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The Inhomogeneous Vector Potential Wave Equation

» Consider an infinitismal current source J, placed at the
origin
 For this configuration we have
(A, + ,BZAZ = - J, (at source point)
%A, + B°A, =0 (at all other points)
* We must have A= A (r) because source Is infinitismal
e |t followsthat at aggneral é:)oi nt we have

1
A, + A, :;E(rza—’j@w%:o

U

dA,/dr? +(2/r)da,/dr + 82 A,(r) =0
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Thelnhomogenous Vector Equation (Cont’d)

e Thisequation %asthe ge_geral solution
_ . e e
A.(r) = ClT + CzT
Only the outward wave is a valid solution for our source

e For the corresponding static problem (5=0), we have
d°A,/dr? +(2/r)dA,/dr =0 =) A,(r) :%

e |t follows that the solutions of time-harmonic problems
can be obtained from the corresponding static solutions
by multiplying by the phase retardation factor exp(-j &)
for each source point
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Thelnhomogenous Vector Equation (Cont’d)

o Using ssimilarity with the solution of the static charge
equation we obtain for an arbitrary current distribution

Moo dz g
= ([ =2dV
A 477{/”r

e For theti meglarmoni C case, we have
=—[[[“2g”adV'
A 477&I r

e [For sources with different orientation, we have

Jx - !

DZAX_l_IBZAX:—ﬂJX |:> AX:%TJ\‘}UTeL&dV

TAy+BAL= 1, 5 A= (27 AV
41TV r
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Thelnhomogenous Vector Equation (Cont’d)

 Ingenera, wehave A= A AV
477{/”r ©

e |t follows that for a general source and observation point

J(X,y.,z) _ :
A(X,y,z):%{/”' ( le )eJﬁRdV

R=(x=X)"+(y-y)’ +(z-2)
e Similarly, the eectric vector potential may be expressed as

F (0,2 = i ) gimay:
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Thelnhomogenous Vector Equation (Cont’d)

 Notice that the volume integral reducesto a surface or line
Integrals if we have surface or linear current densities,

respectively
A(X, y’ Z) — ILI _U \Js(X ) y ) Z) e-JﬂRdSr
41T’s

R
_ & MY Z) ke
F(X,V,2)= S IRAS
ya= R e
M 1Y) s
A(X,V,2) = IRy
(x.y,2) 477([, R °
— E Im(X’1y’1Z’) - [
F(X,V,2)= IRdy
(x.y,2) 477({ R °
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Example:An Infinitismal Dipole

+ Z
<< A

| o= 1.2,

X
e We start by obtaining the magnetic vector potential

_ M 2 azl (X"yl1zl) iR Ao
X,V,Z)=—— € dz
Ay 2) = ] = c

Y |
A (XY, 2Z) = 2 e'¥ [dzZ = a. g/
471 112 iy §
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Example:An Infinitismal Dipole (Cont’d)

v Z AZAr
7

6 AH

-y

X
e For spherical wave we usually utilize spherical coordinates

|
Ar:Azcosez’Zle e A cosh
7T

. — | .
Ao =-A,9N0 = A e ¥ sind
477
Ay =0
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Example:An Infinitismal Dipole (Cont’d)

 We then proceed to obtain the magnetic and electric fields

1 0 A
H=—[1xA —_ X
JOXA = H = a¢ﬂ( (r A aej

Al 1.
=——-gnf(l+—)e" H=Htr
E=—jeA-——0(0.A)
e
n, |
E, = cosf(1+ —) e”
27Ty ? Vs
jne Ll 1 1 . .
= ¢ _sind(1+ — e
N T T e
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Example: An Infinitismal Dipole (Cont’d)

e For far fields we keep only the (1/r) terms. It followsthat we

have
iAo
~2¢ gngeg'”
H¢ AT e
E, =0
. | |
EQ:J/ZBIe Slnee—J,Br
A7
EQ/ng:’?
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One-Dimensional Finite Differences (FD)

. Our target isto solve agiven differential equation

. The computational domain isfilled with a mesh and we care
only about the values of the unknown function at these grid
points x.=ih, f=f(ih)

- Derivatives are then approximated by their finite-differences

f'(X) = fx+ hr)] SR o(h) forward difference

f'(X) — f(X) _r: (X'h) +O(h) backward difference
£1(x) = f(x+ h)z;]f(x-h)
f(x+h)—2f(x)+ f(x-h)

h
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(%) = +0(h’)
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One-Dimensional Example

. Solve d*f [dx?+4f=0, for 0<x <10

Subject to the boundary conditions f(0)=0, f(1)=1
f f ,

0 05 1.0

For the shown discretization, we have only one unknown

and we need one eguation

f2_§;;+fo+4f1:0 :> f1: f0+ f2
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One-Dimensional Example (Cont’d)

fh f L &,

0 025 05 075 10

For the shown finer discretization, we have only three
unknowns and we need three equations

— +

E 2f12 f0+4f120\
0.25

f3_2f22+f1+4f2:0 >threeequationsinthree
0.25 unknowns

f,—2f, +f
0.25°

2+4f.=0 —
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One-Dimensional Example (Cont’d)

o f b e

0 h 2h 1.0

 For the shown fine discretization, we have only (N-1)
unknowns and we need (N-1) equations

h=1/N

* The equation of the ith node is
f,—21 + 1
h2
e We then solve the (N-1) equationsin the (N-1)
unknowns

L+4f=0
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Two-Dimensional FD

. The computational domain isfilled with atwo-dimensional
mesh and we care only about the values of the unknown
function at these grid points x=ih, y=jh f; =f(ih, jh)

. Derivatives are then approximated by finite-differences

df _ f(x+hy)—f(xy)

df _ f(xy+h)-f(xy)

dy h

df _ f(xy)—-f(xy-h)
dy~ h

daf _ f(x,y+h)-f(x,y+h)
dy~ 2h

d’f _ f(x,y+h)-2f(x,y)+ f(x,y-h)

dx h

df _ f(x,y)—- f(x-h,y)

dx h

df _ f(x+h,y)-f(x-h,y)

dx 2h
d’f _ f(x+hy)-2f(x,y)+ f(x-h,y)
dx? h®
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Two-Dimensional FD Example

N

T e O e O
31T o © e O
21T e O e O
14 ® O o o
oL

1 L L L L [
I | | | | | I

o 1 2 3 N

. Solve the Laplace eguation 0’ f2 + 0° f2 =0

Ox* 0dy
subject to mixed Dirichlet and Neumann Boundary
conditions
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Two-Dimensional FD Example (Cont’d)

e Atan arbitrary point (ih,jh), the FD schemeis
o° f +azf _f(x+hy)=-2f(x,y)+ f(x-h,y)
x> 0y h°

f(X,y+h)—-21(x,y)+ f(Xy-h) _

+ x =0

(azf +02fj _ fi+1,j+ fi—l,j+ fi,j+1+ fi,j—1_4fi,j

: ~
0x° ay ih, jh h*

=0

e This FD scheme worksfine for all interior points and
Dirichlet boundary points

e Neumann boundary points add more unknowns
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Two-Dimensional FD Example (Cont’d)

| ¢ (i,j+1) |
|nterior Exterior
(I-1)) e o(i,)) o (I+1))
$(ij-1)
Al X

. At any Neumann boundary point (i,j), we add a
fictitious external node satisfying f;,; =f;

- An eguation isthen added for each Neumann point
[02f+62fj :2fi—1,j+fi,j+1+fi,j—1_4fi,j _
2
0x° ay ih, jh h’
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Application

O=0V
o=1V

a

e Obtain the electric potential everywhere
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