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Abstract

We consider linear systems whose state parameters are separable into linear and nonlinear sets, and
evolve according to some known transition distribution, and whose measurement noise is distributed
according to a mixture of Gaussians. In doing so, we propose a novel particle filter that addresses the
optimal state estimation problem for the aforementioned class of systems. The proposed filter, referred
to as the ACM-PF, is a combination of the approximate conditional mean filter and the sequential
importance sampling particle filter. The algorithm development depends on approximating a mixture of
Gaussians distribution with a moment-matched Gaussian in the weight update recursion. A condition
indicating when this approximation is valid is given.

In order to evaluate the performance of the proposed algorithm, we address the blind signal
detection problem for an impulsive flat fading channel and the tracking of a maneuvering target in
the presence of glint noise. Extensive computer simulations were carried out. For computationally
intensive implementations (large number of particles), the proposed algorithm offers performance that is
comparable to other state—of-the—art particle filtering algorithms. In the scenario where computational
horsepower is heavily constrained, it is shown that the proposed algorithm offers the best performance

amongst the considered algorithms for these specific examples.
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. INTRODUCTION

In many real-world applications, unknown quantities are to be estimated given a set of
noisy observations. Common examples include target tracking [4], [15], channel tracking in
wireless communications [18], [21], and the extraction of speech signals from contaminating
audio environments [6], [13], [28]. In many cases, the unknowns can be characterized by a
process equation and the observations by a measurement equation, which together, form the so-
called dynamic state space model (DSSM). With this DSSM, we can adopt a Bayesian filtering
approach, and thereby, recast the problem to one of tracking a hidden process given a set of
noisy observations.

Often, observations arrive sequentially in time. Therefore, it is more appropriate to consider
filters that recursively estimate the unknowns of interest. More specifically, we aim to recursively
compute the exact posterior probability density function (pdf) of interest. Indeed, within the
Bayesian framework, the posterior pdf captures all the information about the unknowns. Thus,
if an algorithm can recursively deduce the exact posterior pdf of interest, we can refer to it as
the optimal solution of the aforementioned Bayesian filtering problem.

For a linear Gaussian DSSM, the celebrated Kalman filter (KF) provides the optimal solution
[17]. In general, however, the optimal filter is analytically intractable for the unyielding nonlinear,
non—Gaussian DSSM. Thus, a number of researchers have introduced ingenious approximations
that have resulted in mathematically tractable suboptimal filters.

Historically, the Extended Kalman filter (EKF) is the first of such filters [2]. The main idea is
to invoke linearization and thereby form an approximation of the original nonlinear model that
is amenable to an application of the KF. The resulting recursive formulas constitute the EKF. In
a number of applications, the EKF has performed adequately. However, there also exist many
scenarios where the EKF has performed poorly, in particular for non—Gaussian distributed noise
disturbances. Thus, it was suggested to consider filters that involve a collection of EKF's.

These filters are known as Gaussian Sum filters (GSFs) [2], [26], and the underlying as-
sumption is to approximate the true posterior pdf by a Gaussian mixture approximation. Each
component in the Gaussian mixture approximation, also called a mixand, is computed by a EKF
or a KF. Thus, depending on the nature of the non-Gaussianity, these filters utilize a bank of

EKF’s or KF’s to construct an approximation of the true posterior pdf. As such, these methods are



more powerful, and more complex to implement. Indeed, if we do not introduce any alleviating
procedure, the number of mixands exponentially increases over time. Moreover, if the GSF
employs a bank of EKF’s, it will still suffer from its inaccuracies. Therefore, it is of interest to
consider alternative methods.

One such method is known as the approximate conditional mean (ACM) filter [22], [31]. As
shown in [22], for a linear DSSM with non-Gaussian observation noise distributed in accordance
with a Gaussian mixture distribution, the ACM filter yields near optimal performance. Thus, for
this scenario, the ACM filter provides an efficient alternative over the computationally expensive
GSF.

Up to this point, it is apparent that we are without a universally effective approach for online
signal processing of difficult nonlinear non—Gaussian DSSM’s. Therefore, it is necessary to
consider alternative solutions. Recentbgrticle filtering has emerged as a promising solution
to the general nonlinear non-Gaussian filtering problem [9], [11]. The underlying idea is to
use a randomly weighted set of samplesparticlesto recursively build in time, a point-mass
approximation of the true posterior pdf. Unlike traditional methods described earlier, particle
filters do not make any type of approximating assumptions; rather, they build an approximation
of the entire posterior pdf itself. In fact, particle filters are applicable to almost any DSSM
where signal variations are present. This is even true for nonlinear dynamics and noise distributed
according to non-Gaussian distributions. Consequently, particle filters are expected to outperform
popular, traditional EKF type algorithms. Indeed, in the last few years, there have been an
abundant number of papers on particle filtering and their applications.

A particularly significant contribution is the development of an efficient particle filter (PF)
called the mixture Kalman filter (MKF) [20]. The MKF exploits the conditional linear Gaussian
sub-structure of the considered DSSM. Since this approach reduces the dimension of the space
in which the particles are sampled from, it is more efficient than a standard implementation of
the PF. Although the assumption of a linear Gaussian sub—structure limits the amenable class
of DSSM’s, a few important classes of DSSM’s satisfy this assumption. These include jump
Markov linear systems (JMLS) [12], partially observed Gaussian (POG) DSSM [3] and the
class of DSSM'’s corresponding to the transmission of data over a wireless channel in mobile
communications [5], [16].

