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Abstract

In most solutions to state estimation problems, e.g., target tracking, it is generally assumed that the
state transition and measurement models are known a priori. However, there are situations where the
model parameters or the model structure itself are not known a priori or are known only partially. In
these scenarios, standard estimation algorithms like the Kalman filter and the extended Kalman Filter
(EKF), which assume perfect knowledge of the model parameters, are not accurate. In this paper,
the nonlinear state estimation problem with possibly non-Gaussian process noise in the presence of
a certain class of measurement model uncertainty is considered. It is shown that the problem can be
considered as a special case of maximum likelihood estimation with incomplete-data. Thus, in this
paper, we propose an EM-type algorithm that casts the problem in a joint state estimation and model
parameter identification framework. The expectation (E) step is implemented by a particle filter that
is initialized by a Monte-Carlo Markov chain algorithm. Within this step, the posterior distribution
of the states given the measurements, as well as the state vector itself, are estimated. Consequently,
in the maximization (M) step, we approximate the nonlinear observation equation as a mixture of
Gaussians (MoG) model. During the M-step, the MoG model is fit to the observed data by estimating
a set of MoG parameters. The proposed procedure, called EMsBIEtation—maximization particle
filter) algorithm, is used to solve a highly nonlinear bearing-only tracking problem, where the model

structure is assumed unknovenpriori. It is shown that the algorithm is capable of modelling the
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observations and accurately tracking the state vector. Additionally, the algorithm is also applied to the
sensor registration problem in a multi-sensor fusion scenario. It is again shown that the algorithm is

successful in accommodating an unknown nonlinear model for a target tracking scenario.

Indexing TermsNonlinear estimation, system identification, expectation-maximization algorithm, MCMC,
particle filters, nonlinear regression, joint estimation-identification, sensor fusion, sensor registration,

sensor bias estimation.

1. INTRODUCTION

In most solutions to state estimation problems, both linear and nonlinear, it is generally assumed that
the state transition process and the measurement process parameters are known a priori. For instance, in
target tracking using a nonlinear state space model, the extended Kalman filter (EKF) assumes that the
process and measurement matrices as well as corresponding noise statistics are known [1]. However,
there are situations in which the model parameters are not known a priori or they are only known with
some degree of uncertainty. In these state estimation problems neither a set of certain training data is
available to accurately identify the model uncertainties, nor are accurate models of the measurement
process available to precisely estimate the states using conventional estimation procedures. In these
circumstances, standard estimation algorithms, which are based on perfect knowledge of the model
parameters, are not accurate anymore. To solve this problem, we must perform optimum state estimation

in the presence of model uncertainty; i.e., perform model identification while tracking.

There are three main categories of methods proposed to perform this task. The classical remedy is to
treat the unknown parameters as extra state variables and augment the state vector by the unknown
parameters [1]. For a review of these methods refer to [2]. See also the reduced state estimator approach

3]

The second category consists of the so-called multiple model (MM) estimators [1]. An adaptive
filtering algorithm decides the most appropriate model from a number of different but predefined
model dynamics during the estimation process. The generalized pseudo-Bayesian estimator (GSBS)
and the interactive multiple model estimation (IMM) procedure are among the best known examples [1]
of this type of method. The MM estimators with variable structure are another example of this type of
estimator. For a comprehensive review of these methods, interested readers are referred to the survey
paper [4] along with [5]-[7]. MM algorithms show promising performance in tracking maneuvering
targets whose dynamics are predictable. However, their ability to handle model uncertainties is limited
to the “model dictionary” available. Furthermore, they often require a long time to acquire track, as

shown in the simulation section of this paper.



The key idea in the third category of algorithms is to divide the problem of state estimation in the
presence of the model uncertainty into two joint problems; i.e., state estimation and model identifica-
tion [8]. Firstly, assuming that the model is known perfectly, the states are estimated. Then the estimated
states with their corresponding measurements are used to identify the model parameters. Perhaps the
first paper in this regard was [9]. Also, in [2], an optimality test was derived to adjust a Kalman
filter when the noise statistics are not known exactly. Later in [10] and [11], joint simultaneous state
estimation and model identification for the scalar state estimation case, in the presence of unknown

model parameters, was studied. See also [12]-[16] for similar approaches.

This third category is the one chosen for this paper. Interestingly, this approach can be cast in an
expectation maximization (EM) context [17]. See [18] in which a general framework for solving the
general joint estimation-identification bhear Gaussiarmodels was presented. Refer to [19], [20] for

a similar application of the EM algorithm for linear state estimation with uncertain model parameters.
The main idea in EM-based algorithms is to solve the state estimation problem in the presence of
model uncertainty in two iterative steps. In the first step, called the E-step, it is assumed that the
model is known perfectly and therefore standard estimation methods are used to estimate the states.
Then, in the second step, i.e., the M-step, the estimated states with their corresponding measurements
are used to identify the model parameters. Different implementations of the E and the M steps have

resulted in different algorithms suitable for different applications.

In this paper we extend the approaches of [18] and others with regard to the problem of model
identification while tracking. Here, we extend the previous work to the case where the measurement
model is nonlinear and unknown, subject to the restriction that it can be accurately represented as a
mixture of Gaussian (MoG) kernels, and that the Cramer—Rao bound for all the model parameters and
the states, given the observations, exists. A specific EM procedure called the EM-PF algorithm [21],

is presented.

In the E-step of the proposed algorithm, an approximation of the posterior distribution of the states
given the measurements is formulated. This distribution is then used to estimate the states. In nonlinear
systems this conditional density is generally non-Gaussian and can be quite complex. We use a particle
filter [22] algorithm to estimate and recursively update this posterior distribution in time. Because
the EM algorithm is sensitive to initialization, the particle filter is initialized using a Metropolis-
Hastings Monte-Carlo Markov Chain (MH-MCMC) [22] procedure. This greatly assists the algorithm

in converging to the global optimum. In the maximization (M) step, the unknown measurement process
is approximated by fitting the observations to an MoG model using the current estimate of the states.

A closed—form maximum likelihood procedure for determining the parameters of the MoG model is



given.

