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Auxiliary Vector Potentials

- Auxiliary vector potentials are introduced to simplify the
solution of Maxwell’ s equations

. A two step procedure is applied: First wefind A and F,
the magnetic and electric potentials

. Second, from A and F we obtain the e ectric and
magnetic fields

. Starting with Maxwell’ s equations we have:
OxE =-M - jauH HE=0./¢
OxH =J + jaweE [1H =q,,/u
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Auxiliary Vector Potentials (Cont’d)

» utilizing the vector identity O x O xV = J(OV) - 0%V
wehave OxUOxE=-0OxM - jouldxH

U

J(0.E)-O°E =-0xM - jowu(d + jwéE)

|

0°E + o ueE =0xM + jed +0(q,, / €)
(Vector wave equation for the electric field)

- Similarly, we obtain for the magnetic field
O°H + @’ ued =-0xJ + jouu+0(q,, / 1)
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Magnetic Vector Potential (A)

. A represents the fields due to electric sources only

- For regions where M=0 and q,,~0, we have 0B =0

- Using the vector identity ( 0.(OxV) =0) , B can be
representedas B=0OxA——> H =1/ )OxA

- But for the case (M=0 and q,,,=0), we have
OxE=-jouH =—ja(0xA) > Ox(E+ jaA)=0

- Using the vector identity ( O x (O¢) =0 ), we can write
E+jaA=-0¢, C—) E=-jcA-04,

- |t followsthat by knowing A and ¢,, we can evaluate H
and E ——> How doweget A and ¢, ?
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Magnetic Vector Potential (Cont’d)

- Wederive a second-order differential equation for A
OxH =@/ w)(Ux0x A)

- Usng OxH =J+ jaeE andthevector identity

Ox0OxV =0(0V)-0%V , we get
J+ jwE =@/ 1)(O(O.A)-0° A)

U
J+ jwe(-0¢,~ ja) = 1/ p)(O(E.A) -0° A)

!
PPA+ B A=—0 +0(0.A+ jwUed), B = wy e
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Magnetic Vector Potential (Cont’d)

- The magnetic vector potential is defined by both its curl
and divergence. To ssmplify the analysiswe utilize the
Lorentz gauge 0.A = -jwpe g, —> ¢, = —(0.A) /(] wue)

- It follows that the magnetic potential satisfies the magnetic
potential vector wave equation
2A+ B2 A=—1
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Magnetic Vector Potential (Cont’d)

Summary of steps for the case (M=0 and q,,=0)
1. Solve PA+B°A=-1J ,for A
2. Obtan H =@1/p)0OxA
3. Obtan E=-jaeA-0¢.=—jaA-(j/awus)(d(0.A))

In many cases, this two step procedure is much easier
than the one step procedure

The magnetic potential vector wave equation can be
solved for any coordinate system
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The Electric Vector Potential F

. F represents the fields due to magnetic sources only

- For regions where J=0 and g,,=0, we have
1.D=0

- Using the vector identity ( O0.(OxV)=0), D canbe
represented as D =-0xF —) E =(-1/¢)0xF

- But for the case (J=0 and q,,=0), we have
OxH = jaeE =-ja(0xF) == Ox(H + jaF)=0

- Using the vector identity ( Ox(O¢@) =0 ), we can write
H+joF =-0¢, > H=-joF -0¢_

- It followsthat by knowing F and ¢_ , we can evaluate E

andH —> Howdoweget Aand ¢, ?
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Electric Vector Potential (Cont’d)

- Wederive a second-order differential equation for F
OxE =(-1/&)(UxUxF)

- Using OxE =-M - jayuH and the vector identity
OxOxV =0(0V)-0°V , weget
-M = jayH =(-1/&)(0(0.F) -0°F)
iy
-M - jou(-0¢, - joF ) = (-1 &)(O(0.F)-0°F)
iy

°F +B°F =—-eM +0(0OF + jousd,) | B=wue
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Electric Vector Potential (Cont’d)

. The electric vector potential is defined by both its curl and
divergence. To simplify the analysis we utilize the
Lorentz gauge O.F =—jaueg.. —> ¢, =—(0O.F)/(jwue)
It follows that the electric potential satisfies the vector
wave eguation
0°F + B°F =—&M
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Electric Vector Potential (Cont’d)

Summary of Steps for the case (J=0 and q,,=0)
1. Solve [?F + B°F =—-&M , for A
2. Obtain E =(-1/¢)0xF
3. Obtan H=-jaF -0¢_=-jaF —(j/awue)(C(C.F))

Again, in many cases this two step procedure is much
eas e than the one step procedure

The electric potential vector wave eguation can be
solved for any coordinate system
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Magnetic and Electric Vector Potentials

When both electric and magnetic sources exist,
superposition should be applied as follows:

1. Solve )2A+B°A=-ud ,forA
2. Solve ?F + B°F =-aM , for F
3. Obtain fields due to electric sources
Ha=@Q/)UxA and Ea=—JadA-(]/awue)(U(L.A))
4. Obtain fields due to magnetic sources
E-r=(-1/¢)UxF and He=—]JaF —(]j/awue)(J(L.F))
5. Total fields are obtained through superposition

E=E,+E. and H=H,+H.
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Construction of Solutions (Sour ce-Free Case)

- Welimit our discussion to the rectangular coordinate
system

PA+B°A=0 > D°A+B A0, DA+ B A =0,
D°A+B°A.=0 , A= A+ Ajay+ Aca;
- Similarly, we have for the electric vector potential
D°F +B°F =0 —> D*F,+ B°F=0 ,0°F,+ B°F,=0
1°F,+B°F.=0. F =F,ax*+Fya,* F.a;

