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Abstract

A new approach is presented to the array signal processing problem of detecting the number
of incident signals in unknown coloured noise environments with banded covariance structure.
The principle of canonical correlation analysis is applied to the outputs of two spatially sep-
arated arrays. The number of signals is determined by testing the significance of the corre-
sponding sample canonical correlation coefficients. The new method is shown to work well in
unknown coloured noise situations and does not require any subjective threshold setting. The
medium /high-SNR error rate may be approximately specified at a certain prescribed level, and
may be traded off against the detection performance characteristic at low SNR. Simulation re-
sults are included to illustrate the performance of the proposed canonical correlation technique

(CCT). It is found that the method performs well in a wide variety of coloured background noise

environments. It is also demonstrated that the method is robust in the case when the noise

covariance is not truly banded.
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1 Introduction

This paper uses canonical correlation analysis to solve the problem of detecting the num-
ber of sources incident onto an array of sensors, where the background noise covariance is
coloured and unknown with a banded structure. Detection of the number of sources in array
signal processing has been a widely studied problem for many years. This is not only because
determination of the number of incident signals onto an array of sensors is important infor-
mation in its own right, but also because modern direction of arrival estimation algorithms

depend on knowledge of this quantity.

For the white noise situation, various elegant detection methods have been proposed. The
original approach to this problem is based on hypothesis testing, which uses the eigenvalues
of the sample covariance matrix of the observation vectors. The typical methods of this
type can be found in the papers written by Bartlett [4], Lawley [13], and Anderson [2].
The common problem associated with this approach is that the threshold values used for
hypothesis testing must be determined subjectively. To avoid this subjectivity, other methods
for known noise have been developed. Wax and Kailath [20] applied the information theoretic
criteria introduced by Akaike (AIC) [1] and by Schwartz and Rissanen (MDL) [18] [17] to
the detection problem. Chen, Wong, and Reilly [7] introduced a predictive eigen-threshold
(ET) method, whereas Wu and Fuhrmann [22] developed a high-performance parametric
detection technique which is performed in conjunction with direction of arrival estimation.
No subjective threshold is required for these methods. The difficulty with these methods for
known (or equivalently white) noise is that their performance degrades very quickly as the

degree of colour of the noise increases.

Le Cadre [14] has proposed a parametric method for detection for the unknown noise case,
which involves finding the minimum of a specific information theoretic function to yield the
estimated model order. Fuchs [10] has also proposed a method, which separates a linear
sensor array into two non-overlapping segments. The assumption is made that the noises
between the segments are uncorrelated. This assumption leads to a proposed function of the
estimated noise from both segments, which is y2-distributed. A x? test on an hypothesized

model order may then be conducted.

The method [8][9] proposed in this paper has some ideas in common with that of Fuchs.



Specifically, each method proposes two distinct array segments, and it is assumed in each
case the background noise is uncorrelated between the two segments. However, here, we
propose two physically separated arrays (Fig. 1), instead of one contiguous array divided
into two segments. Our proposed method uses the canonical correlation coefficients derived
from the data received from the two arrays to test for the most likely number of incident
signals. For this reason, it is referred to as the canonical correlation test (CCT) method.
The CCT procedure offers several advantages. First, the medium/high SNR error rate may
be specified at a certain prescribed level, which is traded-off against performance at low
SNR. Also, the method is statistically rigorous, simple to apply, and offers relatively high

performance.

The CCT method is based on the ideal assumption that the background noise is uncorrelated
between the two arrays. In the practical setting, this condition is rarely exactly satisfied.
However, the condition is approximately satisfied in many applications. For example, it is
shown in [16] that the reverberation noise in a sonar environment decays relatively quickly
in space. This means it is possible to find a separation § shown in Fig. 1 between the two
proposed arrays so that the noise correlations between them are small. We have demonstrated
by simulation that the CCT method is robust when significant noise correlations do exist
between the two arrays. Therefore, although ideally the CCT method depends on this
uncorrelated assumption, in practice we find the method performs well when some degree of

correlation exists.

