IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 51, NO. 6, JUNE 2005

2073

Capacity-Achieving Probability Measure
for Conditionally Gaussian Channels
With Bounded Inputs
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Abstract—A conditionally Gaussian channel is a vector channel
in which the channel output, given the channel input, has a
Gaussian distribution with (well-behaved) input-dependent
mean and covariance. We study the capacity-achieving proba-
bility measure for conditionally Gaussian channels subject to
bounded-input constraints and average cost constraints. Many
practical communication systems, including additive Gaussian
noise channels, certain optical channels, fading channels, and
interference channels fall within this framework. Subject to
bounded-input constraint (and average cost constraints), we show
that the channel capacity is achievable and we derive a necessary
and sufficient condition for a probability measure to be capacity
achieving. Under certain conditions, the capacity-achieving mea-
sure is proved to be discrete.

Index Terms—Bounded-input constraint, capacity-achieving
measure, conditionally Gaussian channel, optical channel,
Rayleigh-fading channel.

1. INTRODUCTION

E STUDY the capacity-achieving probability mea-

sure under boundedness constraint for conditionally
Gaussian channels, a class of vector channels whose condi-
tional output distribution, given the channel input, is Gaussian
with input-dependent mean and, in general, input-dependent
covariance. Classical additive white Gaussian noise channels,
multiple-input multiple-output (MIMO) Rayleigh-fading chan-
nels, certain interference channels, and certain optical channels
with signal-dependent noise are examples of communication
channel models that fall within this framework.

Of course, determining the capacity of a channel subject to
various input constraints is a classical problem of information
theory. Shannon demonstrated that in the case of a scalar addi-
tive Gaussian noise channel subject to an average power con-
straint, the capacity-achieving distribution is Gaussian. In prac-
tice, however, this source distribution is not realizable due to its
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unbounded amplitude. A limit on the peak amplitude, as well
as on the average power, is necessary to more accurately reflect
the physical limitations present in most practical communica-
tion systems.

In [1], Smith studied the capacity of a scalar Gaussian channel
subject both to an average power constraint and to a peak power
constraint. The capacity-achieving distribution was shown to
be discrete, with a finite number of probability mass points.
Using a similar approach, Shamai and his colleagues [2]-[5]
showed that the capacity-achieving measures are also discrete
for many other channels, including Poisson channels, quadra-
ture Gaussian channels, Rayleigh-fading channels and so on. In
particular, since the publication of [4], there has been a wide in-
terest in this area, and many channels have been found to have
discrete capacity-achieving measures. In Table I, we list some
channel models that we are aware of having been shown to have
discrete capacity-achieving measures.

In this paper, we extend the work of Smith and Shamai
to study the capacity-achieving measure for conditionally
Gaussian channels. We have organized the paper as follows. In
Section II, we present the channel model and we specify the
channel input constraints. In Section III, we provide the main
results of this paper. Subject to a bounded-input constraint and
average cost constraints, we show that the channel capacity is
achievable, and derive a necessary and sufficient condition for
a probability measure to be capacity achieving. Using this nec-
essary and sufficient condition, we propose an algorithm to find
the capacity-achieving measure of a signal-dependent optical
channel, which is traditionally difficult to analyze. Using an
approach similar to that of [1], we prove that, under suitable cri-
teria, the capacity-achieving measure is discrete. In the special
case when the conditionally Gaussian channel is constant, we
further prove that the capacity-achieving measures approach a
Gaussian distribution if the bounded-input constraint is relaxed.
The proofs for our main results rely on a collection of inter-
mediate propositions and lemmas, which are stated and proved
in Appendix B. In Section IV, we apply our results to analyze
several practical channels, including certain optical channels,
fading channels, interference channels, and parallel Gaussian
channels. Finally, we provide some conclusions in Section V.

II. SYSTEM MODEL
A. Notation

In this paper, we adopt the following notation. For positive
integers N, M,and K,letN={1,...,. N}, M={1,..., M},
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TABLE 1
A LIST OF CHANNELS WITH DISCRETE CAPACITY-ACHIEVING MEASURES

Channel model Constraints References
Scalar additive Gaussian PP, AP Smith [1]
1971
Additive noise with piecewise PP Oettli [6]
constant noise density 1974
Poisson PP, AP Shamai [2]
1990
Quadrature Gaussian PP, AP Shamai et al.
[3] 1995
Scalar additive heavy-tailed AP Das [7] 2000
noise
Rayleigh fading AP Abou-Faycal
et al. [4] 2001
Non-coherent scalar AWGN AP Katz et al.
[5] 2002
Additive vector Gaussian PP, AP Palanki [8]
2002
Single antenna Rayleigh AP Palanki [8]
block fading 2002
General scalar fading higher- Palanki [8]
moment 2002
constraint?
Non-coherent Rician fading AP Gursoy et al.
[9] 2003
Non-coherent block indepen- AP Nuriyev et al.
dent AWGN [10] 2003
Partially coherent AWGN AP Hou et al.
[11] 2003
UIUO3 PP Huang et al.
[12] 2003
General scalar additive PP Tchamkerten
[13] 2004

1 PP and AP stand for “peak power” and “average power” respectively.

2 A higher moment constraint is an average cost constraint whose cost func-
tion is in the form: #* — ~ where o > 2.

3 This is a name we gave to the channel described in [12]. Here, UITUO
stands for “Unbounded-Input Unbounded-Output.” A UIUO channel is a scalar
channel such that forany ¢ > 0,lim ;| o Pr(|Y]| < ¢|X = ) = 0 where X
and Y are channel input and output, respectively. In other words, if the channel
input goes to infinity, the probability that the channel output is contained in a
given bounded subset of R goes to zero.

and K = {1,..., K} be index sets. The transpose, the determi-
nant and the trace of a matrix A are denoted by AT, det A, and
tr(A), respectively. An identity matrix of size n is denoted by
I,,. The real part and imaginary part of a complex matrix A are
denoted by re(A) and imm(A), respectively. Let j be the imag-
inary number /—1. Then for any complex matrix A, we have
A =re(A) + j im(A).

For any & = [z1,...,zn]T € RY, its amplitude ||z|| is de-
fined as v#Tz and we say its phase!' is the normalized vector
z/||z||. Let By (s) be the ball in R of radius /s, i.e.,

By(s) = {r € RN : 2Tz < s}.

Then, the phase of a vector z is defined on the “surface” of
the unit ball By (1). Clearly, 2 is uniquely determined by its

ITo follow the similar terminology defined in previous work, the way we use
the term “phase” in this paper is slightly different from the traditional usage in
which it refers to the special case when N = 2 and the normalized vector is
represented by an angle.
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amplitude and its phase. If N = 1, then & is a scalar and is
simply denoted by x.

Let X be a random variable defined on R and y be its prob-
ability measure. Then p is called discrete in amplitude and
uniform in phase (DAUP) [11] if the probability distribution of
|| X | is discrete with a finite number of probability mass points,
and the phase of X is uniformly distributed on the surface of
By (1).

B. Channel Model

Consider a discrete-time memoryless channel whose input is
areal-valued N-tuple X = [X,... Xn]T subject to input con-
straints to be defined and whose output is a real-valued M -tuple
Y =[Y3,...Y)]T. Ina practical communication system, due to
various physical restrictions imposed on the system, not every
channel input £ € RN can be generated by the transmitter. For
example, all amplifiers have a limitation on their maximum al-
lowable input and output amplitudes. A channel input « is said
to be admissible if it can be produced by the transmitter. We will
denote the set of admissible channel input vectors by S, and we
will assume that S is a closed and bounded subset of R, unless
specified explicitly. We refer to this channel input constraint as
the bounded-input constraint. If the probability measure of X
is , then the bounded-input constraint means that p(S) = 1.
For example, under a peak total power constraint in N dimen-
sions of s%, we have S = By (s?).

We call a channel conditionally Gaussian (CG) if the condi-
tional probability distribution of the channel output is Gaussian
distributed. In particular, for a given input £ € S, the condi-
tional expectation vector and the conditional covariance matrix
of the channel output Y are denoted by b, and A,. Thus, the
conditional probability density function Py x (y|x) of Y given
X = z is given by

exp(~ 4y — b)TValy — b))
(2m)M det Ay

Pyx(ylz) = (H

where V is the matrix inverse of Ag.

In this paper, the following assumptions are made: 1) for all
x € S, the covariance matrix A, is positive-definite (hence,
det Ay > 0), and 2) the entries in b, and A, are well be-
haved, in the sense that they can be extended holomorphically
over CV and are real over RV . For clarity, when the functions
are extended over CVV, a complex variable w is used instead of
z to denote the function argument. Since S is assumed to be
closed and bounded, the continuity of b, and A, implies that
there exist k;, kp, 9 > 0 such that for all z € S, all eigenvalues
of V are within the interval (s, 5) and ||bz|| < 1. Hence,
1/6M < det A, < 1/6M.

We also introduce cost constraints, as some channel inputs
require more “effort” by the transmitter to generate than others.
In this paper, we consider a set of K cost measures g (&) in-
dexed by K. The kth average cost constraint is characterized
by the inequality Gj(u) < 0, where Gi(p) = E, [ gr(X) ]
and the expectation is taken with respect to the input proba-
bility measure y. For instance, the commonly used constraint
that the average signal power should not exceed ~y is expressed
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as E, [ | X]|? —~ ] < 0. Again, we assume that the cost func-
tions g (z) are all well behaved.

For simplicity, we use the tuple (Ag, by, {gr(z) : k € K},S)
to denote a CG channel subject to the above bounded-input con-
straint and average cost constraints.

