiguity must be

resolved. In order to achieve good audio quality at the output, the phase ambiguity problem
must be addressed. The permutation issue is addressed in Section V. A procedure to partially
address the scaling problem is discussed in Section IV-A.
Having B(ωk) at each frequency bin we can calculate the separating matrixW(ωk) from

W(ωk) = B+(ωk) (12)

where B+(ωk) is the pseudo inverse of matrix B(ωk).

IV. Algorithm

Based on Theorem 1 we can propose the following least-squares based joint diagonalization
criterion for the case when a sample estimate of each Px(ωk,m) is available:

min
B(ωk),Λ(m)

K−1
∑

k=0

M−1
∑

m=0

||P̂x(ωk,m)−B(ωk)Λ(ωk,m)B
†(ωk)||

2
F , (13)

whereB(ω), which has unit-norm columns, is an estimate of the mixing systemH(ωk), P̂x(ωk,m)
is a sample estimate of the observed signal cross spectral density matrix at frequency bin ωk
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and time epoch m, and Λ(ωk,m) is a diagonal matrix, representing the unknown cross-spectral
density matrix of the sources at epoch m. In [1] a similar criterion has been proposed, that uses
a backward model which directly estimates the separating matrixW(ωk). Using the criterion in
(13) allows us to implement the ALS algorithm as will be described later in this section. In [1],
an additional FIR constraint on the un-mixing matrix is required to prevent arbitrary frequency
dependent permutations. As shown in [33] and [34] such a constraint is not effective for long
reverberant environments and the performance of the algorithm may degrade as the length of
the separating filter increases. In the proposed method we do not require an FIR constraint
on the mixing model nor on the un-mixing system, mainly because we use a different approach
for resolving the permutation problem. This is done following the same approach as in [23], by
exploiting the inherent non-stationarity of the input signals in the second stage of the algorithm.
For the first stage of the algorithm we optimize the criterion given by (13) using an alter-

nating least-squares (ALS) approach. The basic idea behind the ALS algorithm is that in the
optimization process we divide the parameter space into multiple sets. At each iteration of
the algorithm we minimize the criterion with respect to one set conditioned on the previously
estimated sets of the parameters. The newly estimated set is then used to update the remaining
sets. This process continues until convergence is achieved. Alternating least-squares methods
have been used for blind source separation of finite alphabet signals in [35] and [36] and parallel

factor analysis (PARAFAC) in [37]. The advantage of using ALS (rather than gradient based
optimization methods) is that it usually has fast convergence (as will be demonstrated in the
simulations) and there are no parameters to adjust. One disadvantage, which is also shared by
gradient techniques for non-linear optimization, is that unless it is properly initialized, it can
fall into a local minimum. Later on in this section we introduce a procedure for initializing the
algorithm to diminish this possibility.
Referring back to criterion (13), and using the properties of Kronecker products [38], the

quantity B(ωk)Λ(ωk,m)B
†(ωk) in (13) can be written as

vec{B(ωk)Λ(ωk,m)B(ωk)} = B(ωk)¯B(ωk) diag{Λ(ωk,m)} (14)

where ¯ is the Khatri-Rao product and is defined as:

B(ωk)¯B(ωk) = [b1(ωk)⊗ b1(ωk), . . . ,bN (ωk)⊗ bN (ωk)] (15)

where bi(ωk) is the ith column of B(ωk) and ⊗ represents the Kronecker product. Setting
G(ωk) = B(ωk)¯B(ωk), d(ωk,m) = diag{Λ(ωk,m))} and p̂x(ωk,m) = vec{P̂x(ωk,m)} we can
rewrite (13) as:

min
gi(ωk)∈Ω,d(ωk,m)

K−1
∑

k=0

M−1
∑

m=0

||p̂x(ωk,m)−G(ωk)d(ωk,m)||
2
2 (16)

where gi(ωk) is the ith column of G(ωk). Based on assumption A3 we have ||bi(ωk)||
2
2 = 1 and

we define the constraint set Ω ⊂ CJ2×1 as:

Ω = {vec{Φ}|Φ = νν†, ν ∈ CJ×1, ||ν||22 = 1}. (17)

In defining the constraint set Ω we used the fact that for a column vector ν we have ν ⊗ ν =
vec{νν†}. Following the discussion above, we can first minimize (16) with respect to gi(ωk)
conditioned on d̂(ωk,m), the previously estimated values of d(ωk,m). To do this we form the
matrices T(ωk) = [p̂(ωk, 0), ..., p̂(ωk,M − 1)] and F(ωk) = [d̂(ωk, 0), ..., d̂(ωk,M − 1)] and we
write equation (16) as:

min
gi(ωk)∈Ω

K−1
∑

k=0

||T(ωk)−G(ωk)F(ωk)||
2
F . (18)



