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1D FEM
* We consider a 1D differential equation of the form

( d¢j+,8¢— f, x0(0,L) subject to the

x|\ dx 9

boundary conditions ¢(0) = p, [adfiﬂ/@ =0
X=L

o and £ arefunctions associated with the physical
parametersand f isthe excitation

 Notice that the boundary conditions may be a Dirichlet,
Neuman or mixed Dirichlet and Neuman.
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1D FEM (Cont’d)

» The functional associated with this problem is

F(¢) :O.SZ a(wj + B ¢° dx-T fo dx+{12/¢2—q¢}

dx | 0 x=L
(Proveit)!
Element 1 2 M-1 M
Node 1 2 3 N-2 N-1 N
® e °
Xt X5

* We divide our computational domain into M elements
with atotal number of N nodes

EE750, 2003, Dr. Mohamed Bakr



1D FEM (Cont’d)

1
1
2
3

AW INDN

M M M+1

* We utilize an index table to determine the global index of
each local node

e For thissimple 1D case, we have N=M+1 and
XI = Xer X2 = Xe+t
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1D FEM (Cont’d)

 \We approximate the unknown function ¢ by alinear
approximation over each element, i.e.,

. (X)=a°+b°%x, xUQ.
e |t follows that we have
g, =a’+b°xi, @,=a"+b°x;

@ Express a® and b®in terms of nodes values
ACENIHOT
J:

* NS(X) isthejth interpolation function of the eth element
where Ni(X)=(0G-x)/1°and N5(X) =(x=x;)/ I°*where | ©is
the length of the eth element, i.e., 1°=x5—x;
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The Homogenous Neuman BC Case
 For this case (y= q = 0), the functional is given by

F(¢):0-5T a(dgb\ + B ¢° dx-lff¢dx

dx

@ Use elemental expansion

e

. 2
F(¢):o.5:z:1j {df} +,8(¢) dx - egljf¢ dx

@ F can be written as a sum of subfunctionals

F(9) =2 F*(¢)
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The Homogenous Neuman BC Case (Cont’d)

e The eth subfunctlonal Isthus given by
ciy=usl] o 4 ooy o

1

e |t follows that we have

OF (@) _ M oF (¢e)
09, =1 09,

 Notice the coefficient of any node value may be obtained
through summing the associated coefficients obtained by
differentiating each subfunctional

i=12 -

. Substitutizng In the eth subfunctional with the expansion
¢°(X) = j;N?(x) ¢ we get
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The Homogenous Neuman BC Case (Cont’d)

e |t followsthat we have

F (¢e)—05ja22¢ dN7C

I=1j=1

Ne e e e e L€
Xj¢j+ﬁ¢i Ni Nj%}dx
X5 .
[ f _21¢i N dx
S

@ Differentiating w.r.t. ¢;

d e 2 X% d N d N J e
| + ©dx f NSdx
d¢ jz=1¢ [Ie dx dx ANIN j le N

: el dol b

e Or Iin matrix form
{0¢
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The homogenous Neuman BC case (Cont’d)

e The coefficients of the matrix K€and the vector b are

. dNed
Kij_JI N NJ"':BN N]dx

. dx dx
1

b = I f Nfdx
X3
* The process of assembly involves storing the local
elemental components into their proper location in the
system of equations

%—O —) [K]NxN[ ]lez[b]le
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An Assembly Example

e assuming that we have only 3 elements (4 unknowns)

Element 1 2 3
Node i é C.’a 4
0 0 0 O] 0]
O 0 0O 0
e Initialization: K = , b=
O 0 0O 0
0 0 00 0
1) «y 1)
» 1% element: K" = K(l) K(D} nd b { (J
Kz K2 b

o Update the global system to get
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An Assembly Example (Cont’d)

K(l) K(l) 0O O _bil)_

K = K(le) K(l) 00 , b= (21)
0 O 0O 0

‘0 0 00 0|

(2) (2) (2)
e 2nd element:K'? = K Kol and b = b,
K KZJ >

* Update the global system to get

K(l) K(l) 0 O i bil)
« —| K8 KB+KD KZ 0| b b
o kB k@ oo | b

0 0 0 0 0
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An Assembly Example (Cont’d)

« By assembling the 3@ element we finally have the system

of eguations
K(l) K(l)
‘ KO KQ+K®
0 Ky
0 0

0
K®
(2 4 1 O
K 22 K 11
3)
Kz
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(3)
K

3
KS

(1)

b
b5’ + by”
bs? + bf?