We call a CG channel quadratic if its input and output are
related by the equationY = HX + Z, where 1) H is a random
M x N channel matrix whose entries are Gaussian distributed,
and 2) Z = [Zy,Zs,...,Z |7 is an additive Gaussian noise
that is independent of H and X. For the special case that H
is deterministic, we call the channel constant quadratic, or
simply constant.

Clearly, for a quadratic CG channel, b, = E[H|z + E[Z],
and

Ay=E[Hzas"H'|-E[H|zx"EH"|+ E[ZZ"|-E[Z\E[Z"].
If the channel is constant, then b, = Hx + E[Z] and
A, = E[ZZ"] - E[Z|E|Z"].

Thus, A, is constant for all £ and will simply be denoted by A.
The following are some communication system channel
models that fall within our framework.
1) A Scalar Additive White Gaussian Channel: Subject to
peak and average power constraints, the channel is characterized
by the tuple

(027177 {2172 - 7}7 [_87 3])

The discreteness of the capacity-achieving measure for this
channel was first shown in [1]. It is obvious that a scalar addi-
tive Gaussian channel is a constant CG channel whose channel
“matrix” H is equal to 1.

2) A System of N Parallel Independent Gaussian Channels:
Subject to peak and average total power constraints, the channel
is characterized by the tuple

(o*Iy,z, {72 — v}, BN (s?)).

This is a generalization of the scalar-Gaussian channel. The spe-
cial case when N = 2 was studied in [3], and it was shown that
the capacity-achieving measure is DAUP.

3) An Optical Intensity Modulated/Direct Detected Channel
(Using Raised Quadrature Amplitude Modulation (QAM) Basis
Functions [14]): Under the assumption that the noise is dom-
inated by the background illumination, subject to peak and av-
erage power constraints, the channel is a constant CG channel
and is characterized by the tuple

(03,2, {1 — ). 5)
where
S = {mGIR?’: \/272 + 222 < 1y Ss—\/2z%+2x§}.
2

Here, for any input 2, the optical power is given by z;. See [14]
for more details concerning this channel model.
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4) A Signal-Dependent Noise Optical Pulse Amplitude Mod-
ulation (PAM) Channel: Subject to peak and average power
constraints, the channel is characterized by the tuple

(ofz + o5, 2, {z =7}, [0, 5]).

This example will be elaborated in detail in Section IV-A.

5) AMIMO Rayleigh-Fading Channel: Assuming that there
are N/2 and M /2 transmitting and receiving antennae, subject
to peak and average power constraints, the channel is character-
ized by the tuple

1
<§(x2me + 02,0, {zxTx —~}, BN(52)> )

It was proved in [4] that the capacity-achieving measure for this
channel is discrete in the sense that the distribution of || X|| is
discrete with a finite number of probability mass points. Fur-
thermore, the discreteness of the capacity-achieving measure re-
mains valid even when s = oo, i.e., § = RY.

6) A MIMO Rician Fading Channel: Subject to a peak
power constraint, the channel is characterized by the tuple

(SocaTe + o), BlHIe, (,8x(7)).

7) A MIMO Rayleigh Fading Channel With Receiver-Side
Channel Information: Assuming that there are N/2 transmit-
ting and one receiving antennae, subject to peak power con-
straint, the channel is characterized by the tuple

(22,0, {},Bx(s%))

where 2T = [z, 2] | and A, is defined as

X2IN 0 X2zre X2xim
11 0 xX*In —X*Tim X e 3)
2 | izl —x’z!  x’zTz + o? 0 )
Xzl Xl 0 &'z + o2

8) An Interference Channel: Subject to peak power con-
straint, the channel is characterized by the tuple

(X’xTz + o)y, z, {}, By(s?)).

This channel is a special case of MIMO Rician fading channel
where E[H] is equal to Iy. We will elaborate more in
Section I'V-C.

III. MAIN RESULTS

Consider a CG channel characterized by the tuple
(Ag,bg, {gr(z) : k € K},S). We are interested in the prob-
ability measure which satisfies the channel input constraints and
maximizes the mutual information between the channel input
and output. Let Ag be the set of all input probability measures p
satisfying the bounded-input constraint, and A be the subset of
As which also satisfies the average cost constraints (if any). For
any input probability measure y of X, we denote the p-induced
probability density function of Y by Py (y; ), the differential
entropy of Y by Hy (u), the conditional differential entropy of
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Y given X by Hy|x(u), and the mutual information between
X and Y by I(p). Thus,

Py (y; ) = /me(ylw)d
Hy () = = [ Py(in)log Py(yin) dy

Hy | x(p) = % /log[(27re)M det Ag] dp
I(p) = Hy (p) — Hy | x (1) “4)

As aresult, the channel capacity problem is the following op-
timization problem:

{ Maximize

I(p)
subject to )

p € As, and forall k € K, Gi(p) < 0.

Our first result shows that a capacity-achieving measure
exists.

Theorem 1 (Existence and Uniqueness): There exists ji, in
A which solves the channel capacity problem. Furthermore,
the capacity-achieving output distribution is unique. In other
words, if v is also a capacity-achieving input measure, then
Py (y; o) = Pr(y;v).

Suppose, in addition, that the CG channel is constant and the
channel matrix H is left-invertible. Then the capacity-achieving
input measure is unique.

Sketch of Proof: The proof of Theorem 1 follows the same
approach used in [1]. First, we will prove that A is convex and
sequentially compact? (see Proposition 2). As the mutual infor-
mation function I(u) is continuous over A (see Proposition 3),
it achieves its maximum in A.

Forany 0 < 6 < 1 and g, 1 € As, let ug = (1 — 0)pop +
Opy. It is well known that I(u) and Hy (p) are concave, i.e.,
I(pg) > (1 — 6)I(p0) + 01(u1). By the strict concavity of the
function f(c¢) = —cloge, we can show that equality holds if
and only if Py (y; po) = Py (¥ p11).

Furthermore, if the CG channel is constant with a left-invert-
ible channel matrix H, then by Lemma 4, there is a one-to-one
correspondence between the input and output probability mea-
sures, i.e., Py (y; o) = Py (y; 11) if and only if o = p1. As a
result, I(p) is a strictly concave function of . The uniqueness
of the capacity-achieving input measure then follows. O

Definition 1: A point £ € RY is said to be a point of
increase of . if for any open subset O of RV containing z,
w(0) > 0.

Let E,, be the set of points of increase of y. Then pu(E,) = 1.
In fact, E, is the minimal closed subset of RY whose probability
is 1.

Theorem 2 (Necessity and Sufficiency): Let i, be an admis-
sible input probability measure, i.e., 1, € A. Let C(z) be
L log[(2me)™ det A;]. Then i, is capacity achieving if and
only if there exists {\;, > 0: k € K} such thatforallz € S

Q(x; o) — C(z) — =Y Mgr(@) <0 (©)

2A space is sequentially compact if every infinite sequence in the space has a
convergent subsequence.
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where Q(z; j1,) is defined as — [ Py x (y|z) log Py (y; 110) dy.
Furthermore, if z belongs to E,,_, the inequality (6) is satisfied
with equality.

Sketch of Proof: The proof of this theorem also follows
a similar approach as in [1]. By the method of Lagrange mul-
tipliers [16], p, is capacity achieving if and only if 1) there
exists {\r, > 0 : k € K} such that A\yGr(p,) = 0 for
all k € Kand 2) for all p € As, J(po) > J(p) where
J(p) = I(p) = Y pek AGr(p). Since the function J(p) is
concave, the condition 2) is equivalent to that .J;, (1) < 0 for
all p € As where J;, (p) is the weak derivative of J (1) at i,
(see Definition 6). Since G, (1) is a linear function of i, we have

T, () =1, ( Z)\k (Gr(p) — Gr(po))-
keK
Therefore, given that the condition 1) is true, the condition 2) is
equivalent to

- Z)\ka(ﬂ) <0 @)

keK
for all © € As. In Proposition 4, we prove that

= /Q(z; to) dp — Hyx (1) — I(po)-

For simplicity, the function a(z, j1,, {Ar : k € K}) is used to

denote the following formula:

Q(z; /1,0)— — 10g[(27re)M det Az]—1(10) Z Aegr(2). (8)

keK

(Proof of Necessity) Suppose 1, is capacity achieving. Let
{Ar > 0 : k € K} be selected such that the inequality (7) is
satisfied. For any * € S, let i be the probability measure such
that u({z*}) = 1, i.e., pu is the measure with a single probability
mass at £*. Obviously, u € As. Substituting 4 into (7), we have
a(Z*, po, { A\ : k € K}) < 0. The necessity is thus proved.