. Starting with the expressions
E=-jadA-(]/awue)(J(0.A) -1/ )OXF ,

H =—jaF —(j/aue)(0(0O.F))+ @/ x)Ox A
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Construction of Solutions (Cont’d)

We obtain the expressions

: 2 2 2 0
E=|-jwA - I |9 AX+a Ay 0" A _1(0F. _9Fy 2
wUE\ 0x* 0¥y 0Xz) &£\ dy 0z
- i (9°A %A, 9° 1(0F, OF,)
= jwA, - ] |07 A, 2y+aAz__( Fx Fjay
WHE\ 0¥y Qy" 0y0z) £\ 0z  OX ]
[ - 2 2 2 ]
- jwA, - J an_l_a Ay A 1 OFy OF, a,
I wpe\ 00z 0y dz* ) €\ Ox  dy )|

: 2 2 2
’ {_J_wFX_ j (a Fr, 0°Fy, 0 Fz}l[m_amﬂax

Ay

a;

wUE\ O 0¥y 0Xz) u\ oy 0z

+__ij _ J 62|:X+62Fy+52|:2 +l an_aAz |
I " wue\ 0y  dy* oyoz) p\ 9z X
+__ij _J [(0PF. OFy, 9°F.), 1(0A _0A,
* wue\ 00z 020y 04 ) u\ ox oy
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TheTEM, Case

In this case we must have E,=H_=0. Considering the
equations for E, and H,, there are three possible ways to get

aTEM, wave

1. Put A=A~F,=F =0, A0, F#0, 0/0x #0, 0/dy #0, to get
. | 9’ ) . o
= —jwA~——2 P =0 a(xy)= Arexp(- i) + A exp(if)
WUE 07

2
H,=-jwE,~——9F2=0 )F,(x y) = Fiexp(- &) + Fzexp(i )
WUE 07

Ex=Ex+Ex , Hy=Hy+H;, Ex/Hy=—EJH,=ule
Ey=EytE, , Hx=Hx+tHx —E}/Hi=E/Hy=+Jul&

Proveit!
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The TEM, Case (Cont’d)
2. Put A=A= A, =F,=F =0, F 20, 0/0x %0, 9/dy #0, to get

E,=0
Hz:—ijz—nga;ZFﬁO@ F.(XY) = Fzexp(=]f2) + F,exp(]fz)
Ex=Ex+Ex, Hy=Hj+Hy, Ei/H;=-Ex/Hy=AJule
Ey=Ey*Ey, Hx=Hx+Hx,-E/HL=E;/H = Jule

3. Put AX—Ay—F =F,= F,=0, A 20, 0/0x #0, 0/dy #0, to get

| o Az_og> A (X Y) = Acexp(—]f2) + Asexp(jf2)
WUE 0 7°

H, =
Ex=Ex+Ex , Hy=Hy+Hy | EXH)=-EdH = ule

Ey=Ey*Ey » HxTHxtHx o —Ej/HI=E;/H = ule
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TheTM, Case

. To obtain E #0, H,=0, we must have
A=A(xy,2) a,, F=0
- Only one scalar wave equation to be solved

2 0° 0° 0°
TAHFAZ0 ) T SR A0

i (9°A j [9°A - i (9°A

E=- x T + - JWA, — .

a),ugtaﬁzja a),ug(ayazjay { JOA a),u5£ 0 7 ﬂa

104 1 (a Azj
+ — ay
K 0y M\ OX
- Once the A, component has been determined according to
the boundary conditions, all field components may be

found
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A Waveguide Example

0°A; L 0°A;, L 0°Ar, 2, _

" + 7y + 5 +B°A,=0

We apply separation of variables A,(x,y,2z) = f(xX)g(y)h(2)

@ L o°f0), 1 o%aly), 1 o°N(D), fro_
f(x) ax* g(y) ay° h(z2) 07

each one of these terms must be egual to a constant

. Starting with

1 o°f(9) __ 1 0°9(y) _ _ 2
f(x) 9x° Py gly) oy By
1 @Zh(z)__ 2 2_ n2, P2, p2
h(Z) azz - ,82 ﬁ ﬁx+18y+182

For the transversal x and y directions we select a standing
wave. A travelling waveis selected for the z direction
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A Waveguide Example (Cont’d)

- It follows that we have

f(x) = C,Cos(B, X) + D, SIN(B, %)

g(y) =C.Cos(3,y) + D-Sn(S, )

h(z) = Asexp(—] B,2) (we consider only incident wave)
A" (XY, 2) =(C.Cos(5,X) + D SN(5,X))(C.Cos(3, Y)
+D.SN(S,Y)) Asexp(=] 5, 2)

- All constants are determined through the boundary
conditions
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A Waveguide Example (Cont’d)

— 1 2
£, = (L1 A, |
WUE 0 7 f

i s

£: =L (C,C08(8,%) + Dy SIN(B, X))(C>Cos(3, Y)
WLE

+D2SN(B,Y)) Asexp(=] 5,2)
ES(x=0)=0C—> C=0

E:(x=a)=0—> Sn(Ba=0——> Ba=mrm
B.=mria
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A Waveguide Example (Cont’d)

- Similarly,using E.(y=0)=0C—> C2=0
E;(y=b)=0 ——> Sn(8b)=0 ——> B b=nm
B,=n7b

. It followsthat we have

A, = A SIN(Mmeze/ @) sin(nzze/ B) exp(— | 52)
m=1, 2,... and n=1, 2, ...

. All field components can be obtained in terms of the
magnetic vector potential
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