7

Notice that (18) is a constrained least-squares problem. One simple, although approximate, way
to minimize (18) is to first find the unconstrained least-squares minimizer of (18) by setting

G̃(ωk) = T(ωk)F
+(ωk). (19)

We then project each column of G̃(ωk) onto Ω; i.e.,

ĝi(ωk) = proj Ω[g̃i(ωk)] (20)

where g̃i(ωk) is the ith column of G̃(ωk). We now discuss a convenient method of performing the
projection operation. The projection operation can be effected by the following minimization:

ĝi(ωk) = arg min
gi(ωk)∈Ω

||g̃i(ωk)− gi(ωk)||
2
2. (21)

Since gi(ωk) = vec{bi(ωk)b
†
i (ωk)}, by defining Yi(ωk) = mat{g̃i(ωk)} we can write the above

equation as:

min
||bi(ωk)||2=1

||Yi(ωk)− bi(ωk)b
†
i (ωk)||

2
F =

min
||bi(ωk)||2=1

(b†i (ωk)bi(ωk))
2 +Trace{Y†

i (ωk)Yi(ωk)} − 2b
†
i (ωk)Yi(ωk)bi(ωk) =

min
||bi(ωk)||2=1

C − 2b†i (ωk)Yi(ωk)bi(ωk)

(22)

where C = 1 + Trace{Y†
i (ωk)Yi(ωk)} is a constant term. The above minimization can be done

easily by choosing b̂i(ωk), the estimated ith column of B(ωk), to be the dominant eigenvector
of Yi(ωk). To find the dominant eigenvector of a matrix we can use the power iteration method
described in [39]. Since an initial estimate of bi(ωk) is available (as is explained later), Yi(ωk)
is nearly a rank one matrix. Hence, the ratio of the largest eigenvalue of Yi(ωk) to the second-
largest (this ratio determines the convergence of the power method), is large. Hence, we need
to apply only few iterations of the power method to minimize (22) 3.
To minimize (13) with respect to d(ωk,m) conditioned on the previous estimate of G(ωk) we

solve the following least-squares problem.

d̂(ωk,m) = arg min
d(ωk,m)

||p̂x(ωk,m)− Ĝ(ωk)d(ωk,m)||
2
2 (23)

Minimizing (23) with respect to d(ωk,m) we get:

d̂(ωk,m) = Ĝ+(ωk)p̂(ωk,m) m = 0, ...,M − 1, k = 0, . . . ,K − 1. (24)

Using equation (19), (20) and (24) we can repeatedly update the values of d(m) and G(m) until
convergence is achieved.
As mentioned previously, to avoid being trapped in local minima, and to ensure perceptually

acceptable voice quality, we need to properly initialize the ALS algorithm. As outlined in
the following discussion, we note that the initialization procedure has a significant impact on
resolving the scaling ambiguity problem.

A. Initialization

To initialize the algorithm we have different options. The first option is that a rough estimate
of the mixing system at each frequency bin (up to some scaling and permutation ambiguity) can
be obtained using the following closed-form, exact joint diagonalization procedure [26].

3In our simulations we use only one power iteration per ALS iteration. Increasing the number of iterations
beyond one did not noticeably improve the convergence nor the performance of the algorithm.
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Select two matrices P̂(ωk,m1), P̂(ωk,m2), m1 6= m2. Then choose the initial estimate for
B(ωk) to be the matrix consisting of the N dominant generalized eigenvectors of the matrix
couple (P̂(ωk,m1), P̂(ωk,m2)). Although no optimum selection for m1 and m2 can be given
at this stage, in our simulations we choose P̂(ωk,m1) and P̂(ωk,m2) such that their non-zero
generalized eigenvalues are not all repeated. Since we need to use this initialization procedure
at each frequency bin, one draw-back of above initialization method will be its computational
complexity.
An alternative, novel, ad hoc initialization method which not only requires less computation,

but also dramatically improves the quality of the separated audio signals, is described as follows.
The main idea of this initialization procedure, is that first we choose the initial value of B(ω0),
the first frequency bin, using the exact closed form joint diagonalization method described above.
We then apply the ALS algorithm to find the final estimate of B(ω0). This final estimate is then
used as an initial value for the next adjacent frequency bin, which is B(ω1). The outcome of
this frequency bin is also used as an initial value for the next frequency bin and this procedure
continues until all the frequency bins have been covered. Note that in this way we need to apply
the exact closed form joint diagonalization algorithm only for one frequency bin.
As has been demonstrated in our simulation results, this initialization procedure significantly

