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Abstract

We consider linear systems whose state parameters are separable into linear and nonlinear sets, and

evolve according to some known transition distribution, and whose measurement noise is distributed

according to a mixture of Gaussians. In doing so, we propose a novel particle filter that addresses the

optimal state estimation problem for the aforementioned class of systems. The proposed filter, referred

to as the ACM-PF, is a combination of the approximate conditional mean filter and the sequential

importance sampling particle filter. The algorithm development depends on approximating a mixture of

Gaussians distribution with a moment-matched Gaussian in the weight update recursion. A condition

indicating when this approximation is valid is given.

In order to evaluate the performance of the proposed algorithm, we address the blind signal

detection problem for an impulsive flat fading channel and the tracking of a maneuvering target in

the presence of glint noise. Extensive computer simulations were carried out. For computationally

intensive implementations (large number of particles), the proposed algorithm offers performance that is

comparable to other state–of–the–art particle filtering algorithms. In the scenario where computational

horsepower is heavily constrained, it is shown that the proposed algorithm offers the best performance

amongst the considered algorithms for these specific examples.

J. Reilly, corresponding author: ph: 905 525 9140 x22895, fax: 905 521 2922, email: reillyj@mcmaster.ca



2

I. I NTRODUCTION

In many real–world applications, unknown quantities are to be estimated given a set of

noisy observations. Common examples include target tracking [4], [15], channel tracking in

wireless communications [18], [21], and the extraction of speech signals from contaminating

audio environments [6], [13], [28]. In many cases, the unknowns can be characterized by a

process equation and the observations by a measurement equation, which together, form the so-

called dynamic state space model (DSSM). With this DSSM, we can adopt a Bayesian filtering

approach, and thereby, recast the problem to one of tracking a hidden process given a set of

noisy observations.

Often, observations arrive sequentially in time. Therefore, it is more appropriate to consider

filters that recursively estimate the unknowns of interest. More specifically, we aim to recursively

compute the exact posterior probability density function (pdf) of interest. Indeed, within the

Bayesian framework, the posterior pdf captures all the information about the unknowns. Thus,

if an algorithm can recursively deduce the exact posterior pdf of interest, we can refer to it as

the optimal solution of the aforementioned Bayesian filtering problem.

For a linear Gaussian DSSM, the celebrated Kalman filter (KF) provides the optimal solution

[17]. In general, however, the optimal filter is analytically intractable for the unyielding nonlinear,

non–Gaussian DSSM. Thus, a number of researchers have introduced ingenious approximations

that have resulted in mathematically tractable suboptimal filters.

Historically, the Extended Kalman filter (EKF) is the first of such filters [2]. The main idea is

to invoke linearization and thereby form an approximation of the original nonlinear model that

is amenable to an application of the KF. The resulting recursive formulas constitute the EKF. In

a number of applications, the EKF has performed adequately. However, there also exist many

scenarios where the EKF has performed poorly, in particular for non–Gaussian distributed noise

disturbances. Thus, it was suggested to consider filters that involve a collection of EKF’s.

These filters are known as Gaussian Sum filters (GSFs) [2], [26], and the underlying as-

sumption is to approximate the true posterior pdf by a Gaussian mixture approximation. Each

component in the Gaussian mixture approximation, also called a mixand, is computed by a EKF

or a KF. Thus, depending on the nature of the non-Gaussianity, these filters utilize a bank of

EKF’s or KF’s to construct an approximation of the true posterior pdf. As such, these methods are
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more powerful, and more complex to implement. Indeed, if we do not introduce any alleviating

procedure, the number of mixands exponentially increases over time. Moreover, if the GSF

employs a bank of EKF’s, it will still suffer from its inaccuracies. Therefore, it is of interest to

consider alternative methods.

One such method is known as the approximate conditional mean (ACM) filter [22], [31]. As

shown in [22], for a linear DSSM with non-Gaussian observation noise distributed in accordance

with a Gaussian mixture distribution, the ACM filter yields near optimal performance. Thus, for

this scenario, the ACM filter provides an efficient alternative over the computationally expensive

GSF.

Up to this point, it is apparent that we are without a universally effective approach for online

signal processing of difficult nonlinear non–Gaussian DSSM’s. Therefore, it is necessary to

consider alternative solutions. Recently,particle filtering has emerged as a promising solution

to the general nonlinear non-Gaussian filtering problem [9], [11]. The underlying idea is to

use a randomly weighted set of samples orparticles to recursively build in time, a point-mass

approximation of the true posterior pdf. Unlike traditional methods described earlier, particle

filters do not make any type of approximating assumptions; rather, they build an approximation

of the entire posterior pdf itself. In fact, particle filters are applicable to almost any DSSM

where signal variations are present. This is even true for nonlinear dynamics and noise distributed

according to non-Gaussian distributions. Consequently, particle filters are expected to outperform

popular, traditional EKF type algorithms. Indeed, in the last few years, there have been an

abundant number of papers on particle filtering and their applications.

A particularly significant contribution is the development of an efficient particle filter (PF)

called the mixture Kalman filter (MKF) [20]. The MKF exploits the conditional linear Gaussian

sub–structure of the considered DSSM. Since this approach reduces the dimension of the space

in which the particles are sampled from, it is more efficient than a standard implementation of

the PF. Although the assumption of a linear Gaussian sub–structure limits the amenable class

of DSSM’s, a few important classes of DSSM’s satisfy this assumption. These include jump

Markov linear systems (JMLS) [12], partially observed Gaussian (POG) DSSM [3] and the

class of DSSM’s corresponding to the transmission of data over a wireless channel in mobile

communications [5], [16].

Another important class of models that has received relatively little attention are DSSM’s in
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the form of

x1
k = A1(x2

k−n:k)x
1
k−1 + F 1(x2

k−n:k) + w1
k (1)

x2
k ∼ p(x2

k|x2
k−n:k−1) (2)

yk = M(x2
k)x

1
k + H(x2

k) + ek (3)

whereA1(·), F 1(·), M (·), H(·) are known functions with appropriate dimensions,n is some

arbitrary integer,w1
k ∼ N (w1

k;0,Q1
k), p(x2

k|x2
k−n:k−1) is a known possibly non–Gaussian transi-

tion distribution andek is observation noise distributed according to a Gaussian Mixture Model

(GMM) of the form

p(ek) =
N∑

j=1

pjN (ek; e
(j)
k ,R

(j)
k ) (4)

where
∑N

j=1 pj = 1. 1

Like most filtering problems, the estimates of interest are the maximum a posteriori (MAP)

estimate ofxk = [x1 T
k ,x2 T

k ]T , the minimum mean square error (MMSE) estimate ofxk and its

associated conditional covariancecovp(xk|y1:k) [xk], i.e.,

x̂MAP
k = arg max

xk

{
p(xk|y1:k)