Finally, the proposed EM-PF algorithm is applied to two nonlinear state estimation problems with

model uncertainties. First, we consider a typical bearing-only tracking problem where the sensors have
an unknown measurement bias. In this example we treat the observation model in the presence of
sensor biases as unknown. It is shown that the EM-PF algorithm is capable of successfully estimating
the position and velocity states and therefore can accommodate model uncertainty and correct the
misalignment caused by the sensor bias. Then, we approach a sensor registration problem in which
different sensors with different unknown bias values combine their measurements for state estimation.
Here again we treat the observation model as unknown. We show that the sensor registration is
performed successfully and the effect of sensor bias is suppressed by the algorithm. Even though
in each of the above examples it may be possible to gain better performance by exploiting the known
form of the nonlinear model, we demonstrate that the proposed method is applicable to situations

where very little is known about the structure of the observation model.

The structure of paper is as follows. In Section 2, the general framework for the EM algorithm is
introduced. The details of the proposed EM—PF algorithm follow. The implementation of the E-step
using a particle filter, and the M-step by fitting an MoG model to the estimated data, are provided
in Section 3. Then in Section 4, the proposed method is applied to a nonlinear bearing-only tracking
problem (similar to the one in [23]) with uncertain model parameters. Also, Section 5 presents the
application of the EM-PF algorithm to a sensor-registration problem in a multisensor tracking scenario.

Simulation results are presented for each application. Concluding remarks close the paper.

An upper—case bold symbol (e.g4) denotes a matrix, and a lower—case bold symbol denotes a
vector. If the vector is a function of time, e.g(t), then the corresponding symbol without the time
index (e.g.,z) denotes the set of all values of the vector over the range of the temporal index; e.g.,
denotes{z(t)|t =1,..., L}, whereL is the number of data points. The notatiafim, X) indicates

a Gaussian distribution with mean and covariancé.

Throughout the paper, wheret = 1,..., L denotes thaliscretetime index,k = 1,2... is the EM
iteration index wheré: = 1 is the initialization step, and wherei = 1,..., N is the particle index,

where N is the number of particles used in the patrticle filter.

2. NONLINEAR STATE ESTIMATION USING EM

State estimation in a nonlinear state-space dynamical system whose evolution process is described as

w(t+1) = f(z(t) + u(), )



consists of estimating the state data vectousing a sequence of noisy measurements given by the

following model:
z(t) = h(x(t),0) + v(1), t=1,2,..., 2

wheret is thediscretetime index,z(t) € CM andz(t) € C”’ are the state variable and the noisy output
measurement vectors respectively, and) ¢ C" is assumed to be aini.d noise processes, whose
probability density function is assumed known and possibly non-Gaussian. The v@terC” is a
zero-mean Gaussian noise variable with unknown covari@hdhe noisev(t) is assumed uncorrelated
in time; i.e., E(v(t)v(t2)?) = A(t1 — t2)Q, where

1, t=0;
At) =
0 otherwise.
Also, the vector valued functiong, f : CM — CM, andh, h : CM — C’ are assumed to be
smooth but otherwise are arbitrary. We assume that the fungtionis known, whereas uncertainty

may exist in the observation modgl-).

A major focus of this paper is how to model the partially known or unknown fundiigh If a model

which takes into account any known structure in the measurement process is available, then that model
should be used in the proposed method. Any uncertainty(if is expressed in a parameter vector

0, which is modelled as an unknown deterministic vector. On the other hand, it is also possible to
assume no structure dn(-), as is done with our examples in Sects. 4 and 5. We model this function

as an MoG, again parameterized by the veéoin a manner to be described later in Sect. 3-B.

An obvious restriction so that the proposed methodology can yield useful results is thatestatess

be observable from the observations, in the presence of the unknown parathetessribing the

model h(-). That is, the joint Cramer—Rao bound on the states and the unknown paratheiees

the observations, must have finite values for the states. Here we do not discuss conditions for which
the bound exists. However, it is clear that the proposed formulation will place restrictions on the class
of problems that may be considered.

When the model is known completely, maximum likelihood (ML) state estimation results in a filtering
problem, which can be solved using, e.g., the EKF, the particle filter, or the unscented Kalman filter
[24]. Also, in the case where when the model structure is known but contains a number of unknown
parameters, and a training set consisting of corresponding state and measurement data is available,
then the states and unknown model parameters can be jointly estimated using maximum likelihood
(ML) procedures, as is common practice in communication systems. However, in the case considered
here where we assume that no training set is available, and the measurement funstiorcertain or

unknown, standard estimation algorithms that assume perfect knowledge of the model parameters are



not accurate. In this case it is desirable to jointly estimate the state vectors and the observation model

using an EM technique which blindly incorporates model uncertainty, as is proposed in this paper.

To estimate the states in the presence of model uncertainty, we usarithgonal form of the EM
algorithm [18]. The log likelihood of observations is defined as:

L(0) = logp(2]0) = log/p(w, z|0)dx ®3)

X

where is the range of the state variables= [27(1), ..., 27 (L)]T € C’/I is the entire sequence of
observed measurements,= [z7(1),...,2T (L)]T € CML are all the state variables, is the vector

of parameters describing the MoG model, anhds the number of observation points.

Maximizing this function can often be intractable in the nonlinear/non-Gaussian case. Therefore, an
alternative procedure is to define a variational distribufiafx) over the hidden state variables, that

allows us to obtain a lower bound on the expected likelihood [18], [25]:
L£(0) = log/p(a:,ze)dw
X

= log/U(a:)p(m’ZW)d:c
X

U(x)
> /U m)logp(;’(j)e)dm (4)
= /U(a:)logp(a:,z\@)d:n—/U(:D)logU(a:)d:L'
X X
_ / U(@) log p(x, z(0)dx + H(U) (5)
2 F.e),

where (4) follows from Jensen’s inequality [1] ai#f{(U) in (5) is the entropy of the distributiody.
It is straightforward to show [18] that the equality in (4) is satisfieddd(z) = p(x|z, 0).

The EM algorithm alternates between maximizifgwith respect to the distributiod/(x) and the

parameter®, respectively. Starting from some initial parametégsthe algorithm iteratively applies
E —Step: Ugy1 = arg méxx]:(Uk, 0r) (6)
M — Step: 0441 = arg mé%Xf(UkH, 0:), (7)

where k is the EM iteration index. The primary purpose of the the E-step is to estimate the hidden
states. This is accomplished by determining the best distribdfior= p(x|z,0) which makes the
expectation of log-likelihood maximum. A conditional-mean estimate of the states is then readily
available from this distribution. The M-step involves estimating the model paramg@tesing the

states estimated in the previous E-step and their corresponding measurements. Since, at the end of



each E-step the likelihood functigh meets the equality foi/*(z), thenF(Uy, ,, 0x) = L(0}.). Also,
because in the M-step the optimization is ogeiit is guaranteed that the likelihood will not decrease
in any iteration.