improves the quality of the separated audio signals. An intuitive explanation for this is as
follows. We realize that the estimate of B is not unique, because each column bi is subject to
a multiplicative phase ambiguity of the form ejDk , even though the condition || bi ||2= 1 in the
solution of (13) has been enforced4. Fast variation of this phase ambiguity in frequency can cause
the resulting time–domain estimate Ĥ(t) of the channel to be excessively long. By initializing
the algorithm in the manner proposed, this phase ambiguity varies smoothly with frequency,
therefore creating an Ĥ(t) which can be of moderate length. As is shown in our simulations, the
resulting overall system (channel + inverse) is then much more localized in time. This property
is known to minimize degradation in audio quality due to reverberative effects.

Summary of Stage I of the Algorithm for Blind Identification

1. Estimate the normalized observed signals’ cross spectral density matrices, P̂x(ωk,m), based
on the method given in Appendix B and set T(ωk) = [p̂x(ωk, 0), ..., p̂x(ωk,M − 1)] where
p̂x(ωk) = vec{P̂x(ωk,m)}
2. Compute B̂0(ωk)

5, the initial value for B(ωk), according to the method described in Section
IV-A.

3. for k = 0 to K − 1
• if k 6= 0 set B̂0(ωk) = Ĥ(ωk−1), where Ĥ(ωk−1) is the final estimate from the previous bin.
• for ν = 0 to Max itr
– Set Ĝν(ωk) = [b̂

ν
1(ωk)⊗ b̂

ν
1(ωk), . . . , b̂

ν
N (ωk)⊗ b̂

ν
N (ωk)]

– Calculate d̂ν(ωk,m) = (Ĝ
ν(ωk))

+p̂(ωk,m) m = 0, ...,M − 1
– Set Fν(ωk) = [d̂

ν(ωk, 0), ..., d̂
ν(ωk,M − 1)]

– Calculate G̃ν(ωk) = T(ωk)(F
ν(ωk))

+

– for i = 1 to N
∗ Y = mat{g̃νi (ωk)}
∗ q = Ybνi (ωk)

∗ b̂ν+1i (ωk) =
q

||q||2
– end

4Note that placing a constraint on both the norm and the phase of the columns bi would lead to a less
computationally efficient algorithm.

5In this summary, the superscript refers to the iteration index.
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– Calculate the cost value Cν
k = ||T(ωk)− Ĝ

ν(ωk)F
ν(ωk)||

2
F

– if
|Cν

k − Cν−1
k |

Cν
k

< ε, where 0 < ε¿ 1, then stop, go to the next frequency bin

– end
• end

It is worthy of note, as a passing comment, that in the case where J > N , the number of
sources N can be estimated from the number of elements of Λ which are significantly different
from zero.

V. Resolving Permutations

One potential problem with the cost function in (13) is that it is insensitive to permutations
of the columns of B(ωk). More specifically if Bopt(ωk) is an optimum solution to (13) then
Bopt(ωk)Πk, where Πk is an arbitrary permutation matrix for each ωk, will also be a optimum
solution. Since in general Πk can vary with frequency, poor overall separation performance will
result.
In this section we suggest a novel solution for solving the permutation problem which exploits

the cross-frequency correlation between diagonal values of Λ(ωk,m) and Λ(ωk+1,m) given in
(13). Notice that Λ(ωk,m) can be considered an estimate of the sources’ cross-power spectral
density at epoch m. When the sources are speech signals, the temporal trajectories of the power
spectral density of speech, known as spectrum modulation of speech, are correlated across the
frequency spectrum. Using this correlation we can correct wrong permutations as shown in the
following example for the two source case. This same principle was also used in [40]; however,
it has only been applied to the two sources case. As we see later, the proposed method for
resolving permutations can be extended to an arbitrary number of sources.
Assume that Λ(ωk,m),m = 0, . . . ,M − 1, represents the estimated cross-spectral density of

the two sources at frequency bin ωk. We want to adjust the permutation at frequency ωj such
that it has the same permutation as frequency bin ωk. To do so we first calculate the cross
frequency correlation between the diagonal elements of Λ(ωj ,m) and Λ(ωk,m) using following
measure:

ρqp(ωk, ωj) =

∑M−1
m=0 λq(ωk,m)λp(ωj ,m)

