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‘Would you tell me, please, which way I ought to go from here?’

‘That depends a good deal on where you want to get to,’ said the Cat.

‘I don’t much care where—’ said Alice.

‘Then it doesn’t matter which way you go,’ said the Cat.

‘—so long as I get SOMEWHERE,’ Alice added as an explanation.

‘Oh, you’re sure to do that,’ said the Cat, ‘if you only walk long enough.’

— Lewis Carroll, Alice’s Adventures in Wonderland.



Abstract

Cooperative teleoperation combines two traditional areas of robotics, i.e. teleop-

eration and collaborative manipulation. Cooperative telerobotic systems consist

of multiple pairs of master/slave robotic manipulators operating in a shared envi-

ronment. Due to dynamic interaction among slave manipulators as well as com-

munication latency, control of such systems is particularly challenging and the ap-

plication of standard teleoperation controller may result in instability.

In this thesis a multilateral control framework is proposed for cooperative tele-

operation systems that allows for transmission of position and force information

between all master and slave robots rather than merely between corresponding

units. Two different control approaches are introduced that establish kinematic

correspondence among masters and slaves. The operators are presented with a

virtual intervening tool in order to collaboratively interact with the environment.

Models of operators, master and slave robots, tool, and environment are incorpo-

rated in the design.

A multilateral adaptive nonlinear control architecture is proposed. Performance

and stability of cooperative teleoperation systems are addressed under dynamic

interactions between slave robots in the presence of model uncertainty. The ro-

bustness of the controller with respect to communication latency is also analyzed.
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Simulation and experimental studies demonstrate that the proposed approach is

highly effective in all phases of a teleoperation task, i.e. in free motion and in

contact with both flexible and rigid environments.

The second approach involves finite-dimensional state-space models that incor-

porate the delay for free motion/soft contact as well as rigid contact modes of oper-

ation. Local dynamic linearization control laws are employed to linearize robotic

manipulators’ dynamics. Model-based discrete-time Linear Quadratic Gaussian

(LQG) controllers are proposed that can deliver a stable transparent response for

each phase of operation. The robustness of these controllers with respect to param-

eter uncertainty is examined via the Nyquist analysis. Simulation results demon-

strate the effectiveness of the proposed approach.
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Chapter 1

Introduction and Problem Statement

1.1 Motivation

The word robot was coined by the Czech playwright Karel Capek in his play Ross-

um’s Universal Robots in 1920’s. The word robota means forced labor or worker.

According to the definition offered by Robot Institute of America in 1979, robot is

a reprogrammable, multifunctional manipulator designed to move material, parts,

tools, or specialized devices through various programmed motions for the perfor-

mance of a variety of tasks [1].

In many applications a special task should be executed repeatedly with high

accuracy in an environment that does not change drastically. Robots are good re-

placements for human operators in such applications. Employing robots in au-

tomatic assembly lines is a successful example. There are applications in which

the task environment is inaccessible to human such as space operations and un-

derwater exploration, or it is hazardous, i.e. toxic, chemical and nuclear material

handling. Such tasks can be more effectively carried out by robots than human. In
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micro and nano worlds, where human is unable to directly interact with the en-

vironment, employing of robots is indispensable. Also, there are applications in

which the human’s power should be scaled up. In most of these cases, the envi-

ronment is unstructured and the tasks are not repetitive and sometimes are even

unpredictable. Therefore, the design and control of fully autonomous robotic sys-

tems with the required degree of intelligence would be costly if not impossible [2].

Combining human intelligence with accuracy and manipulability of robots via tele-

operation systems is an attractive solution to this problem.

The applications of teleoperation technology have been steadily growing over

the past two decades in areas such as space operations, underwater exploration,

and hazardous material handling. Such systems allow human operators to re-

motely interact with environments and to execute tasks via robots. They could

also extend human handling capability at different scales both in macro and micro

worlds. Recently teleoperation systems have been employed in medical sciences

and entertainment industries successfully [2–5]. New applications are yet to be

found.

People can carry out some tasks more effectively through collaboration rather

than individual operation or by using their both hands instead of one hand. Sim-

ilarly when compared with single-robot manipulation, cooperative manipulation

has advantages such as increased dexterity, improved handling capability, increas-

ed loading capacity, and enhanced robustness due to redundancy. Cooperative

teleoperation combines two traditional areas of robotics, i.e. teleoperation and col-

laborative manipulation.

2
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Conventional single-master/single-slave (SMSS) teleoperation has been exten-

sively studied before but cooperative teleoperation involves challenges that have

not been considered in the design of conventional teleoperation systems. In coop-

erative teleoperation, multiple slave robots dynamically interact directly or through

an intervening tool dynamics. Designs based on SMSS architectures fail to address

the performance and stability requirements of cooperative teleoperation as they

often neglect these interactions. The issues of performance and stability for such

systems must be addressed under these constraints. Also the critical assumption

of the passivity of the environment that the slave is in contact with, can be violated

in cooperative environments. This implies that the use of controllers designed for

conventional teleoperation, which ignore such interactions can potentially lead to

instability in cooperative applications.

The goal of this research is to design, implement and evaluate control schemes

for cooperative multi-master/multi-slave (MMMS) teleoperation systems. The

controllers should achieve position and force tracking in free motion, and contact

with flexible/rigid environments. Issues such as dynamic interactions between

the slave robots and the task environment, unknown operator and environment

dynamics as well as uncertainties in master and slave robots’ models must be ad-

dressed in the controller design. The proposed research will also investigate the

design of stable controllers in the presence of communication latency.

3
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Figure 1.1: Schematic of a cooperative teleoperation system.

1.2 Problem Statement and Proposed Methodology

Cooperative teleoperation systems enable collaboration among several operators

in performing a task via multiple pairs of master/slave robotic manipulators. Fig-

ure 1.1 displays a schematic cooperative teleoperation case in which m operators

cooperatively work on environment through m slave manipulators and a tool.

Proper performance criteria should be defined to address the cooperative issues.

Controllers with centralized and decentralized structures will be proposed to achie-

ve stability and satisfy the performance criteria. In the proposed architecture it is

assumed that:

(i) Multiple operators control multiple slave manipulators in a coordinated

manner to grasp a tool. Then the slave robots are rigidly in contact with the tool

4
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and form a closed mechanical chain. The operators can move the tool in free mo-

tion, interact with a flexible environment, and bring the tool in contact with a rigid

environment.

(ii) Position and force information is transmitted between all master and slave

robots rather than merely between corresponding units.

(iii) In a centralized design, position and force data from all masters and slaves

are sent to a central control unit and control commands based on the received

information are sent to master and slave manipulators. The centralized controller

could be located at either master or slave side.

(iv) In a decentalized scheme each master and slave will have a local controller

that uses local information. Local controllers are responsible for robustness of the

system against unknown operator and environment dynamics as well as model

uncertainties. Coordination between masters and slaves is achieved by coordinat-

ing teleoperation controllers.

1.2.1 Advantages

The proposed architecture has several advantages:

(i) The extra communication links can be utilized to facilitate coordination amo-

ng operators. For example, the controller can assist the operators in simultane-

ous grasping of an object through imposing virtual constraints on positions of the

slaves and masters such that the slaves always keep the same distance from the

object.

(ii) It is possible to impose a virtual intervening tool dynamics between the op-

erators and the environment that they are working on. Therefore, the performance

5



M.A.Sc. Thesis - P. Setoodeh McMaster - Electrical Engineering

of the operators will not be affected by a heavy tool.

(iii) In applications where communication delays are different throughout var-

ious channels, local information links can be utilized to reduce instability due to

links with large delays. For instance, local exchange of force and position data be-

tween the masters and the slaves in teleoperation over long distances can facilitate

task execution and reduce the risk of instability.

1.2.2 Challenges

There are several challenges that must be addressed in the design of a cooperative

teleoperation system:

(i) Stability in the presence of dynamic interactions between slave manipulators

and the task environment.

(ii) Stability in the presence of communication time delay.

(iii) Robustness against unknown operator and environment dynamics as well

as master and slave model uncertainties.

1.3 Organization of the Thesis

The thesis is organized as follows. Telerobotic literature has been reviewed in

Chapter 2, covering both conventional and cooperative teleoperation systems. An

adaptive nonlinear controller is presented in Chapter 3 to address the presence of

parametric uncertainty in the dynamics. Then Chapter 4 addresses the delay prob-

lem employing discrete-time Linear Quadratic Gaussian (LQG) controller. Chap-

ter 5 contains simulation and experimental results in various scenarios. Finally, the

6
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thesis is concluded in Chapter 6.

1.4 Related Publications

• P. Setoodeh, S. Sirouspour and A. Shahdi, ”Discrete-time Multi-Model Con-

trol for Cooperative Teleoperation under Time Delay,” in Proc. IEEE Interna-

tional Conference on Robotics and Automation, 2006 (to appear).

• S. Sirouspour and P. Setoodeh, ”Multi-operator/multi-robot teleoperation:

an adaptive nonlinear control approach,” in Proc. IEEE/RSJ International Con-

ference on Intelligent Robots and Systems, pp. 2506-2511, 2005.

• S. Sirouspour and P. Setoodeh, ”Adaptive Nonlinear Teleoperation Control in

Multi-master/Multi-slave Environments,” in Proc. IEEE Conference on Control

Applications, pp. 1263-1268, 2005.

7



Chapter 2

Literature Review

The following review contains representative examples of different approaches to

teleoperation control.