}
(5)

Ep(xk|y1:k) [xk] =

∫
xkp(xk|y1:k)dxk (6)

covp(xk|y1:k) [xk] =

∫
x̃kx̃

T
k p(xk|y1:k)dxk (7)

wherex̃k = xk − Ep(xk|y1:k) [xk]. However, these estimates are generally intractable, thus, it is

necessary to resort to some sort of approximate solution. One of the more popular suboptimal

solutions is the MKF [20], which in the literature is also known as the Rao–Blackwellized

PF [3] or the Marginalized PF [25]. The MKF enjoys asymptotic convergence in the posterior

distribution and the typical estimates associated with this distribution. In fact, as the number

of particles approaches infinity, the estimates converge toward the true Bayesian estimators of

interest. In terms of variance in the estimates, the MKF also bests the standard PF. Thus, it

1A mixture of Gaussians effectively models a wide variety of pdf’s. This is a useful property as it increases the utility of

the DSSM. There are a number of techniques to fit a GMM to an arbitrary pdf. The most popular approaches include the

expectation–maximization (EM) algorithm [8] and its variants, e.g., [23]. Other techniques also exist; for a sample see [24],

[27].
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has received considerable attention in the literature and has found success in many challenging

signal processing problems, e.g., see [3], [5], [12]. However, for finite number of particles, it

may be possible to outperform the former. To this end, we introduce a novel filter known as the

approximate condition mean PF (ACM–PF), and show through simulations, that the proposed

algorithm renders an appealing alternative to the sequential importance sampling PF (SIS–PF)

and the well known MKF.

The remainder of this paper is organized as follows. In Section 2, we review the SIS–PF,

the MKF and introduce the proposed ACM–PF. Section 3 presents some simulation results, and

Section 4 concludes this paper.

Notation: We use(·)1:m to indicate all the elements from time1 to time m. The notation

diag(x) denotes the diagonal matrix with vectorx on its diagonal. Lastly, aN–dimensional

complex Gaussian random vectorx has a pdf of the form

CN (x; µ,Σ) =
1

πN |Σ|e
−(x−µ)HΣ−1(x−µ).

II. PARTICLE FILTER BASED ALGORITHMS

A. Sequential Importance Sampling Particle Filter

A standard PF such as the sequential importance sampling PF (SIS–PF) employs a weighted

set of samples to approximate thejoint posterior pdfp(x1
k,x

2
k|y1:k). According to this method,

if a set of particles{x1,(i)
k , x

2,(i)
k }Np

i=1 is drawn from animportance distributionq(x1
k,x

2
k|x1

1:k−1,

x2
1:k−1,yk), i.e., (x1,(i)

k ,x
2,(i)
k ) ∼ q(x1

k, x
2
k|x1,(i)

1:k−1,x
2,(i)
1:k−1,yk) for i = 1, . . . , Np, and each particle

(x
1,(i)
k ,x

2,(i)
k ) is assigned a so–called importance weight

w
(i)
k ∝w

(i)
k−1

p(yk|x1,(i)
k ,x

2,(i)
k )p(x

1,(i)
k ,x

2,(i)
k |x1,(i)

1:k−1, x
2,(i)
1:k−1)

q(x
1,(i)
k , x

2,(i)
k |x1,(i)

1:k−1,x
2,(i)
1:k−1,y1:k)

, (8)

(6) and (7) can be approximated by [10], [11]:

Êp(xk|y1:k) [xk] =

Np∑
i=1

w̃
(i)
k x

(i)
k (9)

ĉovp(xk|y1:k) [xk] =

Np∑
i=1

w̃
(i)
k x̃

(i)
k x̃

(i) T
k (10)

where x̃
(i)
k = x

(i)
k − Êp(xk|y1:k) [xk] and w̃

(i)
k = [

∑Np

j=1 w
(j)
k ]−1w

(i)
k is the normalized importance

weight.
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In the above, the likelihoodp(yk|x1
k,x

2
k) is in the form of

p(yk|x1
k,x

2
k) =

N∑
j=1

pjN (yk; M(x2
k)x

1
k + H(x2

k) + e
(j)
k , R

(j)
k ) (11)

and the priorp(x1
k,x

2
k|x1

1:k−1, x
2
1:k−1), because of the Markov properties of (1) and (2), is given

by

p(x1
k,x

2
k|x1

1:k−1,x
2
1:k−1) = p(x1

k|x1
k−1,x

2
k−n:k)p(x2

k|x2
k−n:k−1) (12)

where

p(x1
k|x1

k−1,x
2
k−n:k) = N (x1

k; A
1(x2

k−n:k)x
1
k−1 + F 1(x2

k−n:k),Q
1
k). (13)

Similar to other particle filtering algorithms, the efficiency of the SIS–PF depends on the

choice of the importance distribution. There are many choices, with the key constraint being

that the support of the importance distribution includes that of the posterior pdf. Often, for the

sake of convenience, one adopts the priorp(x1
k,x

2
k|x1

1:k−1,x
2
1:k−1) as the importance distribution,

in which case, the importance weights simplify to

w
(i)
k ∝ p(yk|x1,(i)

k ,x
2,(i)
k )w

(i)
k−1. (14)

However, if the observations are informative, it maybe profitable to design an importance dis-

tribution that exploits the observation in the proposal of new particles. For more details, see

[11].

Evidently, the SIS–PF provides a general method to approximate various Bayesian estimators

of interest, even for nonlinear possibly non–Gaussian DSSM. Unfortunately, the computational

complexity of the algorithm quickly increases with the dimension of the state vector, rendering it

ineffective in many practical applications. Therefore, we must consider more efficient implemen-

tations of the PF. One such algorithm is the so–called MKF, which is the topic of the following

section.

B. Mixture Kalman Filter

The idea of the MKF is to exploit the linear Gaussian sub-structure of the given DSSM.

Indeed, if we follow the lead of [20], and introduce an indicator random variableIk ∈ IN =
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{n|n = 1, . . . , N} that satisfies

Ik =





1 if ek ∼ N (ek; e
(1)
k , R

(1)
k )

...

N if ek ∼ N (ek; e
(N)
k ,R

(N)
k )

wherep(Ik = 1) = p1, . . . , p(Ik = N) = pN , we can note that (1) and (3) conditional onx2
1:k

andI1:k forms a linear Gaussian (LG) system inx1
k for which the KF is the optimal estimator.

