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Abstract— Linearly constrained adap-
tive filtering problems occur in applica-
tions such as adaptive digital beamform-
ing. The main drawbacks with existing
algorithms are slow convergence in the
case of LCMV (Frost, 1972) and numer-
ical stability (RLS based algorithms). In
this paper we present a novel approach
to the problem using techniques from
interior point optimization. The pro-
posed algorithm uses a logarithmic bar-
rier function and a single exact Newton
step to compute the new parameter vec-
tor. Its convergence speed matches that
of the RLS based methods but without
the associated problems of numerical in-
stability.

1 Introduction

In many adaptive filtering problems the esti-
mated parameters must also satisfy some lin-
ear constraints. For example, in adaptive digi-
tal beamforming, the beamformer can be mod-
eled as an adaptive transversal filter [1, 2], and
the goal is to minimize the energy of the in-
terfering signals, and to protect the target sig-
nal (steering capability). This requirement for
steering capability gives rise to an adaptive fil-
tering problem with some linear constraints.

To formalize the problem, let {z(:)} be a se-
quence of input symbols and {d(-)} a desired
response sequence. The objective is to identify
a linear filter of length M, such that the filter’s
response to the input sequence {z(-)} is in some
sense close to the desired response, subject to
some given linear constraints. When the expo-
nentially weighted mean square error criterion
is used, the problem becomes
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where A\ is the forgetting factor, x;
(i), z(¢ — 1),...,z(i + 1 — M)] and h is the

vector of tap weights of the linear FIR filter.

The matrix C and vector f are of appropriate
dimensions and they represent the linear (side)
constraints for the adaptive filter.

The most widely used technique for solving
(1.1) is the “Linearly Constrained Minimum
Variance” (LCMYV) algorithm by Frost [1].
This is essentially a constrained version of the
LMS algorithm, inheriting LMS’s simplicity
and computational efficiency, but also that al-
gorithms convergence problems in the case of
correlated input signals. Other methods have
been developed recently that make use of the
adaptation gain (or Kalman Gain) readily com-
puted by the RLS algorithm. In fact, [3]
suggests that the adaptation gain can be up-
dated using a fast least squares (FLS) algo-
rithm (e.g., [4]). Then, fast convergence is ob-
tained while maintaining a computational com-
plexity of O(M) (RLS is O(M?)). The draw-
back of RLS based methods is that numerical
stability is not guaranteed.

In this paper, we present a novel technique
for the linearly constrained adaptive estima-
tion problem utilizing recently developed inte-
rior point optimization methods. The proposed
algorithm uses a logarithmic barrier function
and a single exact Newton step to compute the
new parameter vector. Its convergence speed
matches that of the RLS based method and
there seem to be no problems with numerical
instability. The numerical stability is main-
tained even for relatively low forgetting factors,
thus one can trade steady state performance
for adaptation speed by changing the forget-
ting factor.

The paper is organized as follows: in Section 2
we summarize some existing approaches to the
constrained adaptive filtering problem. Our
proposed algorithm is described in Section 3
and in the following section we present some
numerical simulations to illustrate the poten-
tial of our methods.



2 Previous Methods for Linearly
Constrained Adaptive Filtering

We briefly review the previous methods to fa-
cilitate the comparison of Section 4. Consider
first the LCMV algorithm of Frost [1]. This
method is a constrained version of the well
known LMS algorithm. The weight vector is
updated according to

h,.1 = P[h, — pd(n)xL] +F. (2.2)

P=1Iy-C(CTC)"!CT and F = C(CTC)"!f
are used to project the unconstrained estimate
onto the space of vectors that do satisfy the
constraints.

Next we consider an RLS based estimator.
Solving the constrained minimization (1.1) by
the method of Lagrange multipliers leads to the
following solution,

h, = R;; (n)pza(n) + Rz (n)C[CTR,; (n)C]

(£ — CTR, A (n)paa(n))
(2.3)
R,;(n) and pgq(n) are the input signal au-
tocorrelation matrix and the cross-correlation
vector of desired and input signal, respectively
(both are exponentially weighted).