(Proof of Sufficiency) Suppose the inequality (6) is satisfied
for selected {A\r > 0 : k € K}. Since [ Q(z; o) dpo =
Hy (p1o) and [ C(x) dpo = Hy|x (o), if we integrate both
sides of (6) with respect to j,, we have

0> /Q(-’B;uo) dpto —/C(-'B) dpo — I(p10)
_Z)\k/

keK

= — Z MeGr(po)

keK
>0

x) dpi,

where the last inequality follows from that G (u,) < 0. Hence,
MG (o) = O for all k£ € K. On the other hand, if we integrate
(6) with respect to any i € As, we have

OZ/QWMMM—/aﬂW—Hm)
-3 n [anta) ©)
=1, (n)— Z,\ka 1).

keK

(10)

Hence, p, is capacity-achieving.
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Finally, it remains to prove that the inequality (6) is satisfied
withequality atE,,_.Letz* € E,,_, and suppose, to the contrary,
that a(z*, o, {\r : £ € K}) = —e < 0. By the continuity
of Q (&; o) (see Lemma 5), the function a(&, o, {Ar : k €
K}) is also continuous on S. Hence, there is an open subset O
containing £* such that a(&, ., {\r : k € K}) < —e/2 for
all z € O. Consequently, if we integrate both sides of (6) with
respect to fi,, we have —ej1,(0)/2 > — 32 .k AeGr(po) = 0.
A contradiction occurs, and the theorem is proved. O

By Theorem 1, if i, and v are both capacity achieving, then
Py (y; o) = Py (y;v), which further implies that Q(z; p,) =
Q(z;v). Hence,

a(Z, o, { M : k€ K}) =alz,v,{\p: k €K})

forallz € S. According to Theorem 2, the inequality (6) is thus
tight at any points of increase of a capacity-achieving measure.

Definition 2: A complex-valued function f(w) defined on an
open subset U of CY is called holomorphic [17] on U if it is
analytic in each individual variable on U.

Definition 3: A subset F of RY is defined to be sparse (in
RY) if there exists a nonzero holomorphic function f defined
on a connected open subset U of CV containing the closure of
F such that f(w) = 0 for all w € F.

Suppose F is not sparse and f(w) is holomorphic on a con-
nected open subset U of CV containing the closure of F. If f is
zero on [, then it is also zero on U.

By the identity theorem, a bounded subset F of R is sparse
in R if and only if it is finite. However, for a high-dimensional
space RY, it is difficult in general to determine whether a
bounded subset of RY is sparse or not. In the following lemma,
we show that when [F is a collection of “concentric shells” and
is bounded, it is sparse if and only if its number of shells is
finite.

Lemma 1: Suppose {p; : ¢ € |} is a set of distinct non-
negative real numbers which are bounded above by a positive
real number. Let F be a collection of “concentric shells” of radii

{pi 11 € |}, i.e.,
[F:U{.'EEIRN: Tz =p?}.

i€l
Then F is sparse if and only if | is finite.
Proof: See Appendix A. O

Definition 4: A probability measure g is said to be discrete
if its set of points of increase E,, is sparse.

Definition 5: Let Ay, be a holomorphic extension of A, to
CV. The well-behaved region of A,,, denoted by A(A,,), is the
subset of CV such that for all its elements w, re(det A,,) > 0
and re(V,,) is positive definite.

Note that re(det A,,) > 0 implies that the logarithm and
the square root of det A,, are well defined and holomorphic
over A(Ay). Furthermore, as re(V,,) is a symmetric matrix,
the condition that re(V,,) is positive definite is equivalent to
the condition that the eigenvalues of re(V,,) are positive. As
the eigenvalues of re(V,,) are continuous functions of w, the
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well-behaved region A(A,,) is an open subset in CV. In the
special case when the channel is constant, A,, is real, constant,
and positive definite for all w € CV. Hence, A(A) = CV.

Theorem 3 (Discreteness): Suppose i, is capacity achieving
and {\; > 0: k € K} are chosen such that the inequality (6) is
satisfied. Let E be the subset of S at which the inequality (6) is
tight. In the following three cases, the set E is sparse, and hence,
o 1s discrete.

[Case A] There is no average cost constraint (i.e., K
is empty), and there exists a connected open
subset W of A(A,,) containing S and a se-
quence {w}3°, in W such that 1) b, and
A, are real for all positive integers ¢, and 2)
miémtr(Awm) = +o00.
There exists a connected open subset W of
A(A,) containing § and a convergent sequence
{w™}22, in W with a limit w®) (not necessary
in W), such that 1) b,,:) and A, are real for all
positive integers 7, and 2) lim; _, o, det A,y = 0.
The channel is constant with a nonzero channel
matrix H, and the cost functions are of second
order, i.e., g (%) £ £7Q,x + Lj.x — ~y;, for some
N x N real matrices @, 1 x N real row vectors
L, and real scalars .

Sketch of Proof: Let u, be the capacity-achieving mea-
sure for the channel (Ag, by, {gr(z) : £ € K},S). For any
w € A(Ay), define d(w) as

[ bVl b
(2m)M det A,

[Case B]

[Case C]

log Py (y; o) dy.

(1D
It is clear from the definition that for all £ € S, d(z) =

Q (5 o). Let

a(w) = d(w)— L log(2me)Mdet Ay —I(110)— Z Argr(w).
2 keK
Then, by definition, a(z) = 0 for all z € E.

In the above three cases, there exists a connected open subset
W of A(A,) containing S. In particular, W is equal to C
in Case C. Since S is a closed and bounded subset containing
E, W also contains the closure of E. As d(w) is holomorphic
on A(A,) (see Proposition 5), a(w) is also holomorphic on
A(Ay). Hence, if E is not sparse, then forallw € W, a(w) = 0,
or equivalently

d(w) = % log[(2me)™ det Ay] + 1(1t0) + 3 Mg ().
keK
In the following, we will show that if E is not sparse, then a con-
tradiction occurs in each of the three cases and hence Theorem 3
is proved.

Contradiction in Case A:

Suppose the requirements in Case A are satisfied, and E
is not sparse. By Lemma 6, there exist &, 3 > 0 such that
d(w®) > —a + Btr[A, ) ]. Without loss of generality, assume
that & (w®) > .- > &y (w®) > 0 are the eigenvalues of
Aw(i) . Then

t[Ape] = D &m(w®)

meM



2078

and
det Ay = [ &m(w™).
meM
As a result
log (2me)™ Z 1og & (W) + I (1)
mEM
>—a+ Y &n(w?)
meM
and hence,

1 ) . M .
5 log(2me)™ + I(n,) + a > B& (w) — o log & (w™).
Since

H tI‘(Aw(i)) = 400
&(w®) and A& (w) — Llogé(w) are not bounded
above. A contradiction thus occurs.
Contradiction in Case B:
Suppose the requirements in Case B are satisfied, and E is
not sparse. Again, by Lemma 6, there exist o, # > 0 such that
d(w®) > —a + ftr[Aym]. Therefore,

1 )
3 log[(2me)™ det A )]

> —a+ ftr[Ayi] — (1)

Z Argr(w®)

keK

and consequently

1 ,
lim 3 log[(2me)™ det Ayo)]
> —a+ Btr[Ayo] — I(po) Z)\qu w(

keK

Since lim;_,o. logdet A,y = —o0, a contradiction thus
occurs.

Contradiction in Case C:

Suppose the requirements in Case C are satisfied, and E is not

sparse. Then, for all z € RY, we have

d(x) = Hy (110) + Y_ M(27Qx + Ly — ).
keK

12)

Following the same approach as in [1], we will show that the
equality (12) implies that the capacity-achieving output distri-
bution is Gaussian. Since Y = HX + Z and Z is Gaussian
distributed, HX is also Gaussian distributed. As the set of
points of increase of a Gaussian distribution is not bounded, the
Gaussianity of HX contradicts the assumption that p,, satisfies
the bounded-input constraint.

Now, it remains to prove that Y is Gaussian distributed. First,
assume that the rank of H is equal to M. Without loss of gen-
erality, we can also assume that Z is zero mean. Let Pz(2) be
the probability density function of the additive Gaussian noise.
Then, it is clear that for 2 € RY

- / Pa(Hz — y)log Py(y; ) dY (13
— Pz(Hz) * log Py (Hz; 11,) (14)

d(z) =
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where * denotes convolution. Let 7 = Hz. The right-hand side
of (14) depends only on 7. Hence,

Hy (11o) + Y Ae(27Qu@ + Ly — i)
keK

also depends on r only and we can thus construct matrices @,
and L, such that

Hy (pto) + Y Ar(#7Quz + Lz — 1)
keK

= Hy (o) + Z )\k(’l‘T@k’l‘ + Ly — Vi)
keK

Thus, we have
—Pz(r) * log Py (r; 1)

= Hy (1) + 3 M(rTQur + Lyr — ).
keK

15)

By direct integration, we can immediately verify that ikr =
Pz(’l‘) * Lkr and

TT@!J' = Pz(r) * rT@kr - Z agyj)A(i’j)

i,jJEM

where @5:7]) and A7) are the (i, j)th entries of @k and A,
respectively. Hence, (15) implies that for all r € R, we have

log Py (r; 110) + Hy (10)
T L _
ree) s (ML) o
=i _.Z Q. A9
i,JEM

As the Fourier transform of Pz is nonzero everywhere, by
Corollary 9, the function

log Py (y; pto) + Hy (1)

) (i) 4 T
+3 (v Qu—- D @y A 1 Ly —

keK i,JEM

is equal to 0, which further implies that Y is Gaussian
distributed.

Now, assume that the rank of H is equalto M’ < M.As Ais
real, symmetric, and positive definite, there exists an invertible
matrix B such that BABT = I,;. Using singular-value decom-
position on BH, we can construct an M’ x M matrix V such
that 1) I(X; HX + Z) = I(X;VBHX + VBZ), and 2) the
rank of VBH is M’. Hence, the original constant CG channel
is equivalent to another constant CG channel where the channel
matrix is V. BH and the additive noise is V. BZ. Using the same
argument as above, we can conclude that if the requirements in
Case C are satisfied, then E must be sparse. O

As a remark, subject to an average power constraint
(E,[z7z — v] < 0), the capacity-achieving measure for a
constant CG channel whose channel gain matrix is an identity
matrix has also been studied separately in [8], in which it was
proved that the capacity-achieving measure is discrete if RV\S
has a positive Lebesgue measure.