√

∑M−1
m=0 λ

2
q(ωk,m)

√

∑M−1
m=0 λ

2
p(ωj ,m)

(25)

where ρqp(ωk, ωj) represents the cross frequency correlation betweenλq(ωk,m), the qth diagonal
element of Λ(ωk,m), and λp(ωj ,m), the pth diagonal element of Λ(ωj ,m). To determine whether
frequency bins ωk and ωj have the same permutation, we perform the following hypothesis test
[41]. Let H0 be the hypothesis that frequency bins ωk and ωj have the same permutation, and
H1 be the hypothesis to the contrary. Then, we decide between H0 and H1 according to

r =
ρ11(ωk, ωj) + ρ22(ωk, ωj)

ρ12(ωk, ωj) + ρ21(ωk, ωj)

H0
≷

H1

T, (26)

where T is a threshold which is dependent on the relative weight between a type I and a type
II error [41], and the probability in the tails of the probability distributions of the statistics in
the numerator and denominator of (26). Since the probability distributions of these statistics
are difficult to determine, we empirically set T = 1. If we declare H1, the permutation at one
of the frequency bins ωk or ωj is changed. We apply the above hypothesis test to all frequency
bins to detect and correct wrong permutations.
In general when number of sources is greater than two, the permutation matrix can be esti-
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mated by solving the following discrete optimization problem.

max
Πk∈P

trace
(

Πk E(ωk)E
T (ωj)

)

(27)

where P is the set of N ×N permutation matrices including the identity matrix, and E(ωk) is
an N ×M matrix given as

E(ωk) =

(

M−1
∑

m=0

Λ2(ωk,m)

)− 1

2







λ1(ωk, 0) . . . λ1(ωk,M − 1)
...

. . .
...

λN (ωk, 0) . . . λN (ωk,M − 1)






. (28)

The discrete optimization criterion in (27) can be solved by enumerating over all possible
selections for Πk. This means for a set of N × N permutation matrices the criterion in (27)
must be calculated N ! times to find the optimum solution for Πk. For large values of N this
may not be computationally efficient. A more computationally efficient but suboptimal approach
to estimate the permutation matrix between the two frequency bins is given by the following
algorithm.

Adjusting Permutations

1. initialize the N ×N matrix Πk to an all zeros matrix.
2. For i = j, k set up matrices

E(ωi) =

(

M−1
∑

m=0

Λ2(ωi,m)

)− 1

2







λ1(ωi, 0) . . . λ1(ωi,M − 1)
...

. . .
...

λN (ωi, 0) . . . λN (ωi,M − 1)






(29)

3. Form the multiplication Tkj = E(ωk)E
T (ωj)

4. Find the row number rmax and column number cmax corresponding to the element of T with
largest absolute value. Zero all elements of T corresponding to this row and column numbers
and set Πk(cmax, rmax) = 1.
5. Recursively repeat the previous step for the remaining elements of matrix Tkj until only one
non-zero element remains. Set

Πk(cf , rf ) = 1 (30)

where rf and cf are the corresponding row and column numbers of the remaining non-zero
element.

Notice that the above algorithm calculates the permutation matrix Πk between two frequency
bins ωk and ωj . To obtain a uniform permutation across the whole frequency spectrum, we need
to apply the above algorithm repeatedly to all pairs of frequency bins. One way of doing this
is to adjust the permutation between adjacent frequency bins in a sequential order where, for
example, starting from frequency bin ω0 we adjust the permutation of each bin relative to it’s
previous bin. This approach, although simple, has a major drawback as explained as follows.
Consider the situation where an error is made in estimating the correct permutation matrix
for frequency bin ωk. In this case, all frequency bins placed after ωk will receive a different
permutation than the ones placed before ωk. In the worst case scenario we will have half of
the frequency bins with one permutation and the other half with a different permutation, which
will result in very poor or no separation. To prevent such a catastrophic situation we propose
following hierarchical sorting scheme to sort the permutations across all frequency bins. For



11

PSfrag replacements

ω0 ω1 ω2 ω3 ω4 ω5 ω6 ω7

Π
0
0 Π

0
2 Π

0
4 Π

0
6

Π
1
0 Π

1
2

Π
2
0

0 1 2 3

0 1

Fig. 1. An example of the diadic permutation sorting algorithm for the case when the total number of
frequency bins is eight.

clarity we explain the algorithm for the case when we have only eight frequency bins (Figure 1).
Extension to general case for an arbitrary number of frequency bins then can be easily deduced.