Intuitively, the random variableIk indicates theeffectivedistribution ofek at time stepk. Thus

if we write p(x1
k,x

2
1:k, I1:k|y1:k) as

p(x1
k,x

2
1:k, I1:k|y1:k) = p(x1

k|x2
1:k, I1:k,y1:k)p(x2

1:k, I1:k|y1:k), (15)

it is apparent that we can use the optimal KF to obtain the Gaussian pdfp(x1
k|x2

1:k, I1:k,y1:k),

and the PF to estimatep(x2
1:k, I1:k|y1:k). This approach is also known as the Rao–Blackwellized

Particle filter [3] or the Marginalized Particle filter [25].

At time k, if we drawNp particles of(x2
k, Ik) from an importance distributionq(x2

k, Ik|x2
1:k−1,

I1:k−1,yk), that is, (x2,(i)
k , I

(i)
k ) ∼ q(x2

k, Ik|x2,(i)
1:k−1, I

(i)
1:k−1,yk) for i = 1, . . . , Np and recursively

update the importance weights{w(i)
k }Np

i=1 as

w
(i)
k ∝ p(yk|x2,(i)

1:k , I
(i)
1:k, y1:k−1)p(x

2,(i)
k |x2,(i)

1:k−1)p(I
(i)
k )

q(x
2,(i)
k , I

(i)
k |x2,(i)

1:k−1, I
(i)
1:k−1,y1:k)

w
(i)
k−1. (16)

Expectations of interest, such asEp(x1
k|y1:k) [x1

k], covp(x1
k|y1:k) [x1

k], Ep(x2
k|y1:k) [x2

k] andcovp(x2
k|y1:k)

[x2
k] can be approximated by

Êp(x1
k|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k x

1,(i)
k|k (17)

ĉovp(x1
k|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k

(
P

1,(i)
k|k + (x

1,(i)
k|k − Êp(x1

k|y1:k)

[
x1

k

]
)(x

1,(i)
k|k − Êp(x1

k|y1:k)

[
x1

k

]
)T

)
(18)

Êp(x2
k|y1:k)

[
x2

k

]
=

Np∑
i=1

w̃
(i)
k x

2,(i)
k (19)

ĉovp(x2
k|y1:k)

[
x2

k

]
=

Np∑
i=1

w̃
(i)
k x̃

2,(i)
k x̃

2,(i) T
k (20)

where x
1,(i)
k|k = E

p(x1
k|x

2,(i)
1:k ,I

(i)
1:k,y1:k)

[x1
k], P

1,(i)
k|k = cov

p(x1
k|x

2,(i)
1:k ,I

(i)
1:k,y1:k)

[x1
k] and x̃

2,(i)
k = x

2,(i)
k −

Êp(x2
k|y1:k) [x2

k].
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As mentioned before, given{x2
1:k, I1:k}, (1) and (3) form a linear Gaussian system inx1

k

for which the Kalman filter is the optimal filter. Therefore, by virtue of Kalman filtering,

p(x1
k|x2

1:k, I1:k,y1:k), p(x1
k|x2

1:k−1, I1:k−1, y1:k−1) andp(yk|x2
1:k, I1:k,y1:k−1) satisfy

p(x1
k|x2

1:k, I1:k,y1:k) = N (x1
k; x

1
k|k,P

1
k|k) (21)

p(x1
k|x2

1:k−1, I1:k−1,y1:k−1) = N (x1
k; x

1
k|k−1,P

1
k|k−1) (22)

p(yk|x2
1:k, I1:k,y1:k−1) = N (yk; yk|k−1,Sk|k−1) (23)

where

x1
k|k = x1

k|k−1 + P 1
k|k−1M (x2

k)
T S−1

k|k−1

(
yk −M (x2

k)x
1
k|k−1 −H(x2

k)− e
(Ik)
k

)
(24)

P 1
k|k = P 1

k|k−1 − P 1
k|k−1M (x2

k)
T S−1

k|k−1M(x2
k)P

1
k|k−1 (25)

x1
k|k−1 = A1(x2

k−n:k)x
1
k−1|k−1 + F 1(x2

k−n:k) (26)

P 1
k|k−1 = A1(x2

k−n:k)P
1
k−1|k−1A

1(x2
k−n:k)

T + Q1
k (27)

yk|k−1 = M(x2
k)x

1
k|k−1 + H(x2

k) + e
(Ik)
k (28)

Sk|k−1 = M(x2
k)P

1
k|k−1M(x2

k)
T + R

(Ik)
k . (29)

In practice, the efficiency of the MKF also depends on the choice of the importance distribu-

tion. The so–called optimal importance distribution (OID)p(x2
k, Ik|x2,(i)

1:k−1, I1:k ,y1:k) minimizes

the variance of the importance weights. Generally, this choice of the importance distribution

increases the efficiency of the algorithm. Unfortunately, the OID suffers from two drawbacks.

First, it requires the ability to sample fromp(x2
k, Ik|x2,(i)

1:k−1, I1:k,y1:k). Second, it requires the

ability to evaluate

w
(i)
k ∝

∑

m∈|IN |

[∫
p(yk|x2

k, Ik = m)p(x2
k|x2

1:k−1)dx2
k

]
p(Ik = m)w

(i)
k−1. (30)

Depending on the ability to evaluate the integral overx2
k, it may or may not be possible to

evaluate the importance weightw
(i)
k .

A somewhat more accessible approach is to seek an importance function which closely

approximates the OID. Ideally, the adopted distribution will be less computationally demanding

than the OID. At the same time, it will also be able to exploit the most recent observation in

the proposal of new particles. In the literature, there are a number of strategies to generate this

importance distribution. For a sample, see [11] and [10].
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Finally, we can select the computationally attractive priorp(x2
k|x2

1:k−1)p(Ik) as the importance

distribution, for which the importance weights reduce to

w
(i)
k ∝ p(yk|x2,(i)

1:k , I
(i)
1:k, y1:k−1)w

(i)
k−1. (31)

Compared to the prior, the OID and its approximations are more computationally demanding.

Thus, the performance gained from the latter must be significant enough to justify their use. In

scenarios where|IN | >> 1, it maybe necessary to choose the computationally attractive prior

as the importance distribution. However, the prior does not exploit the most recent observation

in the proposal of new particles, i.e., the generated particles may lie in uninteresting regions of

the state space, and therefore, may lead to a less efficient implementation of the MKF.

