Chapter 6: Curve Fitting

Two types of curve fitting

e [east square regression
Given data for discrete values, derive a single curve that represents the general
trend of the data.
— When the given data exhibit a significant degree of error or noise.

e Interpolation
Given data for discrete values, fit a curve or a series of curves that pass di-
rectly through each of the points.
— When data are very precise.
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PART I: Least Square Regression

1 Simple Linear Regression

Fitting a straight line to a set of paired observations (1, y1), (T2, ¥2), - - -, (Tn, Yn)-
Mathematical expression for the straight line (model)

Yy = ap+ a1x

where q 1s the intercept, and a; 1s the slope.
Define
€i = Yimeasured — Yimodel — Yi — (a0 + aflxz’)

Criterion for a best fit:

n n

min S, = min e? = min g (yi — ap — a12;)°
ap,al = 1 ap,al = 1
1= 1=

Find a¢ and aq:



5’@1 = -2 Z —ag — arx;)r;] =0 (2)
From (1), > "y, — > " a9 — >y a1x; =0, or
nag + i Tia) = i v (3)
i=1 i=1
From (2), Y0 zy; — > iy api — Yy aqxi = 0, or
i Tap + i ria, = i iy (4)
i=1 i=1 i=1

(3) and (4) are called normal equations.

From (3),
= — i r;,a1 = — Ira
nq;—1y n = 1=Y 1

~ 1\ 5 — L\ .
where T = 521:1 Ti, Y = Ezizl Yi-



From (4), >0 ai( >0 yi —

12 L Tian) + Y mray =
D i1 TiYi —

% Zz:1 L Zi:l Yi

ay =

or

HZ%%%—

2
Z?:1 5'3z2 — % (Z?:l ;)

ZZL 1 Li Z?ﬂ Yi

ay —

nZz 1513

Definitions:

Sy = Z 6z2 — Z(yz
1=1 1=1

Standard error of the estimate:

S

— Spread around the regression line

Standard deviation of data points

n_

y/r —

(> 15'7)2

, — ag — allﬁz)Q

S,

n— 2

\/z
n—l

Z?:l Lilis



where S; = >0 (y; — y)*.
— Spread around the mean value 7.

. St _ S?“
r=4] S
— Improvement or error reduction due to describing the data in terms of a
straight line rather than as an average value.

Correlation coefficient:

»° = ® Outlier

Midpoint "s,. P uthe
~

~, -

x ;
(a) (b) 4l

Other criteria for regression (a) min » | e;, (b) min » | |e;|, and (c) min max e;
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(a)

(b)

Figure 1: (a) Spread of data around mean of dependent variable, (b) spread of data around the best-fit line

(a)

(b)

Illustration of linear regression with (a) small and (b) large residual errors



Example:

zx 1 2 3 4 5 6 7
y|0.5 2.5 2.0 40 3.5 6.0 55

Yoxi=142+...4+7=28

Y yi=05+254...+55=24
Swr=12+2%+ 4T =140

iy =1x054+2x254+...+7x55=119.5

| = n iy wiyi— S @i Y i Tx1195-28x24 __ () @303
— Ui 2 _ )
ny iy x?—(Z?:l ;) 7x140—28

ap =y —Tar ==Yy —ar= > T =12 x 24 —0.8393 x 1 x 28 = 0.07143.
Model: y = 0.07143 + 0.8393z.

S

Sy = Zz 1622’ € = Yi — (ao -+ a1$i>

e; = 0.5—0.07143 — 0.8393 x 1 = —0.410
ey = 2.5 —0.07143 — 0.8393 x 2 = 0.750
e3 = 2.0 —0.07143 — 0.8393 x 3 = —0.589

er 5.5 0.07143 — 0.8393 x 7 = —0.446
S, = (—0.410)? 4+ 0.750% + (—0.589)% + ... + 0.446* = 2.9911



Sy =" (g — y)* = 22.714
Standard deviation of data points:

Sy = /25 = /2 = 1.946

Standard error of the estimate:

[ S [29911
Syl =\ 25 =1/ 55 =0.774

Syjx < Sy, Sy < 5.

Correlation coefficient r = , /St%t&“ — \/ 22-7;‘2‘ ;%49911 — (0.932

2 Polynomial Regression

Given data (z;,;), 7 = 1,2, ..., n, fit a second order polynomial
Y= ag+ a1xr + a2x2
€i = Yimeasured — Yimodel = Yi — (ao + a1x; + CLQI‘?)