2.1 Conventional Teleoperation

Five distinct elements constitute a conventional teleoperation system as shown in

Figure 2.1. These are the human operator, master robot, controller and communi-

cation channel, slave robot, and the environment [4, 5]. The human operator uses

the master device to manipulate the environment through the slave robot. This op-

eration is coordinated through the controller and communication block, which in-

cludes local and teleoperation controllers as well as the data communication chan-

nel. Based on the direction of information flow, the teleoperation may be unilateral

or bilateral. In unilateral teleoperation, communication channel is utilized to send

position and force data from master to slave and feedback visual information from

slave to master. But in bilateral teleoperation, position and force data are also sent

8
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Figure 2.1: Model of a single-master/single-slave teleoperation system.

from slave to master in addition to the visual information. The communication

channel introduces a round trip delay of 2T seconds in the control loop. When

the operator sends a control command through the master manipulator, the slave

receives the command after T seconds. Also, it takes another T seconds until the

master receives information from the slave. Considering the response delay of the

slave, it takes more than 2T seconds until the operator knows the result of his/her

previous command.

The reported teleoperation control architectures in the literature, can be classi-

fied according to the type of information that is transferred between master and

slave sides. These include position-position [6], position-force [7, 8], force-force [9]

and the four-channel bilateral teleoperation [10–12]. In the four-channel architec-

ture, master and slave receive position/velocity and force data from the opposite

side. Time delay in the communication channel can cause instability in teleopera-

tion systems [13, 14]. The wave-variables transformation and passivity-based con-

trollers have been widely used in the literature to deal with the time delay problem.

A comparative review of the proposed controllers for teleoperation systems in the

presence of communication delay can be found in [15].

The goal of a teleoperation system is to provide the operators with the percep-

tion that they are directly executing the remote task. This measure of performance

9
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is called transparency. Different transparency criteria have been defined in the

literature such as master/slave position and force tracking or the equality of the

environment mechanical impedance and the impedance felt by the operator [10].

Transparency and stability of the teleoperation system are two conflicting design

requirements. The design of the teleoperation controllers involves a trade-off be-

tween robust stability and transparency [10]. Modelling and control techniques

have been reported in the literature based on the linear circuit theory, linear robust

control, feedback linearization, linear and nonlinear adaptive control, as well as

the passivity-based control.

2.1.1 Methods Using Linear Circuit Theory

Using the well-known hybrid two-port models from circuit theory, Reference [7]

proposed a bilateral impedance control architecture for teleoperation systems. In

this framework, master and slave local controllers render approximations of the

mechanical impedance that is seen at the opposite side. A thorough review of the

application of the circuit theory to modelling and control of teleoperation systems

has been presented in [12]. Also, the impedance model-based controllers were

extended to four-channel bilateral teleoperation systems with admittance models.

Following the approach of [16] a stability and performance robustness analysis

based on the Llewellyn’s absolute stability has been presented to account for the

communication delay and operator as well as the environment dynamic uncertain-

ties.

10
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2.1.2 Methods Using Linear Robust Control Theory

An impedance shaping control scheme has been proposed in [17]. In this frame-

work, a virtual environment is introduced that simulates the task iteratively to

deal with different impedances and geometric scales. The robustness of the con-

troller was analyzed using the structured singular value µ. In [9], H∞-optimal

control theory and model reduction techniques were used to control a force-force

teleoperation system. A design procedure based on H∞-optimal control and µ-

synthesis was proposed in [8] that guarantees stability for a pre-specified upper

bound on the communication time delay. In this approach, operator and envi-

ronment impedances were assumed to be known. In [18] the H∞ theory was em-

ployed to achieve a compromise between the optimization of performance criteria

and robustness of bilateral teleoperation using first-order Padé approximation of

the time delay. These approaches usually result in high dimensional matrices with

high computational burden. The fixed-point implementation of H∞ controllers

has advantages from processing speed and memory space perspectives. Refer-

ences [19] and [20] studied the finite word length effects associated with this kind

of implementation of H∞ controllers for teleoperation systems.

2.1.3 Methods Using Feedback Linearization

Feedback linearization was utilized in first approaches to nonlinear control of tele-

operation systems. In [21], nominal nonlinear models of master and slave robots

were linearized. Then the boundedness of position and force tracking errors was

proved via Lyapunov stability criterion by restricting the deviation of the model

11
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from true system. In [22], a design procedure was presented to achieve robust-

ness with respect to parameter uncertainty, external disturbance and measurement

noise for the linearized dynamic models.

2.1.4 Methods Using Adaptive Control

Adaptive methods have been employed to deal with unknown operator and en-

vironment dynamics as well as uncertain master and slave models. Using linear

time-invariant models for robots, an adaptive impedance reflecting control scheme

based on the Slotine-Li algorithm [23] was proposed in [24]. The controller requires

position, velocity and acceleration measurements. An adaptive controller for a sin-

gle axis position-force teleoperation architecture was presented in [25].

While the first attempts used linear dynamic models of one degree-of-freedom

(1 DOF) systems, recently adaptive algorithms have been applied to more complex

nonlinear robot dynamics. In [26] a nonlinear adaptive control structure was pro-

posed that employs full nonlinear dynamics of master and slave robots to guar-

antee stability and transparency. Models of human operator and flexible/rigid

environment dynamics were integrated into the master and slave robot dynam-

ics, respectively. Local adaptive controllers based on the Slotine-Li algorithm [23]

were designed for master and slave to deal with unknown operator and environ-

ment dynamics as well as possible uncertainties in master and slave parameters

within pre-specified bounds. Teleoperation controllers were designed to achieve

position and force tracking both in free motion and contact with flexible and rigid

12
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environments. Also, the stability in the presence of communication delay was an-

alyzed. In [27] an adaptive approach that only estimates the master and slave dy-

namic parameters, was used to achieve similar closed-loop dynamics for master

and slave manipulators. The algorithm does not estimate the human and envi-

ronment parameters. In addition to local adaptive controllers of master and slave

robots, a virtual master robot was introduced in [28]. This approach guarantees

convergence of the position tracking error but the force tracking error depends on

the acceleration of the designed virtual master.

2.1.5 Methods Using Passivity-Based Control

Since the feedback interconnection of passive subsystems is stable [29, 30], many

authors have employed the passivity theory to design controllers for teleoperation

systems with guaranteed stability. Master and slave robots are passive mechanical

systems. Assuming passive operator and environment, the stability of the tele-

operation system is guaranteed if the communication channel/controller remains

passive.

The proposed controllers in [13] and [31] attempt to achieve a communication

channel that resembles a lossless transmission line and therefore passive indepen-

dent of the time delay. In [14], an adaptive tracking controller was proposed,

which uses wave/scattering variables in a passivity-based framework. A survey

on wave-variables and wave-based teleoperation could be found in [32]. In [33],

Teleoperation system was considered as the interconnection of two port-controlled

Hamiltonian systems through a transmission line with constant time delay and the

adaptation of port-Hamiltonian systems with dissipation to the transmission line

13
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was studied. In [34] online automatic tuning of the wave impedance parameter

was proposed to improve performance under varying task configurations, i.e. free

motion and contact with environment.

Although the passivity-based controllers guarantee the stability of the teleop-

eration system, they are often conservative and degrade the performance. Also,

they do not guarantee position and force tracking in general. A modified version

of these controllers was proposed in [35], which kinematically locks the master

and slave robots by a coordination controller. The proposed controller achieves

bounded force tracking error. It should be noted that the methods proposed in the

above references are energy-based and deal with constant time delays in the com-

munication channel. Recently a time-domain passivity-based controller, has been

proposed for teleoperation without delay under a wide variety of environments

and operating speeds [36]. In [37] practical limitations of wave-based controllers in

non-ideal situations, which cause loss of passivity were investigated and a method

for restoring the passivity was proposed.

2.1.6 Teleoperation over Digital Communication Channels

The growing use of the Internet as the communication medium in teleoperation

systems, has introduced new challenges for researchers. It introduces variable

time delays and causes loss of passivity. Approaches such as introducing energy-

monitoring methods [38], inserting time-varying gain in the transmission path [39],

and using fictitious energy storage [40] have been proposed in the literature. The

discretization of a passive system via sample and hold, could yield a non-passive

14
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system [41]. References [42] and [43] have proposed methods for preserving pas-

sivity of the interconnection of continuous and discrete time systems. Recently

teleoperation control techniques that are directly applicable in the presence of dig-

ital communication channels have attracted attention of researchers.

In [44] and [45] the sampled-data nature of the controller has been taken into ac-

count. Also, methods for energy dissipation have been proposed to preserve pas-

sivity in the presence of variable time delay, packet loss, and quantization errors

introduced by position encoders. In [46] and [47] a buffering and interpolation-

based method has been proposed to preserve passivity in a teleoperation system

that uses packet-switched networks for communication.

In [48], the concept of telemonitoring force feedback for teleoperation under

short time delays is introduced. Other techniques such as predictive displays rely

on accurate models of the task environment to provide the operator with a realistic

delay-free simulated response of the remote manipulator and environment [49,50].

Predictive control methods such as the Smith Predictor have also been developed

for teleoperation [15, 51]. In [51], the wave-based teleoperation controller is com-

bined with a Smith Predictor, a Kalman Filter, and an energy regulator to improve

the performance.

Teleoperation problem has been formulated in discrete-time domain in [52].

This approach allows for a finite dimension state-space model that explicitly in-

cludes the time delay. Discrete-time Linear Quadratic Gaussian (LQG) controllers

that deliver a transparent stable response in the presence of constant delay have

been proposed in this method. Unknown variable delays are estimated and can

be made constant through synchronization and buffering [53]. The LQG controller

15



M.A.Sc. Thesis - P. Setoodeh McMaster - Electrical Engineering

yields delay-free position and force tracking between master and slave both in free

motion and in contact, although in transitions the tracking is achieved after d sam-

pling periods.

2.2 Cooperative Teleoperation

Despite the extensive amount of research in teleoperation and coordinated con-

trol of robots, MMMS teleoperation has received little attention in the past. This

includes the work in [54–56], which proposes the use of heuristic methods such

as predictive graphic displays to address the time delay in the communication

channels in cooperative telerobotic environments. Development of a software for

Internet-based distributed multiple-telerobot system that enables operators to use

remote robots in order to perform cooperative tasks has been reported in [57].