Another important class of models that has received relatively little attention are DSSM’s in



the form of
ml{: = Al (m%—n:k)ml{:—l + Fl (mz—n:k) + wllc (l)
wi ~ p(‘ccz‘mzfn:kfl) (2)
Y, = M(x})z), + H(x}) + e 3)

where A'(-), F'(-), M(-), H(-) are known functions with appropriate dimensionsis some
arbitrary integerw} ~ NV(wi;0,Q}), p(xi|x2_, , ) is a known possibly non—-Gaussian transi-
tion distribution ande;, is observation noise distributed according to a Gaussian Mixture Model
(GMM) of the form
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Like most filtering problems, the estimates of interest are the maximum a posteriori (MAP)
estimate ofr;, = [z.7, 7|7, the minimum mean square error (MMSE) estimaterpfand its

associated conditional covariance,(x, |y, ,) €], i.€.,
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wherez;, = ;. — Ey,y,,) [T+]. HOwever, these estimates are generally intractable, thus, it is
necessary to resort to some sort of approximate solution. One of the more popular suboptimal
solutions is the MKF [20], which in the literature is also known as the Rao—Blackwellized
PF [3] or the Marginalized PF [25]. The MKF enjoys asymptotic convergence in the posterior
distribution and the typical estimates associated with this distribution. In fact, as the number
of particles approaches infinity, the estimates converge toward the true Bayesian estimators of

interest. In terms of variance in the estimates, the MKF also bests the standard PF. Thus, it

1A mixture of Gaussians effectively models a wide variety of pdf’s. This is a useful property as it increases the utility of
the DSSM. There are a number of techniques to fit a GMM to an arbitrary pdf. The most popular approaches include the
expectation—maximization (EM) algorithm [8] and its variants, e.g., [23]. Other techniques also exist; for a sample see [24],
[27].



has received considerable attention in the literature and has found success in many challenging
signal processing problems, e.g., see [3], [5], [12]. However, for finite number of particles, it
may be possible to outperform the former. To this end, we introduce a novel filter known as the
approximate condition mean PF (ACM-PF), and show through simulations, that the proposed
algorithm renders an appealing alternative to the sequential importance sampling PF (SIS-PF)
and the well known MKEF.

The remainder of this paper is organized as follows. In Section 2, we review the SIS—PF,
the MKF and introduce the proposed ACM-PF. Section 3 presents some simulation results, and
Section 4 concludes this paper.

Notation We use(-);.,, to indicate all the elements from timeto time m. The notation
diag(x) denotes the diagonal matrix with vectaron its diagonal. Lastly, @V—dimensional

complex Gaussian random vecterhas a pdf of the form

1 s
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Il. PARTICLE FILTER BASED ALGORITHMS

A. Sequential Importance Sampling Particle Filter

A standard PF such as the sequential importance sampling PF (SIS-PF) employs a weighted
set of samples to approximate tfwnt posterior pdfp(x;, 7 |y,.,). According to this method,

if a set of particles{z;”, x> }2", is drawn from animportance distributiony(z}, x|z, |,

w2, oy, ie, (@@ ) ~ gl 22lel ) 22W gy fori=1,... N, and each particle

(™, 2" is assigned a so—called importance weight
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(6) and (7) can be approximated by [10], [11]:
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weight.



In the above, the likelihoog(y, |z}, z3) is in the form of
yk’wlm "Bk ij yka :Bk:)wllc + H(:BZ) + é](cj)> Rgc])) (11)

and the priomp(x;, zi|x1, _,, 391;;9_1)’ because of the Markov properties of (1) and (2), is given
by

p<mllf7 mzhﬁ:k—l? w%:k—l) = p(wllc’wllc—la wZ—n:k)p(a’.z|wz—n:k—l) (12)

where
p(wllc|wllcflv w%fn:k) = N(','Blin Al (wifn:k’)wlifl + Fl(wifn:k)u QIIC) (13)

Similar to other patrticle filtering algorithms, the efficiency of the SIS-PF depends on the
choice of the importance distribution. There are many choices, with the key constraint being
that the support of the importance distribution includes that of the posterior pdf. Often, for the
sake of convenience, one adopts the ppi@t;, =7 |x!, |, x3, ;) as the importance distribution,

in which case, the importance weights simplify to

i 1,(4 2,(i i
wy” ocp(ypley ™, 2y D yw? . (14)

However, if the observations are informative, it maybe profitable to design an importance dis-
tribution that exploits the observation in the proposal of new particles. For more details, see
[11].

Evidently, the SIS—PF provides a general method to approximate various Bayesian estimators
of interest, even for nonlinear possibly non—Gaussian DSSM. Unfortunately, the computational
complexity of the algorithm quickly increases with the dimension of the state vector, rendering it
ineffective in many practical applications. Therefore, we must consider more efficient implemen-
tations of the PF. One such algorithm is the so—called MKF, which is the topic of the following

section.

B. Mixture Kalman Filter

The idea of the MKF is to exploit the linear Gaussian sub-structure of the given DSSM.

Indeed, if we follow the lead of [20], and introduce an indicator random variaple 7V =



{n|n =1,..., N} that satisfies

1 if e, ~N(epel), RDY)
Iy =<
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wherep(l, = 1) = py, ..., p(Iy = N) = py, we can note that (1) and (3) conditional @,
and I, forms a linear Gaussian (LG) systemar for which the KF is the optimal estimator.
Intuitively, the random variablé, indicates theeffectivedistribution ofe, at time stepk. Thus

if we write p(x;, 2%, , [1.x|y,.,) as

p(wllw w%:kz’ Iiklyi) = p(w,ﬁ]wik, Ly, yl:k)p(w%:m Iik|Yie)s (15)

it is apparent that we can use the optimal KF to obtain the Gaussiap(pgfr?.., I1.x, Y1.1),
and the PF to estimaigx? ., I,.;|y,..).- This approach is also known as the Rao—Blackwellized
Particle filter [3] or the Marginalized Patrticle filter [25].