Criterion for a best fit:
T

n
min S, = min g ef = min E (i — ap — a1@; — asT? )
a0,1,02 <= ag,a1,a2 4

1=1

Find ap, ai, and as.



8&0:_22 Y — ay — a1 — asws) =0 (1)

8&1 = —2 Z —ay — a1x; — )z = 0 (2)

From (1), 321 yi — 2121 ao — 2?21 aw; — Y iy apwy =0, 0r

n n n
nagp + me + Zl’?az = Zyz (1)
i—1 i—1 i—1
From (2), S0 2y — > iy GoTi — Y aqxs — Yo xas = 0, or
n n n
ST SETEE SR SPPe]
i—1 i—1 i—1 i—1
From (3), iy aiyi — 2oLy aox; — oLy aawi — 30 ajag = 0, or

n n
Z :U?a,o -+ Z :U?al + Z x?ag = Z xfyz (3)
i=1 i=1 i=1 i=1
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Comments:

e The problem of determining a least-squares second order polynomial is equiv-
alent to solving a system of 3 simultaneous linear equations.

e In general, to fit an m-th order polynomial
Y = ag+ a1 + asx® + ... + apx™

using least-square regression is equivalent to solving a system of (m + 1)
simultaneous linear equations.

Standard error: S/, = 4/ n_(fg )

3 Multiple Linear Regression

Multiple linear regression is used when ¥ 1s a linear function of 2 or more inde-
pendent variables.

Model: y = ag + a1x1 + asxs.

Given data (zy;, T2, v:), 1= 1,2,...,n

€; = Yimeasured — Yimodel

Sy = 2?21 622 = ZL(M — ap — a1l — a2x2z‘)2
Find ay, a1, and a-» to minimize S,.
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From (1), nag + Z?zl 1;01 + 2?21 L2 = Z?:l yi (1)
From (2), 2?21 T1ia0 + Z?ﬂ x%m + 2?21 L1202 = Z?:l Ty (2)

From (3), Y1 woiag + > i T1iToia1 + D iy T500 = D iy ToiY; (3/)

Standard error:

0S5, -
(9@0

1=1
05, .
= -2
0@1 Z
05,
8@2

n D T
DTy YT

Sy/w —

Z )
Z L1iX2;

i Z X2 Z L1iL2; Z $%@

S,

n—(m+1)

11

(y: — ap — a171; — agy;)x;) = 0 (2)

1=1
= —2 ZK% — ag — a1T1; — &2372i>x2i] =0 (3>
1=1

/

I Z Yi
Z L1:Yi

i D Ty i



4 General Linear Least Squares

Model:
Yy = apZo+ a2y + asZo + ...+ ap iy,

where 2y, 71, ..., Z,, are (m + 1) different functions.
Special cases:
e Simple linear LSR: Zy =1, 2, =z, Z; =0 for¢ > 2
e Polynomial LSR: 7, = 2! (Zy =1, Z) = x, Zy = 22, ..)
e Multiple linear LSR: Zy =1, Z;, = x; for1 > 1

“Linear” indicates the model’s dependence on its parameters, a;’s. The functions
can be highly non-linear.

S?“ — 2?21 67,2 — Z?:1<yi,mea5ured — yi,model)2
Given data (ZOia Zu, cee Zmia ?ﬁ)a 1= 1, 2, ceaeyn,

n m

Sp=> (i— ) a;Z;)

i=1 j=0

Find a;, j = 0,1,2,...,m to minimize S,.
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where

1=1 7=0
= Z ZyiZjiaj, k=0,1,...,m
i—1 j=0

Z Z Lyidjitj = Z YiLi
=0 =1 i—1

Z'zA=7"Y

Zo1 Z11 Zm1 |

7 _ Ly 212 Lm2
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PART II: Polynomial Interpolation

Given (n + 1) data points, (z;,v;), ¢ = 0,1,2,...,n, there is one and only one
polynomial of order n that passes through all the points.

5 Newton’s Divided-Difference Interpolating Polynomials

Linear Interpolation

Given (:1:0, yo) and (5131, y1)
Yyr—% _ fi(x) — yo
1 — Xy r — Xy

Y1 — Yo
T) = -+ xr— X
filz) = o :C1—aﬁo< 0)

fi(x): first order interpolation

A smaller interval, i.e., |1 — x| closer to zero, leads to better approximation.

