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I. DERrivAaTION OF CRLB

Let @ be the parameter vector defined as follows:
0= {r,s(n)},k=0,.. K —1,n=1,..,N,
and [(0) be the likelihood function, which is defined as:

(0 = p(Ylo), Y ={y(n),n=1,..,N},
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where

H(r) & [ﬂl(TO)>I:Il(Tl)a~'aﬂl(TK—l)} , Hy (1) € RM*1,
and

S(n—1) 2 [so(n),s1(n),...,sxk_1(n)]*,  Sn—1)eREXL

Defining u(n) as follows

and taking the natural logarithm of (3) yields

L(®) = [i(6)],
N
= —% ZuT(n)u(n) - @ In (2702) .
W p=1
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A. Derivation of
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du(n) 0 =
87—]4: - a—m <y(n) - lz:; HZ(T)S(n - l)) )
L—1 55
= -y s,
=0
so(n —1)
L—1 9 - ) :
= _28—7743 |:Hl(7_0)> ">Hl(7-k)> aHl(TK—l)] Sk(n—l)
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i SK_l(n — l)
L—1 .
= =Y H(n)sp(n—1),
=0
= —H (n)sk(n),
where
(n) & 2
H () = [Ho(re), Hy (), . . H (7))
sx(n) is defined as follows:
sp(n) = [sp(n),sp(n—1),..., sp(n — L+ 1)]7

and 0 € RM*1 is a column vector of zeros. Accordingly, (10) becomes:
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oLe) 1 N ou(n)\ 7’ al ou(n)
aTk N _F {;—:1< aTk > u(n)+;UT(n)< 87’k

)}
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where

B. Derivation of gfk(gl ))

w )nzl
al ou(n) T al ou(n)
= T {E (Fergay) 0 +2 un) (Fe7)
where
ou(n) d Ll g
Gan(n) = Dan(n) (y(n)—gﬂz(f)s(n—l)>,
P _ L—-1
e {HO(T)S(n) + ; H;(T)8(n — 5)} :
o -
= o {Hom)S(
so(n)
- —1x[ﬂo(fo) ..... Ho(), ..., ﬂo(TK_l)] asf(n) su(n)
[ [ sx-1(n)
= —HQ(Tk).
Substituting (29) into (24), we have:
oL) 1 L[ du(n) Tu NuTn du(n)
Oon(n) 307 {;(askm)) -+ (G
1 N ~ T
= —5 2 Ho(mun).
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C. Derivation of
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891 (n) OH (Tk) ’ ~ Tau(n)
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B T 7 T
= (H/() uln) - (H(n) H ()sk(n),
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W p=1 =
N o,
2 0 skln =) (Hy(m)) H (m)se(n).
W p=11=0
N
- aL2 > {UT(”)ﬂ (k) sk(n) — sk(n) (ﬂ (Tk))Tﬂ (Tk)sk(n)}>
W p=1
1 (& L /
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where tr[-] is a trace operator,

N ~ T _

tr [H (7 7) Rie(n)]| 23" i) (H () H (75 (m),

and
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2. Ifk#p

where
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Substituting (50) into (48) yields:

52L(0) ~1 i

oTL0T o

= —1t
o2, g
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and
o 92L(0
D. Derivation of W(‘()sj(n)

1. Ifk=p
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2. Ifk#p
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E. Derivation of Fon ()9 ()
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055, (n)0Ty, N _3,?2_: (69)
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F. Fisher Information Matriz

Define the Fisher Information Matrix by J € RENHK)X(KN+E) a5 follows

orL2(0 oL2(0 orL2(0 T
E |:8T()é7'):| L |:87'083(0()T7,)] o b |:8T085K(,3(n)1|
aLQ(O) aLQ(B) aLQ(O)
J=— {8TK13T} E 87’}(_1830(71) Tt E 87’}(_188[0(_1(71) (72)
- OL? OL? OL? )
b [830(75)8)7'} E [7850(71)5(333)(71)] [—880(71)83(1(),1(71)}
aﬁ 0 aﬁ 0 aﬁ 0
| E |:8SK_1((H))8'Ti| E |:8SK_1(71()8?So(n)i| o B |:8SK_1(n)éS)K_1(n)} |
where F [8 é(g.)} e RY*K ig defined as:
OL%*(0)] 4 OL%*(0) OL%(0) OL%*(0)
E [87}87’} - [E [877687'0} B [877687'1} o B [8776877(_1” ’ (73)
and F [Ws(f())] e RY™N is defined as:
OL*(0) 1 4 OL?(0) OL?(0) OL?(0)
Fl————| = |F|——| | —————|,... . F | —————— | . 74
bwmm][ bme’[%mmJ” bwmm” ™

Substituting equations (42), (53), (60), (65), (68), and (71), respectively, for k,p =0,1,..., K +
KN —1 into the matrix in (72), and defining the inverse of the resulting matrix, we can obtain

the Cramer-Roa Lower Bound of the estimates in 6.
G. Derivatives of the interpolation function

» sinmfe(t; —mmy)
hl(mTk’) - ﬂfc(tl — m’Tk)

where t; = [Ts. The first derivative of h;(mry) with respect to 73 is given as follows:

1=0,1,..,L —1, (75)

hilmny & DART) (70
d [(sinwfe(t; — mrg)

dm, { 7 fe(ty — mTy) } ’ (77)

_ —m fo(t; — m7y) cos T fo(t; — m7i) + msinw fe(t; — mTk) (78)

ch(tl — mTk)



Accordingly, the second derivative of h;(m7y) with respect to 73 is given as follows:

" d /
b (mm) £ d_%hl(mTk’)v (79)

- (2 = (7fe)?(ts — mmg)?) m2sin 7w fo(t; — m7g) — 2mP7 fo(t; — m7y,) cos 7 fo(t; — mf&)‘)
o ch(tl — mTk)4 =