With the aim of increasing the efficiency of the algorithm, we propose to focus particle filtering

on p(x2
1:k|y1:k) rather than on the higher dimensional pdfp(x2

1:k, I1:k|y1:k). Indeed, for particle

filtering, it is advantageous to reduce the dimensionality of the space in which we draw samples

from [10]. Thus, for the considered DSSM, we endeavor to design a novel PF that exploits

the structure of the considered DSSM while dispensing of the need to introduce an indicator

random variableIk. The advantages are clear. By eliminating the need to introduce an indicator

random variableIk, the task of using a PF to approximatep(x2
1:k, I1:k|y1:k) is reduced to one of

approximating a lower dimensional pdfp(x2
1:k|y1:k). Since we are eliminating a possible source

of extra Monte Carlo variation, we require a reduced number of particles to achieve a certain

level of performance. In the sequel, we will develop these ideas and proceed with the derivation

of the ACM–PF.

C. Approximate Conditional Mean Particle Filter

We begin by writing the joint posterior pdfp(x1
1:k,x

2
1:k|y1:k) as

p(x1
k,x

2
1:k|y1:k) = p(x1

k|x2
1:k,y1:k)p(x2

1:k|y1:k). (32)

As mentioned before, our aim is to reduce the dimensionality of the space in which the PF draws

its samples from. In the following, we only focus the particle filtering onp(x2
1:k|y1:k).

Following this idea, one will drawNp particles ofx2
k according toq(x2

k|x2
1:k−1,yk), i.e.,

x
2,(i)
k ∼ q(x2

k|x2,(i)
1:k−1, yk) for i = 1, . . . , Np, then compute the associated importance weightw

(i)
k

via

w
(i)
k ∝ p(yk|x2,(i)

1:k ,y1:k−1)p(x
2,(i)
k |x2,(i)

k−n:k−1)

q(x
2,(i)
k |x2,(i)

1:k−1,y1:k)
w

(i)
k−1. (33)
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Having obtained{x2,(i)
k , w

(i)
k }Np

i=1, Ep(x2
k|y1:k) [x2

k] can be estimated by (19) andcovp(x2
k|y1:k) [x2

k]

by (20), but withw
(i)
k given by (33) not (16). As forEp(x1

k|y1:k)[x
1
k] and covp(x1

k|y1:k)[x
1
k], these

are approximated by

Êp(x1
k|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k x

1,(i)
k|k (34)

ĉovp(x1
k|y1:k)

[
x1

k

]
=

Np∑
i=1

w̃
(i)
k

(
P

1,(i)
k|k + (x

1,(i)
k|k − Êp(x1

k|y1:k)

[
x1

k

]
)(x

1,(i)
k|k − Êp(x1

k|y1:k)

[
x1

k

]
)T

)
(35)

wherex
1,(i)
k|k = E

p(x1
k|x

2,(i)
1:k ,y1:k)

[x1
k] andP

1,(i)
k|k = cov

p(x1
k|x

2,(i)
1:k ,y1:k)

[x1
k]. However, unlike the MKF,

we cannot use the KF to sequentially in time computex
1,(i)
k|k andP

1,(i)
k|k for all time stepk. Indeed,

since

p(x1
k|x2

1:k,y1:k) ∝ p(yk|x1
k,x

2
k)

∫
p(x1

k|x1
k−1,x

2
1:k)p(x1

k−1|x2
1:k−1,y1:k−1)dx1

k−1

︸ ︷︷ ︸
p(x1

k|x2
1:k,y1:k−1)

, (36)

it is a GMM such that the number of mixands exponentially increases withk. Therefore, we need

a growing symphony of KF’s to calculate(x1,(i)
k|k , P

1,(i)
k|k ), each corresponding to one mixand of

p(x1
k|x2

1:k,y1:k). In order to limit computational complexity, we approximatep(x1
k|x2

1:k,y1:k−1)

with a Gaussian pdfN (x1
k; x

1
k|k−1,P

1
k|k−1) for all time k. In (36), we write2

p(x1
k|x2

1:k,y1:k−1) = N (x1
k; x

1
k|k−1,P

1
k|k−1). (37)

This approximation is valid provided that the empirically–derived Condition 1 below is satisfied:

Condition 1: a moment matched Gaussian distribution appears to be a close match to the

mixture, as long as its components are not too far apart; namely, the distance between the means

for the components is up to about two standard deviations[4].

If this condition is violated, the ACM–PF may not be the algorithm of choice for the application

under consideration.

2The strategy of approximating a multi–modal distribution with a single Gaussian, has in the past, led to many useful

algorithms. Most well known being the popular IMM filter which has found considerable success in many practical applications

[4]. The classical Gaussian sum filter also relies on this approximation. For other examples of such a strategy, see [22], [29],

[31]. While these references do not directly justify the approximation employed in our algorithm, it does lend support to the

“practical” utility of this approximation.
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Under (37), it can be shown that the predicted measurement pdf, in (33), is

p(yk|x2
1:k,y1:k−1) =

N∑
j=1

pjN (yk; y
(j)
k|k−1,S

(j)
k|k−1) (38)

where

y
(j)
k|k−1 = M(x2

k)x
1
k|k−1 + H(x2

k) + e
(j)
k (39)

S
(j)
k|k−1 = M(x2

k)P
1
k|k−1M(x2

k)
T + R

(j)
k . (40)

More importantly is that we can now derive a computationally attractive recursion for the

conditional mean and covariance ofx1
k. In particular, if we denote the gradient operator as

∇, it can be shown that

x1
k|k = x1

k|k−1 + P 1
k|k−1M(x2

k)
T gk(yk) (41)

P 1
k|k = P 1

k|k−1 − P 1
k|k−1M (x2

k)
T Gk(yk)M(x2

k)P
1
k|k−1 (42)

where

x1
k|k−1 = A1(x2

k−n:k)x
1
k−1|k−1 + F 1(x2

k−n:k) (43)

P 1
k|k−1 = A1(x2

k−n:k)P
1
k−1|k−1A

1(x2
k−n:k)

T + Q1
k (44)

and

gk(yk) = − 1

p(yk|x2
1:k,y1:k−1)

∇yk
p(yk|x2

1:k,y1:k−1) (45)

Gk(yk) = ∇yk
gk(yk)

T . (46)

In the above,gk(yk) is the so–called score function ofp(yk|x2
1:k,y1:k−1) and Gk(yk) is the

gradient ofgk(yk)
T . For the DSSM under consideration, these are provided as follows:

Proposition 1: Given (38),gk(yk) andGk(yk) satisfy

gk(yk) = p(yk|x2
1:k,y1:k−1)

−1

N∑
j=1

pjN (yk; y
(j)
k|k−1,S

(j)
k|k−1)[S

(j)
k|k−1]

−1(yk − y
(j)
k|k−1) (47)

and

Gk(yk) =
N∑

j=1

pj

N (yk; y
(j)
k|k−1,S

(j)
k|k−1)[S

(j)
k|k−1]

−1

p(yk|x2
1:k,y1:k−1)

×
(

Iny×ny

+S
(j)
k|k−1g(yk)(yk − y

(j)
k|k−1)

T [S
(j)
k|k−1]

−1 − (yk − y
(j)
k|k−1)(yk − y

(j)
k|k−1)

T [S
(j)
k|k−1]

−1

)
(48)
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whereny is the dimension ofyk.