Example: GivenIn1 =0, In6 = 1.791759, use linear interpolation to find In 2.
Solution:
fi(2) =In2 =In1+m8=ml x (2 — 1) = 0.3583519

14



True solution: In2 = 0.6931472.

e = [LBI2) 51009 = [L38IBI0BIT) 5 1009 — 48.3%
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J(x) 4
9 - fx)i=lInx

; True
f](x)
1= Linear estimates
0 I I I I .
0 5 X

Figure 2: A smaller interval provides a better estimate
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Quadratic Interpolation

Given 3 data points, (xg,Yyo), (x1,y1), and (x2,y2), we can have a second order
polynomial

folx) = by + by(x — x0) + bo(x — x0) (T — 77)

fo(wo) = bo = yo
Y2791 Y179
Proof (*):
by — Y2 — by — by (562 — :Eo) _ Y2 — Yo — (yl_i(i)_(ii_%)
(:CQ - -rO)(CUQ — 331) <[Ij2 — x0)<x2 _ 331)

(y2 — yo)(l‘1 — $0) — (yl — yo)(l‘2 — $0)
(5132 — mo)(iﬁz — 331)(371 — ZCO)
Y221 — o) — Yor1 + Yoo — (Y1 — Yo)T2 + Y120 — Yoo
(332 — 330)(5132 — 561)(5131 — 5130)
Y21 — 20) — Y171 + Y170 — (Y1 — Yo)T2 + Y171 — Yo
($2 — $o)<$2 — $1>(5E1 — xo)
(y2 — y1)(x1 — o) — (Y1 — yo)(@2 — 71)
(33'2 — 370)(513‘2 — 5131)(371 — fo)
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Comments: In the expression of f5(x),

e by + bi(x — x0) is linear interpolating from (x, yo) and (x1, 1), and

o +by(x — x¢)(x — x1) introduces second order curvature.

Example: GivenIn1 =0, In4 = 1.386294, and In6 = 1.791759, find In 2.

Solution:
(CC(), y()> — (1, O), (5131, y1> — (4, 1386294), (.CEQ, yz) = (6, 1791759)
bo=1yo =10
by = At — 13802940 _ () 4620981
T1—T( 4-1
Y2—Y1 _¥17Y0 1.791759—1.386294
by = Dol el DO (.0518731

fo(x) = 0.4620981(z — 1) — 0. 0518731(33 —1)(z — 4)
f2(2) — 0 565844
= |22 100% = 18.4%
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fx) |

'

2 = f(.x) = 'n X—a

True
1 —
| Quadratic estimate
Linear estimate
0 0! I I I I .
0 5 X

Figure 3: Quadratic interpolation provides a better estimate than linear interpolation
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Straightforward Approach

Y =ay+ a1x + asx

or

2

2

ag + a1xy + asxy = Yo
2

ag + a1x1 + asxr|{ = Y1
2

apg + a1T9 + asxs = Yo

I zg xj

2
Iz 27

2

|1 oxo x5

20
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General Form of Newton’s Interpolating Polynomial

Given (n + 1) data points, (z;,¥;),7 =0, 1,...,n, fit an n-th order polynomial

folx) =bo+bi(r—x0)+...+by(x—2x0)(x—21) ... (T —2p) ZbZHaj ;)

1=0 7=0
find bg,bl,...,bn.

JZZQZ'Q,yo:b()OI'bO:yo.

xr=x,1Yy = b+ b1<f131 — 33‘0) then b; = £L—4L

T1—T
Define bl = f[ilfl, SC()] = ‘;ﬁ :‘Z%

Y2yl _ Y1=Y0
T = To, Yo = by + b1(x9 — x) + bo(wo — x0) (22 — 1), then by = 2= 170

T9—X()
Define flzs, 21, z0] = He :22] i([)xl 2, then by = flwa, 21, 20).
L = Tn, bn — f[xny Lp—1y-+-45L7, CEO] = flenen—1, 21— flTn—1,--21,%0]

.%’n—x()
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6 Lagrange Interpolating Polynomials

The Lagrange interpolating polynomial is a reformulation of the Newton’s in-
terpolating polynomial that avoids the computation of divided differences. The
basic format is

falz) = Z Li(z) f(x:)

where L;(x) =[]’ i

J=0.J#1 z;—x;

Linear Interpolation (n = 1)
fi(x) =iy Li(x) f(z:) = Lo(x)yo + Li(z)y = prey (e et/
(filz) = yo + 5= — o))