3. THE EM—PF ALGORITHM

The overall operation of the proposed EM—PF algorithm for estimating states in the presence of model
uncertainties, nonlinear models and non-Gaussian noise is shown in Fig. 1. The algorithm as shown
in this figure operates in batch mode, using a finite set of observatignst = 1,..., L. Since

we wish to estimate the statas,(¢) over this same interval, the problem may be cast as a fixed
interval smoothing problem. It is assumed that the paramétedescribing the model do not change
significantly over this interval. In the situation of interest in this paper, where the observation noise is
non—Gaussian or the model is nonlinear, the distribugi@), (¢)|z, %), which is critical to the E—step,
cannot be evaluated analytically. In the proposed EM-PF algorithm, this distribution is approximated

using a patrticle filter.

A. The E-step: Estimation of States by the Particle Filter

At the kth iteration of the EM algorithm, the distribution of interest for the E—step(is;(t)|z, 05),
fort =1,..., L. When the noise is non—Gaussian or the model is nonlinear, this distribution can be

intractable. Instead, an approximatipg (x(t)

z, 0};) to this distribution is used, which is propagated
in time by a particle filter. At the beginning of thgh E-step, it is assumed that the parameter vector

0 has been estimated within the previous M-step and therefore is known.

Given py(xi(t)|z,0%), the statesry(t) can be estimated as, e.g., the conditional mean of this
distribution at any tim¢ = 1, ..., L. Then in the M-step, the estimated states and their corresponding
measurements are used to identify the measurement furietjpparameterized bg,. This vector is
estimated using the state-measurement pairs estimated in the E-step. The E— and M—steps iterate until
convergence.

The presentation on particle filters here is necessarily brief; readers are referred to [22], [26] for further
background. We first explain the case for fileering distribution; i.e., approximation of the filtering
distributionp(xy (t)| 21, 0x)*. We later extend the treatment to tfieed—interval smoothingroblem,

i.e., approximation of the distributiop(a:k(t)}zl;L,Hk), for anyt € [1,..., L], which is the problem

of relevance for this paper.

'The notationy,,., is commonly used in the particle filtering literature and implies all valueg &om time a to b.



Input bloc.:k of EM iteration
observations Initialize Indexk =1
z(t), t=1,...,L parameters
]

Initialize particles xk(”(l)
 / using MCMC procedure

Determine p(x(t)|z,8y) for
t=2,..., L using
E-St T
& particle filter with current
model parameters 6

Then estimate states x(t) ,
t=1, ..., L from this
k =k+1 distribution

Update model
parameters 8y using
M-Step current state
estimates with

MoG model

Convergence?

Exit

Fig. 1. Block diagram of the EM—PF algorithm, which gives state and model parameter estimates, over the=block. , L.



The quantityjn (z(t)| 214,61 is specified by a sefz\” (t),w’(t)},_, ., where thez”(t) are
samples (particles) of the states, that are used to compose the desired distribution. The fuantity
the number of particles, and(i)( t) are the respective filtering weights, whose calculation is described
below. The approximatiop y (x(t \zlt,ek) is given by

P (@i (t)| 214, O) = ng’ ()8 () — 2 (1)), (8)
=1
whered(-) is the Dirac delta function.

The unnormalized weights at timtecan be recursively updated from those at titnel at EM iteration
k by [22], [26]

(1) (1) (1)
G i p(z(t)|x,.’ (), 0)p(x,” (t)|x,” (t — 1 .
501 = w1y PE k(§)> k>m< Yolee-1) e g
r(awy” ()| (t = 1), 2(t))
The normalized weighta;,(:) (t) are then calculated as
w (1) = _ W i=1,...,N. (10)

S a0
The quantities;e,(f) (t) in (9) are the particles, which are samples drawn from a proposal distribution
(a:k }ac )) This distribution is chosen to be easy to sample from, and to resemble the desired
distribution p(x (¢ |z 0;) as closely as possible. In this vein we choose the proposal distribution to
be a normal distribution:

r(a;) (1)@ (t = 1) ~ N(@x(t = 1), 071, (11)
whereo? is chosen to give the best fit tq-|-).

The distributionp(z(¢)|=” (¢),6)) in (9) is the likelihood, and is determined from (2), given
and knowledge of the distribution af(¢). The distributionp(x ()( )\xS)(t — 1)) in (9) is the prior
distribution on the states and is given from (1), knowing the distributiom@j. Thus, the method
propagates the desired distributi@r@mk(t)\zl:t,Ok) in time at each value of by first, drawing
particles:e,(:)(t),z‘ = 1,...,N from the proposal distributiom(-|-). Then, using the particles and
the observations, the respective distributions in (9) can be evaluated. The W@fﬁf@tﬁ) are then

updated using (9) and (10), whereupon the desired approximate distribution is obtained by (8).

We now extend this treatment to the fixed—interval smoothing problem. It is shown in [27] that the

smoothing distribution is given as

N
P (@r(t)|z1L,00) = S wi(t|L) D6 (i (t) — 2 (1)) (12)
=1
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foranyt € [1,...,L]. Thus, only the weights change in going from the filtering to the smoothing

problem. The smoothlng Welghts (t\L) are calculated according to the following algorithm [27]:

1) Initialization at timet = L:
e fori=1,...,N, w(L|L) = w?(L).
2)fort=1L,...,1
o fori=1,..., N, evaluate the smoothing weights:
wi (B)p(x™ (¢ + 1)@ (1))
S ol (e ¢+ 1)) |
Using (12), conditional mean state estimatggt) can be obtained for any time=1,..., L by

:i)k(t) = Awk(t)p(a?k(t)‘Zl:Lvgk)dxk(t>

z/ k(DN 2k (1) | 210, Ok ) day, (t)
X

D)) = Zwk t+1]L[ (13)

_ Zw #|L)xl (1), (14)
In the sequel, for ease of notation we wrﬁelmplylng Z1.L

The problem with the particle filter is that after a few time steps, all but a very few of the particles
have negligible weights. This degeneracy problem results in inefficient use of the particles. There are
a number of proposed resampling technigues that correct this problem. A simple minimum variance
scheme first proposed by Kitagawa [28], and applied to a tracking problem [23], is used in this
paper. This re-sampling technigue probabilistically replicates particles with large weights and discards

particles with small weights, so that our set of particles better represents the required distribution.