Corollary 1: Let (Ag, by, {},S) be a quadratic CG
channel subject only to a bounded-input constraint. The ca-
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pacity-achieving measure is discrete except in the trivial case
that the channel is constant with a zero channel matrix H.

Proof: Let H be the channel matrix for the quadratic CG
channel. Then

A, =E|Hzs H' |- E[H)za  E[H") + E[Z22")-E|Z|E[Z"].

Clearly, A, and b, are real over RY, and RY is a subset of
A(Aw).

Suppose the quadratic CG channel is not constant. Let W
be an open subset of A(A,) containing RY. Then tr[Ag]
is unbounded over W. Hence, the requirements in Case A
of Theorem 3 are satisfied, and thus the capacity-achieving
measure is discrete.

If the quadratic CG channel is constant, then the requirements
in Case C of Theorem 3 are also satisfied. Hence, the capacity-
achieving measure is still discrete. O

It is well known that for a scalar additive Gaussian chan-
nel subject only to an average power constraint, the ca-
pacity-achieving input distribution is Gaussian. When an
additional bounded-input constraint S = [—s, s] is imposed,
the capacity-achieving measure becomes discrete. An inter-
esting question then arises: if we relax the bounded-input
constraint by increasing s, then what is its effect on the
capacity-achieving measure? In the next theorem, we will
prove that as s increases, the capacity-achieving measure ap-
proaches the capacity-achieving distribution when there is no
bounded-input constraint.

Consider a sequence of CG channels

{(A7Hm7 {ET.'E - ’7}781') (;'il

where H is a nonzero real matrix and S; is a closed and
bounded subset of R™. Let y1; and @ be the capacity-achieving
measures for the channels (A, Hz, {7z — ~},S;) and
(A, Hz, {7z — v}, R"), respectively. Note that 1; is discrete
while ® is Gaussian distributed.

Theorem 4: Suppose for any closed and bounded set V of
RY, we have V C S; for all j sufficiently large. Then {1;}52,
converges to ¢ in Lévy metric.

Sketch of Proof: First, consider the special case when H
is an N x N diagonal matrix and A = Iy. For clarity, we
use D to denote H and x,, to denote its diagonal entries D™
for n € N. Using the water-filling algorithm [18], [19], there
exist P1,..., Py > 0and ¥ > O such that 1) ZneN P, =7,
2) P, = max(0,9 — 1/x2), and 3) for all n € N, we have
X2/ (x2P, +1) < 1/9 and Pyx%/(x2Pn + 1) = P, /9. Let
® be the Gaussian input distribution of X such that the com-
ponents of X are zero mean and independent with variances
Py, ..., Py, respectively. Then @ is capacity achieving for the
channel (Iy, Dz, {zTz — v},RY).

By Proposition 6, we show that lim;_,o I(p;) = I(®), or
equivalently, lim;_, o Hy(u;) = Hy(®). Let T be the set of
all input probability measures ¢ of X such that E,[XTX] < ~.
In Lemma 10, we prove that I' is sequentially compact. Hence,
{uj};?';l converges to ® if all convergent subsequences of
{m;}52, converge to ®. Assume without loss of generality that
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{m;}52, converges to an input probability measure po in I'. As
lim; o Hy(pj) = Hy(®), by Lemma 9, we have

]ligrolo/ | Py (y; 1) — Py (y: @)|dy = 0.
On the other hand, as {1 }$2, converges to 10

lim Py (y; ;) = Py(y; o), for all y € RM.
j—o0

Therefore, for any L > 0
/ | Py (y; 110) — Py (y; ®)|dy
lylI<L

<lim. S|Py (y; 1) — Py (y; @)|dy
- e +f‘|y”§L | Py (y3 115) — Py (y; o) | dy
—=0.

As L is arbitrary, by the continuity of Py (y; o) and Py (y; @),
we have Py (y;p0) = Py(y;®) for all y € RY. Hence,
E, Y2 = EslY?] forall n € N. Let L be the subset
{neN: x, # 0}. As E, ) [V2] = x2E,,,[X2] + 1 and
Eg[Y?] = x2E3[X? + 1, we have Eg[X?] = E,, [X?] for
all n € L. Consequently

v=Y Es[Xj]=) E,[X]]
neL neL
which implies that E,,;[X?2] = 0 for n € L. In other words,
with respect to pp and ®, X, is deterministic and equal to zero
forn & L.

Let Ppx (o) and Ppx(®) be the probability measures of
DX when the input probability measures of X are po and
®, respectively. Since Py (y; 1n0) = Py (y; ®), by Lemma 4,
Ppx(10) = Ppx(®). As X,, is deterministic with respect to
o and @ for those n such that x, = 0, Ppx(po) = Ppx(P)
implies that 9 = ®. Hence, Theorem 4 holds for this simple
case.

Now, consider a general channel (A, Hz, {xTx —~},S). Let
M’ be the rank of H. Using singular-value decomposition, we
can construct an N X N orthonormal matrix U, an M’ x N
diagonal matrix D*, an M’ x M matrix V, and an M x M
matrix B such that 1) I(X;HX + Z) = I(X;VBHX +
VBZ), 2) the rank of VBH is M’, 3) VBH = DU, and
4) E[VBZZTB'VT]| = I, Then the channel is equivalent
toY* = D*X* + Z* where X* = UX, Z* = VBZ, and
is denoted by the tuple (In;, D*z*, {||z*||> — v},S*) where
$* ={Uz:z € S}.

By adding N — M’ “dummy” output variables, the
channel (Iy;,D*z*, {lz*I*> - +}, §*) is equivalent to
(In,Dz*, {||z*||*> — v},S*), where D is obtained by ap-
pending N — M’ rows of zeros in D*. It is obvious that s ;
and @ are still capacity-achieving measures for the channels
(IN>Dm*> {H‘T*H2 - '7}7 Sj) and (IN71?\‘T*7 {H‘T*”2 - '7}7 RN)
where §7 = {Uz : = € S;}. Since D is a diagonal square
matrix, using the same argument as before, we prove that
{m;}52, converges to ®. O

IV. EXAMPLES

A. Optical Channel—PAM

Consider an optical channel using intensity modulation and
direct detection, in which an electrical signal is directly con-



2080

Channel 1
X Y
P optical channel >
X:X—T Channel 2 Y:YA'_{_ZA
X X . Yy Y
— | Pre-coder ——p» optical channel —®| Post-coder —9

Fig. 1. Two optical channels.

verted to an optical intensity signal (e.g., by a laser diode). A
discrete-time model for this channel is Y = X + Z where Z
is a zero-mean additive Gaussian noise, whose power may de-
pend on the channel input. Specifically, we assume that A, =
og+oix foraf > 0and 0 > 0. This system is subject to three
channel input constraints: a) the average power constraint, b) the
peak power constraint, and c) the nonnegativity constraint (due
to the nonnegativity of intensity). Such a channel can be char-
acterized by the tuple (02 + o?x,z, {x — v}, [0, s]).

By Theorem 1, there exists a probability measure p, in
A which solves the channel capacity problem. In fact, by
Theorem 2, there exists A > 0 such that for all z € [0, s]

Qi o) — 5 loal2me(of + o30)] ~ I(1s) — Az —7) < 0.
(16)

Furthermore, the inequality (16) is satisfied with equality for all
z € E,,.

Corollary 2: Let 1, be the capacity-achieving measure for
the channel (02 + o2z, z, {x — v}, [0, s]). Then y, is a discrete
distribution with a finite number of probability mass points.

Proof: Suppose o7 > 0. Since S is connected, it is
contained in one of the maximal connected open subsets
of A(A,). Denote this connected open subset by W. As
Ay = 02 + o?w and b, = w, the interval (—og/0?, +00)
is a subset of W. Let {w()}32, be a convergent sequence
in the interval (—o3/0%,+o00) with limit —oZ/cf. Then
lim; ., det A,y = 0 and for all positive integers 7, b,
and A, are real. Clearly, the requirements in Case B of
Theorem 3 are satisfied, and thus, p, is discrete.

In the case 0% = 0, the channel is constant and is subject
to a linear average cost constraint. Hence, the requirements in
Case C of Theorem 3 are satisfied, and the capacity-achieving
probability measure p, is thus discrete.

In both cases, E,,_, the set of points of increase of j,, is a
sparse set. Since E,_ is a bounded subset of R, it is a finite set,
i.e., i, has a finite number of probability mass points. O

Proposition 1: Suppose u, is the capacity-achieving mea-
sure for the channel (0 + o3z, z, {z — ~v},[0,s]). Thenz = 0
is a point of increase of 1.

Proof: Suppose, to the contrary, that z = 0 is not a point of
increase of p,. Let 7 be the minimal element in E,,_, and hence
7 > 0. Consider the two channels depicted in Fig. 1. Channel 1
is the original optical channel, and channel 2 is obtained from
channel 1 by appending a “pre-coder” and a “post-coder” before
and after the inner optical channel. Specifically, X =X-7and
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Y =Y + Z where Z is an independent additive Gaussian noise
Z with mean 7 and covariance To?.

For any = > 7, the conditional probability density functions
of Y given X = x is the same in both channels. Hence, if the
input probability measure of the two channels is f,, then the
joint probability measures of X and Y in the two channels are
still the same, and consequently, so is the mutual information
between the channel input and output.