(3)

2




The General Boundary Case

 For the case g#£0 or y#0, the functional is augmented by
the subfunctional

@)= Y010 = R @=Lsi-ap,

@ OF, =y¢y—d

0Py

e [t followsthat only K, IS incremented by y and by Is
Incremented by q
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Dirichlet’s Boundary Conditions

* Dirichlet’s boundary conditions are imposed by eliminating

the corresponding nodal values
« Example: for the case N=4, we have

Kiu Kiz Kiz Ki o]

K = Ka Kz Kz Kxu | b= b
Ka Kz Kz Ka bs

| Ka Ko K Ku| | bag

1L ifgep

1 O 0) 0 | &, by -
K2
10 Kz Kz Kau|#,| |b2=KauPp
K = = |:> Kz
0 Kz Ka Kaul| @, D= KxnP K
42
0 K Ki Kul @, [bi=Kaup )
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K23
Kass
Kas

Kol @, _bz_Kzl p_
Kal| @5|=| bs— Kz P
K ¢4_ _b4 —Ka p_
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Example

<

x
™

%

X=L °E,

X AN

-

o Determine the power reflected by this inhomogeneous
metal-backed dielectric dlab for a uniform incident plane
wave with az polarized electric field. Both 4 and & may
vary with x.
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Example (Cont’d)

» The expression for the incident electric field is
ET(X,Y) = E.exp(—jk.r), k=-kocosfax+k,Sinfa,

EZ° (X, Y) = Eoexp(]j ko XC0s8 - jk, ysiné)
* Noticethat all field components must have a variation of
exp(—j k, ysin@) to satisty field continuity

Ox| LOxE ~WEE =—jad
U
» Taking into account that E=E,a,, 0/0z=0 and J=0, we get

o(10) a(1a0) , _
+ +kocc:r EZ_O
Ox\ y, 0x) oy u, oy ]
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 The wave ﬂumi on for this problem is
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Example (Cont’d)

01 0E, .
 Substituting for—(—ij, and = = =] koSNFE; we get
oy \ K, oy
. 2
0 [ 1d Ez}kg(gr—s‘” 9 E. =0 with the BC E.(0)=0
ox\ p, dx r
/]
/
/
712 M
/
/
/
Xy Xy Xg Ve

o An analytical solution is obtained by dividing the slab into

layersme1, 2, ..., M, where £ and 4 are assumed constant
with values &, and 1, respectively.
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Example (Cont’d)
* The wave eguation in each layer, thus becomes

1 2 ] . 29 2
9 (om0 9 Ee 2y —n20)E, =0

Hem dX° Hem d x?
which has the solution
Ezn = (An€XP(] KymX) + Bm€XP(- JK,, X)) €Xp(— ] koSINE)

Kum = Ko/ Erm My — SN0

* The analytical solution is obtained by enforcing continuity of
the electric and magnetic field components at the layers

Interface to get
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Example (Cont’d)

- ,7m+1,m + Rm eXp(—Z J kxm Xm+1)

Rm+ - .
' 1+ ,7m+1,m Rm eXp(_ZJ Kxm Xm+1)

eXp(Z J kxm+1 Xm+1)

— Bm _ M Kym+r — 7~ Kxm

Rn=—, ,7m+1,m —

Am :urm kxm+1+ ,urm+1 kxm

_Bi_

R =— =-1, (conductor) (Proveit)!

Au
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FEM Solution

* Our problem isgiven by

dx{ g dx

r

.
d ( 1d Ezjﬂ(g(gr S0y E — 0 with the BC E(0)=0

* A boundary condition at x=L to have a finite computational
domain

e For L<x, we have

E. (% Y) =(E,exp(k, xco) + RE,expt-jk, Xcos) )exp(i k, ysing)
E.(X Y) = Ez(X) expt] k, ySinb)

* Differentiating E(x) relative to X we get

d 'ZZ)E 9 = | koCOP(E, exp(] ko XCOP) — RE, eXpf-] k, XCOL))
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FEM Solution (Cont’d)

e Manipulating we get
dE.(¥)

= 2| ko COFE,€XP(] ko XCOF) — | ko COLTE, (X)

Il
(d E.(X)
d

ay koCOSQEz(X)j

=2] k,COFE,exp(] k, LcoF)

x=L+

 Utilizing the continuity of the electric and magnetic field we
may convert this boundary condition into

( 1 dELX) \

g TkeCOSTELN) | =2] koCOLE,EXP(] ks L.COT)
K, OX )

X=L—
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FEM Solution (Cont’d)

o |t follows that our problem is given by

- 2
SX[; ddlizj G H) E.=0 with E(0)=0
1 dE(X)
(,Ur dX x=L
« Comparing with our 1D FEM formulation we pave

d=E,(x), a=1/p, Ig:_kg(&_sm 6’)

M,
y=1]k,C0S86, Q=2 E,k,cosfdexp(k,Lcosd)

r

+ koCOS9Ez(X)] = 2] k,COFE,exp(] ko L COD)

* Oncethefield is solved, the reflection coefficient is given by
= E(XN(E,exp(j kL cog)
E.exp(-] ko L.cos)
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