Initialization of the particle filter att = 1: The initial particles at timeé = 1 for each EM iteration

k must be chosen carefully, otherwise the particle filter may lose track later in time. For this purpose,
we consider the Metropolis-Hastings (MH) algorithm, which is a Monte Carlo Markov chain (MCMC)
procedure, for generating samples from the initial posterior distributiénp(azk(l)|z(1) 0;). Ideally,

we would like to use the exact distributigiiz(1)|z, 8;); however, this is not possible for reasons of
tractability, so we use as an approximation. As described below, the MCMC process is iterative; each
iteration places an underlying Markov chain in a different state, which corresponds to a sample; thus,
a potential candidate sample is drawn in each iteration. An appropriate number of initial iterations
(referred to as théourn—in period), are required before the underlying Markov chain establishes
equilibrium. Only after equilibrium is established are the samples distributed according to the desired
distribution 7r; therefore, the burn—in samples are discarded. After the burn-in period completes,

useful samples are drawn by executiNgadditional iterations. These additional samples serve as the
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initial particIeSx,(;)(l) for the patrticle filter. Since these initial particles are already distributed according

to the approximate desired posterior distribution, the corresponding weights are all initialized to unity.

By choosing a proposal densityx|-) which may be different from-(-|-), the following procedure

generates samples,,(j)(l) from 7 = p(xr(1)|2(1), 0r):

fori=1,... N, after equilibrium ofr is reached:
1) Samplex* ~ g(z|x(~1)

2) Evaluate

i—1) o A . m(x*)q(x" V")
a2V z*) = min {1, (@D g (@ D) (15)

3) assignz” (1) = &* with probability a(x(~1, z*).

We choose the proposal densifyz|z(*~1)) to be an easy-to-sample distribution; e.g., the normal
distribution:
q(zlz"Y) ~ N (Y, 07D, (16)

where, in this study, the varianoeg is chosen empirically, so that the proposal density closely

approximates the state space distribution around the initial stgte).

The distributions for evaluating the samples in (15) can be obtained by Bayes’ rule, assuming that

0). is independent of(¢), as follows:

_ p(z()]wx(1), 0k))p(xr(1)[0r)
p(z(1)|65)
where the likelihood distributiop(z(1)|xx (1), 8y) is obtained from the measurement process (2) and

17)

the prior distributionp(x(1)|0;) = p(xx(1)) is assumed to be uniform. The value gfz(1)|6%) is

irrelevant for the purposes at hand, since it is independent afid hence cancels in (15).

B. The M-Step

In order to illustrate the flexibility of the proposed method, we demonstrate the M—step for the general
case where no structure is assumedhdr). Here,h(-) is modelled as a mixture of Gaussian kernels.

The case where the mode(-) is known up to unknown parametefisis considered later.

By substituting the posterior distribution of the states given the observations obtained in the E-step
(Ui = p(zi|2,0y)) into (5), the required optimization for the M-step of tiéh EM iteration

becomes

0.1 = arg mOaX/p(a:k]z,Hk)logp(zck,zla)dwk(l) ..dx (L). (18)
X
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To proceed with this optimization, we incorporate our model for the observation funkfie(t), 0)

in (2). This function is modelled as a mixture of Gaussians vittctomponents, as
P
h(z(t),0) = > mygy(x(t) + Az(t) + b (19)
p=1

where the parametersy, € C’ are the coefficients of the scalar Gaussian kergglswith fixed
centersc, € CM and fixed covariance matrices, € CM*M, The centers are distributed uniformly
over the range of, and the covarianceS, may be assigned arbitrarfyThe Gaussian kernels are
defined as:
_1 1 _
gp(@) = (2m)M/?|S, |7 exp[—3 (x — ¢)" 8, (z — cp)). (20)

The quantityA € C/*M is a constant matrixb € C’ is a constant bias term. The matrk c
C/*(P+M+1) s therefore defined as

eé [mlam27"'7mP7Aab]7 (21)

which according to the assumptions, is time—invariant. We also define the de@tpoe C(+M+1)x1

which includes the time—varying parametershifi) as
®(t) £ [g1(2(1)), g2(2(1)), ... gp(@(1)), 2(t) ", 1T (22)
Then, (19) can be written in the form
h(xz(t),0) ~ 6®(t). (23)

If some structure orh(-) is available, e.g., the model is known up to some unknown param@ters

then this structure should be used instead of the form given by (23).

We now evaluate the probability distributignxy, z|0;) at EM iterationk in (18). This may be
evaluated according to
p(xy, 210k) = p(z|lzk, Ok) p(@k|0)
x p(z|z, Or) (24)
where the second line follows because the prior distribution of the states is assumed to be independent

of the unknown parameters, and is assigned a uniform distribution. The distrigatitmy, 6;) is

easily obtained as the likelihood distribution obtained using the observation equation (2).

The log-likelihoodlog p(z|x, 8) of a single fully observed data poigt(t) under the model at EM

iteration &, using (23) and (24) is then given as

—[2(t) — 0x®1(t)] " @} [2(t) — 6,®4 ()] — In|Q| + constant (25)

%In the following simulations, they were all assigned to the identity matrix.
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where Q,, is the estimate of the observation noise covariance defined in (2), at EM itefatiBp
substituting the model log-likelihood into (18), and combining the terms ferl, ..., L, the relevant
M-step optimization is then

mln{/Zp zi(t)|z,01) 2 ()O'bk(t)}HQ_l[z(t)Otﬁk(t)]daz+ln|Q|}. (26)

By denoting the expectation over the posterior distributiGey (t)|z, 8;) by <> the objective function

then becomes .

5in> (1200 - 0201 Q ) ~ 0,0 ) + Q. (27)

It is shown in the Appendix that the solution to the above is given by

L L -1
=01 = <Z 2 > <Z <I>k<t><1>k<t>H> (28)
t t=1

L

Q=Qua= Y (202"0)) - 5 (o202 1)), (29)

t=1 t=1
where L > J. Thus, given the expectations in the angular brackets, the optimal parameters can be
obtained by solving a set of linear equations.

The expectations above are evaluated using the particle filter. Given the computed pafﬂ(:t?sand
using the approximation (8) for the posterior distribution, the expectation of any fungtioncan be

approximated in a manner similar to that of (14) by
©) = | Her Otz 0dz Zw (110) 7 () (1)) (30)

The numberP of Gaussian kernels is chosen empirically, so that the kernels are positioned sufficiently

densely over the region of support of the state variables.

Initialization of the EM Algorithm: The initial parameter®; must be chosen with some care,
otherwise the EM algorithm may not converge. In the experiments described in the following sections,
successful results were obtained by assigning the Gaussian kernel coefinietdsequal values, the
kernel centers:, to a uniformly—spaced grid, and the kernel covariance matifeso the identity.