An event-based control approach using Petri-Net modelling and analysis tools

was proposed in [58] for MMMS systems in free motion. The goal of the con-

troller is to telecoordinate slave robots via the Internet according to a pre-specified

quantitative coordination index. Telecoordination is achieved by making robots

event-transparent and event-synchronous. In cases that the next command does

not arrive before the next event reference increment, slaves will wait and the sys-

tem behaves similar to a move and wait system.

A semi-autonomous control architecture was proposed in [59] for single-master

/multi-slave (SMMS) teleoperation systems. In this framework, a local controller

provides a stable grasp at the slave side and locks the slave robots and the grasped

object together as an abstract single slave. Then this abstract slave is controlled
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from the master side through a conventional bilateral teleoperation controller. Wa-

ve variables were utilized to guarantee stability of the closed loop system in the

presence of communication delay. The proposed controller was evaluated through

simulation in [60].

It should be noted that all of the above approaches either ignore the dynamic

interactions between slave robots or just achieve coordination in free motion. A

multi-lateral control architecture for MMMS teleoperation has been presented in

[61]. The proposed framework incorporates flow of position and force information

between all master and slave robots. Within this architecture, cooperative perfor-

mance measures are defined to enhance coordination among the operators and the

robots for achieving task objectives. A µ-synthesis-based methodology for cooper-

ative teleoperation control was introduced. This approach guarantees robust sta-

bility of cooperative teleoperation in the presence of dynamic interaction between

slave robots as well as unknown passive operators and environment dynamics. It

also improves task coordination by minimizing relevant performance objectives.

Effectiveness of the proposed approach was demonstrated by simulation and ex-

perimental studies on a two master/two-slave one-axis system both in free motion

and in contact with flexible or rigid environments.
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Chapter 3

Adaptive Nonlinear Control for

Cooperative Teleoperation

3.1 Introduction

This chapter proposes an adaptive nonlinear controller for cooperative teleoper-

ation systems to accommodate nonlinearities and parametric uncertainties. The

control laws are inspired by those given in [26] for conventional single-master/sin-

gleslave (SMSS) teleoperation. The major contribution is extending such control

approach to cooperative teleoperation applications where multiple masters and

slaves are involved.

The proposed multilateral teleoperation controller establishes position-position

kinematic correspondence between the masters and slaves. It also synthesizes

an adjustable intervening tool impedance between the operators and the envi-

ronment. The stability of the closed-loop system in free motion, in contact with

flexible environments, and in contact with rigid environments is demonstrated via
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Lyapunov analysis. The novelty of the proposed cooperative controller is due to:

(i) explicitly addressing the issues of performance and stability in the presence of

dynamic interaction between the slaves as well as in the presence of parametric un-

certainty in the models of operators and the environment. This is in contrast with

the few reported work in cooperative teleoperation which either do not consider

such dynamic interactions or only study the problem of free motion coordination.

(ii) its data communication architecture which allows for all possible information

routs.

3.2 Nonlinear System Dynamics in Cooperative Tele-

operation

In the cooperative teleoperation system of Figure 1.1, the slaves/tool interaction

can be as simple as the slaves grasping a rigid tool or as complex as the slaves

handling a multi-body system. Only rigid linear tool dynamics are examined here

but the formulation can be extended to other cases such as multi-body rigid and

deformable tool dynamics [62].

The i’th master’s rigid body dynamics are governed by the following second-

order nonlinear differential equation:

ẍi
m + Ci

m(xi
m, ẋi

m)ẋi
m + Gi

m(xi
m) = f i

m + f i
h (3.1)

where xi
m ∈ R6 is the generalized position of a frame attached to the i’th master’s

handle w.r.t. its base frame. f i
m is the equivalent control action at the handle and
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f i
h is the i’th operator’s force exerted on the master both expressed in the base

frame. It should be noted that the f i
m = J i

m
T
τ i
m where J i

m is a Jacobian matrix

relating the joint velocities to work-space velocities and τ i
m is the vector of actuators

force/torque expressed in the joint-space. For reasons that will become obvious

later, these dynamics are transformed to a new coordinate frame representing the

position of a virtual tool through the mapping Φi(.).

M̄ i
m(Φi(xi

m))Φ̈i(xi
m) + C̄ i

m(Φi(xi
m), Φ̇i(xi

m))Φ̇i(xi
m) + Ḡi

m(Φi(xi
m)) = f̄ i

m + f̄ i
h (3.2)

where f̄ i
m and f̄ i

h are the transformed control action and hand force, respectively.

In (3.2), M̄ i
m is the mass matrix, C̄i

m models coriolis and centripetal effects, and Ḡi
m

represents the effect of gravity. These matrices have some special properties that

will be used throughout this chapter for stability analysis [63].

The operators’ arm dynamics are approximated by a second-order linear time-

invariant differential equation.

M i
hΦ̈

i(xi
h) + Bi

hΦ̇
i(xi

h) + K i
hΦ

i(xi
h) = f̄ ∗ih − f̄ i

h (3.3)

where M i
h > 0, Bi

h > 0, and K i
h > 0 are mass, damping and stiffness matrices of the

operator’s arm, respectively. Φi(xi
h) is the generalized hand position transformed

to the virtual tool frame. f̄ ∗ih is the operator’s intentional force and is assumed to be

bounded, i.e. |f̄ ∗ijh | < f ij
max where f i

max is an upper bound on the intentional hand

force of the i’th operator.

Remark 3.1: The dynamics of the arm are in general nonlinear, time-dependent,
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and posture-dependent. However, previous researchers have successfully em-

ployed linear models in their work [26, 64]. The arm parameters are assumed

constant but otherwise unknown.

When the operator holds the master handle, i.e. xi
m = xi

h, the dynamics of

master and operator in (3.2) and (3.3) can be integrated as follows

M i
mhΦ̈

i(xi
m) + Ci

mh(Φ
i(xi

m), Φ̇i(xi
m))Φ̇i(xi

m) + Gi
mh(x

i
m)

= Y i
mh

(
Φ̈i(xi

m), Φ̇i(xi
m), Φ̇i(xi

m), Φi(xi
m)

)
θi

mh = f̄ i
m + f̄ ∗ih (3.4)

with M i
mh = M̄ i

m + M i
h, Ci

mh = C̄i
m + Bi

h, and Gi
mh = Ḡi

m + K i
h. In (3.4), Y i

mhθ
i
mh is

the linear-in-parameter representation of the dynamics with θi
mh being the vector

of unknown parameters of the operator and possibly the master arm [63].

The dynamics of the slave robots are similar to those of the master robots. For

the i’th slave one may write

M i
s(x

i
s)ẍ

i
s + Ci

s(x
i
s, ẋ

i
s)ẋ

i
s + Gi

s(x
i
s) = f i

s − f i
t (3.5)

where xi
s is the generalized position of a frame attached to the contact point of

the i’th slave and tool represented in the slaves’ base frame. f i
s is the equivalent

control action in the end-effector frame, and f i
t is the reaction force from the tool

both expressed in the base frame. It is assumed that the slave manipulators and

the tool form a closed kinematic chain which imposes the following constraint on

the positions of the slaves and the tool.

xt = Ψ1(x1
s) = Ψ2(x2

s) = · · · = Ψm(xm
s ) (3.6)

21



M.A.Sc. Thesis - P. Setoodeh McMaster - Electrical Engineering

with xt being the generalized position of a frame attached to the tool at its potential

contact point with the environment with respect to the base frame. Ψ’s are appro-

priate nonlinear coordinate transformations. The tool and end-effector velocities

are related through the tool Jacobian matrices defined below:

ẋt =
∂Ψ1

∂x1
s

ẋ1
s =

∂Ψ2

∂x2
s

ẋ2
s = · · · = ∂Ψm

∂xm
s

ẋm
s (3.7)

The dynamics of the tool can be written as

Mtẍt + Btẋt + Ktxt =
m∑

i=1

J i
t

T
f i

t − fe (3.8)

where Mt > 0, Bt > 0, and Kt > 0 are constant but otherwise unknown mass,

damping and stiffness of the tool, respectively. J i
t =

(
∂Ψi

∂xi
s

)−1

and fe is a generalized

force exerted on the environment by the tool at its contact point.

Dynamics of the slave robots and the tool can be combined using (3.5)-(3.8) to

obtain

Mst(xt)ẍt + Cst(xt, ẋt)ẋt + Gst(xt) =
m∑

i=1

J i
t

T
f i

s − fe (3.9)

and

Mst = Mt +
∑m

i=1 J i
t
T
M i

sJt

Cst = Bt +
∑m

i=1(J
i
t
T
M i

sJ̇
i
t + JT

i Ci
sJ

i
t )

Gst = Kt +
∑m

i=1 J i
t
T
Gi

s (3.10)

Environment reaction force fe is modelled assuming that the tool-environment
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contacts are rigid along some a priori known directions and are flexible along the

rest. To simplify the analysis and without loss of generality, it is further assumed

the slaves’ base frame has been selected such that rigid and flexible coordinates are

decoupled in generalized tool position vector xt in (3.9).

Remark 3.2: It should pointed out that depending on the geometry and config-

uration of the environment, the flexible and rigid directions may or may not be

orthogonal. The slaves’ base frame and the nonlinear transformations in (3.6) can

be chosen accordingly to satisfy the decoupling requirement.