At time k, if we draw N,, particles of(x?, I;;) from an importance distributiop(x?, I;|x?, ,,
L1, y,), thatis, (7@ 1) ~ q(x2, I|22% 19 | y,) for i = 1,..., N, and recursively

update the importance Weigh{su,?)}fvz”l as
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As mentioned before, givefx?,, I;..}, (1) and (3) form a linear Gaussian systemaif

for which the Kalman filter is the optimal filter. Therefore, by virtue of Kalman filtering,

p(wllclw%:kallzkaylzk)’ p(wﬂmik—bIl:k—l,ynkq) andp(yk@%ka]1:1@,111;1671) satisfy

p(xp|ely, L, Yig) = N(mllc;wllc\kvpllc\k> (21)
p(®] 2ty 1 1, Yramr) = N (@ @1, Pryot) (22)
PRl Dk Yraer) = N Yk Yage—1> Skin—1) (23)

where

_ —(I
mllflk = :Bllc\k—l + P11c|k—1M(fB12<:)TSk|}C_1 (yk - M(fvi)mim_l - H(mi) - ei(g k)) (24)
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In practice, the efficiency of the MKF also depends on the choice of the importance distribu-
tion. The so—called optimal importance distribution (OW)2, I|z>\" | I, ,y,.,) minimizes
the variance of the importance weights. Generally, this choice of the importance distribution
increases the efficiency of the algorithm. Unfortunately, the OID suffers from two drawbacks.
First, it requires the ability to sample froyﬁ(azi,lk\a:fj,(ﬁl,[1:k,y1:k). Second, it requires the
ability to evaluate

w o Y [ / plyslat, I = m)p(af|al,,)dat | p(l = mywi!,. (30)
me|ZN|
Depending on the ability to evaluate the integral owér it may or may not be possible to
evaluate the importance weight”.

A somewhat more accessible approach is to seek an importance function which closely
approximates the OID. Ideally, the adopted distribution will be less computationally demanding
than the OID. At the same time, it will also be able to exploit the most recent observation in
the proposal of new patrticles. In the literature, there are a number of strategies to generate this

importance distribution. For a sample, see [11] and [10].



Finally, we can select the computationally attractive prige?|z2, |)p(I;) as the importance
distribution, for which the importance weights reduce to

i 2,(1 i i
wl(e) X p(yk’ml:l(f)’If:lz:’yl:kfl)wls:zl' (31)

Compared to the prior, the OID and its approximations are more computationally demanding.
Thus, the performance gained from the latter must be significant enough to justify their use. In
scenarios wheréZ”| >> 1, it maybe necessary to choose the computationally attractive prior
as the importance distribution. However, the prior does not exploit the most recent observation
in the proposal of new particles, i.e., the generated particles may lie in uninteresting regions of
the state space, and therefore, may lead to a less efficient implementation of the MKF.

With the aim of increasing the efficiency of the algorithm, we propose to focus particle filtering
on p(xz?,|y,.,) rather than on the higher dimensional pdfc?,, I,.1|y,,). Indeed, for particle
filtering, it is advantageous to reduce the dimensionality of the space in which we draw samples
from [10]. Thus, for the considered DSSM, we endeavor to design a novel PF that exploits
the structure of the considered DSSM while dispensing of the need to introduce an indicator
random variabld,. The advantages are clear. By eliminating the need to introduce an indicator
random variable}, the task of using a PF to approximater?,, I1..|y,..) is reduced to one of
approximating a lower dimensional pgfz?, |y,..). Since we are eliminating a possible source
of extra Monte Carlo variation, we require a reduced number of particles to achieve a certain
level of performance. In the sequel, we will develop these ideas and proceed with the derivation
of the ACM-PF.

C. Approximate Conditional Mean Particle Filter

We begin by writing the joint posterior pgf(x].., %, |y,..) as

p(wi}’ w%:k|y1:k) = p(wllc|w%k:a ylk)p(w%k‘ylk) (32)
As mentioned before, our aim is to reduce the dimensionality of the space in which the PF draws

its samples from. In the following, we only focus the particle filteringd®?, |y,.,.).-

Following this idea, one will drawV, particles ofx? according tog(xz?|z?, ,,vy;), i.€e.,

oo~ g(x2|x>? | y,) fori=1,... N, then compute the associated importance weigfit
via
2,(4) 2,(4) | ,.2(4)
, Y1)l |2 ;
wl(:) x (s 1:k 3211.'19 1)17'( k | k—n:k 1)w1(c21- (33)
(8)) 2, 2:(2)
Q((Bk |w1:k—17 yl:k)
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Having obtained{a:i’(i S0 Epaly, ) 3] can be estimated by (19) angu, sy, ) [#3]
by (20), but Wlthw given by (33) not (16). As fol, 51y, (L] and covygyy, ) [xi], these

are approximated by

= ~ (1) ()
NP
= 17 _ ~ (1) 1,(4) L@ 5 1 LG  w
COUp(ah ) [TH]) = D W <Pk|kz + (@~ Epatigno [0 (@00 = Ep@lip. [®4))" )(35)
=1
17(1) — 1
wherez, ;" =E ., 20 EH ande‘k = cov, a0, (2 x}]. However, unlike the MKF,

we cannot use the KF to sequentially in time compmﬂcqé ande‘k for all time stepk. Indeed,

since

p(mllc|m%ka yl:k) X p<yk|mlz;7 wi) \/p(mluml%;—l? m%:k)p(ml{;—l |m%:k—1? yl:kfl)dmllc—h (36)

