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I. DERrIvATION OF THE PCRB

Let y be an observation vector, 8 be an ky-dimensional parameter vector, 9(y) be a function
of y, which represents an estimate of 8, and p(y,0) be the joint probability density of (y,8).
The PCRB on the estimation error on 8 has the form

P=E{lbly) - 0l6(y) - 0]" | = T, M

where J is the kg x ko Fisher Information matrix with elements [1]

~ 9*logp(y,0)

892893 :|7 i,j =0,.... ko — 1, (2)

[T ZE{

provided that the derivatives and expectations in (1) and (2) exist. Let Vg be the operator of

the first-order partial derivative as follows

9 o 1"
Voo ) @
such that we can express J as
— 5 |Vgvh{ lowp(sle) + ozp(0) } | )
= JIp+Jp, (6)

where J p, also recognized as the standard Fisher Information matrix [2], represents the infor-

mation obtained from the data, defined as

T =~E[VgVplogp(ul)] . (™)
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and J p is the information obtained from the a prior information, defined as
Jp=-F [vgvg logp(B)] . (8)
Assume that the parameter vector can be partitioned as follows

1", 6, € RF1 9, € RMX1 (9)

0= [0l 0]

where k, + ky = kg, and the information matrix J can be partitioned into blocks as follows

J:[jaa Jab]7 (10)
T T

where Jp, = T aTb. The inverses of the submatrices in J in (10) are the corresponding covariance
matrices with other parameters fixed. It can be shown that [3] that the covariance of estimation

of 8y, P, is lower bounded by the right-lower block of J ! as follows

o= 5{ [ -0 [w -0} (1)
> [T~ TwuTaa T, (12)
76, (13)

provided that J,; exists. The matrix J () € R¥** known as the information submatriz for

parameter 0y, is given by

TOy) =T — TvaT an T ab- (14)

Given that the state-space model as follows

T(n) = T

—~

n—1)+ o,v(n), (15)

T

y(n) = IEIZ(T(n))a(n — 1) + opw(n), (16)

~
o

and that both v(n) and w(n) are iid Gaussian random variables with zero mean and unit
variance, the total joint probability density function p(¥,,, T ), where Y,, = y;.,, and T, = T1.p,

can be given as follows
PV, Tn) = p(T0) [ [ py;lm5) [] p(rsl75-0), (17)
j=1 J=1

where p(7¢) is assumed known. According to (4), we can derive an nky x nky information matrix
J(T,) from p(Yn, T ). However, instead of computing the information matrix J(7 ), we are
more interested in computing the kg X kg instantaneous information submatrix as in (14) for the

parameter 7.
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Let T, be partitioned as [T5_, TTTL]T. Following (9)-(10), we can express J (T ,,) € R™koxnko

as

j(T)_'An B,
n—_BZ Cn )

~E|V7, \Vh, loesnTo)| [V E tmsnT| | 1Y

B [VTHV% log p(V, m] B [vnv;n log (V. m]

provided that the derivatives and the expectations exist. As a result, according to (14), we

obtain an expression of J(7,) € R¥*k0 as follows
J(tn)=C,—BLA'B,. (19)

In order to get a recursive update equation of J(7p+1), given J(7,) and y,, 1, we need to

first consider the joint probability function p(Y,+1,7 n+1) as follows

p(yn-l—ly Tn-i—l) = p(yn+1 |Tn+l7 yn)p(Tn—i-l ‘Tny yn)p(yrn Tn)a
= p(yn-i-l |Tn+1)p(7-n+l ‘Tn)p(yna Tn)a

(20)

where we use the fact that 77, is independent of y,,, ; and that innovations of 7, are independent.