Proof: See the Appendix.

Interestingly, the recursions shown above turn out to be the equations of the ACM filter [22],

[29], [31]. In light of this, we recognize that the proposed algorithm is, in fact, an appropriate

combination of the ACM filter and the SIS–PF. For this reason, we have referred to the proposed

algorithm as the ACM–PF.

For the choice of the importance distributionq(x2
k|x2

1:k−1,y1:k), it is common to either choose

the prior p(x2
k|x2

1:k−1), or the OID p(x2
k|x2

1:k−1,y1:k) for samplingx2
k. The computationally

attractive prior is readily given by (2), and the OID for (1)-(3) in its most general form is

analytically intractable. Fortunately, there are two important classes of model for which we can

derive a finite dimensional approximation of the OID. They are as follows:

• If x2
k is a discrete-valued random process and the set forming the range ofx2

k is X 2, i.e.,

x2
k ∈ X 2, then an approximation of the OID is given by

q(x2
k = m|x2

1:k−1, y1:k) =
p(yk|x2

1:k−1,x
2
k = m, y1:k−1)p(x2

k = m|x2
k−n:k−1)∑

n∈X 2 p(yk|x2
1:k−1, x

2
k = n, y1:k−1)p(x2

k = n|x2
k−n:k−1)

. (49)

• If H(x2
k) = Hx2

k, M(x2
k) = M and (2) is equal to a Gaussian pdf, i.e.,p(x2

k|x2
1:k−1) =

N (x2
k; A

2x2
k−1,Q

2
k), the associated suboptimal importance distribution is in the form of

q(x2
k|x2

1:k−1,y1:k) =
N∑

j=1

pjN (x2
k; x

2,(j)
k ,P

2,(j)

k ) (50)

where

pj =
pjN (yk; HA2x2

k−1, HQ2
kH

T + S
(j)
k|k−1)∑N

m=1 pmN (yk; HA2x2
k−1, HQ2

kH
T + S

(m)
k|k−1)

(51)

x
2,(j)
k = A2x2

k−1 + W
(j)
k (yk −Mx1

k|k−1 −HA2x2
k−1 − e

(j)
k ) (52)

P
2,(j)

k = Q2
k −W

(j)
k H Q2

k

T
(53)

andW
(j)
k = Q2

kH
T (HQ2

kH
T + S

(j)
k|k−1)

−1.

The above suboptimal importance distributions exploit the information in the most recent

observationyk. Hence, it incorporates additional information into the proposal of new particles

x
2,(i)
k , and thereby, improves the efficiency of the ACM-PF.

Equations (33), (38), (2) and an appropriately chosen importance distributionq(x2
k|x2

1:k−1,y1:k)

are the main ingredients of the ACM–PF. Although the adopted approximation (37) may in-

troduce some bias in the estimates, we find through extensive simulations that the proposed
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combination of the ACM filter and the SIS–PF does indeed render an effective alternative to the

aforementioned MKF. The algorithm for the ACM-PF is summarized in Table1.

D. The Degeneracy Problem

In practice, all the aforementioned algorithms suffer fromthe Degeneracy problem[11]. That

is, after a few iterations, all but a few particles possess insignificant weights. As a consequence,

the PF yields biased estimates with large variance. Therefore, to mitigate this problem and to

design a workable PF, we introduce the resampling of particles [10], [14]. The basic idea is to

discard particles with weak importance weights and to multiply ones with significant importance

weights. In practice, it is not necessary to implement resampling at every time stepk. Hence,

we only introduce resampling whenever the effective sample size [19]:N̂eff = 1/
∑Np

i=1(w̃
(i)
k )2

is below the thresholdNth = 0.8Np. Since stratified resampling introduces minimum variance

in the class of unbiased schemes, we use the former in the resampling of the particles.

III. S IMULATIONS

Two experiments were conducted to test the performance of the proposed ACM–PF. The

first addresses the blind detection problem for an impulsive flat fading channel. The second

studies the tracking of a maneuvering target in the presence of glint noise [32]. For an additional

experiment, see [33], where we addressed the filtering problem for a time–varying autoregressive

signal observed under non–Gaussian noise.

1) Example 1: The Rayleigh flat fading channelhk is modeled by a second order autore-

gressive AR(2) model [16]. In usual state space form, the transmission of differentially encoded

BPSK (DBPSK) symbols over a complex impulsive fading channel can be written as

xk = Fxk−1 + gwk (54)

sk = dksk−1 (55)

yk = gT xksk + ek (56)

where

F =


γ1 γ2

1 0


 , g =


1

0


 ,
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(b) BER versusNp at a SNR of10 dB.

Fig. 1. Obtained results are averaged over60000 DBPSK symbols. In Fig. 1(a), each PF based detector was implemented with

Np = 30 particles and used the appropriate prior as the importance distribution. We haveε = 0.1 andσ2
I/σ2

n = 100.

dk is the BPSK symbol,sk is the DBPSK symbol andxk = [hk hk−1]
T . To model impulsive

noise, we follow [1], [31], and assume thatek has a two–term Gaussian mixture distribution of

the form

p(ek) = (1− ε) CN (ek; 0, σ
2
n) + ε CN (ek; 0, σ

2
I ). (57)

Observe thatCN (ek; 0, σ
2
n) corresponds to the probability density function (pdf) of the ambient

background noise whereasCN (ek; 0, σ
2
I ) corresponds to the pdf of the impulsive noise compo-

nent.ε represents the probability that an impulse will occur.

Before we make any additional progress, let us reformulate (54) to (56) in terms ofreal

stochastic processes. For reasons detailed below, we rewrite (54) to (56) as

x̃k = F̃ x̃k−1 + w̃k (58)

sk = dksk−1 (59)

ỹk = H(sk)x̃k + ẽk (60)

where x̃k = [Re{hk} Im{hk} Re{hk−1} Im{hk−1}]T , ỹk = [Re{yk} Im{yk}]T , H(sk) =
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Fig. 2. Estimate ofp(d100|ỹ1:100) via the SIS–PF, MKF and the ACM–PF. To generate each estimate, each PF usedNp = 30

particles and the appropriate prior as the importance distribution.
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Fig. 3. Estimate ofp(d100|ỹ1:100) via the SIS–PF, MKF and the ACM–PF. To generate each estimate, each PF usedNp = 2000

particles and the appropriate prior as the importance distribution.