N J/

e

plap]a?  Y1k—1)
it is a GMM such that the number of mixands exponentially increaseshwitinerefore, we need
a growing symphony of KF’s to calculai(a:k‘k ,Pk‘;)) each corresponding to one mixand of
p(xi|z3.., y1..)- In order to limit computational complexity, we approximater, |z2.,, y,.. 1)

with a Gaussian pdN(m,ﬁ;m,i‘k_l,P,lc|k_1) for all time k. In (36), we writé

p(wllc|w%:ka Yipo1) = N(wllw $11g|1<;—1a Pl{;\k—l)' (37)

This approximation is valid provided that the empirically—derived Condition 1 below is satisfied:
Condition 1: a moment matched Gaussian distribution appears to be a close match to the
mixture, as long as its components are not too far apart; namely, the distance between the means

for the components is up to about two standard deviatidhs
If this condition is violated, the ACM—PF may not be the algorithm of choice for the application

under consideration.

2The strategy of approximating a multi-modal distribution with a single Gaussian, has in the past, led to many useful
algorithms. Most well known being the popular IMM filter which has found considerable success in many practical applications
[4]. The classical Gaussian sum filter also relies on this approximation. For other examples of such a strategy, see [22], [29],
[31]. While these references do not directly justify the approximation employed in our algorithm, it does lend support to the

“practical” utility of this approximation.
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Under (37), it can be shown that the predicted measurement pdf, in (33), is

PRI Yrit) = DN (W0 Ui 1 S (38)

where
yl(c]il)cfl = M(z})zy, |+ H(z}) + ) (39)
Sy = M(@})Py M (@})" + R}, (40)

More importantly is that we can now derive a computationally attractive recursion for the
conditional mean and covariance @f. In particular, if we denote the gradient operator as

V, it can be shown that

Ty = T+ P M (@) g (yy) (41)
P11<|k = Plle\kfl - P11c|k—1M(w@TGk(yk:)M(wz)Pllc\k—l (42)
where
wl%;\k—l = Al (mi—n:k)mllc—lvc—l + Fl (wi—n:k) (43)
Pllv\kfl = Al(wk nk)Pk 1k— 1A1(«’vi7m)T + Qilf (44)
and
(y) ! Vo, P(Yil 2T 1 Y1a1) (45)
g = - p g Y1k
Ak P(YrlTLp Y1u-1) YRERIRI R Sk
Gr(yy) = vykgk(yk)T' (46)

In the abovegy(y,) is the so—called score function pfy,|z?.,,v,,_,) and Gi(y,) is the
gradient ofg,(y,)?. For the DSSM under consideration, these are provided as follows:
Proposition 1: Given (38),gx(y,) and Gy (y,) satisfy

gy = pludled, v )Y piN Wy 1 S DS ) e -yl @)
=1

and

Ny Uiy Sih_)ISH ) !
Zp] X I"yxny
yklwl kY- 1)

+S 9 e — i) ST = (e — yih ) (e — vl Msﬁlew) (48)
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wheren, is the dimension ofy,.

Proof.: See the Appendix.
Interestingly, the recursions shown above turn out to be the equations of the ACM filter [22],
[29], [31]. In light of this, we recognize that the proposed algorithm is, in fact, an appropriate
combination of the ACM filter and the SIS—PF. For this reason, we have referred to the proposed
algorithm as the ACM-PF.

For the choice of the importance distributigfe?|x?., |,v,.;), it is common to either choose
the prior p(x%|x?, ,), or the OID p(xi|x?, ,,vy,,) for samplingz?. The computationally
attractive prior is readily given by (2), and the OID for (1)-(3) in its most general form is
analytically intractable. Fortunately, there are two important classes of model for which we can
derive a finite dimensional approximation of the OID. They are as follows:

. If 7 is a discrete-valued random process and the set forming the ranggisft?, i.e.,

x: € X2, then an approximation of the OID is given by

PYlxl s 1 2 = my Yy ) = mlEi_ )

neXx? p(yk|m%;k_17 wi =n, yl:k—l)p(w% - n’wz—n:k’—l) .
. If H(z}) = Hx}, M(x}) = M and (2) is equal to a Gaussian pdf, i.e(z;|z?, ) =

N(x?; A*x?_ |, Q3), the associated suboptimal importance distribution is in the form of

Q(wi = m|w%:k717 yl:k) = Z (49)

N
@t Ly = S pNahE Y P (50)

=1

where ]
gy - e Ak, RO+ S 50)
Zmzl PN (yy; HA wi—l? HQ:H" + Sk\k—1>

)V = A%+ Wy, Mal,_, — HA%? | —€)) (52)
Y - @-wVm @ (53)

andW{) = QIH"(HQIH™ + S} _)~".

The above suboptimal importance distributions exploit the information in the most recent
observationy,. Hence, it incorporates additional information into the proposal of new particles
x>, and thereby, improves the efficiency of the ACM-PF.