Note that xt in (3.9) can be written as

xt = ∆rx
r
e + (I −∆r) xt (3.11)

and ∆r is a 6× 6 diagonal matrix such that

∆ii
r =





δi
r contact is rigid

0 contact is flexible
(3.12)

and

δi
r =





1 contact in i’th direction

0 free motion
(3.13)

xr
e in (3.11) is a vector of constant contact positions along the rigid directions.
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Therefore,

∆rẋt = 0

∆rẍt = 0 (3.14)

The environment reaction force fe can be written in terms of its flexible and

rigid components as follows

fe = ∆rfe + ∆f (Meẍt + Beẋt + Kext) (3.15)

where ∆rfe = fr is a vector of environment reaction forces along the rigid coor-

dinates. Me ≥ 0, Be ≥ 0, Ke ≥ 0 are constant matrices that model the dynamics

of the flexible part of the environment. It should be pointed out that the rows and

columns associated with rigid coordinates are zero and therefore these matrices

are only positive-semi definite. ∆f for flexible contact is defined similar to ∆r for

rigid contact, i.e.

∆ii
f =





δi
f contact is flexible

0 contact is rigid
(3.16)

and,

δi
f =





1 contact in i’th direction

0 free motion
(3.17)

Using (3.9), (3.11), and (3.15), the combined dynamics of the slaves, tool, and the
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environment may be written as

Msteẍt + Cste(xt, ẋt)ẋt + Gste = Yste (ẍt, ẋt, ẋt, xt) θste =
m∑

i=1

J i
t

T
f i

s −∆rfe (3.18)

with

Mste = Mst + ∆fMe

Cste = Bst + ∆fBe

Gste = Gst + ∆fKe (3.19)

The vector θste includes unknown parameters of the flexible environment and pos-

sibly the slave robots and the tool. This completes the derivation of the dynamics

of the cooperative teleoperation system.

3.3 Adaptive Nonlinear Control for Masters and Slaves

The first step in deriving the cooperative teleoperation controllers is to design

adaptive nonlinear control laws for master and slave robots. These controllers

are similar to those in [26] with two exceptions: First, there are multiple slave

manipulators and a tool here which form a kinematic chain and therefore their dy-

namics are coupled. In [26] only one slave is considered. Second, Reference [26]

divides the contact space into two rigid and flexible subspaces. The modelling here

is slightly different as it permits several flexible and rigid contact coordinates. In

other words, all flexible or rigid contacts do not necessarily occur simultaneously.

Figure 3.1 depicts the structure of the controller.
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Figure 3.1: The structure of the adaptive nonlinear controller for cooperative tele-
operation.

3.3.1 Control Laws

The control laws for the slave robots are given by

Fs = J†t us + F int
s

Fs =

[
f 1

s · · · fm
s

]T

(3.20)
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where

us = Yste (v̇r
t , v

r
t , ẋt, xt) θ̂ste + Ksρt + A−1

s ∆r

(
C−1v̇d

t + vd
t

)

vr
t = vd

t − Asf̃e

ρt = vr
t − vt (3.21)

and Ks, C, As > 0 are diagonal matrices. vd
t is tool velocity command. f̃e is a filtered

environment reaction force that will be introduced in the next section. The slaves’

control action Fs ∈ Rmn while xt ∈ Rn. F int
s is an internal force component that

does not affect the motion of the tool, i.e. JtF
int
s = 0. To resolve the redundancy in

slaves’ actuation, one may choose

J†t = Q−1JT
t

[
JtQ

−1JT
t

]−1 (3.22)

F int
s = 0 (3.23)

where Jt =

[
J1

t
T · · · Jm

t
T

]
. This will minimize the scaled norm of control action

vector ‖Q 1
2 Fs‖ [65,66]. Alternatively, F s

int can be any vector in the null space of JT
t ,

i.e.

F int
s =

(
I − J†t Jt

)
f (3.24)

and f ∈ Rmn is arbitrary. One possible form for F int
s in the case that m is an even

number is given by

F int
s =

[
J1

t
−1 −J2

t
−1

J3
t
−1 · · · −Jm

t
−1

]T

fd
int (3.25)
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The internal force F int
s can help maintain the contact between the slave manipula-

tors and the tool if the end-effectors are not equipped with grippers.

The slave/environment parameter adaptation is driven by

˙̂
θste = ΓsY

T
ste (v̇r

t , v
r
t , ẋt, xt) ρt = Γsyθ (3.26)

where Γs is a diagonal matrix with elements

γii =





0 θ̂i
s ≤ θmin

s
i
, yi

θ ≤ 0

0 θ̂i
s ≥ θmax

s
i, yi

θ ≥ 0

γi
s otherwise

(3.27)

γi’s are positive and θmin
s and θmax

s are known lower and upper bounds on the

parameters.

The Control command for the i’th master is computed using

f i
m = Y i

mh

(
v̇ri

m, vri
m, Φ̇i(xi

m), Φi(xi
m)

)
θ̂i

mh + Ki
mρi

m + f i
maxsgn(ρi

m)

vri
m = vdi

m + K−1
p Ai

mf̃ i
h

ρi
m = vri

m − Φ̇k(xi
m) (3.28)

Ki
m, Λ, Kp, Am > 0 are diagonal. f̃ i

h is a filtered hand force. The i’th master/operator

parameter adaptations are given by

˙̂
θi

mh = Γi
mY T

mh

(
v̇ri

m, vri
m, Φ̇i(xi

m), Φi(xi
m)

)
ρi

m = Γi
mzi

θ (3.29)
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where Γi
m is a diagonal matrix with elements

γjj =





0 θ̂ij
mh ≤ θmin

mh
ij
, zij

θ ≤ 0

0 θ̂ij
mh ≥ θmax

mh
ij, zij

θ ≥ 0

γij
mh otherwise

(3.30)

γij’s are positive and θmin
mh

i and θmax
mh

i are known lower and upper bounds on the

master/arm parameters.

3.3.2 Stability Analysis

The following closed-loop error dynamics are obtained for the slaves/tool/eviron-

ment subsystem by substituting the slaves’ control law in (3.21) into (3.18) and after

some manipulation

[
Mste + ∆rC

−1A−1
s

]
ρ̇t + [Cste + ∆rA

−1
s + Ks] ρt − Ysteθ̃ste = 0 (3.31)

with θ̃ste = θste− θ̂ste. The following is a Lyapunov function for the error dynamics

in (3.31)

Vs =
1

2
ρT

t

[
Mste + ∆rC

−1A−1
s

]
ρt +

1

2
θ̃T

steΓs
−1θ̃ste (3.32)

Differentiating (3.32) with respect to time and recalling that ˙̃θste = − ˙̂
θste, yields

V̇s = ρT
t

[
Mste + ∆rC

−1A−1
s

]
ρ̇t − ˙̂

θT
steΓs

−1θ̃ste (3.33)
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Solving (3.31) for ρ̇t and substituting in (3.33) gives

V̇s = −ρT
t

[
Cste + ∆rA

−1
s + Ks

]
ρt + ρT

t Ysteθ̃ste − ˙̂
θT

steΓs
−1θ̃ste (3.34)

Using (3.26), it is not difficult to show that

V̇s ≤ −ρt
T

[
∆rA

−1
s + Ks

]
ρt (3.35)

Similarly, the i’th master/operator closed-loop dynamics are governed by

M i
mh(Φ

i(xi
m))ρ̇i

m + Ci
mh(Φ

i(xi
m), Φ̇i(xi

m))ρi
m + Ki

mρi
m

+f̄ ∗ih + f i
maxsgn(ρi

m)− Y i
mhθ̃

i
m = 0 (3.36)

with θ̃i
m = θi

m − θ̂i
m. A Lyapunov function for these error dynamics is given by

V i
m =

1

2
ρi

m

T
M i

mhρ
i
m +

1

2
θ̃i

m

T
Γi

m

−1
θ̃i

m (3.37)

Again, differentiating (3.37) with respect to time and recalling that ˙̃θi
m = − ˙̂

θi
m,

yields

V̇ i
m = ρi

m

T
M i

mhρ̇
i
m − ˙̂

θi
m

T

Γi
m

−1
θ̃i

m (3.38)

Solving (3.36) for ρ̇i
m and substituting in (3.38) gives

V̇ i
m = −ρi

m

T [
Ci

mh + Ki
m

]
ρi

m − ρi
m

T [
f ∗ih + f i

maxsgn(ρi
m)

]

+ ρi
m

T
Y i

mhθ̃
i
m − ˙̂

θi
m

T

Γi
m

−1
θ̃i

m (3.39)
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Using (3.29), it can be demonstrated that

V̇ i
m ≤ −ρi

m

T
K i

mρi
m (3.40)

The results in (3.32)-(3.40) yield

ρi
m = vdi

m − Φ̇(xi
m) + Ai

mf̃ i
h ∈ L2

⋂
L∞, i = 1, · · · ,m

ρt = vd
t − vt − Asf̃e ∈ L2

⋂
L∞ (3.41)

Remark 3.3: The stability results have been derived assuming constant ∆r and ∆f .

Further investigation is required for the incorporation of contact transition phases

into the controller design and stability analysis.

Remark 3.4: The switching terms in the masters’ control law (3.28) eliminate the er-

ror due to unknown bounded external force f ∗h
i. However, high frequency switch-

ing activities are undesirable because they can excite system’s high frequency mod-

es and cause instability. They can also negatively impact the life of the actuators.

In practice, this can be resolved by replacing the sgn() with a smooth function.

Alternatively, f ∗h may be included in θm and estimated on-line. Such approach is

effective if the rate of change in f ∗h is slow with respect to the time constant of

parameter adaption. The latter approach is adopted in this work.