The ultimate performance of any detection method in noise of unknown characteristic de-
pends on the fact that the spatial correlation function of the noise is sufficiently narrow in
the spatial dimension. Noise processes with spatially narrow autocorrelation functions have
wide, or directionally diffuse wavenumber spectra, and thus are distinct from the wavenum-
ber characteristics of a signal. It becomes more difficult for a coloured noise detection scheme
to distinguish noise from a signal as the noise wavenumber spectrum becomes increasingly
narrow. Therefore it is reasonable, as we have done, to restrict attention to those noise
environments which are more directionally diffuse, with spatial correlation functions which
decay relatively quickly. These are the conditions which more closely satisfy our assumption

that the background noise is uncorrelated between the two arrays.

The modelling of the physical environment is described in Sect. 2 of this paper. The idea



of canonical correlations and its application to the detection problem is addressed in Sect.
3. In Sect. 4, the main idea of using the canonical correlation coefficients for detection is

discussed. Simulation results are given in Sect. 5, and conclusions drawn in Sect. 6.

2 Formulation of the problem

Let us consider k£ independent narrowband signals arriving from & distinct directions, onto
two spatially separated arrays. These arrays are denoted by X and Y with p and ¢ sensors
respectively. Fig. 1 shows an example of the arrangement of the two arrays, which in this
particular case, are both linear with uniformly separated sensors. Signals are incident on
the two arrays with physical angles ¢, and ¢, respectively.! We denote the corresponding
electrical direction of arrival (DOA) of the k signals relative to the normal of the two arrays
by 6, and 8, respectively, such that each has k elements representing the DOA’s of the &k
incident signals with respect to the positions of Array X and Array Y. The outputs of these

two arrays are denoted by vectors x(n), y(n) which can be expressed as

x(n) = Ay(0s)az(n) + vi(n) (1)
Y(n) = Ay(ey)ay(n) + Vy(”): n=1,...,N, (2)

where N is the number of snapshots (observations), and A.(6,) and A,(0,) are p x k and
q X k unambiguous directional matrices of the signals with respect to the geometries of the
arrays X and Y respectively. The vectors a;(n) and oy, (n) are k x 1 signal vectors received
by the two arrays and are modelled to be complex zero-mean jointly-distributed Gaussian
vectors. If the travelling of the signals from Array X to Array Y involves no distortion
or alteration, then o, is merely a delayed version of a,. In this case, narrowband signals
appearing on the two arrays may be modelled identically and the actual delay delay between

the two arrays can be absorbed into the directional matrices.

The vectors v,(n) and v,(n) are p and ¢ dimensional vectors respectively, representing
noise components in the outputs of array X and array Y. These noise vectors are assumed

uncorrelated with the signals. Ideally, these noises are assumed to be Gaussian, complex,

Tn Fig. 1 for simplicity we have set %, = ¢, = ¢, although in general this relation need not hold.



zero mean, with joint covariance matrix satisfying

(2]t 1

y
where superscript H denotes Hermitian transpose, and O denotes a p X ¢ null matrix, and

>, O

o = (3)

3,, and X, are unknown noise covariance matrices of the noise in the two arrays. Eq. (3)
does not unduely restrict the method because, 1) as we see later from simulation results, the
proposed method is robust against violations of this assumption, and 2) as discussed earlier,
provided the background noise characteristic is not too directional, the spatial covariance
function of the noise will decay at such a rate that there exists a separation § (Fig.1) between

the arrays so that (3) holds approximately.

To get an idea of the structure of the joint variance-covariance matrix of x(n) and y(n)

under such assumptions, let us define a composite vector z(n) with components x(n) and

Amzlﬂm] )

y(n)

y(n) as,

and assume there exist k signals. The variance-covariance matrix ¥ of x(n) and y(n) can

be written as

b >
S = Blamzn) = | " 7 (5)
o1 g q
b q

In Equation (5), we have partitioned 3 according to the dimensions of x(n) and y(n) re-

spectively. Without loss of generality, in the following discussion, we assume that p < q.

The covariance between x(n) and y(n) is represented by the upper right submatrix 3;, of

3 which may be expressed as

Y = Ex(n)y"(n)]
= Aw(ex)zaxyAgI/{(ey)a (6)

where 3,;, is the kK X k cross—covariance matrix of the signals. 3X,,, is full rank because

we have assumed the signals are independent. Here, we have allowed for the general case



that the travelling of the signals from Array X to Array Y may involve some distortion of
the signals such that a, may no longer be a merely distorted version of a,. The matrices
A, A, are full column rank because the angles of arrival are all distinct; therefore, rank
(¥12) = k, the number of signals. Hence, if we let S;2 be the finite sample estimate of X5,
then the detection problem can be treated as equivalent to the determination of the rank of

Sia.