[skI2×2 02×2], ẽk = [Re{ek} Im{ek}]T ,

F̃ =


γ1I2×2 γ2I2×2

I2×2 02×2




and w̃k = [Re{wk} Im{wk} 0 0]T with covariance matrix

Q̃k =


diag([E[|wk|2]

2
E[|wk|2]

2
]T) 02×2

02×2 02×2


 . (61)



16

In this form, all the stochastic processes of interest are real. More importantly is that the new

DSSM falls into the framework of (1) to (3), therefore, it is amenable to the application of the

standard PF, the MKF, and the proposed ACM–PF.

For the simulations, the SNR (dB) was defined as

SNRdB = 10 log10

(
1

E[|ek|2]
)

(62)

whereE[|ek|2] = (1 − ε)σ2
n + εσ2

I , ε = 0.1, and σ2
I/σ

2
n = 100. The carrier frequency was set

to fc = 2.4 GHz, the symbol rate to1/T = 7353 symbols/sec, and the speed of the vehicle to

v = 150 km/h so that the resulting time-Doppler fading is given byfdT = 0.045.

The implemented algorithms are the simple differential detector (DD), the PF, the MKF, and the

ACM–PF. For the DD, the detected BPSK symbol is given byd̂k = sign(Re{yky
∗
k−1}). For each

PF, we use the appropriate prior as the importance distribution. To lower bound these algorithms,

we also implemented a detector that has perfect knowledge of the considered Rayleigh fading

channel.

Fig. 1(a) shows the bit error rate (BER) vs. signal to noise ratio (SNR) averaged over60000

DBPSK symbols. Between the PF based detectors, it can be seen that the ACM–PF significantly

outperforms the scheme based on the SIS–PF and the MKF. More significant is that for practical

values of the SNR, the attained BER is very close to that which is achieved by the receiver with

perfect knowledge of the considered Rayleigh fading channel.

In Fig. 1(b), we show the BER vs.Np for an SNR of10 dB. Here, the ACM–PF only uses

30 particles to achieve a BER of10−1.45, while in the case of the MKF,200 particles are needed

to achieve a comparable level of performance– a significant seven–fold increase inNp.

It is gratifying to note that for a high number of particles, the SIS–PF, MKF and the ACM–

PF all approach the same level of performance. Since the SIS–PF and the MKF approach the

optimal Bayesian filter forNp →∞, it is seen that the error introduced by (37) has a minimal

effect on the performance of the ACM–PF for this example, i.e., in this case, Condition 1 is

valid and a moment–matched Gaussian pdf is a good approximation of the mixture.

This result is further supported by Figs 2 and 3, which show estimates of thep(dk|ỹ1:k) as

rendered by the SIS–PF, the MKF and the ACM–PF forNp = 30 and Np = 2000 particles,

respectively. The time indexk is arbitrarily set tok = 100 and the true value of the bit is a “1”.

For Np = 30, there are noticeable differences between the estimated posteriors, but the bulk of
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Np/Algorithm PF MKF ACM–PF

30 0.44 2.48 8.40

50 0.65 4.01 14.05

100 1.17 7.8 28.98

200 2.22 15.54 57.86

400 4.27 31.08 117.12

1000 11.52 79.33 307.32

Fig. 4. Average CPU time (sec.) to process1000 DBPSK symbols for various number of particles.

the probabilities are correctly centered on the true value ofd100. For a larger number of particles,

i.e.,Np = 2000, the estimated posteriors are nearly identical to each other. Between Figs 2(c) and

3(c), we observe little change in̂p(d100|ỹ1:100) as rendered by the ACM–PF. For both a small and

a large number of particles, the ACM–PF in this example provides a reasonable approximation

of p(d100|ỹ1:100). This is unlike the MKF and the SIS–PF, which forNp = 30, admits a poorer

approximation ofp(d100|ỹ1:100). For the largeNp case, the fact these distributions are similar is

again due to Condition 1 being valid in this case, and illustrates that the error introduced by the

approximation (37) is negligible.

Finally, let us consider computational complexity of the MKF and the ACM–PF. For non–

optimized algorithms implemented in MATLAB on a standard 2.4 GHz PC, the average CPU

time to process1000 DBPSK symbols for various number of particles is summarized in Fig. 4.

It is shown that the computational complexity of the ACM–PF is higher than that of the MKF

for the same number of particles. However, although the MKF needs less time to process1000

symbols, the ACM–PF performs more efficiently than the MKF, i.e., in order for the MKF to

achieve a BER that is comparable to those of the ACM–PF, the MKF cannot be implemented

with less than 200 particles. Since the ACM–PF with 30 particles is computationally cheaper

than the MKF with 200 particles, it can be concluded that the ACM–PF is a viable alternative to

the MKF. We can construct a similar argument between the ACM–PF and the standard SIS–PF,

i.e., in order for the SIS–PF to achieve a BER that is comparable to those of the ACM–PF, the

SIS–PF cannot be implemented with less than 1000 particles.
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2) Example 2: We consider the problem of tracking a maneuvering target in the presence

of glint noise. The location of the sensor is(xs, ys) = (0, 0). The state is given byxk =

[dx,k ḋx,k dy,k ḋy,k]
T wheredx,k and dy,k are respectively, the position of the target in the x–

direction and y–direction. An observation consists of bearing and range measurements. Therefore,

the corresponding DSSM is given by

xk = A(rk)xk−1 + wk (63)

rk ∼ p(rk|rk−1) (64)

yk = hk(xk) + ek (65)

where

hk(xk) =




tan−1

(
dy,k − yS

dx,k − xS

)

√
(dx,k − xS)2 + (dy,k − yS)2


 (66)

andwk is the sequence of zero–mean white Gaussian process noise with covariance

Qk =




T 3

3
T 2

2
0 0

T 2

2
T 0 0

0 0 T 3

3
T 2

2

0 0 T 2

2
T




σ2
v . (67)

For this experiment,σv = 10 andT = 1. The current maneuver is determined by a three state

Markov processrt; the associated transition probabilitiespm,n = p(rk = n|rk−1 = m) correspond

to a sojourn time of 5 seconds. At any timet, either

A(1) =




1 T 0 0

0 1 0 0

0 0 1 T

0 0 0 1




, (68)

A(2) = Act(0.1) or A(3) = Act(−0.1) where

Act(Ω) =




1 sinΩT
Ω

0 −1−cosΩT
Ω

0 cos ΩT 0 − sin ΩT

0 1−cosΩT
Ω

1 sinΩT
Ω

0 sin ΩT 0 cos ΩT




. (69)
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Fig. 5. True and estimated trajectory of ACM–PF forM = 100 observations,Np = 25 particles and the prior was used for

the importance distribution.