3.4 Teleoperation Coordinating Controllers

Local adaptive nonlinear controllers in (3.20) and (3.28) guarantee the stability of

ρi
m and ρt. The operation of masters and slaves are coordinated through the design
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of desired velocity commands vdi
m in (3.28) and vd

t in (3.21) as follows:

vdi
m =

K−1
p

2m

m∑

k=1

˙̃Ψk(xk
s) +

K−1
p

2m
Λ

m∑

k=1

[
Ψ̃k(xk

s)−KpΦ
i(xi

m)
]

+
1

2m− 2

m∑

k=1,6=i

˙̃Φk(xk
m) +

Λ

2m− 2

m∑

k=1,6=i

[
Φ̃k(xk

m)− Φi(xi
m)

]

+ K−1
p

m∑

k=1, 6=i

Ak
mf̃k

h −K−1
p Asf̃e (3.42)

vd
t =

Kp

m

m∑

k=1

˙̃Φk(xk
m) + KpΛ

[
1

m

m∑

k=1

Φ̃k(xk
m)−K−1

p xt

]
+

m∑

k=1

Ak
mf̃k

h (3.43)

In the above formulation

˙̃Φk(xk
m) + CΦ̃k(xk

m) = CΦk(xk
m)

˙̃Ψk(xk
s) + CΨ̃k(xk

s) = CΨk(xk
s)

˙̃fk
h + Cf̃k

h = Cf̄k
h

˙̃fe + Cf̃e = Cfe (3.44)

Using (3.20),(3.28),(3.42), and (3.43), it can be shown

ρi
m − ρj

m =
1

2m− 2
[ ˙̃Φj(xj

m)− ˙̃Φi(xi
m)

+ Λ
(
Φ̃j(xj

m)− Φ̃(xi
m)

)
] + Φ̇j(xj

m)− Φ̇i(xi
m)

+ Λ
(
Φj(xj

m)− Φi(xi
m)

)
(3.45)
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Equation (3.45) can be written as

ρi
m − ρj

m =
1

2m− 2
Ω̃ + Ω (3.46)

with

Ω = Φ̇j(xj
m)− Φ̇i(xi

m) + Λ
(
Φj(xj

m)− Φi(xi
m)

)
(3.47)

and

˙̃Ω + CΩ̃ = CΩ (3.48)

Using (3.46), (3.48) and the fact that ρi
m − ρj

m ∈ L2

⋂
L∞,

Ω ∈ L2

⋂
L∞ (3.49)

which yields the following results

Φj(xj
m)− Φi(xi

m) ∈ L2

⋂
L∞ (3.50)

Φ̇j(xj
m)− Φ̇i(xi

m) ∈ L2

⋂
L∞ (3.51)
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and therefore the position tracking error between the i’th and j’th master devices

is stable. Furthermore,

ρt − Kp

m

m∑

k=1

ρk
m =

1

2m

m∑

k=1

[
Kp

˙̃Φk(xk
m)− ˙̃Ψk(xk

s)
]
+

+
1

2m
Λ

m∑

k=1

[
KpΦ̃

k(xk
m)− Ψ̃k(xk

s)
]
+

[
Kp

m

m∑

k=1

Φ̇k(xk
m)− vt

]
+ Λ

[
Kp

m

m∑

k=1

Φk(xk
m)− xt

]
(3.52)

Again given that ρt − Kp

m
Σm

k=1ρ
k
m ∈ L2

⋂
L∞ and following similar steps to (3.46)-

(3.48), it can be shown that

Kp

m

m∑

k=1

Φk(xk
m)− xt ∈ L2

⋂
L∞ (3.53)

Kp

m

m∑

k=1

Φ̇k(xk
m)− vt ∈ L2

⋂
L∞ (3.54)

Therefore, the stability of tracking errors between scaled masters’ and slaves’ posi-

tions is guaranteed. Next, the force tracking behavior of the proposed cooperative

teleoperation controller is studied.

34



M.A.Sc. Thesis - P. Setoodeh McMaster - Electrical Engineering

ρt +
Kp

m

m∑

k=1

ρk
m =

Kp

m

m∑

k=1

[
˙̃Φk(xk

m)vk
m − Φ̇k(xk

m)
]

+

[
1

m

m∑

k=1

˙̃Ψk(xk
s)− vt

]
+

Kp

m
Λ

m∑

k=1

[
Φ̃k(xk

m)− Φk(xk
m)

]

+ Λ

[
1

m

m∑

k=1

Ψ̃k(xk
s)− xt

]
+

1

2m

m∑

k=1

[
Kp

˙̃Φk(xk
m)− ˙̃Ψk(xk

s)
]

+
1

2m
Λ

m∑

k=1

[
KpΦ̃

k(xk
m)− Ψ̃k(xk

s)
]

+ 2
m∑

k=1

Ak
mf̃k

h − 2Asf̃e (3.55)

It should be noted that

Φ̃k(xk
m)− Φk(xk

m) = −C−1 ˙̃Φk(xk
m)

Ψ̃k(xk
s)− xt = −C−1 ˙̃Ψk(xk

s)

˙̃Φk(xk
m)− Φ̇k(xk

m) = −C−1 ¨̃Φk(xk
m)

˙̃Ψk(xk
s)− vt = −C−1 ¨̃Ψk(xk

s) (3.56)

and also from (3.52),

1
2m

∑m
k=1

[
Kp

˙̃Φk(xk
m)− ˙̃Ψk(xk

s)
]
∈ L2

⋂
L∞

1
2m

Λ
∑m

k=1

[
KpΦ̃

k(xk
m)− Ψ̃k(xk

s)
]
∈ L2

⋂
L∞ (3.57)
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Using (3.55)-(3.57) results in

2
m∑

k=1

Amf̃k
h − 2Asf̃e − KpC

−1

m

m∑

k=1

¨̃Φk(xk
m)

− C−1

m

m∑

k=1

¨̃Ψk(xk
s)−

KpC
−1Λ

m

m∑

k=1

˙̃Φk(xk
m)

− C−1Λ

m

m∑

k=1

˙̃Ψk(xk
s) ∈ L2

⋂
L∞ (3.58)

Note that

Asf̃e = As∆rf̃e + As∆f f̃e (3.59)

and from (3.20) and (3.43)

As∆rf̃e = ∆rv
d
t −∆rρt =

Kp

m
∆r

m∑

k=1

˙̃Φk(xm) +
KpΛ

m
∆r

m∑

k=1

Φ̃k(xk
m)− Λxt

+ ∆r

m∑

k=1

Amf̃k
h −∆rρt (3.60)

and using (3.15)

As∆f f̃e = As

(
Me

¨̃xt + Be
˙̃xt + Kex̃t

)
(3.61)

Also

f̃k
h = f̃ ∗kh −Mk

h
¨̃Φk(xk

m)−Bk
h

˙̃Φk(xk
m)−Kk

hΦ̃k(xk
m) (3.62)
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with

˙̃f ∗kh + Cf̃ ∗kh = Cf̄ ∗kh (3.63)

Following conclusions are drawn by substituting (3.59)-(3.62) into (3.58),

Φ̃k(xk
m), ˙̃Φk(xk

m) ∈ L∞ (3.64)

Ψ̃k(xk
s),

˙̃Ψk(xk
s) ∈ L∞ (3.65)

Φk(xk
m), Φ̇k(xk

m) ∈ L∞ (3.66)

Ψk(xk
s), Ψ̇

k(xk
s) ∈ L∞ (3.67)

This completes the proof of stability for the closed-loop system. Using a rigorous

analysis similar to that in [26], it is possible to show that ρi
m’s and ρt converge to

zero. The convergence of position tracking errors to zero can then be concluded.

Now by letting Am = KfA, As = A, and assuming that the frequency of oper-

ation is below the bandwidth of the first-order filter C/2π, (3.61) can be approxi-

mated by

Σm
k=1f̄

k
h −K−1

f fe ≈ K−1
f KpA

−1C−1
[
Φ̈(xm) + ΛΦ̇(xm)

]
(3.68)

This can be interpreted as a virtual intervening tool dynamics with a mass of

K−1
f KpA

−1C−1 and damping of K−1
f KpA

−1C−1Λ acting between the scaled envi-

ronment force K−1
f and the operators’ net force Σm

k=1f̄
k
h . The mass and stiffness of

virtual tool are adjustable by the control parameters A, C, Kp, Kf , and Λ. Figure 3.2

illustrates the concept of the virtual intervening tool between the operators and the
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Figure 3.2: Virtual intervening tool between operators and environment.

environment.

Remark 3.5: The controller implementation requires the knowledge of ∆r. In prac-

tice this can be determined from force and position measurements as the forces are

nonzero while the contact velocities are zero along the rigid contact directions.

Remark 3.6: Time delay in the communication channels has not been considered

in the cooperative teleoperation controller. Inclusion of such delays are critical for

teleoperation over long distances.

3.5 The Effect of Communication Delay

In this section, the stability of the proposed controller in the presence of time delay

in communication channels is analyzed. It is assumed that the time delay in the

local communication links between the masters as well as between the slaves is

negligible compared to the one-way time delay, T , between the master and slave

sites. This time delay is assumed to be constant. Due to the presence of the delay,
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(3.42) and (3.43) are modified as follows

vdi
m =

1

2m− 2

m∑

k=1,6=i

˙̃Φk(xk
m) +

Λ

2m− 2

m∑

k=1,6=i

[
Φ̃k(xk

m)− Φi(xi
m)

]

+
K−1

p

2m
Λ

m∑

k=1

[
e−sT Ψ̃k(xk

s)−KpΦ
i(xi

m)
]

+ e−sT
K−1

p

2m

m∑

k=1

˙̃Ψk(xk
s)

+ K−1
p

m∑

k=1,6=i

Ak
mf̃k

h − e−sT K−1
p Asf̃e (3.69)

vd
t = e−sT Kp

m

m∑

k=1

˙̃Φk(xk
m) + KpΛ

[
1

m
e−sT

m∑

k=1

Φ̃k(xk
m)−K−1

p xt

]

+ e−sT

m∑

k=1

Ak
mf̃k

h (3.70)

By substituting (3.69) and (3.70) into (3.41) and considering f̃k
h = f̃ ∗kh − Zk

h
˙̃Φk(xk

m),

Zk
h = Zk, Ak

m = Am, and f̃e = Zeṽt, it can be shown that

H1s(s)P̃s = H2s(s)e
−sT P̃m − ρ̃s (3.71)