According to (3), the noise component of X, is zero. Therefore, in the presence of signal
and noise, the rank of S;5 may be estimated by testing the number of singular values of Si

which are significantly different from zero.

3 Canonical Correlations

3.1 Canonical correlations and variables in the population

Canonical correlations are discussed in e.g., [3][11]. Consider the random vector z(¢) having

variance-covariance matrix ¥ as defined in Eqs. (4) and (5) respectively.

Theorem 1 For X being defined as in (5) and rank(X12) = k, define the matriz
~ - - H
She = 5,7 Bz (257%) (7)

on which a singular value decomposition (SVD) [12] can be performed such that

—-1/2

_ H
DY IPREND M (2221/2) :UxPUy (8)

where U, and U, are unitary matrices of dimension p X p and g X q respectively, and P is
a p X q matrix given by
P=[P, O] (9)
with
f’k:dz’ag[pl,pQ,...,pk,O,...,0]. (10)
Then, there exists a linear transformation L on x and a linear transformation M on vy,

respectively defined as

L = 3,0, (11)



M = %,,°U, (12)

o[ L ][ 20 |[ ][ 0] ]8R]
w1 |

where w, = Lx and w, = My.

The proof of this theorem can be found in [8][11][21]. 0
The {p;} are called canonical correlation coefficients, and the columns of L” and M¥ are

called canonical vectors.

3.2 Sample canonical correlations

In practice, canonical correlations must be estimated from sampled data. Let z,,...,zy be
N observations from a (p + g) — variate Gaussian distribution N(0, X). It is well known [3]

that the maximum likelihood estimate of X is

. 1 X Si1 S
Y=— Z ZiZiH = H 2 é S. (14)
N3 Sa1 Sz
The maximum likelihood estimates 7; [3] of the p; are the singular values of
Si2 28781, (5,”%)" = D.IDY (15)

where the right-hand term is the singular value decomposition on g12, D; and D, are unitary

matrices, and

r=[T, O], (16)

FP = dzag( Y1, Y2y - Vp )’ (17)

where 1> > v > ... >, >0 [15] . The ~; are the sample canonical correlation

coefficients.

We now present some additional theorems which are useful for later analysis.



Theorem 2 In a narrow-band system as the SNR — oo, for N > k, the largest k sam-
ple canonical correlation coefficients approach unity, whereas the smallest p — k coefficients

approach zero.

Proof: The proof of this theorem can be found in [8]. The two groups of coefficients mentioned

in Theorem 2 are referred to as the signal and noise coefficients, respectively.

Theorem 3 The canonical correlations are invariant with respect to the transformation

Cx
By (19)

X
y
where C and B are nonsingular matrices.
Proof: See [8].

Theorem 4 The vy; are consistent estimates of the true coefficients p;.

Proof: The proof follows directly from the fact that S — X as N — oo in (14).

4 Detection by Testing the Sample Canonical Correlation Coef-

ficients

The Neyman-Pearson detection criterion [19] constrains the probability of false alarm? to be
less than or equal to a certain chosen value and designs a test to minimize the probability
of missing. This leads to a likelihood ratio (LR) test in which the threshold T is chosen so

that the constraint on the probability of false alarm is satisfied. In the following, we use the

2Here, we have generalized the meaning of miss and false alarm compared to their usual usage in the radar context.
In the latter, we are dealing with only one signal. However, in this analysis, we are dealing with multiple signals, so
a miss and false alarm in our context means declaring fewer or greater signals respectively than what are actually

present.



Neyman-Pearson principle to develop a test procedure for the determination of the number

of signals in unknown correlated noise.