Np/Algorithm EKF MKF ACM–PF

25 98 75 22

50 98 35 13

100 98 9 2

200 98 2 2

400 98 2 1

1000 98 0 0

Fig. 6. Comparison of the EKF, the MKF, and the ACM–PF in terms of the number of times a target was lost, i.e.,|dx,k−d̂x,k| >
500 or |dy,k − d̂y,k| > 500.

WhereA(1) corresponds to a constant trajectory, andA(1) and A(2) correspond to a coor-

dinated right– and left–hand turn, respectively. To model glint noise, we make the assumption

that [30], [32]

p(ek) = (1− ε)N (ek;0,R) + εN (ek;0, κR) (70)

whereε = 0.2, κ = 100 and

R = diag(
√

(3)[10 0.1]T). (71)

Note that a conventional particle filter implementation is not appropriate for this example. This
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Fig. 7. RMSE after removing of the lost tracks for each filter. The prior was used as the importance distribution with

Np = 25, 50, 100, 200, 400 and1000. For each value ofNp, the left–hand bar represents the MKF, the center bar the ACM–PF,

and the right–hand bar shows results for the EKF.

is because the state equations change structure for each type of maneuver under consideration.

This renders the implementation of the PF to be very awkward. Therefore in the simulation

results, we compare the performance of the MKF and the ACM-PF with that of the extended

Kalman filter (EKF).

For the initialization of the target trajectories, we assume thatr0 is a discrete uniform random

variable and thatx0 ∼ N (x0;0,P 0) whereP 0 = diag([250 16 250 16]T).

Now, observe that (65) is a nonlinear measurement equation. Before we can apply the MKF or

the ACM–PF we must first linearizehk(xk) aboutxk|k−1. The quality of the estimates depend on

the accuracy of the linearization. As we shall see, the ACM–PF accurately tracks the target. Thus,

in conjunction with appropriate linearizations, we can extend the applicability of the ACM–PF

to even more general DSSM’s. Some experimental results follow.

In Fig. 5, we show a typical and estimated trajectory of(dx,k, dy,k) for M = 100 observations

with the ACM–PF. Clearly, the ACM–PF faithfully tracks the true trajectory of(dx,k, dy,k). Here,

the prior was used as the importance distribution.

In Fig. 6, we provide a comparison between the MKF and the ACM–PF, in terms of the

number of times that a target was lost. For comparison, we also implemented a EKF that has
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(a) Average bias fordx,k for M = 100 observations.
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(b) Average bias fordy,k for M = 100 observations.

Fig. 8. Average bias in the estimate of the x and y coordinates forNp = 400, M = 100, andL = 100 Monte Carlo runs.

perfect knowledge of the maneuver, and the possible occurrence of an impulse at any time stepk.

To gather statistically meaningful results, we carried outL = 100 Monte Carlo (MC) simulations

and deemed a target lost if|dx,k − d̂x,k| > 500 or |dy,k − d̂y,k| > 500. Unlike the EKF or the

MKF using a small number of particles, i.e.Np ≤ 100, the ACM–PF loses track of its target

for a smaller number of runs.

Now, we will compute the root mean square error (RMSE) of each algorithm, after removing

the lost tracks. More precisely,

RMSE2 =
1

ML

M∑

k=1

L∗∑
i=1

(
(di

x,k − d̂ i
x,k)

2 + (di
y,k − d̂ i

y,k)
2

)
(72)

where d̂ i
x,k and d̂ i

y,k are, respectively, the estimate ofd i
x,k andd i

y,k for the i-th MC simulation.

Fig 7 summarizes the results. Clearly, the EKF performs poorest. Between the MKF and the

ACM–PF, the latter outperforms the former. For the considered scenario, the ACM–PF gives the

smallest RMSE in this case.

It is also interesting to calculate the bias in the estimates as obtained from the ACM–PF. Fig

8(a) and 8(b) shows the average bias for the x and y coordinate at each time step forM = 100

observations based on100 MC runs. As indicated in the figures, the bias in both coordinates is

close to zero for the majority of the time.
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Figures 6 and 7 indicate that asNp becomes large, the performance of the MKF and the

ACM–PF become very close to each other. Again, as in the first example, we see that the error

introduced by (37) in this case is minimal. From Fig. 8, we can also note that the bias introduced

by (37) is relatively small.

To further demonstrate the effect of the ACM approximation (37) on this example and to

shed further light on the behaviour of the ACM-PF method, we show approximations of the

posterior distributionsp(dx,100|y1:100) rendered by the MKF and the ACM-PF, for the case of

Np = 30 particles in Figure 9. The time indexk = 100 was chosen arbitrarily. The true value

for dx,100 = −1670.6m. For this small number of particles, we can see that the distribution

obtained by the MKF is badly biased away from the true value, whereas that yielded by the

ACM-PF is roughly centered on the true value. This improved performance of the ACM-PF may

be attributed to the fact we need not sample the indicator variablesIk whcih are required for

the MKF. The behaviour of the distributionsp(dy,100|y1:100) (not shown) corresponds to that of

p(dx,100|y1:100) for the two methods.
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Fig. 9. Estimate ofp(dx,100|y1:100) via MKF and the ACM-PF. Each filter usesNp = 30. The true value isdx,100 = −1670.6m.

In Figure 10, we show the same scenario for the large number of particles case,Np = 2000.

Here, we see the distributions produced by the two methods are very close to each other. This

indicates that for this specific case, the ACM-PF behaves like the optimal Bayesian filter asNp →
∞. Again, the distributions forp(dy,100|y1:100) which are also not shown indicate corresponding
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behaviour. As in the first example, the favourable performance of the ACM-PF is due to Condition

1 being satisfied.
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Fig. 10. Estimate ofp(dx,100|y1:100) via MKF and the ACM-PF. Each filter usesNp = 2000. The true value isdx,100 =

−1670.6m.

Finally, let us consider computational complexity of the MKF and the ACM–PF. For non–

optimized algorithms implemented in MATLAB on a standard 3.0 GHz PC, the average CPU

time to processM = 100 observations for various number of particles is summarized in Fig. 11.

For the same number of particles, the computational complexity of the ACM–PF is higher than

that of the MKF. However, although the MKF needs less time to processM = 100 observations,

the ACM–PF performs more efficiently than the MKF. Indeed, even withNp = 400 particles, the

MKF yields a RMSE that is20% larger than that of the ACM–PF. Also, forNp = 25, 50, 100,

recall that the ACM–PF outperformed the MKF in terms of the RMSE and the number of times

a target was lost. For the tracking of a maneuvering target in the presence of glint noise, the

ACM–PF renders an effective alternative to the EKF and the well known MKF.