Equations (33), (38), (2) and an appropriately chosen importance distrigtidne? , |, y;..)
are the main ingredients of the ACM-PF. Although the adopted approximation (37) may in-

troduce some bias in the estimates, we find through extensive simulations that the proposed



13

combination of the ACM filter and the SIS—PF does indeed render an effective alternative to the

aforementioned MKF. The algorithm for the ACM-PF is summarized in Table

D. The Degeneracy Problem

In practice, all the aforementioned algorithms suffer fritra Degeneracy problefil]. That
is, after a few iterations, all but a few particles possess insignificant weights. As a consequence,
the PF yields biased estimates with large variance. Therefore, to mitigate this problem and to
design a workable PF, we introduce the resampling of particles [10], [14]. The basic idea is to
discard particles with weak importance weights and to multiply ones with significant importance
weights. In practice, it is not necessary to implement resampling at every time: .stégnce,
we only introduce resampling whenever the effective sample size [?[g}]f: =1/ Zjﬁg(m,@ﬁ
is below the thresholdv,, = 0.8N,. Since stratified resampling introduces minimum variance

in the class of unbiased schemes, we use the former in the resampling of the particles.

I1l. SIMULATIONS

Two experiments were conducted to test the performance of the proposed ACM-PF. The
first addresses the blind detection problem for an impulsive flat fading channel. The second
studies the tracking of a maneuvering target in the presence of glint noise [32]. For an additional
experiment, see [33], where we addressed the filtering problem for a time—varying autoregressive
signal observed under non—-Gaussian noise.

1) Example 1: The Rayleigh flat fading channél, is modeled by a second order autore-
gressive AR(2) model [16]. In usual state space form, the transmission of differentially encoded

BPSK (DBPSK) symbols over a complex impulsive fading channel can be written as

z, = Fx_+guw (54)
S = dpSk—1 (55)
Y = QTSUkSk-i-ek (56)
where
1
F= | : g= ;



14
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(a) BER versus SNR. (b) BER versusV, at a SNR of10 dB.

Fig. 1. Obtained results are averaged os@000 DBPSK symbols. In Fig. 1(a), each PF based detector was implemented with
N, = 30 particles and used the appropriate prior as the importance distribution. We: katel ando? /o2 = 100.

dy, is the BPSK symbols; is the DBPSK symbol anet;, = [, hi_1]*. To model impulsive
noise, we follow [1], [31], and assume that has a two—term Gaussian mixture distribution of

the form
pler) = (1 —¢€)CN(ex;0,0%) 4+ eCN(ex;0,0%). (57)

Observe that A (e;; 0,02) corresponds to the probability density function (pdf) of the ambient
background noise where&@s\ (e;; 0, %) corresponds to the pdf of the impulsive noise compo-
nent.e represents the probability that an impulse will occur.

Before we make any additional progress, let us reformulate (54) to (56) in termeabf

stochastic processes. For reasons detailed below, we rewrite (54) to (56) as

&, = Fi,_q+w; (58)
S = dpSp—1 (59)
’gk = H(Sk)ik + ék (60)

where z;, = [Re{hi} Im{hi} Re{hi_1} Im{h.1}|", 9, = [Re{yx} Im{ys}|", H(sp) =
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d, d, 4,
(a) SIS—-PF estimate (b) MKF estimate (c) ACM-PF estimate

Fig. 2. Estimate op(di00]|¥;.100) Via the SIS-PF, MKF and the ACM-PF. To generate each estimate, each PR ised0

particles and the appropriate prior as the importance distribution.

1 1 1
0.8 0.8 0.8
5 06 5 06 5 06
0.4 0.4 0.4
0.2 (f 0.2 (f 0.2 ?
0 0 0
-2 -1 0 1 2 -2 -1 0 1 2 -2 -1 0 1 2
dk dk d,
(a) SIS—PF estimate (b) MKF estimate (c) ACM-PF estimate

Fig. 3. Estimate op(di00|¥1.100) Via the SIS-PF, MKF and the ACM—PF. To generate each estimate, each PNused000

particles and the appropriate prior as the importance distribution.

[skT2xa O2x2], € = [Re{er} Im{ex}]”,

P Yidaxo vodaxo

I2><2 02><2

andw;, = [Re{w;,} Im{wi} 0 0]7 with covariance matrix

R TP N R R FE
Qk: lag([ 2 2 ] ) 2X2 ‘ (61)

02><2 02><2
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In this form, all the stochastic processes of interest are real. More importantly is that the new
DSSM falls into the framework of (1) to (3), therefore, it is amenable to the application of the
standard PF, the MKF, and the proposed ACM—PF.

For the simulations, the SNR (dB) was defined as

1
SNRdB =10 loglo (W) (62)

whereE|[|e;|?] = (1 — €)o? + €02, € = 0.1, ando?/02 = 100. The carrier frequency was set
to f. = 2.4 GHz, the symbol rate td /7 = 7353 symbols/sec, and the speed of the vehicle to
v = 150 km/h so that the resulting time-Doppler fading is given Y = 0.045.

The implemented algorithms are the simple differential detector (DD), the PF, the MKF, and the
ACM-PF. For the DD, the detected BPSK symbol is givendpy= sign(Re{yxry;_,}). For each
PF, we use the appropriate prior as the importance distribution. To lower bound these algorithms,
we also implemented a detector that has perfect knowledge of the considered Rayleigh fading
channel.

Fig. 1(a) shows the bit error rate (BER) vs. signal to noise ratio (SNR) averaged@\r
DBPSK symbols. Between the PF based detectors, it can be seen that the ACM—PF significantly
outperforms the scheme based on the SIS-PF and the MKF. More significant is that for practical
values of the SNR, the attained BER is very close to that which is achieved by the receiver with
perfect knowledge of the considered Rayleigh fading channel.