Assume the true canonical correlation coeficients corresponding to the outputs of array X

and array Y are arranged in descending order of magnitude[11]:

1>2p12p>...2p, 2 0. (20)

A similar relation is applied to the sample coefficients ;. We consider the following set of

hypotheses:

Hy: p0#0, pa#0, ooy ps #0, psi1 =psp2= ... =pp=0 (21)

fors =0,1...,p—1. The index s is the number of signals under test. The detection problem

is thus equivalent to a multiple hypothesis test to determine which value of s is most likely.

Here, the multiple hypothesis test is decomposed into p elementary binary hypothesis tests.
In each elementary binary hypothesis test, a primary hypothesis H, is tested against its
alternative hypothesis H,+, where H,+ denotes the hypothesis there are more than s signals
present. Then the test is iterated for s = 0,1,...,p—1 until a primary hypothesis is accepted.

The estimated number of signals k is assigned the value s.

We first establish a generalized LR defined as

_ maxgq, A(Z|Q,)
- maxq_, A(Z|Q,+)’

(22)

where A(Z|€2,) is the likelihood function of the observed data matrix Z when the hypothesis
H; is true, and 2, is the parameter space of the observations constrained by the hypothesis
H,.® The following theorem provides a relationship between A and the canonical correlation

coefficients:

Theorem 5 Given that the observed data is Gaussian, the mazimization of A(Z|Q;) is given

by

S

i) o [T -] 2

i=1
where N 1is the number of snapshots.

31If the received signals are Gaussian, a sufficient parameter set for {2, is the true covariance matrix 3 defined by

(5), corresponding to s signals.



The proof of this theorem was first published in [23], revised and corrected in [21].

Further, because (2, is sufficient to parameterize all possible outcomes in H,+, from Theorem

5 it follows that
p

ISIIIS%_X A(Z|Q+) = II(IZ?;XA(ZKZP) o lH(l — 'yf)] 7 : (24)

i—1
Substituting (24) and (23) in (22), the LR can be re-written as
maxq, A(Z|€;) L4 o\ N
. - 1— 42N, 2
(Z|+) H (1—7%) (25)

i=s+1

T, =

maxq , A
s

The distribution of T can now be determined through the use of Bartlett’s Approximation,

[5][6] which can be stated as follows:

Bartlett’s Approximation 1 * When the received data is Gaussian and the hypothesis

Hy: p1r #0, p2#0, ooy ps 0, psy1= .. =pp=0 (26)

18 true, the asymptotic distribution of the statistic
C(s)=—[2N—(p+q+1)] Z In(1 —~7) (27)
i=s+1

is approzimately x? with 2(p — s)(q — s) degrees of freedom.

Using this result, we can propose a hypothesis test for determining the number of signals
under the assumption that all signals are independent. For an assumed number of signals s,

we propose to use the following test:

H,+
>
C(s)=—[2N - (p+q+1)] Z In(1 —~7) T, (28)
i=s+1 <
H,

The distribution on the left side of (28) can be obtained directly from Bartlett’s Approxi-
mation. The threshold T, should be set so that the allowable probability of false alarm, ¢,
is achieved. It is thus given by

o0 1 2

- " e id -0,1,2,...p—1 29
c Ts 27F(%)y € y’ S ) ) ) )p ( )

“The formula given here has been modified for complex data.

10



where m = 2(p — s)(¢ — s). A procedure for solving (29) is given in [8]. Therefore, for a
specified false alarm rate ¢, a set of thresholds {Ts,s =0,1,...,p — 1} can be calculated be-
forehand and a sequential hypothesis testing procedure can be constructed using successively

increasing values of s, starting from s = 0 until the LR test is satisfied.

We have seen from Theorem 3 that the true canonical correlation coefficients are invariant
with respect to linear transformations in x(¢) or y(¢). Since changes in the noise or signal
parameters can be modelled by such transformations, then asymptotically, the thresholds
generated according to (29) are constant over all signal and noise conditions, and also, the
performance of this proposed detection procedure is invariant to changes in either the noise

or signal parameters.