R, (n)pzd(n) can be identified as the solution
of the unconstrained problem and the second
term in (2.3) is a correction in order to satisfy
the constraints. Using the definitions

hi"™ = R, (n)pra(n)
I, = R_(n)C
v, = cIr,

we rewrite the Lagrange solution as

h, = h*" 4 T, ! [f — CTh¥"]  (24)

It is well known that the adaptation gain, g,,
computed in the RLS algorithm can be used to
update h}"¢,

nt1 = 0" 4 gnpildnyy — hp" %] (2.5)
Note that in RLS g, is used in the recursive up-
date of Rz} (n). Since I', and ¥,;! are closely
related to R} (n) we can very easily derive for-
mulae for their recursive update as well [3]
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where

bt = (0700 ) MOl (27)
Equations (2.4)(2.7) already represent an al-
gorithm for solving (1.1). Notice, however, that
the constraint vector f never enters the algo-
rithm except at the initialization (not shown
here), thus the algorithm would soon diverge
due to round-off errors. A mechanism to en-
force the linear constraints is given in [3].

A new term (just like in (2.4)) is added to cor-
rect for numerical errors, this time using the
explicit error in the constraints [f — CTh,,] as
the direction for correction. Suppose hy. is the
parameter vector before correction. Then the
final estimate is found as

hyi1 =hype + T O — CTh,]. (2.8)

1
We shall refer to this algorithm as LCRLS (lin-
early constrained recursive least squares).

3 Interior Point Column Generation
Methods for Adaptive Filtering

Interior Point Column Generation (IPCG) al-
gorithms have been developed in recent years
by the optimization community for the problem
of finding a feasible point in a set defined by a
(possibly infinite) number of convex inequali-
ties (convex feasibility problems) [5]. These al-
gorithms are also known as interior point cut-
ting plane methods when the cuts are linear.
At each iteration they compute an approximate
center of a current set defined by the inequali-
ties generated in previous iterations. If this ap-
proximate center is not a feasible point, then
a new inequality (or cutting plane) is placed
through the current set. As the number of cuts
increases, the set defined by their intersection
shrinks and the algorithm gets closer to find-
ing a point satisfying all the convex feasibility
constraints.

IPCG algorithms are well suited to adaptive fil-
tering for several reasons. The error minimiza-
tion criterion (1.1) used in the least squares
formulation of the adaptive filtering problem
can be easily transformed into a quadratically
constrained convex feasibility problem. In par-
ticular, we can apply IPCG to find a filter h,



such that for all n > 1,

Ls An=id(i) —x'h)2 < 72,

n =1 ] n
ICTh —f]> < ¢, (3.9)

h> < RZ

where the threshold 72 can be either a con-
stant related to the average noise power or
determined adaptively, €? is a specified toler-
ance within which constraints must be satisfied,
and R is a normalizing constant to ensure h is
bounded. Thus, the adaptive filtering problem
can be formulated as the problem of finding
a feasible point satisfying the convex quadratic
inequalities given by (3.9). Notice that the first
inequality in (3.9) is generated dynamically as
new data arrives in a sequential fashion. We
shall maintain exactly three convex inequali-
ties in the feasible region (2, (defined below)
throughout the computation. This property is
very important in the computational aspects of
the algorithm as will become clear shortly.

We now propose two new interior point meth-
ods for the linearly constrained adaptive filter-
ing problem (1.1). These methods are based on
ideas from the IPCG algorithm.

Algorithm IPM1

According to our discussion above we formulate
a convex feasibility problem as follows. At each
instant n we look for a filter h,, at the center
of

Q, ={heRM | F,(h) <72
ICTh — £ < €, |[h||* < R?}.