IV. CONCLUSION

In this paper, we have proposed a novel filter for a class of DSSM’s whose parameters evolve in

time according to some known transition distribution and whose measurement noise is distributed

according to a mixture of Gaussians. The proposed method called the ACM–PF is an efficient

combination of the ACM filter and the SIS–PF. Extensive simulations showed that the ACM–PF
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Np/Algorithm MKF ACM–PF

25 1.7575 2.4688

50 3.4720 4.8807

100 6.9057 9.6800

200 13.8125 19.3148

400 27.8249 38.6258

1000 71.0164 96.7361

Fig. 11. Average CPU time (sec.) to processM = 100 observations for various number of particles.

successfully addresses the blind detection problem for an impulsive flat fading channel and the

tracking of a maneuvering target in the presence of glint noise. For computationally constrained

signal processing, we have demonstrated that the ACM–PF outperforms other state–of–the–art

filtering algorithms, namely, the SIS–PF and the well known MKF for the simulation examples

considered. The success of the proposed method in these cases depends on the predicted posterior

pdf which is modelled as a mixture of Gaussians being approximated by a single Gaussian

distribution.
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Table 1: Approximate Conditional Mean Particle filter (ACM–PF)

1) Initialization: For i = 1, . . . , Np, we initialize the particles,x2,(i)
0 ∼ p(x2

0), x
1,(i)
0|0 = x̂1

0,

P
1,(i)
0|0 = P̂

1

0 and setw(i)
0 = 1

Np
.

2) New particles: Fori = 1, . . . , Np, setx̃2,(i)
k−n:k−1=x

2,(i)
k−n:k−1, x̃

1,(i)
k−1|k−1 = x

1,(i)
k−1|k−1, P̃

1,(i)

k−1|k−1 =

P
1,(i)
k−1|k−1.

• Proposals: Draw̃x2,(i)
k ∼ q(x2

k|x̃2,(i)
1:k−1, y1:k).

• ACM prediction: Computẽx1,(i)
k|k−1, P̃

1,(i)

k|k−1 using (43), and (44), respectively.

• ACM update: Computẽx1,(i)
k|k , P̃

1,(i)

k|k using (41), and (42), respectively.

3) Calculate Importance Weights: Fori = 1, . . . , Np, evaluate the importance weights up to

a normalizing constant

w
(i)
k ∝ p(yk|x2,(i)

1:k ,y1:k−1)p(x
2,(i)
k |x2,(i)

k−n:k−1)

q(x
2,(i)
k |x2,(i)

1:k−1,yk)
w

(i)
k−1

and normalize importance weights to yield̃w
(i)
k .

4) If N̂eff < Nth,

• Resample{x̃2, (i)
k−n+1:k}Np

i=1, {x̃1, (i)
k|k }Np

i=1, {P̃
1, (i)

k|k }Np

i=1 w.r.t importance weights to obtain

{x2,(i)
k−n+1:k}Np

i=1, {x1, (i)
k|k }Np

i=1, {P 1, (i)
k|k }Np

i=1 and setw(i)
k = 1

Np
for i = 1, . . . , Np.

otherwise

• Set x̃2, (i)
k−n+1:k = x

2,(i)
k−n+1:k, x̃

1, (i)
k|k = x

1, (i)
k|k , andP̃

1, (i)

k|k = P
1, (i)
k|k for i = 1, . . . , Np.

5) Estimates: ComputêEp(x1
k|y1:k) [x1

k], ĉovp(x1
k|y1:k) [x1

k], Êp(x2
k|y1:k) [x2

k], and ĉovp(x2
k|y1:k) [x2

k]

using (34), (35), (19), and (20), respectively.

6) Setk = k + 1, and go back to step 2.

Remark 1:We point out that the ACM filter (41)–(44) has a structure that is similar to the KF

(24)–(27). Indeed, it can be shown that the ACM filter reduces to the KF whenek is Gaussian

distributed. Therefore, it follows that the ACM–PF reduces to the MKF ifek ∼ N (ek; ek,Rk)

whereek andRk are, respectively, the mean and covariance ofek.
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APPENDIX

The forthcoming derivation ofgk(x) andGk(x) will make use of the following lemma [7]:

Lemma 1:For dimensionally conforming matrix valued functionsf(x) and g(x), it can be

shown that

∇x

[
fT (x)g(x)

]
= ∇x [f(x)] g(x) +∇x [g(x)] f(x). (73)

where the notation∇x denotes the gradient operator with respect tox.

For ease of notation, let us derivegk(x) andGk(x) for a general GMMp(x).

Proof: Given

p(x) =
N∑

j=1

pjN (x; x(j),P (j)), (74)

it can be shown thatg(x) = −p(x)−1∇xp(x) equals

g(x) = p(x)−1

N∑
j=1

pjN (x; x(j), P (j))[P (j)]−1(x− x(j)). (75)

In order to deriveG(x) = ∇xg(x)T , we will repeatedly make use of (73). To begin, let us

expandG(x) as follows:

G(x) =
N∑

j=1

pj∇x

[
p(x)−1N (x; x(j),P (j))(x− x(j))T [P (j)]−1

]
. (76)

Now, let f(x) = p(x)−1N (x; x(j),P (j)) andg(x) = (x− x(j))T [P (j)]−1 in (73) so that

G(x) =
N∑

j=1

pj

(
∇x

[
p(x)−1N (x; x(j),P (j))

]
(x− x(j))T [P (j)]−1

+∇x

[
(x− x(j))T [P (j)]−1

]
p(x)−1N (x; x(j),P (j))

)
. (77)

Viewing (77), it is clear that we must evaluate∇x

[
p(x)−1N (x; x(j),P (j))

]
and∇x

[
(x− x(j))T

[P (j)]−1
]
. By using (73) again, but withf(x) = p(x)−1 andg(x) = N (x; x(j), P (j)), it can be

shown that

∇x

[
p(x)−1N (x; x(j),P (j))

]
=

N (x; x(j),P (j))

p(x)

(
g(x)− [P (j)]−1(x− x(j))

)
(78)

while

∇x

[
(x− x(j))T [P (j)]−1

]
= [P (j)]−1. (79)
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Finally, by substituting (78) and (79) into (77), we obtain after several mathematical manipula-

tions of the resulting expression:

G(x) =
N∑

j=1

pj
N (x; x(j),P (j))[P (j)]−1

p(x)

×
(

In×n + P (j)g(x)(x− x(j))T [P (j)]−1 − (x− x(j))(x− x(j))T [P (j)]−1

)
.(80)