In the second channel, as X, X s f/, and Y form a Markov
chain X — X — Y — Y, we have I(X;Y) > I(X;Y)
by data processing inequality. Let v be the corresponding prob-
ability measure of X when the probability measure of X is .
Clearly, v satisfies the bounded-input constraint and the average
power constraint. Thus, v is also capacity-achieving for channel
1, and hence, Py (y; pto) = Py (y; v) by Theorem 1. As a result,
for channel 2, given the input probability measure of X is 1,
the probability density function for Y and Y are the same, which
is not possible since E[Y] = E[Y] + 7. Hence, the proposition
follows. O

Corollary 3: 1f ju, is capacity achieving for the channel (o3 +
o2z, x,{x —~},[0, 5]), and it satisfies (16), then

1
A= [I(1o) — Q (05 10) + 3 log 2mea?| /7.

Proof: Since 0 is a point of increase of (,, the inequality
(16) is tight at 0. Therefore, the Lagrange multiplier A can be
obtained by putting x = 0 in (16). O

For each b € {2,3,...}, let 7 be an input probability
measure in A that maximizes I(p) and has b or fewer points
of increase. Using an approach similar to that of [1], the ca-
pacity-achieving measure of this optical channel can be found
via the following search algorithm.

Search Algorithm for Capacity-Achieving Measures

Step 1: Setbh = 2.

Step 2:  Solve for 7().

Step 3: Let A\(®) = [I(7®) —Q(0; 7)) +log 2mea?] /v. If
A®) <0, increase b by 1 and go back to step 2.

Step 4:  Verify whether the inequality

Qair®)-1(:)
—% log[2me(o2+02x)] — XY (z —~) <0

holds for all z € [0, s]. If so, then 7(*) is capacity
achieving. If otherwise, increase b by 1 and go back
to step 2.

Numerical Results

The parameter o7 determines the degree of signal dependency
of the optical channel. It is interesting to know how the param-
eter o2 affects the capacity-achieving measure. In the above op-
tical channel, we fix the following parameters: 0(2) =0.1,y = 2,
and s = 6. Let u[0?] be the capacity-achieving measure for the
channel (63 + o3z, z, {z —~}, [0, s]). With respect to different
specified values of o7, via the above search algorithm, pu[o?]
was found and its set of points of increases are plotted in Fig. 2.
Specifically, the horizontal axis denotes the values of o and the
vertical axis denotes the input signal. If a dot is indicated in the
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Fig. 2. Capacity-achieving measures.

position (o7, z*), then z* is a point of increase of ;[o?]. More-

over, the probabilities at the points of increase of y[o?] are also
shown in the figure for selected values of o2,
From the figure, we observe the following.

1. 0 and s are always points of increase of u[o?]. It is proved
in Proposition 1 that 0 is always a point of increase of
plo?]. However, it is not known whether s is also a point
of increase of u[o?] in general.

2. The distance between two neighboring points of increases
of p[o?] varies significantly. In particular, the separation is
smaller if the interval is “closer” to 0. This phenomenon is
especially apparent when the channel is highly signal de-
pendent (i.e., when o7 is large). We believe that this phe-
nomenon is due to the fact that when o? is large, input sig-
nals of larger power require greater separation than those
of smaller power.

3. As o? increases, the size of [EH[J%] decreases. This hap-
pens because when o increases, the average noise power
also increases; hence, a signaling scheme with a smaller
constellation is more favorable.

4. The probabilities of “x = 0” and “z = s” increase, as o>

increases. For a fixed channel input, when U% increases,
the induced noise power also increases. Hence, for large
0%, it is more favorable to use inputs of smaller power.
This explains why the probability of “x = 0 increases.
An unexpected observation from our numerical results is
that the probability of “z = s” also increases. We believe
that this is because the increase in probabilities of “z = s”
and “x = 0” also increases the “average distances” be-
tween channel codewords. According to our numerical re-
sults, this advantage seems to outweigh the disadvantage
of the increase in average noise power.

B. Fading Channel

Consider a general multiple-antenna system operated in a
fading environment. The channel input and output are com-
plex-valued N-tuple X and M-tuple Y, respectively, such that
X and Y are related as Y = HX + Z. Here, we do not make
any assumption on the complex channel gain matrix H and the
additive noise Z except that 1) they are complex Gaussian dis-
tributed and 2) H and Z are independent to each other. Such
a channel can also be formulated as a quadratic CG channel
Y = HX + Z, where

v [re(Y)} H- {.re(H) —im(H)]

im(Y) 1m(I~I) re(ﬁ)
X = [re()f)].zz {re(zj]. (17)
im(X) |’ im(Z)
Example:  Rayleigh-Fading ~ Channels: Consider  the

Rayleigh-fading channel, in which all the entries in H and
Z are independent, zero-mean, complex Gaussian distributed
with variance x? and o2, respectively. Hence, for any input
z € RN, b, = 0and

1
Ap = 2 <Z X2.T721 —|—U2> Iy,

neN
Subject to peak and average total power constraints, the channel
is denoted by the tuple

(% <Z ot Uz) I, 0, {21z = 7, BN(S2)>

neN

where s% and +y are the maximal peak and average total power
respectively.

Corollary 4: Let u, be the capacity-achieving measure for
the above Rayleigh-fading channel. Then p, is discrete. In par-
ticular, its set of points of increase is contained in a finite number
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Channel 1

Rayleigh Fading
Channel

Channel 2

Rayleigh Fading
Channel

Fig. 3. Two equivalent Rayleigh-fading channels.

of “concentric shells” centered at 0. In other words, the prob-
ability distribution of || X| is discrete with a finite number of
probability mass points.

Proof: Let W be the maximal connected open subset of
A(A,) containing By (s2). Then, for any 0 < € < o/, the
vector (j¢,0,...,0) € W. Let {w® £ (j¢;,0,...,0)}52,
be a sequence in W such that lim; ., ; = o/x and 0 < ¢; <
o/ x for all positive integers i. Obviously, lim;_, o, det A ) =
0 and for all positive integers 4, b,,:) and A, are real. The
requirements in Case B of Theorem 3 are thus satisfied, and
hence, 1, is discrete. It remains to prove that E,,  is a subset
of a finite number of concentric shells centered at 0.

Consider the two channels depicted in Fig. 3. Channel 1 is
the Rayleigh-fading channel, and channel 2 is obtained from
channel 1 by multiplying a real orthonormal matrix B and its
inverse B~ before and after the Rayleigh-fading channel. It is
easy to see that for any z € R, the conditional probability den-
sity functions of Y given X = z is the same for both channels.
Hence, if the input probability measures of the two channels are
equal to y,, then the mutual information 7(X;Y") in both chan-
nels is the same.

In the second channel, as X, X , Y and Y form a Markov
chan X — X — Y — Y, we have I(X;Y) > I(X;Y).
Let v be the probability measure of X. It is obvious that v
satisfies all channel input constraints. Thus, v is also capacity
achieving, and I(p,) = I(v).

By Theorem 2, there exists A > 0 such that for all z €
B N (S 2)

Q(a: o)~ 5 Tog(2me) ™ det Ag] ~ (1) ~ A&z —) <0.
(18)

Let E be the subset of B (s2) such that (18) is tight. If z € E,,,
then Bz € E,. Hence, £ and Bz are both in E. Since B is an
arbitrary orthonormal matrix, E contains the set

{x € RN : 3w € E,,, such that ||z||* = ||Jw||*}

which is a collection of concentric shells centered at 0. By
Lemma 1, the sparseness of E implies that the number of
concentric shells is finite and the corollary then follows. O

As a remark, the capacity-achieving measure for the
Rayleigh-fading channel has been studied separately in [4],
in which it is proved that the capacity-achieving measure is
discrete even when there is no peak power constraint.
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Suppose the receiver can estimate the channel correctly. In
other words, suppose the channel matrix H is known to the re-
ceiver. Let H be an M N X 1 column vector such that it contains
all the entries of H. Such a fading channel with receiver-side
channel information can still be formulated as a CG channel,
where the output of the channel is [ﬁ T ,YT|T. Itis easy to prove
that for all z € RN, b, and A, are real,

tr(Ag) = MNX?/2 + Mo? /2 4+ M||z|*x?/2,
and

log det Ay = M N log(x?/2)+M log(c?/2), forall z € RV,

Corollary 5: For the above Rayleigh-fading channel with
channel side information available at the receiver, subject
only to the peak total power constraint,? there exists a ca-
pacity-achieving measure p, which is DAUP.

Proof: Let u* be a capacity-achieving measure and W be
the maximal connected open subset of A(A,,) containing R .
As tr(Az) is unbounded over RY, the requirements of Case A
in Theorem 3 are satisfied. Hence, p* is di§crete.