Diadic Sorting Algorithm

1. Divide the frequency bins into groups of two bins6 each with group index p.
2. Let k and k + 1 be the indices to the frequency bins inside the group p and Π0

k be the
permutation matrix estimated from the criterion given in (27). Also let Σ0

k(m) = Λ(ωk,m) and
Σ0k+1(m) = Λ(ωk+1,m). Then for all p = 0, . . . , 3, update the order of diagonal values of Σ

0
k(m)

using
Σ0k(m) = Π0

kΣ
0
k(m)Π

0T

k k = 0, 2, 4, 6

3. Update the order of columns of B(ωk) using

B(ωk) = Π0
kB(ωk) k = 0, 2, 4, 6

4. For each group calculate

Σ1p(m) = Σ0k(m) +Σ
0
k+1(m) k = 0, 2, 4, 6, p = 0, 1, 2, 3 (31)

5. Divide the set of Σ10(m), . . . ,Σ
1
3(m) into groups of two elements and for each of the new

groups estimate the permutation matrices Π1
p p = 0, 2 using the diagonal values of Σ1p(m)

based on the criterion given in (27). Also for all p = 0, 2, update the order of the diagonal values
of Σ1p(m) using

Σ1p(m) = Π1
pΣ

1
p(m)Π

1T

p p = 0, 2

6. Update the order of columns of B(ωk) using

B(ω2p) = Π1
pB(ω2p)

B(ω2p+1) = Π1
pB(ω2p+1) p = 0, 2

7. For the new groups calculate

Σ2q(m) = Σ1p(m) +Σ
1
p+1(m) p = 0, 2 q = 0, 1 (32)

6Here we assume that K, the total number of the frequency bins, is a multiple integer of 2.
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8. Finally calculate Π2
0, by substituting Σ

2
0(m) and Σ

2
1(m) in (27). Update the columns of

B(ωk) k = 0, . . . , 3 using
B(ωk) = Π2

0B(ωk) k = 0, . . . , 3

The success of the proposed diadic sorting algorithm can be explained for the N = 2 case
as follows. As the process moves up the hierarchy, the statistics comprising the numerator and
denominator of (26) accumulate more data samples, as is made evident by (31) and (32). Thus,
the probability distribution governing these statistics decreases in variance, with the result that
the probability of error in (26) diminishes as the hierarchy is ascended. This argument is easily
extended to the N > 2 case. Thus, we can say that the dominant error mechanism is at the
lower levels of the hierarchy, where the impact of a permutation error is not catastrophic.

VI. Simulation Results

A. Example I, FIR Convolutive Mixing

The objective of this first simulation is to characterize the performance of the algorithm
under a controlled mixing environment. For this purpose we use an 8-tap FIR convolutive
mixing system where the impulse responses of its elements are selected randomly from a uniform
distribution with zero mean and unit variance. For the sources, we use two independent white
Gaussian processes, multiplied by slowly varying sine and cosine signals respectively to create
the required non–stationary effect. In this example, the epoch size was kept at 500 and the total
data length was varied between 10000 and 50000 samples, corresponding to M , the number of
epochs, ranging between 20 to 100 epochs. White Gaussian noise was added to the output of the
system at a level corresponding to the desired value of averaged SNR over all epochs7. At each
epoch, 128–point FFTs, applied to time segments overlapping by 50%, weighted by Hanning
windows were used to estimate the cross-spectral density matrices. Further details regarding
the construction of the cross-spectral density matrices is given in Appendix II. For the joint
diagonalization algorithm, for all frequency bins for this specific case only, we chose the initial
estimate of the channel to be an identity matrix8.
Let C(ωk) represent the global system frequency response

C(ωk) =W(ωk)H(ωk) (33)

whose ijth element is cij(ωk). To measure the separation performance we can use following
formula:

SIR(i) =

∑Mc−1
q=0 maxj(S

q
ij)

∑Mc−1
q=0

{
∑N

j=1 S
q
ij −maxj(S

q
ij)
} (34)

where Sqij =
∑K−1

k=0 |c
q
ij(ωk)|

2, q is an index to the qth Monte Carlo run and the quantityMc is the
total number of Monte Carlo runs. Notice that (34) implicitly measures the signal to interference
ratio (SIR) for each output of the separating system. Here, at each output, the signal is the
separated source that has the maximum power and the interference is the contribution from the
other sources. Figure 2 shows the variation of each outputs’ SIR with M , the number of epochs
for a fixed signal to noise ratio (SNR=20dB). As can be seen from this figure, by increasing the
number of epochs, which corresponds to increasing the data length, the output SIR improves
(increases). Also Figure 3 shows how the separation performance changes with observed signals’
signal to noise ratio for a fixed number of epochs, M = 50.

