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Dependence of membrane current on Vm: 
Suppose I is defined as: 
 
 
From Eqns. (6.3) and (6.4): 

 

 

 

 

That is, any change in the total axial (longitudinal) 
current must come from the injected current ip. 
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Dependence of im on Vm (cont.): 
We now consider the relationship between the 
transmembrane potential and the extra- and intra-
cellular currents and potentials. 
Since, by definition Vm = Φi - Φe, we have: 
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Dependence of im on Vm (cont.): 
If Eqns. (6.8) is differentiated with respect to x, 
then: 
 
 
 
Substituting Eqns. (6.3) and (6.6) gives: 
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Cable equations (cont.): 
The resulting relationship between the extracellular 
potential gradient in the axial direction as a 
function of the axial current is: 
 
 
 
and likewise the intracellular potential gradient is: 
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Cable equations (cont.): 
If current leaves the intracellular space by crossing 
the membrane, then the intracellular current will 
show an axial decrease, while the transmembrane 
current will be positive. This conservation of 
current is described by: 
 
 
 
where im is the transmembrane current per unit 
length. 
(Note that im is a linear function of the membrane potential 
under passive (subthreshold) conditions but is a nonlinear 
function under active (suprathreshold) conditions.) 
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Dependence of im on Vm (cont.): 
In comparison, if Eqn. (6.2) is differentiated with 
respect to x and Eqn. (6.3) is substituted for ∂Ii/∂x, 
then: 
 
 
 
 Note that Eqn. (6.12) shows the dependence of the 

transmembrane current im on the transmembrane 
potential, the injected current and the extra- and intra-
cellular resistances. 

 In contrast, Eqn. (6.13) describes the dependence of 
the transmembrane current on the intracellular 
potential and resistance only. 
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Potentials φi and φe from vm: 
From the cable equations, it is possible to work out 
how a change in the transmembrane potential is 
split between the changes in the intra- and extra-
cellular potentials: from eqn. (6.8) 
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Potentials φi and φe from vm (cont.): 
If no source exists within the region (x,1), i.e., ip = 
0, then I = 0 in that region and the integrals in 
Eqns. (6.20) and (6.22) drop out. 
In such a source free region, the extra- and intra-
cellular potentials are related to the 
transmembrane potential via voltage divider type 
expressions: 
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Local circuit currents: 
Propagation of action potentials can be understood 
qualitatively by considering the patterns of local 

currents that are 
produced by an action 
potential (site A in the 
figure below). 
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Local circuit 
currents (cont.): 

(from Koch) 
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Mathematics of propagating action potentials: 
The cable equations describe the behaviour of 
the extra- and intra-cellular (and consequently 
transmembrane) currents and potentials as a 
function of space, specifically the axial 
(longitudinal) coordinate x. 

In order to describe the propagation of 
transmembrane potentials, i.e., movement in 
space over time, we must couple the cable 
equations with a description of how a patch of 
membrane behaves as a function of time, i.e., the 
linear (passive) RC circuit equation or the 
nonlinear (active) HH model equations. 
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Mathematics of propagating action 
potentials (cont.): 
Consider the membrane current equation 
generalized to axial position x on a uniform cable: 
 
 
 
Because of the nature of the capacitive current, 
Eqn. (6.25) can be reformulated to give: 
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Mathematics of propagating action 
potentials (cont.): 
The transmembrane current per unit area, Im, is 
related to im (the current per unit length) via the 
cylindrical geometry, such that: 
 

 
and consequently from Eqn. (6.12): 
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Mathematics of propagating action 
potentials (cont.): 
Eqn. (6.27) gives the partial derivative of the 
membrane potential with respect to time t, 
whereas Eqn. (6.31) gives the (2nd) partial 
derivative with respect to space x. 
A single PDE describing the membrane potential 
behaviour in time and space can be obtained by 
substituting Eqn. (6.31) into Eqn. (6.27): 
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Mathematics of propagating action 
potentials (cont.): 
To model the propagation of action potentials, the 
ionic current term from Eqn. (6.27) can be found 
from the HH model current equations: 
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Example propagating action potential: 
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Example propagating action potential 
(cont.): 
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Example propagating action potential 
(cont.): 
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