H1m(s)P̃m = H2m(s)e−sT P̃s − ρ̃m (3.72)

where P̃s = x̃t, P̃m =
∑

Φ̃k(xk
m), and

ρ̃s = ρt − e−sT Am

∑m
k=1 f̃ ?k

h

ρ̃m =
∑m

k=1 ρk
m −mK−1

p Am

∑m
k=1 f̃ ?k

h (3.73)
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H2s(s) = Kp

m
(sI + Λ)− AmZh

H1s(s) = (s + Λ) (C−1s + I) + AsZes

H2m(s) =
mK−1

p

2
[sI + Λ− 2AsZes]

H1m(s) = (sI + Λ)
(
sC−1 + 1

2
I
)

+ mK−1
p AmZhs (3.74)

Using (3.71) and (3.72),

P̃s = H−1
1s (s)H2s(s)H

−1
1m(s)H2m(s)e−2sT P̃s − ρ∗s (3.75)

P̃m = H−1
1m(s)H2m(s)H−1

1s (s)H2s(s)e
−2sT (P̃m)− ρ∗m (3.76)

ρ∗s = H−1
1s ρ̃s + H−1

1s (s)H2s(s)H
−1
1m(s)e−sT ρ̃m (3.77)

ρ∗m = H−1
1mρ̃s + H−1

1m(s)H2m(s)H−1
1s (s)e−sT ρ̃s (3.78)

Since ρs and ρm are bounded according to (3.41), the system remains stable for any

time delay if:

∥∥H−1
1s (jω)H2s(jω)H−1

1m(jω)H2m(jω)
∥∥
∞ < 1 (3.79)

∥∥H−1
1m(jω)H2m(jω)H−1

1s (jω)H2s(jω)
∥∥
∞ < 1 (3.80)

The controller parameters can be obtained through formulating a min-max op-

timization problem characterized by (3.79) and (3.80). The maximization and mini-

mization are performed over ω and controller parameters, respectively. Additional

constraints can be imposed on the mass and damping of the virtual tool in (3.68)

to achieve a desired performance. The equivalent mass and damper of the virtual
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tool in (3.68) contribute to transparency error. In order to reduce the transparency

error, large A and C are required. However, it was shown in [26] that ‖AC‖ should

be limited for maintaining stability. Therefore, the choice of A and C specifies the

tradeoff between stability and transparency.
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Chapter 4

Discrete-Time LQG Control for

Cooperative Teleoperation

4.1 Introduction

This chapter introduces a discrete-time Linear Quadratic Gaussian (LQG) con-

troller for cooperative teleoperation systems. The treatment of the problem in the

discrete-time domain is motivated by the fact that time delay can be modelled

by finite dimension states in the discrete time. The proposed control framework

utilizes a fully connected communication network between all master and slave

units. Therefore each master and slave robot can receive position and force infor-

mation from all master and slave units. In our approach, the latency is assumed to

be a priori known constant. Unknown variable delays can be estimated and made

constant through synchronization and buffering [53].

The environment dynamics can vary widely in a teleoperation task and hence
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introduce significant uncertainty into the system model. To mitigate this prob-

lem, multiple controllers along with proper switching rules are employed instead

of a single controller for the entire range of the operation. Such an adaptive ap-

proach is less conservative and can yield superior performance over single-mode

controllers [67]. In the proposed controller, delayed measurement and control

signals are first incorporated into the system’s state-space model. The discrete-

time LQG algorithm is then used to synthesize model-based output-feedback con-

trollers that are optimized for transparency. The performance indices used include

non-delayed position tracking, force tracking, and virtual tool impedance shaping.

4.2 Linearized System Dynamics in Cooperative Tele-

operation

This chapter addresses the problem of cooperative teleoperation depicted in Fig-

ure 1.1, where the slaves rigidly hold a tool in order to manipulate the environ-

ment. In Figure 1.1, the tool frame Ot
s expresses the position of the tool with re-

spect to the slaves’ base frame Ob
s. The closed kinematic chain formed by the slave

robots and the tool imposes the following constraint on the motion of the slaves:

Vs = JT
t vt (4.1)

where vt is the generalized velocity of the tool frame w.r.t. the base frame and

Vs =

[
v1T

s · · · vmT

s

]T

is a vector of slaves’ end-effector velocities w.r.t. the same

frame. Jt =

[
J1

s · · · Jm
s

]
and Jk

s
T is a Jacobian matrix relating the k’th slave’s
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end-effector velocity to the tool velocity. The slave/tool interaction forces in the

slaves’ end-effector frames produce a net force acting on the tool frame, i.e.

fe =

[
J1

s · · · Jm
s

]
Fs = JtFs (4.2)

with Fs =

[
f 1T

s · · · fmT

s

]T

, f i
s is the force that the i’th slave robot exerts on the

tool.

In general the dynamics of robotic manipulators are nonlinear and position-

dependent. However, such dynamics can be rendered linear through the applica-

tion of local dynamic linearization control laws [63]. The dynamics of the i’th slave

manipulators after application of the nonlinear controllers are

J i
s

−1
zi

sJ
i
s

−T
vi

s = J i
s

−1
f i

cs − f i
s (4.3)

where f i
cs is the i’th slave equivalent control vector acting at Ot

s expressed in Ob
s

and zi
s is the linearized impedance observed from Ot

s. Using (4.1) and (4.3), the i’th

slave dynamics in the tool frame can be written as

mi
sẍt + bi

sẋt + ki
sxt = f i

cs − J i
sf

i
s (4.4)

with ms, bs, and ks being transformed dynamic parameters. Considering linear

second order dynamics for the tool and compliant environments in the tool frame,

the slaves, tool and the environment dyanmics can be combined to obtain:

(mst + σfme)ẍt + (bst + σfbe)ẋt + (kst + σfke)xt =
m∑

i=1

f i
cs − σff

∗
e (4.5)
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where mst, bst, and kst are the combined mass, damping, and stiffness of tool and

slave robots, respectively. me, be, and ke are environment dynamic parameters, and

f ∗e is the exogenous environment force. Also, σf = 1 when the tool is in contact

with a flexible environment and otherwise is zero.

During a rigid contact, the slaves’ acceleration and velocity are zero and the

environment force is equal to the slaves’ control actions. Therefore, contact with a

rigid environment can be modelled as

mst(1− σr)ẍt + bst(1− σr)ẋt + kst(1− σr)xt =
m∑

i=1

f i
cs − σrfe (4.6)

where fe was defined in (4.2), and σr = 1 when the tool is in contact with a rigid

environment and otherwise is zero.

The nonlinear dynamics of the master manipulators can be linearized similarly.

When the i’th operator holds the corresponding master handle, i.e. xi
m = xi

h, the

linearized dynamics of master and operator can be integrated as follows:

mi
mhẍ

i
m + bi

mhẋ
i
m + ki

mhx
i
m = f i

cm + f ∗ih (4.7)

where mi
mh, bi

mh, and ki
mh are the combined mass, damping, and stiffness, respec-

tively, xi
m is the i’th master/hand position, f i

cm is the control signal, and f ∗ih is the

operator’s intentional force modelled as an exogenous input to the system. The

vectors are all related to corresponding master virtual tool frame Oi
m and are ex-

pressed in the i’th master base frame Ob
mi.

Throughout the rest of this chapter, it is assumed that the linearized dynamics

are decoupled in different axes of motion. It should be noted that during contact,
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a coupling among the axes may exist due to the presence of a tangential friction

force that is proportional to the normal force. However if the contact along the

normal axis is stable, the normal force and hence the tangential friction force are

bounded and can be treated as disturbance to the motion in the tangential axis.

Such disturbances can be handled by the controller that will be introduced in this

paper. Considering the above assumptions, a single-axis problem is considered

here though the proposed control approach can be extended to the full six-axis

case [68–71].

4.3 LQG Teleoperation Control

The performance of conventional single-master/single-slave telerobotic systems is

measured by their transparency. In an ideally transparent telerobotic system, the

operator should feel that he/she is directly interacting with the environment. This

notion of transparency, can be described in terms of position and force tracking

between the master and slave robots [5, 11].

fh = αffe (4.8)

xm = αpxs (4.9)

where αf and αp scale the force and position tracking between the master and

slave. Acceleration measurement or equivalently force measurement, and the ex-

act knowledge of the master and slave dynamics are required for achieving the

ideal transparency.

Unfortunately in a perfectly transparent system, modelling errors can cause
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instability because of the complete cancellation of the master and slave dynamics

(e.g. a negative mass can be produced) [11]. A modified version of transparency

defines a virtual intervening tool between the operator and the environment [5,11].

fh = mvtẍvt + bvtẋvt + kvtxvt + αffe (4.10)

xm = αpxs (4.11)

where mvt, bvt, and kvt are mass, damping, and stiffness of the virtual tool. While

in a transparent system according to (4.8)-(4.9), the operator interacts with the task

environment through a rigid tool without dynamics, the modified transparency

measures introduce an intervening virtual tool with desired mass-spring-damper

dynamics. The tool parameters should be selected such that sufficient stability

margins are gained without compromising the operator’s perception of the envi-

ronment through a dominant tool dynamics.

It should be noted that in rigid contact, the modified transparency requirements

in (4.10)-(4.11) reduce to original force and position tracking measures in (4.8)-(4.9),

if kvt = 0.

These transparency criteria can be extended to the cooperative teleoperation

case as

∑m
i=1 f i

h − αffe = mvtẍvt + bvtẋvt + kvtxvt (4.12)

1
m

∑m
i=1 xi

m = αpxt (4.13)

xi
m = xj

m (4.14)

where mvt, bvt, and kvt are the desired virtual tool parameters (Figure 3.2). The
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system dynamics in (4.7)-(4.6) and the performance indices in (4.12)-(4.14) are all

expressed in the continuous-time domain. In practice, the system outputs are

sampled and the control actions are applied at a fixed rate. The control signal

is constant between the sampling instants. The transformation of the dynamics

and the performance measures into the discrete-time domain allows for direct dis-

crete control synthesis. The application of a zero-order-hold continuous to discrete

transformation [72] results in the following dynamics for the i’th operator/master

subsystem:

X i
mh[n + 1] = Ai

mhX
i
mh[n] + Bi

mhf
i
cm[n] + Gi

mhw
i
mh[n] (4.15)

where X i
mh[n] =

[
xi

m[n] vi
m[n]

]T

is the state vector. The disturbance signal is

wi
mh[n] =

[
f ∗ih [n] f̃ i

cm[n]

]T

where f̃ i
cm[n] is the disturbance in the control signal

f i
cm[n].