7The power of the noise was kept constant at all epochs.
8The initialization method described in previous section can of course be used in this example. Nevertheless the
motivation for using an identity matrix for initialization in this specific example is to demonstrate the desirable
convergence properties of the algorithm, even if we do not know a good initialization point.
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Fig. 2. Example I: SIR versus M, the number of epochs, for SNR=20dB, using Mc = 50 Monte Carlo
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Fig. 3. Example I: SIR versus SNR, for M=50, using Mc = 50 Monte Carlo runs.

To demonstrate the effectiveness of the proposed permutation algorithm, Table I shows the
separation performance before and after the permutation ambiguities have been resolved. Also
refer to Figures 4 and 5 for a graphical visualization of the effects of arbitrary permutations at
different frequency bins, and the improvement resulting from the proposed permutation algo-
rithm. As can be seen from the table and also the figures, the frequency dependent permutation
ambiguity can severely degrade the overall separation performance. Nevertheless the proposed
algorithm is able to significantly improve the results by resolving these permutation ambiguities.

VII. Real Room Experiments

In this section we present the results of applying our algorithm to blind source septation of
speech signals in a real reverberant environment. All recordings were done using an 8.0 Khz, 16
bits sampling format.

A. Real Room Experiment I

The first set of experiments were conducted in an office room using N = 2 loudspeakers for
the sources and J = 4 omnidirectional microphones for the sensors. The configuration of the
experiment, showing all distances etc., is shown in Figure 6. The two sources were created by
catenating independent multiple speech segments from the TIMIT speech database. The speech
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Fig. 4. Example 1: Effects of permutation ambiguities in the frequency-domain before applying the
permutation algorithm (M=50, SNR=20dB). The quantity cij(ωk) is the ijth element of the global
system C(ωk) =W(ωk)H(ωk).
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Fig. 5. Example 1: Results after applying the permutation algorithm (M=50, SNR=20dB)
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Fig. 6. Real Room Experiments, Recording setup in an office room.



15

TABLE I

Example I, Output SIR before and after applying the permutation algorithm.

SNR=20dB, M=50 and Mc = 50 Monte Carlo Runs.

Output SIR (dB) SIR(1) SIR(2)

Before applying the permutation algorithm 3.5 dB 4.2 dB
After applying the permutation algorithm 27 dB 26 dB
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Fig. 7. Results of separation performance for recordings in an office room: SIRyi versus M , the number
of epochs, for K = 4096, i = 1, 2.

signals then were played simultaneously through the two speakers with approximately the same
sound volume.
To quantify the separation performance, we measure the signal–to–interference ratio at each

microphone (i.e., the input to the algorithm) and at each output of the algorithm. To achieve
this, using the same setup, white noise signals were played through each speaker one at a time
(i.e., only one source was active at each time). Let σ̂2x(xi, sj) =

∑T−1
t=0 x2i (t) represent the

power of the recorded signal at the ith microphone when only speaker j is active and all other
speakers (sources) are inactive. The signal–to–interference ratio of the recorded signal at the ith
microphone can be estimated using

SIRx(i) =
maxj σ̂

2
x(xi, sj)

∑N
j=1 σ̂

2
x(xi, sj)−maxj σ̂

2
x(xi, sj)

. (35)

Using above formula, we can also measure SIRy(i), the SIR of the ith output of the separating
network, by substituting σ̂2x(xi, sj) with σ̂

2
y(yi, sj), the power of the signal at the ith output when

only source j is active.
To perform the separation, in a manner similar to examples I and II, we first divided the

recorded signal into multiple time segments (epochs), where we chose the size of each epoch to
be 10000 data samples long. For each epoch we calculated the cross spectral density matrices
according to Appendix II, with the number of FFT-pointsK equal to 4096, and with the overlap-
percentage equal to 80%. Figure 7 shows the output SIRy(i) versus M , the number of epochs,
for i = 1, 2. As can be seen for M = 100, an average SIR of more than 20dB is reached for each
output. As a reference, Table II shows the input SIRs corresponding to the recorded signals.
By comparing the SIRs before and after applying the separating algorithm, it can be seen that
the output SIRs have been improved by roughly 19 to 20dB. In this experiment, on average, at
each frequency bin the ALS algorithm converged within 30 to 40 iterations.
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Fig. 8. The impulse response of the separating matrix before (w̃14(t)) and after (w14(t)) the sequential
initialization procedure has been applied.