We denote the probability of error as P.,. We have P, = P+ Pr, where P), is the probability
of a miss, and P is the probability of a false alarm. We now show that Pp is the dominant
error mechanism at medium/high SNR. First, according to (27), C(s) is x* distributed for
s = k, independent of SNR. On the other hand, we see from Theorem 2, that for a specific
N, the signal coefficients approach unity as the SNR becomes large. Hence, with fixed N
and increasing SNR, the probability of C(s) exceeding the threshold remains approximately
constant for s = k (false alarm®), whereas the probability of C(s) being smaller than the
threshold for s < k (miss) becomes small. Hence, Pr dominantes at medium/high SNR. By
considering only this range of SNR, we see the CCT method is quantitatively controllable.
The specified false-alarm rate at medium/high SNR is achieved by trading-off against the

miss rate at low SNR.

The steps involved in the execution of the CCT method are outlined below:

1. Use the sample outputs x;, X, ..., Xy of array X and y;, ya, ..., yn of array Y to

form the sample product matrices Si1, Sa9, and Si2 by

Si1 = ! ) 7 Soy = ! ) 7 Si2 = ! > z (30)
= — ) XX; = — Y = —) x;y; .

H N & & N YiYio 2TN ey iYi

2. Calculate the singular values 7, 72, ..., 7p, of the transformed matrix

®Here, we implicitly assume the probability of false alarming one signal dominates the probability of false alarming

one signal or more. This assumption is verified through simulations.

11



S12 = S1/%S15(S5 %)™ . (31)

3. For a specified false alarm rate Pr a set of threshold values {7} can be pre-calculated
according to x? distributions with 2(p—s)(¢—s), s =0,...,p—1, degrees of freedom,

where s is the assumed number of signals under test.

4. Hypothesis testing: Denote the hypothesis that there are s signals by H,. The testing

starts from s = 0. For each s, the criterion

C(s)=—[2N —(p+q+1)] Z In(1—+?) (32)

i=s+1
is compared with the threshold value T, . If the criterion is less than the threshold,

we accept Hy, stop the testing, and assign the value of k = s. Otherwise we reject the

hypothesis, increase s by one, and continue the testing until a H; is accepted.

5 Simulation Results

The performance of the CCT method was evaluated by several simulations. The noise
was generated from a spatially-varying moving average (MA) process of order v = 3. The
corresponding autocorrelation function is zero for distance lags greater than or equal to vd.
Thus, for 6 > 3d the method is tested under the ideal case where (3) is satisfied. (Later, we

discuss the case where (3) is violated).

The MA coefficients used for the simulation are [1.00,0.90j, —0.81]. The corresponding
spatial spectrum is shown in Fig. 2. The remaining parameters used for the simulation are
specified in Table 1. The arrays are linear, uniformly—spaced, and oriented along the same

line.
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Figure 2: Spatial spectrum of the noise used in simulations.

Table 1 Parameters of the Simulation

Parameter Value Units
D No. of sensors in array X 8
q No. of sensors in array Y 8
d Separation of sensors (uniformly spaced) A/2 metres
k No. of signals 2
N No. of snapshots 100
0 Angles of arrival +3.58* degrees
4] distance between the two arrays 3d metres
N, No. of trials per SNR point 20,000

SNR Signal to noise ratio -10 to 10 dB

* This separation corresponds to 0.5 standard beamwidths separation of an 8-element array.
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The signal vector a(n) at the nth snapshot is zero mean complex Gaussian such that

Ela(n)a” (m)] = bpno’l (33)

where d,,, is the Kronecker delta. The quantity o2 is defined for these simulations as 02 = %
Spatially filtered MA noise vector samples with coefficients given above, uncorrelated in time,
were generated according to the method of [14] and added to the signal. The SNR is defined
for the purposes of these simulations as
o2
SNR = 101log (0—;> . (34)

n

where o2 is the power of the noise before filtering.

In Table 2, the average error rates P, of the CCT method obtained by simulation are com-
pared with the corresponding theoretic values of false alarm rate, ¢ in (29). These results
were averaged over a wide range of coloured noise models, medium/high SNR values, and
different signal locations. In these simulations, 195,000 trials are averaged over an SNR
range of 6 to 15 dB. Over this range, P, is almost equivalent to Pr. From these results,
we see that the simulation error rates at medium /high SNR are in close agreement with the

specified values of c.

