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Linear (subthreshold) response of a 
cylindrical fiber: 
Under subthreshold conditions, the 
transmembrane current per unit length 
i m (mA/ cm) in a cylindrical fiber is: 
 
 
where rm is the membrane resistance times 
unit length (Ω¢cm) and cm is the membrane 
capacitance per unit length (µF/ cm). 
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Dependence of i m on Vm (cont.): 
If Eqns. (6.8) is differentiated with respect to x, 
then: 
 
 
 
Substituting Eqns. (6.3) and (6.6) gives: 
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Linear (subthreshold) response of a 
cylindrical fiber (cont.): 
Substituting Eqn. (7.12) into cable equation 
(6.11) gives: 
 
 
 
where: 
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Steady-state solution for stimulus current at 
the origin: 
Injection of a small current into the extracellular 
space at the origin (center) of an infinitely-long 
cylindrical fiber can be approximated by a spatial 
delta function source: 
 
 
where I 0 is the total applied current (mA) and δ(x) 
is the unit delta function. 
Note that ip is zero everywhere except at the 
origin, where it is infinite, and integrating ip around 
the origin gives the total current I 0. 
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Steady-state solution for stimulus current at 
the origin (cont.): 
Solving Eqn. (7.14) under these conditions gives: 

 

 

In Eqn. (7.34), the constant λ describes the rate of 
decay of the steady-state membrane potential as a 
function of distance along the cylindrical fiber. 
Thus, it is referred to as the space constant. 
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Space constant properties: 
For a cylindrical fiber with uniform membrane 
properties and with r e ¼ 0: 
 
 
 
Substituting for r i  and r m in Eqn. (7.19) using 
Eqns. (2.550) and (2.560) gives: 
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Normalized space and time notation: 
To simplify our notation, we introduce the 
normalized space and time variables: 
 
 
such that the homogenous version of Eqn. 
(7. 14) becomes: 
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Step current at origin – general time-varying 
solution: 
If we assume an unbounded extracellular 
space and an intracellular injected step 
current, we can assume that r e ¼ 0. 
In the normalized space and time variables 
the time-varying solution is: 
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Step current at origin – general time-varying 
solution (cont.): 
Converting back to the original coordinates 
gives: 
 

 

 
where: 
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Step current at origin – general time-varying 
solution (cont.): 
For a given value of time, the spatial 
behaviour is exponential-like.  For t >  τ, 
vm(x) tends towards a true exponential, as 
was obtained for the steady-state response 
described by Eqn. (7.34). 
This continuous decrement of vm(x) with 
increasing jxj is due to the leakage of 
current through the membrane, while λ 
describes the rate of this effect. 
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Step current at origin – general time-varying 
solution (cont.): 
For a given position x along a fiber, the 
membrane potential reaches its steady-state 
in an exponential-like manner over time. 
Only at x =  λ is it truly 
exponential, i.e., the 
fraction of the 
steady-state potential 
that is achieved 
at t  =  τ is 1¡ 1/ e. 
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Step current at origin – general time-varying 
solution (cont.): 
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Subthreshold response to an external point 
current stimulus: 
Consider the 
source-fiber 
geometry 
shown to the 
right. 
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Subthreshold response to an external point 
current stimulus (cont.): 
The resulting extracellular field is: 
 
 
where I 0 is the current strength, σe is the 
conductivity of the extracellular medium, and 
r  is the distance from the source to an 
arbitrary field point. 
Note that the effect of the fiber on the field is 
typically ignored. 
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Subthreshold response to an external point 
current stimulus (cont.): 
Reformulating Eqn. (6.13) gives: 
 
 
where z now defines the axial (longitudinal) 
coordinate. 
The transmembrane current i m must also 
equal the intrinsic ionic plus capacitive 
current of the membrane. 
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Subthreshold response to an external point 
current stimulus (cont.): 
Replacing φi  by vm +  φe and i m by i ion +  
cm∂vm/∂t in Eqn. (7.56) gives: 
 
 
At rest, vm =  0 for all z )  ∂2vm/ ∂z2 =  0 and 
i ion =  vm/ r m =  0.  Consequently, when the 
stimulus is first applied: 
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Subthreshold response to an external point 
current stimulus (cont.): 

Thus, the region where excitation is possible 
is where ∂2φe/ ∂z2 is positive, because this 
will make ∂vm/∂t initially positive. 

Conversely, regions where ∂2φe/ ∂z2 is 
negative will hyperpolarize, because this will 
make ∂vm/∂t initially negative. 

Consequently, the function ∂2φe/ ∂z2 has 
been named the activating function. 
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Subthreshold response to an external point 
current stimulus (cont.): 
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Suprathreshold response to an external 
point stimulus (cont.): 
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Suprathreshold response to an external 
point stimulus (cont.): 
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Suprathreshold response to an external 
point stimulus (cont.): 
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