For any orthonormal matrix B, let X = BX and v
be its probability measure. Applying a similar technique
when we proved Corollary 4, we can show that v is also ca-
pacity-achieving. Since I (1) is concave, any linear combination
of 1* and v is still capacity achieving. By “averaging” over all
possible orthonormal matrices B, we can construct from p* a
capacity-achieving measure i, which is uniform in phase. The
phase uniformity of s, implies that E,, consists of a number
of concentric shells centered at 0. Hence, the sparseness of E,,
implies that the number of concentric shells in E,, is finite. In
other words, , is DAUP. O

Example: MIMO Rayleigh Block-Fading Channels: Consi-
der a MIMO Rayleigh block-fading channel [15], whose
channel gain matrix remains constant for 7" symbol periods,
after which it changes to a new set of values independently, and
again, maintain for another 7' symbol periods, and so on. Let N
and M be the number of transmitting and receiving antennas,
respectively. Within a block of 7' channel input vectors, for

~ (1 ~ ~
x" = [Xf”, . ,X@}T
N
be the [th channel input vector and

7O [0, 70

~( ~ (1

be the corresponding channel output vector. Then X ® and Y( )
~(1 ~~1) = ~

are related by the equation Y( - HX ® +Z( ) where H is

the complex channel gain matrix for the Rayleigh channel as

~(1
defined in Section IV-B and Z 2 is the corresponding additive
complex Gaussian noise. For simplicity, let

x" = [re(%((lz))) ] Y0 = lre(f:((lz))) ]
im(X ) m(Y ")

3The peak total power is the sum of the powers of all transmitting antennae
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-re(i(l))
. 50
im(2")

=[x, xOy]

— :(Y(l))T7.‘.7(Y(T))Ti|T

z=[z9,..., <z<T>)T]T. (19)

It is easy to show that the MIMO Rayleigh block-fading channel
can be rewritten as a quadratic CG channel Y = HX + Z
where H is a 2MT x 2NT “block-diagonal matrix” whose di-
agonal blocks are all equal to H*. Since the channel is quadratic,
the well-behaved region A(A,,) contains R*TY. As H is zero
mean, b, = 0 for all £ € R2NT,

Corollary 6: Let p, be the capacity-achieving measure for
the above Rayleigh block-fading channel subject to peak and
average power constraint. Then p, is discrete.

Proof: Let W be the maximal connected open subset of
A(Ay) that contains R*NT. Let w* = (je, 0, ..., 0) be a vector
in C?M7T where 0 < € < o /x. By direct substitution, it can be
verified easily that w* € W. Furthermore, A,,- are real and

5 9 9\2M , o\ 2AT-1)M
det Ay = (%) (%) .

Let {w £ (je;,0,...,0)}22, be a sequence in W such that
lim; oo €; = o/x and 0 < ¢; < o/x for all positive integers
t. Obviously, lim;_, ., det A, = 0 and for all positive inte-
gers i, b,y and A, i) are real. The requirements in Case B of
Theorem 3 are thus satisfied, and hence, p, is discrete. O

(20)

As a remark, the capacity-achieving measure for the single-
antenna Rayleigh block-fading channel has been studied sep-
arately in [8], in which it is proved that the capacity-achieving
measure is discrete even when there is no peak power constraint.

Example: Rician Fading Channels: The Rician fading chan-
nel is a generalization of the Rayleigh-fading channel in the
sense that E[H] is not necessarily a zero matrix as in the case of
Rayleigh-fading channel. Specifically, given the channel input
is z,

1 2.2 2

neN
and b, = E[H]z which is nonzero in general.

Corollary 7: The capacity-achieving probability measure for
the Rician fading channel

<% (Z szi + 0'2> IAJ,E[H]£7 {}7BN<32)>

neN
is discrete.
Proof: Since a Rician fading channel is a quadratic CG
channel, by Corollary 1, the result follows. O

As a remark, many fading channels can be formulated as
quadratic CG channels. Therefore, according to Corollary 1,
their capacity-achieving measures are discrete if there is no av-
erage cost constraint.
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C. Example: Interference Channels

Consider a communication system consisting of N pairs
of transmitters and receivers. Each pair is connected by a
point-to-point subchannel, and the subchannels interfere with
each other. Specifically, the channel input X and output Y are
related as Y = HX + Z such that 1) the entries of H and Z
are Gaussian distributed independently with variances y? and
o2, respectively, 2) Z is zero mean and E[H] is the identity
matrix. Therefore, for any input z, b, = 2, and

Ay = <Z X2$ZL + 02> Iy.

neN

Corollary 8: There exists a DAUP capacity-achieving mea-
sure u, for the interference channel

((Zx%i +ch) IN,x7{}7BN(32)> _

neN
Proof: Since the channel is quadratic and there is no av-
erage cost constraint, the capacity-achieving measure is dis-
crete. The proof of that i, is DAUP is the same as the one given
in Corollary 5. O

D. Example: Parallel Gaussian Channels

Consider a system of N independent and identically scalar
additive Gaussian channels in parallel subject to an average total
power constraint E,[XTX — 4] < 0 and a bounded-input
constraint. In other words, the channel is characterized by the
tuple (02In,z,{zTz — ~},S). By Theorems 1 and 3, the ca-
pacity-achieving measure is unique and discrete. We will con-
sider two cases of bounded-input constraints: cubic and spher-
ical constraints.

Case A: Cubic Constraint: In the first case, the set of
admissible channel input vectors is a hypercube, defined as
S = [1,enSn where S,, = {z,, € R : 22 < s?}. In other
words, the peak power of each component channel is s2. For
any input probability measure p of X, we denote the corre-
sponding marginal probability measure of X,, by z(™).

Let u, be the capacity-achieving measure for the channel
(0 In,z, {&Tx — v}, ][], cn Sn) and v be the product measure
of {ugl), e ,MSN)}. It can be proved easily that I(v) > I(u,)
and v € A. By the uniqueness of j,, we have p, = v and
p = 4@ = ... = 4 (N) By direct substitution, we can verify
immediately that I(v) = NC where C is the channel capacity
of the channel (02, z,,, {72 —v/N},[~s, s]) and /Lf,n) is the cor-
responding capacity-achieving measure. Again, by Theorem 3,
M&") is discrete and hence has a finite set of points of increase.
AsE,, = [.en [EHE)H), E,. is also finite.

Case B: Spherical Constraint: In the second case, the set
of admissible channel input vectors is By (s%). Let y, be the
capacity-achieving measure for the channel (021 N, T, {zTz —
v}, B (s?)). For any orthonormal matrix B, let X = BX and
v be its probability measure. Again, using the same technique
as in proving Corollary 4, we can show that v is also capacity
achieving. The uniqueness of the capacity-achieving measures
thus implies that u, = v. Hence, u, is uniform in phase, and
E,.. consists of a number of concentric shells centered at 0. The
sparseness of E,, thus implies that the number of concentric
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shells in £, is finite. In other words, p, is DAUP. The special
case when N = 2 was proved by Shamai and Bar-David in [3].

V. CONCLUSION

In this paper, we have shown that, in many instances, the
capacity-achieving probability measure for a conditionally
Gaussian channel with bounded-input constraints is discrete.
The criteria for discreteness given in Theorem 3 are not ex-
haustive, and hence, there may be many more examples of CG
channels with a discrete capacity-achieving measure. In fact,
according to Theorem 2, for a conditionally Gaussian channel
subject to bounded-input constraints, if its capacity-achieving
probability measure is not discrete, then the inequality in (6)
must be tight for all admissible channel inputs . We believe
that such a requirement is rather stringent in general. In other
words, it is more natural to expect that most capacity-achieving
measures are discrete.

There is much work yet to be done in the analysis of chan-
nels with input constraints. The tools we used allow us to verify
whether a given input measure is capacity achieving or not.
Once the capacity-achieving measure and the channel capacity
are determined, they can serve as a benchmark to evaluate the
efficiency of any practical scheme. Furthermore, the obtained
capacity-achieving measure may lead to valuable insights in de-
signing practical and efficient modulation schemes.

However, except in a few special cases, when we may guess
the form (e.g., DAUP) of the capacity-achieving probability
measure, these capacity-achieving probability measures are
extremely difficult to obtain. More sophisticated techniques are
yet to be discovered to overcome this problem.

APPENDIX I
PROOF OF LEMMA 1

Suppose | is finite. Let b(w) = [],.,(wTw — p?). Clearly,
the function b(w) is holomorphic over CV and is zero in F.
Therefore, [ is sparse. It remains to prove that if | is not finite,
then F is not sparse.

Suppose | is not finite. The Bolzano—Weierstrass theorem im-
plies that {p; : ¢ € I} has a limiting point p. Let b(w) be a holo-
morphic function defined on a connected open subset U of CV
containing the closure of F such that b(w) = 0 for allw € F.

First, consider the case when p > 0. Let » be any point in
RY such that ¥Tv = p?. Then v is a limiting point of F, and is
contained in U. Let W(e, 6) be as in the equation at the bottom
of the page. By picking €, 4 > 0 small enough, W(e, §) can be
made to be a subset of U.

Let 2 € W(e, 6) be a vector such that Tz = p?. Let f(v) =
b(vzx) be the single-variable complex-valued function, and F be
the set

{¢ € (1—6,146):3p, such that ¢ = p;/p for some i € I}.
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It is easy to see that f(v) is an analytic function on an open
subset of C containing the interval (1 — 6,1 + 6), and f(v)
is zero on FF. As p is a limiting point of {p; : i € I}, Lis
a limiting point of F. By the identity theorem [20], f(v) = 0
forallv € (1 — 6,1+ ). In other words, b(vz) = 0 for all
veE (1—-26,1+0).As

W(e, 6) = U
zeW(e,6): 2xTa=p?
b(w) = 0 for all w € W(e, ). Since W(e, §) is open in RV,
again by the identity theorem, b(w) = 0 for all w € U. This
implies that [ is not sparse.

In the case when p = 0, then the origin 0 is a limiting point of
F.LetW(8)={ueR" : |ju|| < §}. Picking § >0 small enough,
W(6) is a subset of U. For any £ € RY such that 2Tz = 1,
let f(v) be the single-variable complex-valued function b(ve).
Then f(v) is analytic on an open subset of C containing the
interval (—6,6). As {p; € (—6,0) : i € |} has a limiting point
at 0 and f(v) is zero on this set, f(v) =0 for v € (=6, ), and
consequently, b(w) =0 for all we W (). Again, by the identity
theorem, b(w) = 0 for all w € U. The lemma is thus proved.