Table 2 Comparison of False-Alarm Rates
Theoretical: ¢ 101 102 103 104
Simulation: P, 0.93 x 101 0.87 x 102 0.83 x 1073 0.87 x 10~*

The error performance of the CCT method vs. SNR is illustrated by the simulation results
given in Fig. 3, corresponding respectively to a value of ¢ of 107! and 10~2. The performance
of commonly—used white—noise methods (MDL and AIC [20]) are also plotted for comparison
with CCT’s performance. It is seen that the white-noise methods are not robust in coloured
noise, whereas for CCT, we have good performance, as Fig. 3 verifies. In [8], simulation
results for other values of ¢, down to 1075 are presented. It is shown the CCT method
also behaves well at this level of false-alarm rate. The robustness of the CCT method to
variations in the noise characteristics can be demonstrated as follows. A direct consequence
of (3) and Theorem 4 for a specified value of p and finite SNR is that the v, — 0 as N —

oo,t =k+1,...,p; also, the v;,7 = 1,...k are finite, regardless of the noise characteristic.

14
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Figure 3: Probability of error for the CCT method, for theoretical false-alarm rates ¢ = 10!, 102.

Error bars indicate approximate 95 % confidence intervals for the simulation results.

It follows that Py; — 0 and Pr — c¢; hence, P, — ¢. Since c is arbitrary, the performance of
the CCT method can in principle be made arbitrarily good for large enough N. In contrast,
the white-noise methods demonstrate a significant error floor in coloured noise, regardless of
N. In practice, this analysis means that if the performance is not good enough for a certain
situation, it can be made better for the CCT case by increasing N. On the other hand, for
the white noise methods, there can exist coloured noise environments for which there is no
value of N resulting in acceptable performance. However, it must be pointed out [8], that in
white—noise environments, the white—noise methods show a modest performance advantage
over CCT for the same total number of sensors. This is the penalty paid for flexibility with
respect to the noise characteristics. Further comments and more detailed simulation results

are available in [8].

Up to now, an MA model was used to represent the noise. This results in the ideal situation
where the noise correlation between the two arrays can be made zero. What about the
case where some degree of noise correlation exists between the two arrays, as happens for
example when the background noise is spatially autoregressive (AR)? An experiment was
performed where a spatially-varying AR noise model was used, with the parameters of the

AR process adjusted so that the largest noise correlation between the two arrays was 0.35.
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The degradation in performance in this case, relative to when the correlation between the two
arrays is zero, is 2dB. This figure does not change much with changes in the AR noise model.

We therefore see that the CCT method tends to be robust under violations of assumption

(3).

A comparison of floating-point operations required for the AIC or MDL method vs. the
CCT method reveals that the CCT technique requires about half the number of operations
relative to AIC or MDL, for the parameter set chosen, for the same number of total array
sensors in each case. This result is due in part to the fact that the matrices on which the
singular value or eigen decompositions are performed (i.e., the operation which dominates

the computation) are smaller for the CCT case.

6 Conclusions

A new approach to detecting number of signals in unknown noise environment has been
presented. The approach is based on applying canonical correlation analysis to the outputs of
two spatially separated arrays, where nominally, the noise between the arrays is uncorrelated.
The new method, called the canonical correlation technique (CCT), has been shown to

perform very well in a wide variety of coloured noise situations.

The method is developed by showing that a generalized likelihood ratio for testing hypothesis
H; against H,« may be expressed as a function C(s) of the canonical correlation coefficients
Ys - --Yp- C(s) is a x* random variable. A set of thresholds is thus generated according to
the number of degrees of freedom corresponding to each hypothesis. These thresholds are
calculated so that the probability of them being exceeded corresponds to a specified false
alarm error rate. A sequential hypothesis test is performed; the first instance where C(s)
exceeds the threshold corresponds to the most likely number of signals. The medium /high
SNR performance is maintained at this desired false-alarm error rate, by trading-off against

performance in the low-SNR range.

The need for a method which is robust in the presence of coloured noise has been made
apparent, since the performance of techniques developed assuming white noise has been

shown to be unsatisfactory in coloured background noise. We have shown the performance

16



of CCT for varying degrees of noise colour remains relatively constant at a satisfactory level
of performance. Also, the method is robust when significant noise correlations exist between

the two arrays in contradiction to (3).

Thus, it may be concluded that the CCT method presented in this paper gives an attractive,
simple, statistically rigorous approach for detecting number of signals in unknown noise

environments.
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