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I. Derivation of the importance sampling function

A. Derivation of the Gradient Vectors

The gradient vector

∇L(τ t) = ∇Lz(τ t) + ∇Lτ (τ t), (1)

where

∇Lz(τ t) =
∂

∂τ t
log

(
p(zt|α(i)

t )
)

, (2)

∇Lτ (τ t) =
∂

∂τ t
log

(
p(τ i)

t |τ (i)
t−1,zt)

)
. (3)

We first present the derivation of ∇Lz(τ t) and then that of ∇Lτ (τ t). Some details in the

derivation can be found in [1].

A.1 Derivation of ∇Lz(τ t)

∇Lz(τ t) = [∇Lz(τt,0),∇Lz(τt,1), ...,∇Lz(τt,kt−1)]
T , (4)
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where

∇Lz(τt,k) =
∂

∂τt,k
log (p(zt|αt)) ,

=
∂

∂τt,k

{ −1
2σ2

w

(
zt − H̃0(τ t)at

)T (
zt − H̃0(τ t)at

)
+ κσ2

w

}
,

=
1

σ2
w

L−1∑
l=0

(
zt − H̃0(τ t)at

)T
H̃

′
l(τt,k)sk(t − l),

=
1

σ2
w

εT
t H̃

′
(τt,k)sk(t), (5)

where εt is given by

εt = zt − H̃0(τ t)at,

= yt −
L−1∑
l=0

H̃ l(τ t)at−l,

where κσ2
w

is a function of the noise variance σ2
w, and for k = 0, ..., kt − 1

H̃
′
l(τt,k) � ∂H̃ l(τt,k)

∂τt,k
, (6)

H̃
′
(τt,k) =

∂

∂τk,t
H̃(τt,k),

=
[
H̃

′
0(τt,k), H̃

′
1(τt,k), . . . , H̃

′
L−1(τt,k)

]
, (7)

and sk(t) is the signal amplitude for the kth source, defined as

sk(t) = [sk(t), sk(t − 1), . . . , sk(t − L + 1)]T . (8)

A.2 Derivation of ∇Lτ (τ t)

∇Lτ (τ t) = [∇Lτ (τt,0),∇Lτ (τt,1), ...,∇Lτ (τt,kt−1)]
T , (9)

where

∇Lτ (τt,k) =
∂

∂τt,k
log (p(τ t|τ t−1)) ,

=
∂

∂τt,k

{ −1
2σ2

v

(τ t − τt−1)T (τ t − τt−1) + κσ2
v

}
,

=
−1
σ2

v

(τt,k − τt−1,k), (10)

where κσ2
w

is a function of the noise variance σ2
v .

As a result, the kth element of the gradient vector ∇L(τ t) can be expressed as

[∇L(τ t)]k = ∇Lz(τt,k) + ∇Lτ (τt,k),

=
1

σ2
w

εT
t H̃

′
(τt,k)sk(t) − 1

σ2
v

(τt,k − τt−1,k). (11)
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B. Derivation of the Hessian Matrices

The gradient vector

∇2L(τ t) = ∇2Lz(τ t) + ∇2Lτ (τ t), (12)

where the k, pth elements of ∇2Lz(τ t) and ∇2Lτ (τ t) are given by

[∇2Lz(τ t)
]
k,p

=
∂2

∂τt,k∂τt,p
log

(
p(zt|α(i)

t )
)

, k, p = 0, ..., kt − 1 (13)

[∇2Lτ (τ t)
]
k,p

=
∂2

∂τt,k∂τt,p
log

(
p(τ i)

t |τ (i)
t−1,zt)

)
, k, p = 0, ..., kt − 1. (14)

B.1 Derivation of
[∇2Lz(τt)

]
k,p

1. If k �= p

[∇2Lz(τ t)
]
k,p

=
∂

∂τt,p

{
∂

∂τt,k
log

(
p(zt|α(i)

t )
)}

,

=
∂

∂τt,p
∇Lz(τt,k),

=
∂

∂τt,p

{
1

σ2
w

εT
t H̃

′
(τt,k)sk(t)

}
,

=
−1
σ2

w

sT
p (t)

(
H̃

′
(τt,p)

)T
H̃

′
(τt,k)sk(t), (15)

2. If k = p

[∇2Lz(τ t)
]
k,k

=
∂2

∂τ2
t,k

log
(
p(zt|α(i)

t )
)

,

=
∂

∂τt,k
∇Lz(τt,k),

=
∂

∂τt,k

{
1

σ2
w

εT
t H̃

′
(τt,k)sk(t)

}
,

=
1

σ2
w

{
εT

t H̃
′′
(τt,k)sk(t) − sT

p (t)
(
H̃

′
(τt,p)

)T
H̃

′
(τt,k)sk(t)

}
, (16)

where

H̃
′′
(τt,k) =

∂

∂τt,k
H̃

′
(τt,k). (17)

B.2 Derivation of
[∇2Lτ (τt)

]
k,p

1. If k �= p
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[∇2Lτ (τ t)
]
k,p

=
∂

∂τt,p

{
∂

∂τt,k
log (p(τ t|τ t−1))

}
,

=
∂

∂τt,p
∇Lτ (τt,k),

=
∂

∂τt,p

{
1
σ2

v

(τt,k − τt−1,k)
}

= 0. (18)

2. If k = p

[∇2Lτ (τ t)
]
k,k

=
∂2

∂τ2
t,k

log (p(τ t|τ t−1)) , (19)

=
∂

∂τt,k
∇Lτ (τt,k), (20)

=
∂

∂τt,k

{
1
σ2

v

(τt,k − τt−1,k)
}

, (21)

=
1
σ2

v

. (22)

Therefore, the k, pth element of the Hessian matrix ∇2L(τ t) can be expressed as follows

[∇2L(τ t)
]
k,p

=
[∇2Lz(τ t)

]
k,p

+
[∇2Lτ (τ t)

]
k,p

, (23)

=



−σ−2

w sT
k (t)

(
H̃

′
(τt,k)

)T
H̃

′
(τt,k)sk(t), if k = p,

σ−2
w

{
εT

t H̃
′′
(τt,k)sk(t) − sT

p (t)
(
H̃

′
(τt,p)

)T
H̃

′
(τt,k)sk(t)

}
+ σ−2

v , if k �= p.

(24)
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