(The parameters, and S, are held fixed throughout the EM iterations.) The matixs also assigned

to be an identity (padded appropriately with zeros), and the bits zero. Given this initiald, an
E—step was performed to obtain the initial stategit),t =1,..., L.
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C. Summary
Here we give a step—by-step overview of the proposed EM-PF algorithm:

« Initialization: (k = 1) Given a set of measurements,= {z(¢),t = 1,..., L}, initialize the
parameter vectof, to suitable values, as described immediately above.
o lterate the EM Algorithm: for k£ =1,2,...

— E-step:In the E-step, we estimate the statgg¢) using the particle filtering approximation

z,0;) to the posterior distributiom(x(t)|z, 0;) with the most current model.

P (i (t)
More detail is given as follows:

« Initialize the posterior distributiop(x(1)|z(1), 8x) at the current EM iteratiok using the
Metropolis—Hastings MCMC method, described in Sect. 3-A. The required proposal density
q(+]-) for the MH-MCMC algorithm is chosen to be a Gaussian distribution with mean equal
to the previous state("~) and variance chosen so that the support of the function covers
adequate space around the current state. Set the filtering w&jg)r(hs =1,¢9=1,...,N.

« propagatep(xi(t)|z,0y) for t = 2,3,..., L using the particle filter. The approximate
posterior distributionpy (xx(t)|z, 8y) for the fixed—interval smoothing case is given by
(12) as a function of the smoothing Weigm%) (t|L). These weights are propagated to
the next time step by the following procedure: first filtering weightsw® (¢ — 1) are
propagated to time using (9) and (10). Then, the filtering weights are converted to the
smoothing WeighISu,Ef) (t|L) using the algorithm surrounding (13).

« The likelihoodp(z(t)|xk(t), 8%) used in (9) is given from the MoG model (19), knowing
the statistics oh. The form of prior distributiorp(x(t+1)|x(t)) also used in (9) depends
on the underlying physics of the model, as determined by (2). Examples are given in Sects.
4 and 5.

x Once the smoothing Weightta,ii)(t\L) are available, an approximate conditional mean
estimate of the statesy(¢) is given at each time through (14).

— M-step: The approximated states with their corresponding measurements are then used in
the M-step to re-estimate the parameters of the MoG, i.e., the parameter 8gctaand the
model noise covarianc, ., using (28) and (29) respectively. These estimated parameters
are used in the next E-step. The necessary expectations in these two equations are evaluated
using (30).

In the following two sections, we apply the proposed EM—PF method to solsetimng-only tracking
problem with uncertain model parameters, and the so-cakedor registratiorproblem in a multi-

Sensor scenario.
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4. BEARING-ONLY TARGET TRACKING WITH BIASED MEASUREMENTS
A. Problem Statement

We apply the EM-PF algorithm to a bearing-only target tracking problem in the presence of sensor
bias. Even though known structure which may be exploited does exist in the observationhtiode)

in this case. However in this treatment we choose to ignore it, and use the model given by (23) instead.
This is done to demonstrate that useful state information can be estimated with limited knowledge of
the model.

The problem consists of a linear state transition and a nonlinear measurement process. The problem is
defined in [1]. In this scenario, a platform with a sensor moves according to the discrete time equations:

2p(t) = Tp(t) + Axp(t),  yp(t) = Yp(t) + Ayp(t), t=12,... (31)

wherez,(t) andy,(t) are the average platform position coordinates, and the perturbaNepé&)
and Ay,(t) are assumed to be mutually independent zero-mean Gaussian white noise sequences
with variancesr, and r,, respectively. The average (unperturbed) platform motion is assumed to

be horizontal with constant velocity. Its position as a function of the discretetimemeters) is:
fp(t) = at, yp(t) = a9 (32)
wherea; andasy are constants.

It is assumed a target moves on theaxis according to

z(t+1)=F(t)z(t) +w(t) (33)
where:
sy | O pg=| T (34)
$2(t) 0 1

and z; and z, denote the position and velocity of the targét,= 1s is the normalized sampling
period, andw(t) ~ N(0,X,,), where

™ 1
Yw=¢q ;2 ; (35)

2

andq is a scalar. The sensor measurement process is:

2(t) = W@y (1), y,(1), 21(1)) + B + vs(1), (36)

where

hlay(0).wy(0). 1 () = tan ™! e @
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is the bearing between the horizontal and the line of sight from the sensor to the target, and the
sensor noises(t) is zero mean white Gaussian with variange The sensor noise is assumed to be

independent of the sensor platform perturbations. Alge the unknown bias of the measurements.
The estimation of the target’s state is performed uginty the measurements (36).

The platform location perturbations induce additional errors in the measurements. The effect of these
errors is evaluated by expanding the nonlinear measurement furictiora Taylor series about the
average platform position. The resulting measurement process can then be written as:

?lp(t)
z1(t) — T1p(t)
where the equivalent measurement nai§e is zero mean white Gaussian with variance given by
(T1p(1))?r2 + (21(t) — Trp(t))?ry
{@1p(1)% + (21 (t) — T1p(1))?}2

Notice that the variance of the equivalent measurement noise is time varying. For more details on

2(t) = h(@p(1), Y, (1), 21 () + v(t) = tan™! + B+ v(t), (38)

Blo(t)’] £ r(t) =

+ 7s(t). (39)

modelling the new measurement process refer to [1].

In the following, we use the EM-PF algorithm to track the target corresponding to the uncertain
observation model which has been discussed. This method ignores any known structure in the model.
No doubt better performance could be achieved if a method which exploits the model structure of
(38) were used, wherg,,(t), 71,(t) and 3 were treated as unknown parameters. Despite this fact, this
example successfully demonstrates that the EM-PF method can be applied to the problem of bearing—
only tracking with model uncertainty in the form of sensor bias. The example also demonstrates that
the EM-PF method can be successfully applied to a range of problems where little is known about the

structure of the observation model.

B. Simulation Results

In this simulation scenario, the parameter values are listed in Table 4.1. The measurements are biased

by a value ofg = 0.5 radians (see Figure 2).