The threshold 72 is updated in such a way that
the filter h,,_; remains in the interior of the
search region 2,. But since h,_; might be
close to the boundary we need to re-center it
by performing a Newton step on the logarithmic
barrier function of Q,. The latter is defined as

¢n,‘r(h) = —log( 5 - fn(h))
2

—log(e? — [C"h — f?)
—log(R? — [|h[|*).

The function ¢, -(h) is convex and approaches
infinity on the boundary of ,,. The (unique)

global minimizer of ¢, r(h) is called the ana-
lytic center of Q,. The gradient and Hessian of
¢n,r(h) are given by

 VF,
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where s 1= 72 — F,,(h), 55 := €2 — ||CTh —f||?,
and s3 := R?—||h||2. The gradient and Hessian
of F,(h) are given by

VF,
V2iF,

—Pzd(n) + Raz(n)h,
R, (n).

The steps of IPM1 are given as follows:

Step 1. Initialization: let ¢, 8 > 0, 79, R, C,
f and hy € Qp be given.
Step 2. Updating: let h,_; be the filter we

have from the previous iteration. Update 7, as
follows:

72 := Fp(h,_1) + Brp, where

rn = /[VFn(bn 1) [V207] V(b 1)]
(3.10)
With this choice of 7, we ensure that s; =
72 — F,(h,_1) is a positive number.

Step 3. Centering: For n > 0, perform New-

ton iterations starting from h,_i:
h:=h— (V¢n,r) " (h) Ve, (h)

until ¢, . is (approximately) minimized. Re-
peat Step 2. O

It can be shown theoretically that only a con-
stant number of Newton iterations are needed
to approximately minimize the the logarithmic
barrier function ¢, r(h). If constant g is cho-
sen large enough, only one Newton iteration is
needed. In practice, we set 3 = 1 and perform
only one Newton iteration. This leads to sub-
stantial computational saving since it makes re-
cursive updating of s; possible. Indeed, the



updating of 72 implies the new s; is given by
Brp, and the quantities V.F,, V2F, can be up-
dated recursively (in the usual manner). This
makes the IPM1 a recursive algorithm in the
sense its complexity per iteration is O(M?), in-
dependent of n.

Algorithm ITPM?2

Given a positive scalar g > 0, let us define a
weighted logarithmic barrier function for €2,,:

Y u(h) i= —log(r? — F,(h))
—plog(e” — [CTh — £]|*) — plog(R* — |[b]]?).

The function 1y, , is convex over {1, and has a
unique minimum which we call pg-analytic cen-
ter for §2,. It can be shown that for fixed n,
the p-analytic center approaches the minimizer
of adaptive filtering problem (1.1), as p — 0%.

The gradient and the Hessian of v, , are given
by

VF,  2uC(CTh—f) 2uh
L 2pC( ) | 2m

V¢n,u(h) =
S1 S2 S3
VF)IVFE, V2F
V24, u(h) = i ”)2 =4 —=
s1 S1
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Unlike IPM1 which adjusts 7 at each iteration,
IPM2 adjusts the weight u to drive it to zero.
The threshold value 7 is kept constant. The
details of the algorithmic steps are summarized
below:

Step 1. Initialization: let €, 7, 8, R, C, f and
hy € Qg be given. Let p = 1.
Step 2. Centering: For n > 0, perform New-

ton iterations starting from hy:
h:=h- (V2¢n,u)71(h)v¢n,u(h)

untill ¢y, , is (approximately) minimized.
Step 3. Updating: let h,,; be the output of
Step 2. Update the cost function F(h) using

the newly received channel data. Update u as
follows:

p = Bu (3.11)

Repeat Step 2. O

Similar to the case of IPMI1, it can be shown
theoretically that only a constant number of
Newton iterations are needed to approximately
minimize the the logarithmic barrier function

¢n,r(h) when p is updated by (3.11).
4 Simulation

The experiment we use is the same as the one
presented in [3]. The input signal is com-
posed of three sinusoids at normalized frequen-
cies 0.15, 0.1625, and 0.35, and white noise is
added at an SNR of 40 dB,

z(n) = sin(0.3nm) + sin(0.325n)
+sin(0.7nm) + b(n).