In Fig. 1(b), we show the BER vsV, for an SNR of10 dB. Here, the ACM—PF only uses
30 particles to achieve a BER ©6~15, while in the case of the MKR00 particles are needed
to achieve a comparable level of performance— a significant seven—fold increage in

It is gratifying to note that for a high number of particles, the SIS-PF, MKF and the ACM—
PF all approach the same level of performance. Since the SIS-PF and the MKF approach the
optimal Bayesian filter forV, — oo, it is seen that the error introduced by (37) has a minimal
effect on the performance of the ACM—PF for this example, i.e., in this case, Condition 1 is
valid and a moment—matched Gaussian pdf is a good approximation of the mixture.

This result is further supported by Figs 2 and 3, which show estimates of(théy,..) as
rendered by the SIS-PF, the MKF and the ACM—-PF Ay = 30 and N, = 2000 particles,
respectively. The time indek is arbitrarily set tok = 100 and the true value of the bit is a “1”.

For N, = 30, there are noticeable differences between the estimated posteriors, but the bulk of
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Ny/Algorithm | PF  MKF ACM-PF
30 0.44 248 8.40
50 0.65 4.01 14.05
100 117 7.8 28.98
200 222 1554 57.86
400 427 31.08 117.12
1000 11.52 79.33 307.32

Fig. 4. Average CPU time (sec.) to proces¥)0 DBPSK symbols for various number of particles.

the probabilities are correctly centered on the true valug @f For a larger number of particles,

i.e., N, = 2000, the estimated posteriors are nearly identical to each other. Between Figs 2(c) and
3(c), we observe little change ji{d100|Y;.100) @s rendered by the ACM—PF. For both a small and

a large number of particles, the ACM-PF in this example provides a reasonable approximation
of p(dioo|Yr.100)- This is unlike the MKF and the SIS—PF, which o, = 30, admits a poorer
approximation ofp(dio0|9;.199)- FOr the largeV, case, the fact these distributions are similar is
again due to Condition 1 being valid in this case, and illustrates that the error introduced by the
approximation (37) is negligible.

Finally, let us consider computational complexity of the MKF and the ACM-PF. For non—
optimized algorithms implemented in MATLAB on a standard 2.4 GHz PC, the average CPU
time to procesd000 DBPSK symbols for various number of particles is summarized in Fig. 4.

It is shown that the computational complexity of the ACM—PF is higher than that of the MKF
for the same number of particles. However, although the MKF needs less time to process
symbols, the ACM—-PF performs more efficiently than the MKF, i.e., in order for the MKF to
achieve a BER that is comparable to those of the ACM—PF, the MKF cannot be implemented
with less than 200 particles. Since the ACM—-PF with 30 particles is computationally cheaper
than the MKF with 200 particles, it can be concluded that the ACM-PF is a viable alternative to
the MKF. We can construct a similar argument between the ACM—PF and the standard SIS—-PF,
i.e., in order for the SIS—PF to achieve a BER that is comparable to those of the ACM—-PF, the

SIS—-PF cannot be implemented with less than 1000 particles.
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2) Example 2:We consider the problem of tracking a maneuvering target in the presence
of glint noise. The location of the sensor (s,,ys) = (0,0). The state is given by, =
(o dog dyr dyi])” Whered,, andd,, are respectively, the position of the target in the x—
direction and y—direction. An observation consists of bearing and range measurements. Therefore,

the corresponding DSSM is given by

X = A(’f‘k)Xk,1 + Wi, (63)
T ~ D(Tk|Tr-1) (64)
Vi = hi(xi)+ e (65)
where
tan™? (—dy’k _ ys)
hi(xy,) = Ay — Ts (66)

V(doy — x5)2 + (dy s — ys)?

andw,, is the sequence of zero—mean white Gaussian process noise with covariance

s T2

T 37 00
9 Z 7T 0 0 ) (67)
k= 3 e | T

0o o L I

00T

For this experimenty, = 10 andT = 1. The current maneuver is determined by a three state
Markov process;; the associated transition probabilities,, = p(rx = n|rx—1 = m) correspond

to a sojourn time of 5 seconds. At any timeeither

1 T 0 0
01 00
A(l) = ; (68)
00 1T
|0 0 0 1 |
A(2) = A,(0.1) or A(3) = A, (—0.1) where
1 sinQQT 0 — lfc?ls Qr
0 cosQT" 0 —sinQT
Au(Q) = . (69)
0 1—cos QT 1 sin QT
Q Q
| 0 sin QT 0 cosQT |
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500

True
- - - Estimate
- Observations

—500r

Y

—1000r

—1500r

—2000 . . . .
—1500 —1000 —-500 o 500 1000

Fig. 5. True and estimated trajectory of ACM—PF fof = 100 observations)N,, = 25 particles and the prior was used for
the importance distribution.

N,/Algorithm | EKF MKF  ACM-PF
25 98 75 22
50 98 35 13
100 98 9 2
200 98 2 2
400 98 2 1
1000 98 0 0

Fig. 6. Comparison of the EKF, the MKF, and the ACM—PF in terms of the number of times a target was IQSL,,;;.e.dm,k| >
500 or |dy. . — dy x| > 500.

Where A(1) corresponds to a constant trajectory, atd) and A(2) correspond to a coor-
dinated right— and left—hand turn, respectively. To model glint noise, we make the assumption
that [30], [32]

pler) = (1—¢e)N(ex;0,R)+eN(ex;0,kR) (70)

wheree = 0.2, k = 100 and
R = diag(+/(3)[10 0.1]7). (71)

Note that a conventional particle filter implementation is not appropriate for this example. This
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Fig. 7. RMSE after removing of the lost tracks for each filter. The prior was used as the importance distribution with
N, = 25,50, 100, 200,400 and1000. For each value oiN,, the left-hand bar represents the MKF, the center bar the ACM—PF,
and the right—hand bar shows results for the EKF.

is because the state equations change structure for each type of maneuver under consideration.
This renders the implementation of the PF to be very awkward. Therefore in the simulation
results, we compare the performance of the MKF and the ACM-PF with that of the extended
Kalman filter (EKF).