It is important to compare the performance of the optimal smoother and that of the proposed EM—
PF algorithm. In general, the optimal smoother is analytically intractable or prohibitively expensive
to run. However, even if the optimal smoother is impossible to run, is still possible to determine
the performance of the optimal smoother in terms of some performance criterion such as the mean—
squared error (MSE). Indeed, if we resort to the computation of the posterioéGRao lower bound
(PCRLB) as described in [29], [30], we can determine the achievable MSE of the generally intractable
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PARAMETERS FOR THE BEARING-ONLY TRACKING SIMULATION EXAMPLE .

Parameter symbol Meaning Value
Ta variance ofAx,, in (31) 1m?
Ty variance ofAy, in (31) 1m?
ay see (32) 4 m/sec
az see (32) 20 m
q covariance scalar in (35) 0.ah? /sec?
s measurement noise variance in (38) 5.24 x 10~ 3rad?
To initial condition for the state (80,17
P Number of Gaussian kernels in the MoG model 20
L Number of observations 21
N Number of particles 200
J Number of sensors 1
M Number of state variables 2
15
1 |
£
&
05f .
% 5 10 15 20
Time

Fig. 2. Unbiased, noise-free but perturbed measurements obtained from (36) with(bottom), and the biased, perturbed,
noisy measurements from (38), that are input to the algorithm (top).

optimal smoother. More importantly, we can obtain a theoretical benchmark for any other practical

suboptimal smoothing algorithm.
Formally, the PCRLB foffixed—interval smoothingan be stated as follows:
My = E [(z) — @x(1))(x), — 21(t)7] > I, (40)

where M, is the MSE correlation matrix arull,;1 denotes a matrix which can be recursively computed

as described in [29]. We stess thigt() need not be an unbiased estimator, and that (40) is a matrix
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Fig. 3. Position (a) and velocity (b) tracking trajectories for the EM-PF algorithm over four successive iterations.

inequality in the sense thay/, — J,;l is a positive semi-definite matrix. In general, (40) provides a
lower bound on the MSE of the considered estimatgpft).

Figure 3 shows the position and the velocity tracking trajectories, respectively, over four successive
iterations of the EM-PF algorithm for the bearing-only tracking problem for a typical run. Also, Figure

4 shows the root MSE error for tracking the position and velocity of the targetigvéfonte-Carlo

runs, respectively. The figures represent the error for four consecutive iterations of the algorithm.

Figure 5 shows the position and velocity root MSE’s of the EM-PF algorithm at the fourth iteration for
the same run. Also shown are the corresponding PCRLB curves. In this case, the PCRLB assumes the
model is known, except that the biases are unknown random variables, constant over the observation
interval. It is noted that the performance of the EM-PF root MSE is worse than the PCRLB. This
discrepancy is to be expected, since the PCRLB results correspond to a known observation model,
(except for the bias), whereas the EM-PF algorithm assumes no knowledge of the model. Also, there
are errors in the MoG and particle filter approximations. As can be seen, the EM-PF algorithm is
capable of managing uncertain dynamics by identifying them, and then using this information for
better estimation of the states. Although the simulation results are provided for Gaussian nonlinear
measurement dynamics, the EM—PF algorithm is nevertheless capable of handling the hon—Gaussian

case.

We also present results in Figure 6 showing root MSE vs. observation noise variamtg35))
averaged over 50 simulation runs. We can see that the root MSE increases relatively smoothly with
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RMSE Error in Postion Estimation (0.5 Radians Offset) RMSE Error in Velocity Estimation (0.5 Radians Offset)
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~

Meters per Second
)
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Fig. 4. Root MSE of the position (a) and velocity (b) state estimates vs. time over 50 Monte—Carlo runs of the EM-PF
algorithm for four iterations.

increasing noise variance until a threshold is reached at a noise variance value of(at¥outeyond
which the method breaks down. The root MSE does not steadily decrease to zero with decreasing

noise variance, due to the errors in the MoG model and the error in the particle filter approximations.

We now compare the performance obtained from the EM-PF algorithm with the interactive multiple
model (IMM) approach [1] for the same bearing—only tracking problem, where each model uses an
extended Kalman filter (EKF) with a different range of Bias the following experiments, we used

16 models, whose corresponding bias values are uniformly distributed)deer radian. The various
parameters describing the problem were the same as those for the EM—PF case, and are given in Table
4.1.

Figure 7 shows the position and velocity estimation performance for the IMM algorithm. The corre-
sponding RMSE'’s are shown in Figure 8 over the time intefal0]s. The RMSE'’s for the interval

[20,40]s are shown in Figure 9.

It may be observed that, over the inter{20, 40]s after which the IMM method has acquired track, the
performance of the EM—PF and IMM algorithms are roughly equivalent. However, it may be observed
that the IMM model requires about 20 time steps to acquire track, because of the time required to
assess the individual model probabilities and determine the winner. However, the EM-PF approach, due
to its MCMC initialization procedure, requires virtually no time for acquisition. Further, any approach

SExperiments were also conducted using a conventional EKF, using a model which did not incorporate bias. In this case,
the track loss rate approached 100%.
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PCRLB and RMSE Error in Postion Estimation PCRLB and RMSE Error in Velocity Estimation
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Fig. 5. Root MSE of the position (a) and velocity (b) state estimates vs. time of the EM-PF algorithm at the fourth iteration,
along with the corresponding PCRLB curves.

using EKFs must have available an accurate observation model, which is not required for the EM-PF

method.

It is straightforward to modify the proposed EM—PF algorithm so that it can handle time variations in
the model parameteg In this vein, a hypothetical experiment was conducted where the bias changed
sign half-way through the observation record. It was observed that the EM-PF method quickly adapted

to this change in model parameters.

5. SENSORREGISTRATION

We first introduce the fundamental idea of the sensor registration problem. An example of this

problem is in the tracking scenario where multiple targets are being tracked by multiple sensors. The

locations of the sensors are determined by a Cartesian coordinate system, while measurements from
the sensors are obtained in polar coordinates. To properly combine the measurements in a multisensor
scenario, it is required to transform the measurements into a common reference frame free from sensor
registration errors. In a multi-sensor scenario, sensor registration errors can cause significant error in
the target location. Biased measurements, for example, can increase estimation error or even corrupt

the estimation process completely.

Bias estimation is inevitable in current multisensor estimation scenarios. The classical approach to

mitigate this problem is to firstly transform the measurements into a common coordinate system,
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Position and velocity estimates for the IMM-EKF algorithm, applied to the bearing-only tracking problem.

estimate the biases by a batch algorithm and then remove the bias from the subsequent measurements

The EM-PF algorithm can be applied in this regard. The EM-PF algorithm may be considered similar

to the recently reported method called maximum likelihood registration (MLR) [31] that indirectly
estimated sensor biases and removes the effect of them in the estimation process.