Similarly, the slaves/tool/environment dynamics can be written as

Xmode
ste [n + 1] = Amode

ste Xmode
ste [n] + Bmode

ste fcs[n] + Gmode
ste wste[n] (4.16)

where the superscript mode shows the mode of operation; free motion, contact

with a flexible environment, and contact with a rigid environment. For free mo-

tion/contact with flexible environment Xste[n] =

[
xt[n] vt[n]

]T

while for contact

with rigid environment Xste[n] =

[
xt[n] fe[n]

]T

. The control signal is fcs[n] =

∑m
i=1 f i

cs and the disturbance vector is wste[k] =

[
f ∗e [n] f̃cs[n]

]T

. The state tran-

sition matrices are function of the operation mode. Note that in rigid contact the
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slave robot’s state vector includes the environment force fe[n]. In practice, the con-

troller implementation introduces one sample delay and hence fe[n] = fcs[n − 1].

The derivation of elements of Ai
mh, Bi

mh, Gi
mh, Amode

ste , Bmode
ste , and Gmode

ste is straight-

forward and will not be presented here. The desired virtual tool dynamics in (4.12)

can also be converted to the discrete-time domain

Xvt[n + 1] = AvtXvt[n] + Bvtuvt[n] (4.17)

where Xvt[n] =

[
xvt[n] vvt[n]

]T

and uvt[n] =

[
f 1

h [n] · · · fm
h [n] fe[n]

]T

.

Teleoperation controllers are often distributed between the master and slave

sites due to the distribution of system dynamics. In this thesis it is assumed that

the time delay in the local communication links between the masters as well as

between the slaves is negligible compared to the one-way time delay, between the

master and slave sites. According to this assumption, the master controllers re-

ceive non-delayed position/force information from other masters and delayed po-

sition/force information from the slaves. On the other hand, the slave controllers

use non-delayed data from other slaves and delayed information from the mas-

ters. Nevertheless, the LQG control is a centralized design approach which utilizes

all measurements in generating the control signals. Therefore, controller must be

placed either at the master end or at the slave end. Throughout this chapter, it is

assumed that the controller resides at the operators’ end as displayed in Figure 4.1.

Similarly the controller could be placed at the slaves’ end.

The structural change in the slave/enviroment dynamics due to rigid contact

and parameter variations due to flexible contact can be handled with a multi-

model control approach [73,74]. Model-based controllers are designed for different
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Figure 4.1: Cooperative teleoperation controller resides at the master side.

phases of the operation. Switching between these controllers occurs according to

the estimated contact state. In this strategy, a controller is designed for free motion,

another controller handles flexible contacts while a third controller is employed for

interacting with rigid environments. Alternatively, it is possible to design a single

controller that can function for both free motion and flexible contact, although such

an approach would be more conservative. The schematic of the LQG cooperative

teleoperation controller is displayed in Figure 4.2.

4.3.1 Free Motion/Soft Contact

The states of the system for the cases of free motion/soft contact are defined as

follows

X[n] =

[
X1

m[n]T · · · Xm
m [n]T Xste[n]T Xvt[n]T

]T

(4.18)
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Figure 4.2: The LQG teleoperation control system with xm[n] = [x1
m[n] · · · xm

m[n]]T ,
fh[n] = [f 1

h [n] · · · fm
h [n]]T , and fcm[n] = [f 1

cm[n] · · · fm
cm[n]]T .

where Xvt[n] has been introduced in (4.17), and X i
m[n] and Xs[n] are defined as fol-

lows in order to coordinate the behavior of the masters, slaves and virtual tool [75].

X i
m[n] =

m∑

k=1,6=i

[hi
mk

(X i
mh[n]−Xk

mh[n])]

+ hi
s(X

i
mh[n]− αpXste[n]) + hi

vtm(X i
mh[n]−Xvt[n]) (4.19)

Xs[n] =
m∑

k=1

[hsk
(Xste[n]− 1

αp

Xk
mh[n])] + hvts(Xste[n]− 1

αp

Xvt[n]) (4.20)

hi
mk

, hi
s, hi

vtm, hsk
, and hvts are weighting factors and αp is position scale factor

between masters and slaves. The above choice of states facilitates the application

of the LQG method by explicitly including the tracking errors of interest into the
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state vector. The states evolution is governed by

X[n + 1] = AX[n] + Bu[n] + Gw[n] (4.21)

u[n] =

[
fcm[n]T fcs[n]

]T

(4.22)

w[n] =

[
f ∗h [n]T f ∗e [n] f̃T

cm f̃cs[n]

]T

(4.23)

where

fcm[n] =

[
f 1

cm[n] · · · fm
cm[n]

]T

(4.24)

f ∗h [n] =

[
f ∗1h [n] · · · f ∗mh [n]

]T

(4.25)

f̃cm[n] =

[
f̃ 1

cm[n] · · · f̃m
cm[n]

]T

(4.26)

It is straightforward to obtain the system matrices, A, B, G from Ai
mh, Bi

mh, C i
mh,

Di
mh, Gi

mh, H i
mh, Aste, Bste, Cste, Dste, Gste, Hste, Avt, and Bvt, and this will not be

presented here. The measurement vector is

y[n] =

[
y1[n] y2[n− d]

]T

(4.27)

y1[n] =

[
x1

m[n] f 1
h [n] · · · xm

m[n] fm
h [n]

]T

(4.28)
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y2[n− d] =




1
m

∑m
i=1 xi

m[n− d]− αpxt[n− d]
∑m

i=1 f i
s[n− d]

1
m

∑m
i=1 xi

m[n− d]− xvt[n− d]

vvt[n− d]




(4.29)

where d is the communication latency in number of sample times and f i
s is the re-

action force from the tool. These observations are generated based on the actual

sensors’ readings xi
m[n], f i

h[n], xt[n], and f i
s[n] (see Figure 4.2). The measurement

vector in (4.27) is particularly suited for the LQG design as it contains the delayed

tracking errors. The delayed measurements will eventually be incorporated into

the system states as will be seen shortly. Note that the slave measurements are de-

layed by d samples. The rationale is obvious in the case of the slave measurements

as the controller is implemented at the master side and it would take d samples

before that the slave information arrive at the master end. The virtual tool obser-

vations xvt[n − d], and vvt[n − d] which are produced by the control algorithm are

also delayed since they depend on the environment force fe[n− d].

Part of the observation vector in (4.27), i.e. y2[n− d] can not be directly written

in terms of the system’s states and inputs in (4.18) and (4.22) due to the existence

of the delay. Nonetheless, the treatment of the problem in the discrete-time do-

main allows for the incorporation of time delay via a finite number of states into

the system’s model. The delayed measurement vector is produced by passing the

original non-delayed signals through d unit delay blocks. The outputs of the unit

delay blocks are added to the system’s states. The non-delayed observation vec-

tors y1[n] and y2[n] can be written in terms of the states and the control actions in
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(4.18)-(4.23),

y1[n] = C1X[n] + D1u[n] + H1w[n] + v1[n] (4.30)

y2[n] = C2X[n] + D2u[n] + H2w[n] + v2[n] (4.31)

where v1[n] and v2[n] are measurement noise; X[n], u[n], and w[n] have been intro-

duced before. The new augmented state vector is given by

Xn[n] =

[
X[n]T y2[n− 1]T · · · y2[n− d]T

]T

(4.32)

and the corresponding system matrices are

An =




A 0 0 · · · 0

C2 0 0 · · · 0

0 I 0 · · · 0

...
...

0 · · · · · · I 0




, Bn =




B

D2

0

...

0




(4.33)

Cn =




C1 0 · · · 0

0 · · · 0 I


 , Dn =




D1

0


 (4.34)

Gn =




G 0

H2 I

0 0

...
...

0 0




, Hn =




H1 0

0 0


 (4.35)
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Also, the new process and measurement noise vectors are wn[n] =

[
w[n]T v2[n]T

]T

and vn[n] =

[
v1[n]T 0

]T

. The input and output remain unchanged, i.e. u[n], and

y[n]. The master and slave control actions are subject to time delay as well. The

delays for the master and slave control signals are one and d samples, respectively.

u[n] =

[
fcm[n]T fcs[n]

]T

=

[
u1[n− 1]T u2[n− d]

]T

(4.36)

The delay in control signals can be included in the model by augmenting the states

as follows

X̄[n] =

[
Xn[n]T u1[n− 1]T u2[n− d] u2[n− d + 1] · · · u2[n− 1]

]T

(4.37)
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The new system matrices are

Ā =




An B1
n B2

n 0 0 · · · 0

0 0 0 0 0 · · · 0

0 0 0 1 0 · · · 0

0 0 0 0 1 · · · 0

...
...

0 · · · 0




, B̄ =




0 0

1 0

0 0

0 0

...
...

0 1




(4.38)

C̄ =

[
Cn D1

n D2
n 0 · · · 0

]
, D̄ = 0 (4.39)

Ḡ =




Gn

0

...

0




, H̄ = Hn (4.40)

The new input vector is

ū[n] =

[
u1[n]T u2[n]

]T

(4.41)

and output, process noise, and measurement noise are not changed.

The operator’s exogenous force f ∗ih [n] is part of the disturbance vector wn[n].