As discussed in Section II, we can recover the sources only up to a frequency dependent scaling
ambiguity using the proposed joint diagonalization algorithm. The effect of this unknown scaling
ambiguity can significantly deteriorate the quality of the separated audio signals. However,
our listening tests reveal that the sequential initialization procedure discussed in Section IV-A
dramatically improves the quality of the separated speech signals in these experiments9. To
demonstrate the effect of the initialization procedure on the impulse response of the separating
network, we calculate the impulse response of the separating matrix with and without using
the proposed initialization method. Figure 8 shows the results for one of the impulse responses
of the separating network. As can be seen from the figure, the tail of the impulse response of
the separating matrix obtained by using the new initialization procedure is more suppressed
compared to the tail of the impulse response of the separating matrix calculated without using
the sequential initialization procedure. Our hearing experiments show that in fact the tails do
contribute to the distortion of the separated audio signal and the more suppressed they are, the
better is the perceptual quality of the separated signals.

B. Real Room Experiment II

In the next set of experiments, we perform real recordings in a highly reverberant conference
room. The recording setup is similar to the previous experiment, except that the room dimen-
sions and the distance between the microphones and speakers are increased for this experiment
(Figure 9). The reverberation characteristics of the two rooms used in these experiments are
shown in Figure 10, which shows the reverberation time10 of the room vs. frequency. As can
be seen from the figure, on average the reverberation time of the conference room, used in this
experiment, is much higher than the reverberation time of the office room, used in the previ-
ous experiment. Due to the long reverberation time of the conference room, we expect that

9To hear the recordings and also the separation results, please refer to the following website:
”www.ece.mcmaster.ca/˜reilly/kamram/index.htm”.

10The reverberation time in a room at a given frequency is the time required for the mean-square sound pressure
in that room to decay from a steady state value by 60dB after the sound suddenly ceases(see also [42]).

TABLE II

Input SIRs for the recorded signals in an office environment

MIC 1 MIC 2 MIC 3 MIC 4

SIR 2.6945 dB 1.2282 dB 0.3266 dB 1.4031 dB
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Fig. 9. Real room experiments: Recording setup in a conference room.
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Fig. 10. Reverberation times of the rooms used in experiments I and II.

in this case more frequency bins are needed to estimate the cross spectral density matrices of
the recorded signals. In this experiment, the epoch size was kept the same as in the previous
experiment (10,000 samples). Figure 11 shows how the performance of the algorithm improves
by increasing the number of frequency bins used to estimate the cross spectral density matrices.
(Zero-padding was used if K was greater than the number of samples in an epoch (10,000)). As
can be seen, a total number of 16384 frequency bins is needed to achieve a separation perfor-
mance of approximately 16dB. Also, similarly to the previous examples, the algorithm shows
consistency with regards to improving the separation performance versus increasing M , the
number of the epochs (Figure 12). Also in this case, convergence of the ALS algorithm was
obtained within 30 – 40 iterations.

C. Comparisons with existing methods

In this section we compare the performance of our method with that of Parra [1]. As with
the proposed algorithm, Parra’s method uses the estimated CPSD matrices over different time
segments to calculate the un-mixing filters. Because of this, we use the set of the CPSD matrices,
evaluated previously in real room experiment I, as the input to both the proposed method and
the algorithm of [1]. Notice since the algorithm in [1] uses a finite length constraint on the
size of un-mixing filters, the length of the un-mixing filters needs to be set beforehand in the
program. Figure 13 shows the separation performance results for Parra’s method versus the size
of the un-mixing filters. As can be seen from the figure, the maximum SIR, which is around 4.5
dB, happens when the length of the un-mixing filters is about 512. Increasing the filter lengths
after this value degrades the separation performance. The comparative results, for the proposed



18

512 1024 2048 4096 8192 16384
2

4

6

8

10

12

14

16

18

S
IR

 (d
B

)

K (Number of FFT points)

Output 1
Output 2

Fig. 11. Separation performance versus number of frequency bins (K) for recordings in a conference
room, M = 140.
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method and Parra’s method, are shown in Figure 14. For this experiment, based on the previous
simulation, we chose the length of un-mixing filter to be 512 for Parra’s algorithm. As can be
seen from the figure, the proposed algorithm outperforms the method in [1] by more than 15dB
for M > 50.