In surveillance applications, it is known that tk&reographic projectiorof three dimensional data

onto a two-dimensional plane introduces error in sensor registration [31]. We overcome this problem

using geodetic transformations for mapping the sensor measurements into the earth centered earth fixed
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Fig. 8. Position and velocity estimate RMSEs for the IMM-EKF algorithm, applied to the bearing-only tracking problem
over the time interval O to 40s.

(ECEF) coordinate system. Sensor registration is then performed in the ECEF coordinate system. The
performance of the EM-PF algorithm is determined using simulations based on a scenario presented
previously in [31].

A. Problem Statement

The problem definition provided in this section is based on the presentation in [31]. The state vector
x(t) of a moving target at time consists of the three-dimensional position of the target defined in
ECEF coordinate system:

z(t) = [X(t) Y(t) 21" (41)

The origin of the ECEF coordinate system is at the center of the Earth. The X axis is extends from
origin to the intersection of the prime meridia@’ (longitude) and the equatofq latitude). In the
right-handed coordinate system, the Y axis extends from the origin to the intersection 96°the
longitude and the equator. Also the Z axis passes through the origin and the nortB(sdigti{ude).

Consider M sensors located dtZ,,, Ay, o) (m = 1,..., M), where L,, is the geodetic latitude,
A is the longitude andy,, is the altitude above the reference ellipsoid, in geodeticcoordinate

system. At time instant, the mth sensor measures the position of a common target in terms of a
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Fig. 9. Position and velocity estimate RMSEs for the IMM-EKF algorithm, applied to the bearing-only tracking problem,
for the time interval from 20s to 40s.

three-dimensional measurement vectgy(t)*:

Zm(t) = [pm(t) Ym(t) em(t)]T, m=1,..., M, (42)

where M is the number of sensors,, is slant rangey,, is azimuth (measured clockwise from North),
ande,, is elevation, each with respect to theh sensor. The registration vector for each sensor also
consists of the corresponding biases, i.e.,

Bm = [Apm Ay Aﬁm]T' (43)

In order to register the sensor measurements in a common coordinate system, we transform the sensor
position data into the ECEF coordinate system. Given the sensor paditipn\,,, «.,,) the following
equations give the ECEF coordinates,,,, Y, Zn):

Xm = (c+ au).cos Ly,.cos Ay, (44)
Yin = (c+ aum).cos Ly,.sin A, (45)
Zm = (c(1—=¢*) + apy).sin Ly, (46)

“Note that the adopted notation implies that non—time varying coordinates sgeci$priocations, whereas time varying
coordinates specifyarget locations.
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in which we adopt atV G S — 84 ellipsoic® with parameters:
c = a/m (47)
e = 0.0818 (48)
a = 6378137.0 m. (49)

Since the state vector consisting of the position of the target (as well as the position of sensors) is
defined in ECEF coordinates, and the measurements are in polar coordinates, it is difficult to write
the explicit dependence of the measurement functiorm the state vector. Instead, we proceed to
transform the state vectors into polar coordinates and model the measurement process in this system.

Define the target state vector in the local tangent plane of sensas:

T (t) = [em(t) vm(t) vm (D), (50)
wheree,, (t), v, (t) and v, (t) denote east, north, and up axes at semsofThese components are
computed in terms of the state vector given by (41) and the position of the sensors as follows:

em(t) = —(X(t) — Xpm)sin Ay, + (Y(t) — Vi) cos A, (51)
Um(t) = —(X(t) — Xy)sin Ly, cos Ay, — (Y (t) — Yy, sin Ly, sin Ay, + (Z(t) — Zy,) cos Ly, (52)
vm(t) = (X(t) — Xin) €08 Ly, cos A\, + (Y (t) — Vi) coS Ly, sin Ay, + (Z(t) — Zyyy) sin Ly, (53)

Now we can express the nonlinear measurement functfops (m =1, ..., M; j = 1,2, 3 for sensor
m and the three measurement components, in terms of the state vector (50) as follows:

Bt (i (t)) = V/e2,(t) + v2,(t) + v, (1), (54)
= tan~ em(f)

th (wm(t)) =t <I/m(t)> ) (55)
= sin! Vm(t)

hin3 (®m (1)) = { \/52 )+ 12, () + 2, (1) } (56)

Having prepared the necessary definitions and assuming that the location of the static sensors are

known perfectly, we can now define the measurement process for senasr
Zm(t) = B (0 (1)) + By, + v (1), m=1,..., M, (57)

where z,,(t) € R3*! consists of the three measurement components ramgeazimuth ¢), and
elevation €) of the target, respectively. Alsa,, € R3*! is the random measurement noise vector
assumed to bei.d. white noise, mutually independent from component to component, with covariance

matrix X, = diag(o? 2 ). The nonlinear functiong,,;, j = 1,2,3, are defined in (54) —

p7fy7€

>The world geodetic system (1984) (WGS-84) is a standard for earth coordinate systems. The WGS-84 ellipsoid minimizes
the error between itself and the true shape of earth over a specific region of interest.
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(56). For M sensors measuring the location of the common target, the measurements from (57) can

be combined into a single equation as follows:
Z(t) = h (x(t)) + B+ (1), (58)

wherewv(t) = [v1(t)T... v (t)T]T is the random measurement noise vector assumed to hédan
white noise process, mutually independent from sensor to sensor. The measurement covariance matrix
is X, = diag%,,, ..., X.,,) € RM>3M The vectorsz(t) = [x1(t)T... zp(t)T]T and 2(t) =

[z1(t)T... zp(t)T]T are the state variable and the noisy output measurement vectors fav/ the

ZM

sensors, respectively. Also, the vector valued nonlinear fundiignm = 1,...,M;j = 1,2,3 is
assumed to be known for th®/ sensors and the three values of the measurement vegidrg =
[Pm(t) ¥m(t) em(®)]T. The vectord = [3F... LT € R3M contains the unknown biases for thé

sensors that is assumed to be deterministic, time-invariant and independent of the state (v@ctor
The state process is assumed to be modelled by a linear first-order Markov process as follows:
z(t+1) =x(t) + w(t), (59)

where w(t) € R3 is ani.i.d. noise process with covariance mat® = diaglo,, o,, o), and
x(t) = [X(t) Y(t) Z(t)]" is position of the target in the ECEF coordinate system.

Given L measurement vectoest), t = 1,..., L, the problem is to remove the effect of the measure-
ment biaseg3 and to estimate the statest), t = 1,..., L accurately.