The filter has length M = 11 and is constrained
to have unity response at frequencies 0.1 and
0.25. This produces the constraint parameters

1 cos(0.27) cos((M — 1)0.2w)
ol — 1 cos(0.57) cos((M — 1)0.5m)

0 sin(0.27) sin((M — 1)0.27)

0 sin(0.57) sin((M — 1)0.5m)
and

f:[l 10 O]T.

We tested our proposed algorithm IPM1
against Frost’s LCMV and the LCRLS algo-
rithm of Resende et al. (IPM2 performs simi-
larly to IPM1 by proper choice of parameters
p and B). We first investigate the stability is-
sue. Figure 1 shows the convergence of the es-
timated filter sequence to the ideal constrained
optimal solution. Clearly, both the LCRLS
and IPM1 converge much quicker than LCMV.
But after about 3000 iterations the LCRLS al-
gorithm becomes unstable, whereas the new
method shows no sign of instability. The for-
getting factor here is A = 0.99, and LCMYV uses
a step size of y = 0.1 for “fast” convergence.
The result is averaged over 100 Monte Carlo
trials. Figure 2 shows the frequency responses
of the filters after 4000 iterations. Other papers
have also observed the instability of LCRLS.
As [6] points out, the instability is in fact due
to the correction mechanism in (2.8) and not
caused by explosive divergence of the RLS al-
gorithm.



We also tested the proposed algorithm in a
more difficult scenario, as far as stability is con-
cerned. Reducing the forgetting factor to 0.7
we ran an input sequence of length 200,000.
While the estimated filter does not separate the
two closely spaced frequencies anymore the fil-
ter remains stable and matches the constraints
throughout the length of the simulation (see
Figure 3).

We have shown the stability of IPM]1, regard-
less of the forgetting factor A. This property
can be further exploited in applications where
the system can undergo abrupt changes. With
the IPM1 method we may trade in some es-
timation precision for faster adaptation with-
out fear of instability. Figure 4 shows the
convergence of all three algorithms after an
abrupt change occurs at iteration 1000. Be-
fore n = 1000 the signal frequencies are 0.325,
0.350, 0.375 and then they switch to the famil-
iar values of previous experiments. It was nec-
essary in this case to reduce the step size y in
the LCMV to 0.03. At x = 0.1, LCMV would
diverge immediately. The forgetting factors are
0.995 and 0.95 for LCRLS and IPM1, respec-
tively. This allows IPM1 to adjust to the new
signal within about 200 samples, while LCRLS
takes more than 1500 samples to get to the
same value. Although, the forgetting factor has
been increased to 0.995, LCRLS is still not sta-
ble — the divergence occurs just after iteration
6000 (not shown in figures).

A note about computational complexity: the
current implementation of the IPM algorithm
has about twice the complexity of the LCRLS
algorithm (implemented with RLS for comput-
ing the adaptation gain). Both algorithms are
significantly more expensive to compute than
Frost’s LCMV algorithm.

5 Conclusions

We have proposed an alternative to the classi-
cal LCMV algorithm for estimating an adaptive
filter under linear constraints. A comparison
with the work of Resende et al. shows that our
method matches the convergence speed of RLS
based methods, however, the Interior Point
method leads to an inherently stable solution of
the constrained filtering problem. The method
is flexible as it can handle arbitrary numbers of

either linear or convex quadratic constraints.

There are other RLS based algorithms that
may be numerically stable. Leung [6] men-
tions a QRD-RLS algorithm by Shepherd and
McWhirter. In further work it would be inter-
esting to investigate in more detail the stability,
numerical complexity and convergence proper-
ties of IPM as compared to QRD-RLS. Another
issue is robustness to initialization. It is now
understood that RLS is quite sensitive to its
initialization [7]; IPM however, can be initial-
ized almost arbitrarily at least in the uncon-
strained case.
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