{vz:1-6<v<1+6} (21)

APPENDIX II
SUPPLEMENTARY RESULTS

Let By be the vector space of all bounded and continuous
real-valued functions defined on RY and B% be its dual space
[21]. The set of input probability measures, denoted by §2, can
be identified as a subset of B7%;. In this paper, we assume that the
topology on (2 is induced by the weak* topology defined on BY;.
The induced topology on {2 is metrizable, whose metric is called
the Lévy metric [23]. This topology is complete and satisfies the
following properties.

Lemma 2: Let {p;}52, be a sequence in (.

1. The sequence converges to i in the Lévy metric, denoted
by p; = po, if and only if for every f € By

i [ f(@)dus = [ f@dno.

In particular, if {u; }$2,, is a sequence in As, then p; =
1o if and only if for all-continuous function f defined on S

i [ f@dn; = [ @)

2. Suppose ju;==> j1o. For any closed subset K of R,
Lm0 i (K) < o (K).

Moreover, if f(z) is continuous on R™ and is bounded

below, then

3. A subset YT of 2 is called tight if for any ¢ > 0, there
exists a closed and bounded subset K of RN such that

W(e,8) = {ue RN : |luf||lv]|(1—€) < uTv and (1 — 8)p < [Ju]| < (1 + 8)p}.
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uw(K) > 1 —eforall u € Y. Suppose T is closed and
tight. Then it is sequentially compact.
Proof: See [23, Sec. 3.1]. O

Proposition 2 (Convexity and Sequential Compactness): The

subsets Ag and A of €2 are convex and sequentially compact.

Proof: The convexity of Ag and A are trivial. To prove that
they are sequentially compact, it is sufficient to show that they
are tight and closed. First, notice that S is closed and bounded.
As (S) = 1forall u € As, As and its subset A are tight.

Let {p;}52, be a convergent sequence in As with limit pg.
Since S is closed, lim; oo 12;(S) < po(S), which further implies
that po(S) = 1, or, equivalently, o € As. Therefore, Ag is
closed, and thus sequentially compact.

Similarly, let {u;}$2, be a convergent sequence in A with
limit z49. The sequential compactness of As implies that g €
As. As j1; = po and gy (z) is continuous on RY for all k € K,
by Lemma 2, we have

/gk(-'t) dpi = / gk (2) dpo.

Hence, 19 € A and the sequential compactness of A then
follows. O

0> lim

1— 00

Lemma 3: There exist positive constants «, 3, 3’ such that
forallz € Sandy € RM

exp(—a = f'llyl*) < Pyix(yle) < exp(a — Bllyll*).

Hence, for all 1 € As
exp(—a — #'|lylI*) < Py (y: 1) < exp(a — Bllyll*)

and [log Py (y; )| < o + (lyl|>.

Proof: As stated in Section II, there exist x;, kp, ¥ > 0
such that for all £ € S, all eigenvalues of V, are within the
interval (k;,kp) and ||bz||] < 9. Hence, det A, is within the
interval (1/k)",1/kM). As a result

Kh 1
— o lly = ba® < = Sy~ be)TVir(y — be)
K
< = 5 lly bl (22)
Hence, for any 0 < € < 1 and ||y|| > ¥/e, we have
K 1
~ 5 1+ ?|yl* < — 5y ba)TVa(y — ba)
K,
< - 1=yl (23)
and
exp(=3-(1+ ¢)*[lyl*)
<P T
Q)
_EiL(1 —€)? 2
Lo ),y

(27T//*€h)M

Let ' = “:(1+¢)? and 8 = 5-(1 —€)*>. Then ', 3 > 0.If
« is large enough, then

exp(—a = f'llyl*) < Pyix(ylz) < exp(a - fly|l*)

for all y € R and the lemma is proved. O
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Proposition 3 (Continuity): Hy (u), Hy x (i), and I () are
continuous over As.

Proof: Let {p;}52, be a sequence in Ag such that y1; —>

pio. For any fixed y € R™, Py x(y|) is a continuous function
of  over S. Hence,

E&/}hﬂM@W%:/}hXM@dW

ie., Py(y;up;) is pointwise convergent to Py (Y;po). By
Lemma 3, there exist «, 3,3 > 0 such that

| = Py (y; i) log Py (y; 120)| < (o + ' [lylI*) exp(o—Blly]?).

By the Lebesgue convergence theorem

lim — / Py (y; i) log Py (y; 115) dy

1— 00

= - / Py (y; p1o) log Py (y; p10) dy.  (25)

Thus, Hy () is continuous over As.
The continuity of Hy x(u) follows from the fact that
3 log[(2me)™ det Ag] is continuous over $ and

1 )
Hyx(p) £ / 3 log[(2me)™ det Ag] dp.

Finally, as I(1) = Hy (1) — Hy|x (1), the continuity of I (1)
is established. U

Lemma4: Consider a constant CG channel Y = HX+Z. Let
R=HX and Pgr(u) be the probability measure of R where
is the probability measure of X. Then, Py (y; 11) = Py (y; pi2)
if and only if Pr(p1) = Pr(u2). Consequently, if H is left-
invertible, then Py (y; 1) = Py (y; pu2) if and only if 11 = po.

Proof: 1t is obvious that Py (y; i) is equal to the convo-
lution of Pz(z) and Pgr(u), where Pz(z) is the probability
density function of the Gaussian noise Z. Since the Fourier
transform of Pz(z) is nonzero everywhere, Py (y; 1) and Pg(u)
are in one-to-one correspondence (see [1] and Lemma 7). In
other words, for any input probability measures p; and po,
Py (y; 1) = Py (y; pi2) if and only if Pr(p1) = Pr(pz). O

Definition 6: Let J(u) be a real-valued function defined on
As and pg € As. If the limit

. J((L = 0)po + Opa) — J(po)
! —
Tuolinn) = g, /

(26)

exists for all 41 € Ag, then the function J(u) is called weakly
differentiable [1] at 419, and the function .J), (1) is its weak
derivative at pi.

Note that, if J(u) is concave and is weakly differentiable on
As, then J(1,) is maximized if and only if J), (411) < 0O for all
1 € As.

Proposition 4 (Weak Differentiability): The mutual informa-
tion function I(y) is weakly differentiable in As, and

I () = /Q(-’B; po)dpy — Hyx (1) — I(po).
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Proof: Let0 <6 <1landpug =

(1 =0)po + Opy. It can
be shown easily that w

is equal to

—I(po) — Hy|x(p1) — /PY(?I; p1) log Py (y; pe)dy

+1_9 (%Mo)d

7 Py (y; Mo)logﬁ y. (27)

Since [ Q(@;p0)du1 = — [ Py(y; 1) log Py (y; p1o)dy, to
prove Proposition 4, it suffices to prove the following claims.

Claim 1:

6hm Py (y; 1) log Py (y; p16)dy
z/Py(y;m)logPy(y; to)dy.
Claim 2:
lim — /Py Y; o) logMdy: 0.
6—0+ 0 Py (y; po)

As the limit limg_,o+ Py (y; p1)log Py (y; ug) is equal to
Py (y; u1) log Py (y; po) and there exists «, 3, 8’ > 0 such that

< (a+ B'llyll*) exp(a - Bllyl1*)

the first claim thus follows from the Lebesgue convergence
theorem.

To prove the second claim, first notice that for ¢, ¢y, co > 0,
log(1 — 604 f0c) > Blogcand ¢q log(ca/ec1) < eg — ¢q. Let

| Py (y; p11) log Py (y; pe)|

c= Py(y; 1)/ Py (y; 1o)

¢1 = Py(y; o)
and

= Py (y; po)-

Then it is easy to show that

Py (y; 1) _ Py(y;10) , Py (y; o)
Py (y; p1o) log < og
W ko) Py (y; po) ¢ Py (y; p1o)
< Py (y; 1) — Py (y; po)-
By L’Hospital’s rule, it can be shown that
. Py(y;mo) . Py(y; )
| : = Py (y; — Py (y; o).
e_lfgl+ 9 Py (y; 10) y (Y5 101) y (Y5 14o)
Py (y;p1)

Since Py (y; NO)logm and Py (y; 1) — Py (y; po) are
integrable, by the Lebesgue convergence theorem

) Py (y;0) , Py (y: o)
lim log
90+ 0 Py (y; o)
— [ Peim) - Pewin) dy 28)
—0. (29)
The proposition is thus proved. ]

Lemma 5: Q(z; p,) is a continuous function of z over S.
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Proof: Suppose {£()}5°, is a convergent sequence in S
with limit £(°). For any y € R, the sequence

{—Pyx (ylz") log Py (y: 110) }32,

is pointwise convergent to —Py|X(y|m(0)) log Py (y; 10)-
Again, by the Lebesgue convergence theorem, we have

lim — /PY|X(y|m(i))10gPY(y§ o) dy

1—00

- / Py x(yz(©)) log Py (y; 1) dy  (30)
and the result follows. O

Proposition 5: Let d(w) be defined as in (11). Then d(w) is
holomorphic over A(A,,).

Proof: Suppose V is a closed and bounded subset of
A(Ay). As the entries in by, and V,, are continuous functions
we have 1) ||bw]| S ¥, 2) the elgenvalues of the matrix reV
are within the interval (K, kp,), 3) || im(Vy) im(by) || < <,
and 4) the magnitude of det V,, is within the interval (g, ¢, ).