B. Simulation Results

We implement exactly the same scenario in [31] to compare the performance of the EM-PF algorithm
with the recently reported MLR algorithm for sensor registration example. The details of the simulation

scenario are given here from the stated reference:

There are two ground-based sensors measuring the position of a moving target. The geodetic coordinate
of sensors{ L, Am, o), are:(—12°30°,131°6/, 15m) for sensorl and (—14°18’,129°36’, 10m) for

sensor 2. The target is flying from geodetic coordirat@2°, 129°30’, 10km) to (—13°30’, 130°30’, 10km),

then it makes a mild turn and finished @t14°,131°12’, 10km). A total of K = 120 synchronous

pairs of measurements are collected. We assige: o, = o, = 10? m?/s%).

The true sensor biases used in simulations are as follows. Sengqgt 1= 2.5 km; Ay, = —2.5%;
Aep = —0.5°. Sensor 2:Aps, = —1.8 km; Avy = 3°; Aey = 1°. Measurement noise is zero-mean
Gaussian with covariancg,, = diagloc? ,02 02 ), for m = 1,2. The standard deviations of the

Pm’? " Ym? T €m



26

12

-125-

_13f

Geodetic Latitude

141

#*

-145 I I I I I I I I I ,
129.4 129.6 129.8 130 130.2 1304 130.6 130.8 131 131.2 131.4
Geodetic Longitude

Fig. 10. True (circle) and biased (dot) target trajectories estimated by two sensors (star)

measurement noise used in the simulations are [3]]:= o,, = 100 m; o, = 0,, = 0.2° and

O¢, = Oc, = 0.25°.

Figure 10 shows the true trajectory of the target as well as the initial estimates of the target position
by the two sensors in geodetic coordinates. The differences between these trajectories are the result of
unknown bias values for the sensors. Figure 11a shows these trajectories after the application of the
EM-PF algorithm for sensor registration. It can be seen from this figure that the EM-PF algorithm is

capable of compensating for the effect of the bias errors in track estimation after four iterations.

Figure 11b shows the RMS error of the position estimation for 100 Monte Carlo runs of the EM-PF
algorithm. The algorithm is successful in compensating the effect of the unknown bias terms existing
in the two sensors. It can be seen from the figure that the estimation error converges to a small value

after four iterations.

The performance of the EM—PF algorithm is virually identical to that of the MLR method, shown in
[31] for the same simulation scenario. However, unlike the MLR method, the EM-PF algorithm can be
applied to non—Gaussian noise. Further, the EM—PF method is general technique, applicable to a wide
range of problems, which include linear or nonlinear models and Gaussian or hon—Gaussian noise in

the presence of model uncertainty.

6. CONCLUSIONS

An EM-type algorithm for solving a joint estimation-identification problem for nonlinear non-Gaussian
state-space estimation when the observation model is uncertain, is proposed. The expectation (E) step

is implemented by a particular type of particle filter that is initialized by a Monte-Carlo Markov chain
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Fig. 11. (a)True and registered target trajectories after application of the EM-PF algorithm, and (b) RMS position error for

two sensors vs. iteration number

algorithm. Within this step, the posterior distribution of states given the measurements as well as the

state vectors are estimated. Consequently, in the maximization (M) step, the nonlinear measurement

process parameters are approximated using a nonlinear regression method for adjusting the parameters

of a mixture of Gaussians (MofG) model. The model parameters are determined by solving a linear

system of equations. The proposed method, which we refer to as the EM-PF algorithm, is used to solve

a highly nonlinear bearing-only tracking problem with uncertain (biased) measurements. It is shown

that the algorithm is capable of accurately tracking the state vector while identifying the unknown

measurement dynamics. Also, the EM-PF algorithm is applied to solving a sensor registration problem

in a multisensor fusion scenario. It is shown that the algorithm is successful in compensating the effect

of unknown bias terms existing in the sensors in the target tracking scenario.

By using a nonlinear regression method based on fitting a mixture of Gaussians to the observations,

the algorithm is capable of approximating a wide range of nonlinearities in the measurement and state

transition processes. Also, implementing the E-step with a particle filter provides the possibility of

employing the algorithm in the presence of non-Gaussian noise, e.g., with impulsive or multi-modal

distributions.
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APPENDIX

Here we wish to evaluate

L
min ) / plak(t)|z(t), 1) [2(t) — 02x(1)] Q7 [2(t) — 6P4(t)|dz + In|Q| (60)
ng t=1YX

A. Solution foré,

The problem at hand is equivalent to solving

L
D5 [ o]0, 0012(0) - 02(0))7Q ' =(0) - 040w + QI = 0. (6D)
t=1"X

In taking the expectations, we assug in p(xx(t)|z(t), 0%) is held fixed at the value obtained in
the previous iteration [18]. Also, sina@ is independent ofc, we can move the derivative operator
inside the expectation. Using the relation [32]

0

8A(:v —As)EW (2 — As) = —2W (x — As)s’?

(61) becomes
L

) < —2Q7'[z(t) - é‘I’k(t)]‘i’kH(t)> -0

t=1
where the angular brackets denote expectation with respect to the distriptipft)|z(t), 6;) and

is the desired estimate &. This is equivalent to
L

> (1st0) - b20(0)81() ) ~0, (62
t=1
Eqg. (62) leads to
L L
> (s090) -0 (B (0) =0 (63)
=1 =1
from which the result fo® = 6, follows. O

B. Solution forQ

The problem of relevance in this case is to solve
—1 ~ .
> Z< - 62,(0)]"Q " [+(0) - 62, (1]) + 01| = 0. (64

In this case, the distributiop(x(t)|z(t), 0%) is independent 0&, andQ is independent o%, so the
derivative operation with respect @ can be moved directly inside the expectation.
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Using the following derivative rules [32]

da"W1p _ _
g = W lebwl
o|W| _
W W (W H,
(64) becomes
L ~—H 5 A \H ~—H
Z<—Q 2(t) — 0B1(1)[2(t) — HD(1) O >+Q S
t=1 o 5 A A
0 Z<[z<t> 0@ (1)[=(1) —oq>k<t>]H> — I (65)
t=1

where Q is the desired solution. The last line follows by postmultiplication of the line above by
0", and recognizing tha® " = &' By substituting (62) into (65), and distributing the sum and
expectation operators amongst the individual terms, we have

0-Qui -3 (s12"(0)) - 3 (o202 1)) (66)

t=1 t=1
which was to be shown. O
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