VIII. Conclusions

In this paper we discussed a new recursive algorithm for blind source separation of convolved
non-stationary sources. It was proved that the set of the observed signals’ cross spectral density
matrices evaluated over different time segments is sufficient to recover the sources up to a
frequency dependent scaling and permutation ambiguity, using a joint diagonalization procedure.
A two stage frequency-domain algorithm to estimate the un-mixing filters was proposed. A
novel procedure for resolving the frequency-dependent permutation ambiguities, and a novel
initialization method which significantly improves the perceptual quality of the separated audio
signals was also proposed.
The performance of the new algorithm using computer generated sources with real mixing

systems under different mixing scenarios was demonstrated. It was shown that the algorithm
performs well in real environments with approximately 20dB improvement in signal to inter-
ference ratio for a moderately reverberant office area. The results were compared to those of
[1].
A significant feature of the proposed method, is that unlike most of the existing algorithms, no

assumptions on the structure of the mixing system were made; i.e., the elements of the mixing
system can be FIR or IIR filters. Another important feature of the algorithm is use of a recursive
least–squares algorithm which has the advantage of fast convergence with no required parameter
tuning.
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Appendix

I. Proof of Theorem 1

We want to show that if

BΛ̃(m)B† = AΛ(m)A† ∀m = 0, . . . ,M − 1 (36)

then B = AΠejD for some diagonal matrix D and permutation matrix Π.
First for any sequence of scalars a = (a0, ..., aM−1) we can define the diagonal matrices

Σa =
M−1
∑

m=0

amΛ(m), Σ̃a =
M−1
∑

m=0

amΛ̃(m), am ∈ R. (37)

Therefore an arbitrary linear combination of (36) over m is given as

BΣ̃aB
† = AΣaA

†. (38)

Since by assumption the vectors consisting of the diagonal values of Λ(m) span RN , Σa can be
made equal to any real valued diagonal matrix by appropriate choice of a. In this instance we
choose a such that Σa becomes an identity matrix. If Σa in (38) is substituted with an identity
matrix, since A has full column rank, the LHS of (38) has rank N implying B has full column
rank. Therefore we have B+B = I where B+ is the pseudo inverse of B. Multiplying both sides
of (38) by B+ and setting C = B+A we have

Σ̃a = CΣaC
†. (39)

Notice that since A and B are full rank, C is also a full rank matrix. Now for any i, choose a
such that all elements of Σa in (39) are zero except for the ith diagonal element which is one.
Then

CΣaC
† = cic

†
i (40)

where ci is the ith column of C. Moreover, since the LHS of (39) is diagonal, all the off-diagonal

elements of cic
†
i are zero. Because cic

†
i has rank one at most, it can have at most one non-zero

diagonal element. It follows immediately that every column of C has precisely one non-zero
element, and moreover, because C is full rank, every row has precisely one non-zero element.
Clearly the same is true for C−1; in other words every column and row of C−1 has precisely one
non-zero element, or

C−1 = ΠD̃ (41)

where Π is a permutation matrix and D̃ is a diagonal matrix. Substituting C with B+A and
rearranging the terms in (41) we get

B = BB+AΠD̃. (42)

Notice that BB+ is a projector onto the range space of B. Choosing Σa to be the identity
matrix in (38) reveals that the range space of B must contain the range space of A. Therefore,

BB+A = A (43)

and from (43) and (42) we can write
B = AΠD̃ (44)

Since B and A both have unit norm columns then the absolute values of the diagonal elements
of D̃ must be one, i.e; |D̃| = I or

D̃ = ejD (45)

where D is a diagonal matrix. Equation (10) follows immediately from (44) and (45). ¤
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II. Computation of the Cross-Spectral Density Matrices

To estimate the observed signals’ cross-spectral density matrices, Px(ωk,m), m = 0, . . . ,M−
1, k = 0, . . . ,K−1, we first divide the observed sequence intoM epochs, where stationarity can
be assumed within the epoch but not over more than one epoch. We then apply the following
formula to estimate the cross-spectral density matrix at the mth epoch:

P̂(ωk,m) =
1

Ns

Ns−1
∑

i=0

xi(ωk,m)x
†
i (ωk,m) (46)

where

xi(ωk,m) =

∞
∑

n=−∞

x(n)w(n− iTs −mTb)e
−jωkn k = 0, . . . ,K − 1 (47)

where Ns is the number of overlapping windows inside each epoch, Tb is the size of each epoch,
Ts is the time shift between two overlapping windows, K is the number of frequency bins and
w(n) is the windowing sequence. Note that xi(ωk,m) in (47) is computed using the FFT. For
convenience, the estimated cross spectral density matrices can be normalized, and so for our
computations we set

P̂x(ωk,m) =
P̂(ωk,m)

||P̂(ωk,m)||F
. (48)
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