For the initialization of the target trajectories, we assume itha a discrete uniform random
variable and thate, ~ A (zg; 0, Py) where Py = diag([250 16 250 16]T).

Now, observe that (65) is a nonlinear measurement equation. Before we can apply the MKF or
the ACM—PF we must first linearizi, (x;) aboutx,_;. The quality of the estimates depend on
the accuracy of the linearization. As we shall see, the ACM—PF accurately tracks the target. Thus,
in conjunction with appropriate linearizations, we can extend the applicability of the ACM-PF
to even more general DSSM’s. Some experimental results follow.

In Fig. 5, we show a typical and estimated trajectory(@fy, d, ) for M = 100 observations
with the ACM—-PF. Clearly, the ACM-PF faithfully tracks the true trajectorydfy, d, ). Here,
the prior was used as the importance distribution.

In Fig. 6, we provide a comparison between the MKF and the ACM—PF, in terms of the

number of times that a target was lost. For comparison, we also implemented a EKF that has
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(a) Average bias fotl, , for M = 100 observations. (b) Average bias forl,,, for M = 100 observations.

Fig. 8. Average bias in the estimate of the x and y coordinatesVipe= 400, M = 100, and L = 100 Monte Carlo runs.

perfect knowledge of the maneuver, and the possible occurrence of an impulse at any tile step
To gather statistically meaningful results, we carried but 100 Monte Carlo (MC) simulations
and deemed a target lost fif, , — d,x| > 500 or |d,; — d, x| > 500. Unlike the EKF or the
MKF using a small number of particles, i.&/, < 100, the ACM-PF loses track of its target
for a smaller number of runs.

Now, we will compute the root mean square error (RMSE) of each algorithm, after removing

the lost tracks. More precisely,
(s = 20+ s~ 0101 72)

Whered;',k and d;k are, respectively, the estimate @f, andd; , for the i-th MC simulation.
Fig 7 summarizes the results. Clearly, the EKF performs poorest. Between the MKF and the
ACM-PF, the latter outperforms the former. For the considered scenario, the ACM—PF gives the
smallest RMSE in this case.

It is also interesting to calculate the bias in the estimates as obtained from the ACM-PF. Fig
8(a) and 8(b) shows the average bias for the x and y coordinate at each time sié¢p=di00
observations based a0 MC runs. As indicated in the figures, the bias in both coordinates is

close to zero for the majority of the time.
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Figures 6 and 7 indicate that @8, becomes large, the performance of the MKF and the
ACM-PF become very close to each other. Again, as in the first example, we see that the error
introduced by (37) in this case is minimal. From Fig. 8, we can also note that the bias introduced
by (37) is relatively small.

To further demonstrate the effect of the ACM approximation (37) on this example and to
shed further light on the behaviour of the ACM-PF method, we show approximations of the
posterior distribution®(d.. 100y1:100) rendered by the MKF and the ACM-PF, for the case of
N, = 30 particles in Figure 9. The time indei = 100 was chosen arbitrarily. The true value
for d, 100 = —1670.6m. For this small number of particles, we can see that the distribution
obtained by the MKF is badly biased away from the true value, whereas that yielded by the
ACM-PF is roughly centered on the true value. This improved performance of the ACM-PF may
be attributed to the fact we need not sample the indicator varidhleghcih are required for
the MKF. The behaviour of the distributiongd, 100|y1.100) (NOt shown) corresponds to that of

p(dm,100|y1;100) for the two methods.

0.05 ‘ ‘ ‘ ‘ ‘ 0.025

0.015

pdf

0.01

0.005(

(0]
-780 -770 -760 -750 —-740 -730 -720 —1960 -1740 -1720 -1700 -1680 -1660 -1640
d d

X,100 x,100

(8) MKF (b) ACMPF

Fig. 9. Estimate op(dx,100|y1:100) Via MKF and the ACM-PF. Each filter us€g, = 30. The true value ig;,100 = —1670.6m.

In Figure 10, we show the same scenario for the large number of particlesNGase2000.
Here, we see the distributions produced by the two methods are very close to each other. This
indicates that for this specific case, the ACM-PF behaves like the optimal Bayesian fiNgr-as

oo. Again, the distributions fop(d,, 100|y1:100) Which are also not shown indicate corresponding
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behaviour. As in the first example, the favourable performance of the ACM-PF is due to Condition

1 being satisfied.

Q
—10800 -1750 -1700 -1650 -1600 -1550 -1740 -1720 -1700 -1680 -1660 -1640 -1620 -1600

d)<.100 dx.lOD

(@) MKF (b) ACMPF

Fig. 10. Estimate op(d.,100|y1:100) Via MKF and the ACM-PF. Each filter use¥,, = 2000. The true value isl, 100 =
—1670.6m.

Finally, let us consider computational complexity of the MKF and the ACM-PF. For non—
optimized algorithms implemented in MATLAB on a standard 3.0 GHz PC, the average CPU
time to process\/ = 100 observations for various number of particles is summarized in Fig. 11.
For the same number of particles, the computational complexity of the ACM-PF is higher than
that of the MKF. However, although the MKF needs less time to progéss 100 observations,
the ACM—PF performs more efficiently than the MKF. Indeed, even with= 400 particles, the
MKF yields a RMSE that i20% larger than that of the ACM—-PF. Also, fav, = 25, 50, 100,
recall that the ACM—PF outperformed the MKF in terms of the RMSE and the number of times
a target was lost. For the tracking of a maneuvering target in the presence of glint noise, the

ACM-PF renders an effective alternative to the EKF and the well known MKF.