Second Order Interpolation (n = 2)
fo(z) = 37 o Li(2) f(zi) = Lo(x)yo + Li(z)y1 + La(z)ys = (x_xl)(x_xz))yo +

(xo—21)(z0—22
(z—a0) (z—29) (z—x0) (z—21)
(e1—z0) (r1—22)I1 T (wg—a0) (wa—w1) I
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Example: GivenIn1 =0, In4 = 1.386294, and In6 = 1.791759, find In 2.
Solution:

(SEQ, y0> — (1, O), (SEl, y1> — (4, 1386294), ([132, y2> — (6, 1791759)

filz) = yo + L0(x — xp) = f——‘l x 0+ 2= x 1.386294 = 0.4620981

(z)
folz) = (=) (x—79) (w—z9) , 4 (@=w0)(@—21) — @ )@=06) g
(
(

)
960)($1—932)y1 (wa—w0)(wg—21)72 — (1-4)(1-6)
= X 1791760 = 0.565844

(fﬂo—xl)(xo—ﬂfz)yo T

Example: Find f(2.6) by interpolating the following table of values.

Yi
2.7183
7.3891

20.0855

W NI | =
W N~ 3

(1) Use Lagrange interpolation

folz) = Zle Li(x) f(x;), Li(x) = H? 1,7 gi_fcjj
3) _

_ Comery) 002065

o O
_ (z—21)(r—13

o e,
_ (z—x1) (=29 .

L3<x>—<x3—x1><w3—x2>— BB — 048

23



f2(2.6) = —0.12 x 2.7183 + 0.64 x 7.3891 + 0.48 x 20.08853 = 14.0439

(2) use Newton’s interpolation
folx) = by + bi(x — x1) + ba(x — x1)(x — 22)

bo = Y1 = 2.7183
b1 _ iz:g}l 7389% %7183 — 4.6708
Y2—Y1 Y1~ % 20.0855—7.3891
— - —4.6708
by = =L 100 — L = 4.0128
To—T() 3—1

F2(2.6) = 2.7183 4 4.6708 x (2.6 — 1) 4+ 4.0128 X (2.6 — 1)(2.6 — 2) = 14.0439

(3) Use the straightforward method

fo(z) = ag + a1 + axx?
ap + ap + ag x 12 = 2.7183
ap + a1 + as x 2° = 7.3891
ap + a1 + az x 3% = 20.0855

or ) ) ) )
1117 [a 2.7183
124 | a | = |7.381
139 |a| ]20.0855 |
lag ay as] = [6.0732; —7.3678 4. 0129]’
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f(2.6) = 6.0732 — 7.3678 x 2.6 + 4.01219 x 2.6* = 14.044.

Example:
x| 1 2 3 4
y; 13.6 5.2 6.8 8.8

Model: y = ax’e™

Iny=Ina+blnxr+cxr. LetY =lny,ay=1na,ay =0,z =Ilnzx, ay = ¢, and
ro = x, then we have Y = ag + a1x1 + asxs.

ri;| 0 0.6931 1.0986 1.3863
X2, 1 2 3 4
Y; 11.2809 1.6487 1.9169 2.1748

Yoxy; = 31781, > e, = 10, Zx%z = 3.6092, Zx%l = 30, Y x1m9; =
10.2273, Y, = 7.0213, 3" 1Y, = 6.2636, 3" 22,Y; = 19.0280. n = 4.

1 > X > X, ag >,
> T ZSE%Z > X2iT1 a; | = | Do x1,Y;
i D Tai ) T1iTai ) xgz | [ @2 i Y19 |
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[ 4 3.1781 10 1 [ ag [ 7.0213 |
3.1781 3.6092 10.2273 a; | = | 6.2636
| 10 10.2273 30 s | 19.0280

lag ay as] = [7.0213 6.2636 19.0280]
a=e"=12332,b=a =—1.4259, ¢ = ay = 1.0505, and

y = axbeca: — 1.9332 . 56_1'4259 . 61.0505:{:.
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v

: 2

(b)

(a)

<Linearizatiﬂn

log v |

Intercept = In a,

(c)

<Lin&arization

Qinearization

1

Slope = b, Slope = bi/a,

Intercept = log 1/u,

=T

(d) (e)

Intercept = log a,

(f)

Figure 4: Linearization of nonlinear relationships
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