For any scalar € and vector y € RM such that 1 > € > 0 and
llyl] > max(¥/e, (1 + €)</€), we have

re (¥ — bw)"Vu(y — bw)) €29)
=re(y — by)Tre(Vay)re(y — by)
— im(bey ) Tre(Va)im(by)
— 2re(Yy — by)Tim(Vy )im(by) (32)

> firllre(y — bo)||* — Fallim(bw)||* — 2llre(y — bw)|I<
(33)
> |lyll? [fi(1 — €)* — kne” — 2¢] . (34)

Let Bge (r1(1 — €)® — Kne? — 2€)/2. By choosing € small
enough, [ is positive. Let ¢(y; w) be

vw(y - bw))/
and f(y, w) be —q(y, w) log Py (y; o). Thus, for all

lyll > max(9/e, (1 + €)5/e)

exp(—%(y ~ by (2m)M det Ay,

we have

Ja(y; w)| < exp(=Bllyll*)/\/(2m)M /.

As a result, by picking a positive number & large enough, we
have

la(y; w)| < exp(@ — Blyl*), forally € RM

and

|/ (g, w)] < (o + B'llyll*) exp(@ - Bllyll*).

As a corollary, the integral [ |f(y, w)| dy is uniformly conver-
gent over V.

On the other hand, since the entries in A,, and b, are well
behaved and re(det A,,) > 0 for all w € A(A,,), the function
f(y;w) is aholomorphic function over A(A,,) forany y € RM,
Therefore, according to the differentiation lemma [24], d(w) is
holomorphic over A(Ay,). d
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Lemma 6: Let d(w) be defined as in (11). If w* € A(A,)
such that V,,« and b,,- are real, then for some o > O and 3 > 0,
we have d(w*) > —a + fOtr[Ay+].

Proof: Since V- is real and w* € A(Ay), the matrix
Ay~ is symmetric and positive definite. By Lemma 3, we have
—log Py (y; 1t0) > —a + Blyl|*. Let

exp(— 5 (¥ — bw )"V (y — bw*)).

Cly,w) = 7 det A (35)
Then, we have

dw) = - [ Cwwlos Pty GO

z/o@mm—a+mw%@ (37)

= —a+ B(tr[Aw] + [bw- 1) (38)

> — a+ [tr[Ayp]. (39)

O

Lemma 7: Let 1(y) be a Schwartz function [21] defined on
RM such that its Fourier transform 1/1( ) is nonzero for all y €
RM . Suppose W is a tempered distribution (i.e., a linear and con-
tinuous functional defined on the set of Schwartz functions) and
U x 1), the convolution between ¥ and 1), is the zero tempered
distribution. Then ¥ and its Fourier transform W are the zero
tempered distribution. In addition, if there exist two probability
measures o and pq such that U = pq — g, then py = pp.

Proof: Let D be the set of Schwartz functions which
have a compact support and ¢g be a function 1n D. As 9(y)
is nonzero for all y € RM, the function ¢; = ¢y /1/) (.e.,
$1(y) = ¢o(y)/(y) for all y € RM) is also in D.

Since (¥ * 1)) is the zero tempered distribution, its Fourier
transform U - 1,/3 is again the zero tempered distribution. Conse-
quently, we have*

0= (1, - ) (40)
:<¢0/¢,@ b) (41)

As D is dense in the set of Schwartz functions[22], (¢, \il) =0
for any Schwartz function ¢. In other words, li', and conse-
quently, U, are the zero tempered distribution.

Finally, if U = pu; — po for some probability measures ji
and p1, then (¢, 1) = (P, po) for any ¢ € D. By Riesz repre-
sentation theorem [25], i1 = po- O

Corollary 9: Let Z be a Gaussian random variable and
Pz(z) be the corresponding probability density function. Sup-
pose g(z) is a continuous function such that |g(z)| < a+3||z||?
for some a, 8 > 0. If Pz(2) * g(2) is the zero function, then
g(2z) is also the zero function.

Proof: 1t can be proved easily that 1) Pz(2) is a Schwartz
function such that its Fourier transform is nonzero everywhere,
and 2) g(z) is a tempered distribution. Therefore, by Lemma
7, g(2) is the zero tempered distribution, which further implies
that g(2) is the zero function. O

Lemma 8: Consider a constant CG channel Y = HX + Z.
Let X be Gaussian distributed with probability measure

4For any Schwartz function > and tempered distribution ¥, we denote the
function value of ¥ at ¢ by (¢, ¥).
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¢. Then we can construct a sequence of probability mea-
sures {v;}52, such that 1) E,, is closed and bounded,
2) E,, [XTX] < EuX'X], 3) v, = ¢ in the Lévy
metric, and 4) lim; ., Hy(v;) = Hy(¢), or equivalently,
lm; oo I(v;) = I(¢).

Proof: Assume without loss of generality that E,[ X XT]
is positive definite. Hence, ¢ is indeed characterized by a proba-
bility density function, which is denoted by ¢(z) for simplicity.
For any positive integer i, let V; = {x € RY : zTx < i}, and
v; () be the following “truncated” Gaussian probability density

function
I/i(.'l?) _ {atqﬁ(m), ife eV,

0, otherwise “3)

where «; > 1 is a normalizing constant. Clearly, conditions 1)
and 2) are satisfied, and lim;_,., ; = 1. For any continuous
and bounded function f(z) defined on RY, it is apparent that

f(@)vi(z dx_/f

Hence, by Lemma 2, v;

lim

1—00

=> ¢. It remains to prove that

lim; o Hy (vi) = Hy(9).
Let bz(’y) = Py(’y; Vi)/ai~ Since v; — (,ZS
lim bify) = Pr(y:9).

Also, as v;(x)/a; < ¢(z) forall z € RN, b;(y) < Py(y;¢)
for ally € RM.

Let ¥ > 0 such that Py (y;¢) < 1/e for all ||y|| > 9. As
—tlogt is increasing and nonnegative on the interval [0, 1/¢],
|—bi(y) log bi(y)] < |— Py (; 9) log Py (y; 9)| forall |y]| > .
By the Lebesgue convergence theorem

—bi(y) log bi(y)dy
Slyll>o

lim

= / — Py (y; ¢) log Py (y; ¢)dy.
llyll>?

Similarly, as the function | — b;(y)log b;(y)| is bounded for
llyll < 9, the limit

Jim / —bs(y) log bi(y)dy
lyll<o

12— 00

is equal to f”y” <o —Pr(y; ¢) log Py (y; ¢)dy. Consequently, as
i goes to infinity, — [ b;(y) log b;(y)dy converges to

—/m@@@ﬂ@w@

and, as a result, the limit

lim — /PY(’!ﬁ vi)log Py (y; vi)dy

71— 00

is also equal to

—/m@@@ﬂm@@

ie., lim; . Hy(v;) = Hy(¢) and the lemma is proved. O

Proposition 6: Consider a sequence of constant CG chan-
nels {(A, Hz, {7z — ~},S;)}32, such that for any closed
and bounded subset V of RY, V C S; for sufficiently large j.
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Let p; and ® be the capacity-achieving measures for the chan-
nels (A, Hz, {z7z — ~},S,) and (A, Hz, {zTz — v},RY),
respectively. Then lim; o I(p;) = I(®), or equivalently,
lim; oo Hy (1) = Hy (®).

Proof: By Lemma 8, we can construct a sequence
{v;}2, such that 1) E,, is closed and bounded, 2)
E,[X'X] < Eg[X'X], and 3) lim;_o. I(v;) = I(®).
It is obvious that for sufficiently large j, E,, C S;. Hence,
I(v;) < I(pj) < I(®), and thus, the proposition follows. [

Consider a constant CG channel with a diagonal square
channel matrix D with diagonal entries x,. Let ® be
the capacity-acheiving probability measure for the channel
(In,D,{zTz —~},RN),and P, & E5[X?] forn € N.

Lemma 9: Let 11 be an input probability measure such that
E,[X"X] < ~.Forthe above channel (I v, D, {zTz—~},RY),
we have

D(Py (y; p)|| Py (y; ©)) < Hy (®) — Hy (1)

where D( Py (y; p)|| Py (y; ®)) is the Kullback—Leibler distance
between Py (y; 1) and Py (y; ®). Consequently

/ Py (y: 1) — Py (y; ®)|dy < /2Ty (®) — 28y (1)

according to Pinsker’s inequality [19].

Proof: According to the water-filling algorithm, there
exists ¥ > 0 such that x2/(x2P, + 1) < 1/9 and
Pox2 /(X2 P,+1) = P, /9 foralln € N.Let A* be the covari-
ance matrix of Y when the input probability measure is ®. Let

C = —Hy(p) + 1 log[(2m)" det A*]. We have
D(Py (y; )||PY(y; ))

X:E X2] +1

Z%l P ,+ 1 “44)
E, X2 1 1

50+5ZT+§ZW (45)

neN neN
<C+ o+ Z P = (46)
= HY((D) - Hy(/t). 47
O

Lemma 10: Let I" be the set of all input probability mea-
sures 1 of X such that E,[X7X] < ~. Then I is sequentially
compact.

Proof: For any € > 0, let K be the closed and bounded set
{x e RN : 27z < v/c}. Hence if € T, then p(K) > 1 —e.
Therefore, I is tight. Let {1;}52, be a convergent sequence in
T such that it converges to 1. By Lemma 2, we have

/-’BT-'Eduo <lim,; /-TTZdNi <.

Hence, pg € T, and thus, T is closed. The sequential compact-
ness of I' then follows from Lemma 2. O
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