IV. CONCLUSION

In this paper, we have proposed a novel filter for a class of DSSM’s whose parameters evolve in
time according to some known transition distribution and whose measurement noise is distributed
according to a mixture of Gaussians. The proposed method called the ACM—PF is an efficient
combination of the ACM filter and the SIS—PF. Extensive simulations showed that the ACM—PF
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Npy/Algorithm | MKF  ACM-PF
25 1.7575 2.4688
50 3.4720  4.8807
100 6.9057  9.6800
200 13.8125 19.3148
400 27.8249 38.6258
1000 71.0164 96.7361

Fig. 11. Average CPU time (sec.) to procegs= 100 observations for various number of particles.

successfully addresses the blind detection problem for an impulsive flat fading channel and the
tracking of a maneuvering target in the presence of glint noise. For computationally constrained
signal processing, we have demonstrated that the ACM—PF outperforms other state—of-the—art
filtering algorithms, namely, the SIS-PF and the well known MKF for the simulation examples
considered. The success of the proposed method in these cases depends on the predicted posterior
pdf which is modelled as a mixture of Gaussians being approximated by a single Gaussian

distribution.
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Table 1: Approximate Conditional Mean Particle filter (ACM—PF)

1) Initialization: Fori = 1,..., N,, we initialize the particleszy"” ~ p(x2), =y = &,

Py — P, and setw”) = - |
2) New particles: Foi =1,..., N, setey (), =2y, | &0, :c,lg’f’flk_l,f’,lcﬁ)‘k,l =
1,(4)
P,

. Proposals: Dravic:" ~ q(a:i\if’,(f)l,% k)

« ACM prediction: Computenk‘k 1, Pklk: , using (43), and (44), respectively.
« ACM update: Computei:kik : Pk|k using (41), and (42), respectively.
3) Calculate Importance Weights: For= 1, ..., N,, evaluate the importance weights up to

a normalizing constant

2,(3 i
(4) p(yk|$1:§c)ay1k 1)p( |$k T)Lk 1) ()
W 2,00) |, 2.(0) Wk
q(z), |931k Yk

and normalize importance weights to yieﬂf{ :

4) If Neff < Nth;

. Resample{:ck n+1k}z Lz, {P,lﬂ,iZ WY wirt |mportance weights to obtain

1, (2 .
{278 i, {m b, (P and setw) = Lfori=1,... N,

otherwise

~2. (i 2,(i ~1,(i 1,6 =1, (7) 1,0
- Setay ), = 2 ‘Bkug) = wk|l£)’ and P~ = Pk|l§ fori=1,....N,.
5) Estimates: Comput, ayyy, ,) [l COVpaty,,,) (@] Epaziy, ) [0, a“d@p@i\m) []
using (34), (35), (19), and (20), respectively.

6) Setk =k + 1, and go back to step 2.

Remark 1:We point out that the ACM filter (41)—(44) has a structure that is similar to the KF
(24)—(27). Indeed, it can be shown that the ACM filter reduces to the KF whas Gaussian
distributed. Therefore, it follows that the ACM—PF reduces to the MKEifv N (ey; €k, Rx)
wheree, and R, are, respectively, the mean and covarianceof
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APPENDIX

The forthcoming derivation ofi;(x) and G, (x) will make use of the following lemma [7]:
Lemma 1:For dimensionally conforming matrix valued functiofiéx) and ¢g(x), it can be

shown that
Vo [fT(®)g(x)] = Vo [f(®)] g(x) + Va[g(z)] f(z). (73)

where the notatior’V, denotes the gradient operator with respeci:to
For ease of notation, let us deriyg(xz) and G, (x) for a general GMMp(x).

Proof: Given
N
> piN(z; TV, PY), (74)
j=1
it can be shown thag(x) = —p(x) 'V p(z) equals
N
gx) = plx)! ij/\/’(m;g(j)7 P(j))[P(j)]—l(w _ 5(9‘))_ (75)
j=1

In order to deriveG(x) = V,g(x)T, we will repeatedly make use of (73). To begin, let us

expandG(z) as follows:
ij o [p@) N (@:39), PO) (@ — 30)T[PY] ] (76)
Now, let f(z) = (x)—w(a;-zﬂ) PY)Y andg(x) = (x —zY)T[PY]~1 in (73) so that
Zp]( [p(a) N(@:39, PY)] (@ - =) [P
+9, (@ - 2P pla) W PD)). @D

Viewing (77), it is clear that we must evaluate, [p(m)*lj\/'(m;f(j% P(J))] andV,, [(z —zY)T
[P(j)]—l}. By using (73) again, but wittf (z) = p(z)~! andg(z) = N (x; ), PY)), it can be
shown that
N(z: 70, PO))

p(x)

Vo [p(@) N (@30, PY)| = (9@ - [PV @ 7)) (78)

while

Ve [(a: — j(j))T[P(j)]_l} — [p(j)]—l' (79)
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Finally, by substituting (78) and (79) into (77), we obtain after several mathematical manipula-

tions of the resulting expression:

-z pUypU-1
G(w)_zpj/\/(w’m ) )[ ]

= ()

X (Ian + PVg(x)(x — 2N T[PY)! — (& — D) (x — @(j))T[p(j)]A) .(80)