T
Accordingly, the information matrix J (7,,+1) with 7,41 partitioned as [T Z, T +1] can be

shown to be

T(Tn) =~E|V7, Vi 1oepDuir, To)|

—£[97,,E, {lsstunalran) + ospraalr) Floepn T}

o [ An+1 Bn—|—1 ]
BZ—H Cn+1 ’

where the terms A, 11, By+1, and C,,41 are given by

A, B,
An+1 = 5 (22)
| B] C,+D,!
[0
Bn+l - i D7112 ] ) (23)
C,1 = DZ, (24)

and the terms DIl € RFoxko D12 ¢ Rkoxko D2 Rkoxko and D22 ¢ RFoxFo are defined as



follows

D' =E [-V7,Vz logp (TuiilTa)], >
D7112 =F [_an-HV;n logp(Tn—i-l‘Tn)] ) (26)
D = [D]", o

DiQ =F [_VTnHV%F'nH log p (Tn+1\7'n)] +
(28)
b [—VTnHV%F-nH logp (yn+l|TTl+1)] :

Thus the information submatrix J (7,+1) can be given by the inverse of the right-lower subma-
trix of J Y7 ,41) as in (14) by

T (Tps1) = Cpi1 — Bl 1A By,
-1
A, B, 0
B] C,+ D} D? |’
-1 (29)
_ D22 . D21 |:D11 + Cn . BTA—IBn:| D12

—1
_p2_p2 [D%ﬁ n Jm»} D2,

which is the desired recursive update equation of the information submatrix for 7,1. The initial
information submatrix J (7¢) can be computed from the a priori probability function p(7¢) as

follows
T(ro) = —E [vmva logpm)]. (30)

II. DERIVATION OF D' D2 D2! Anp D?

Given the state-space model in (16) and that both v(n) and w(n) are 4id Gaussian random
variables with zero mean and unit variance, the functions log p(y,,,1|Tn+1) and log p(T,41|75)

are given as follows

108D (Y11 |Tne1) = Koy —

1 L-1 T L-1 (31)
292 (yn—i-l - Z H(Tn+1)an—l+1> (yn—i-l - Z H(Tn+1)an—l+1> )

=0 1=0

1
v 202
where k., and k., are a function of J?ﬂ and a?,, respectively. Next we will present the derivations
of D}ll, D}f, D,%l, and D%Q in sequel.

lng (Tn—i-l‘Tn) = K¢ (Tn-i-l - Tn)T (Tn—i-l - Tn) s (32)

A. Derivation of D1

The term D}! is defined as

E {_VTnV;n logp (Tn+1|Tn)} ) (33)



is defined as follows

0 _
87},3‘ 87}71’
-1 9

whose i, jth element of D!!

D' =

0, ifij

ifi=j

L
2
Ty

lng(Tn+1|’Tn) }7 Za]

0., ko — 1

- T A
0_12} 87—t,j { ( n+1,2 t,z) }7

In other words, the matrix Dil is a diagonal matrix defined as

1

11 _
D, = —
UU

B. Derivation of D}?

The 4, jth element of D!? is defined as follows

]T

0 .
log p (Tr+1|Tn) } i,j=0,..k —1

are a diagonal matrix defined as

o _
D12 R
[ n ]ZJ 8Tn+1,j { aTt,i
-1 0 ( )
_ - Tt — T
02 OTp+1,j LT
0, ifi#j
In other words, the matrix D}? and D?! = [Di?
-1
D2 = p2 — —

v

C. Derivation of D??

The i, jth element of D?? is defined as follows

0
D?2]. . =
[ n]Z,J aTn—i—l,j

-0
8Tn-i-l,i

OTn+1,5 | 02

o7 fig(n +1),

w

logp (Tn+1|Tn) + ) —
Tn+1,i

0 1 1 N
{_(Tn+1,i - Tt,z‘) - 0—262+1H/(7'n+1,2‘)5¢(n + 1)},

ifij

a // . . . ’
0—13 + % (efﬂﬂ (Tht1,4)8i(n+ 1) + fii(n + 1))) ifi=j

logp (Ypi1|Tn+1) } i,j=0,...

(34)

(35)

7k0_17

(38)



where
L—1
Entl = Ypa1 — Z Hi(thi1)an 141, (39)
1=0
_, o -
H (Tn—l—l,z) ) H(Tn-l-l,i)v (40)
Tn+1,i
~_/ 8 ~_/
(Tn—l—l,z) ) H (Tn—i—l,i)’ (41)
Tn+1,i
and
. T .
fign+1) = =sT(n+ 1) (H (rasny)) H (rasndsin+1), (42)
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