This signal can be modelled by a stochastic process and added to the system’s

states. This approach would enable the real-time estimation of the force based on

the sensory observations. A first-order model is used for the operator’s exogenous
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force:

f ∗ih [n + 1] + αi
fhf

∗i
h [n] = ni

f [n] (4.42)

where αi
fh is a constant and ni

f [n] is a white Gaussian sequence. The final discrete-

time state-space representation of the system after the augmentation of f ∗h into the

state vector is given by

Xf [n + 1] = AfXf [n] + Bfuf [n] + Gfwf [n] (4.43)

yf [n] = CfXf [n] + Dfuf [n] + Hfwf [n] + vf [n] (4.44)

where

Xf [n] =

[
X̄[n]T f ∗h [n]T

]T

(4.45)

yf [n] = yn[n] =

[
y1[n]T y2[n− d]T

]T

(4.46)

uf [n] = ū[n] =

[
u1[n]T u2[n]

]
(4.47)

wf [n] =

[
nf [n]T f ∗e [n] f̃cm[n]T f̃cs[n] v2[n]T

]T

(4.48)

vf [n] = vn[n] =

[
v1[n]T 0

]T

(4.49)

nf [n] =

[
n1

f [n] · · · nm
f [n]

]T

(4.50)
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The system matrices are

Af =




Ā Ḡ(:, 1 : m)

0 −αfh


 , Bf =




B̄

0


 (4.51)

Cf =

[
C̄ H̄(:, 1 : m)

]
, Df = D̄ (4.52)

Gf =




0 Ḡ1 m+1 · · · Ḡ1 2m+4

... · · · ...

0 Ḡ4m+5d+4 m+1 · · · Ḡ4m+5d+4 2m+6

I 0 · · · 0




(4.53)

Hf =




0 H̄1 m+1 · · · H̄1 2m+6

...
...

0 H̄2m+2 m+1 · · · H̄2m+4 2m+6




(4.54)

where Ḡ(:, 1 : m) and H̄(:, 1 : m) denote the first m columns of Ḡ and H̄ matrices,

respectively and αfh is a diagonal matrix with diagonal elements of αi
fh.

4.3.2 Rigid Contact

When the tool is in rigid contact, the continuous-time dynamics of the slave side

are governed by (4.6) with their discrete-time equivalent given in (4.16). Note that

the slaves/tool position in rigid contact is modelled by

xt[n + 1] = βxt[n] + wxs[n] (4.55)
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with β → 1− and wxs[n] is a white Gaussian sequence. In this case, the vector of

discrete states including the master and slave subsystems is chosen as

X[n] =

[
X1

m[n]T · · · Xm
m [n]T Xs[n]T

]T

(4.56)

where

X i
m[n] =

[∑m
k=1,6=i[h

i
mk

(xi
m[n]− xk

m[n])] + hi
s(x

i
m[n]− αpxt[n]) vi

m[n]

]T

(4.57)

Xs[n] =

[
xt[n] fe[n]

]T

(4.58)

and the measurement vector is

y[n] =

[
y1[n]T y2[n− d]T

]T

(4.59)

y1[n] =

[
x1

m[n] f 1
h [n] · · · xm

m[n] fm
h [n]

]T

(4.60)

y2[n− d] =

[
1
m

∑m
i=1 xi

m[n− d]− αpxt[n− d]
∑m

i=1 f i
h[n− d]− αffe[n− d]

]T

(4.61)

where αf is force scale factor. This leads to a discrete-time difference equation

similar to the one in (4.21). The steps to incorporate the delay in the measurements

and the control signals as well as the operator’s exogenous force f ∗h [n] into the

system’s states are similar to those in the previous case and will not be repeated

here. The dynamics of the augmented system in the discrete-time domain can be

59



M.A.Sc. Thesis - P. Setoodeh McMaster - Electrical Engineering

expressed by the following difference equations

Xr[n + 1] = ArXr[n] + Brur[n] + Grwr[n] (4.62)

yr[n] = CrXr[n] + Drur[n] + Hrwr[n] + vr[n] (4.63)

with

Xr[n] = [X[n]T y2[n− 1]T · · · y2[n− d]T u1[n− 1]T (4.64)

u2[n− d] · · ·u2[n− 2] f ∗h [n]T ]T (4.65)

yr[n] = y[n] (4.66)

wr[n] =

[
nf [n]T f̃cm[n]T f̃cs[n] wxs[n] v2[n]T

]T

(4.67)

vr[n] =

[
v1[n]T 0

]T

(4.68)

It should be noted that the one sample delay in the slave control action has already

been added to Xr[n] in (4.56).

4.3.3 LQG Control Design

The system dynamics and measurement equations in (4.43)-(4.44) for free mo-

tion/soft contact and in (4.62)-(4.63) for rigid contact are in the standard form for

the application of the LQG control synthesis. The deterministic inputs to the sys-

tem are the master and slave control signals; uf [n], ur[n]. The system is also per-

turbed by the stochastic inputs wf [n], wr[n] which are assumed zero mean white

Gaussian sequences. The measurement noise vectors vf [n], vr[n] are also zero mean

white Gaussian signals. The LQG controller attempts to minimize the effect of the
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stochastic disturbance inputs on the states through minimizing the following loss

function for N →∞ [72]

J(u) =
1

N
E{

N∑
n=1

X[n]T QX[n] + u[n]T Ru[n] + 2XT [n]Γu[n]} (4.69)

where E{.} denotes the expected value, and Q ≥ 0, R > 0, and Q − ΓR−1ΓT ≥ 0

but here we assume Γ = 0. The optimal controller is a combination of a constant

state feedback gain obtained from solving the corresponding deterministic optimal

Linear Quadratic (LQ) control and an optimal Kalman filter state estimator, i.e.

u[n] = −KX̂[n|n− 1] (4.70)

where the feedback gain K is given by

K =
(
BT SB + R

)−1 (
BT SA + ΓT

)
(4.71)

and S is the solution to the following Discrete-time Algebraic Riccati Equation

(DARE)

AT SA− S − (AT SB + Γ)(BT SB + R)−1(BT SA + ΓT ) + Q = 0 (4.72)

The state estimate X̂[n|n − 1] is the output of a Kalman filter with the following

dynamics

X̂[n + 1|n] = AX̂[n|n− 1] + Bu[n] + L(y[n]− CX̂[n|n− 1]−Du[n]) (4.73)

61



M.A.Sc. Thesis - P. Setoodeh McMaster - Electrical Engineering

The Kalman filter gain L is computed as follows

L = APCT
(
Π + CPCT

)−1 (4.74)

where P is the solution to the following DARE

APAT − P − APCT
(
Π + CPCT

)−1
CPAT + W (4.75)

and W = E
{
Gw[n]w[n]T GT

}
and Π = E

{
v[n]v[n]T

}
are the covariances of the

process and measurement noise, respectively. Certain conditions must be satisfied

for the existence of a solution to the LQG problem. These include the stabilizability

of pair (A,B) and detectability of pair (C, A) among others. It can be shown that

the teleoperation system satisfies all necessary requirements.

The special form of the system states for free motion/soft contact and the rigid

contact facilitates the LQG design for achieving the teleoperation performance ob-

jectives. The sensor measurements are the master and slave positions as well as

the hand and environment forces. Delayed hand and environment force signals

are used to generate delayed virtual tool position and velocity. These synthe-

sized observations along with the actual transformed/delayed observations enter

the mode-based LQG controller blocks at the master site which in turn produce

the master and slave mode-based control signals using the algorithms described

above. The switching logic located at the slave side, uses the sensory information

to identify the mode of operation and sends the result back to the controller at the

master side. This information is utilized to select the pair of control signals to The

control be transmitted to the master and slave actuators (see Figure 4.2).
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It should be noted that there is redundancy in the slaves’ control signals as the

output of the LQG synthesis is
∑m

i=1 f i
cs[n]. In general,

Fcm[n] =

[
f 1

cs[n] · · · fm
cs [n]

]T

= JI
†(

m∑
i=1

f i
cs[n]) + Fint (4.76)

where JI =

[
1 · · · 1

]
, † denotes the pseudo-inverse and Fint is an internal force

component that does not contribute to the combined motion of the slaves and tool.

The internal force Fint can help maintain the contact between the slave manipula-

tors and the tool if the end-effectors are not equipped with grippers.

Remark 4.1: The quadratic terms in Xf [n]T QfXf [n] and Xr[n]T QrXr[n] involve po-

sition and force tracking errors at concurrent sample times. Therefore despite the

presence of 2d samples round trip delay, the controller attempts to produce non-

delayed position and force tracking. Intuitively, this is achieved through the pre-

diction of master and slave motions by model-based Kalman filters. Also, the matri-

ces Qf and Qr are positive semi-definite as opposed to positive definite. Therefore,

only the tracking errors are penalized in (4.69) and the gains corresponding to the

rest of the states in Q’s are set to zero. This is critical for the design of the teleoper-

ation controller since the master/slave system must be allowed to move freely in

response to operator’s input force.

Remark 4.2: The disturbance terms in the model, in particular f ∗h [n] and f ∗e [n], can

introduce tracking errors and hence degrade the performance. The effect of these

disturbances can be attenuated by tightening the feedback loops through increas-

ing Q and/or decreasing R in (4.69). However, large feedback gains can amplify
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the noise and reduce the system’s stability margins. The inclusion of f ∗h [n], and

similarly f ∗e [n] if needed, in the state vector through the first-order model (4.42) can

enhance the performance as it allows for the real-time estimation of f ∗h [n]. Never-

theless, such model may not accurately predict the operator’s exogenous force for a

long prediction horizon. More complex force generation models can be employed

to further increase the prediction horizon of the controller.

Remark 4.3: Models of operator, master robot, slave robot, and environment dy-

namics are used by controller. While the master and slave parameters are often

known and constant, the operator and environment dynamics are usually un-

known and time-varying. The controllers are designed based on the nominal val-

ues of the operator and environment parameters. Variation in these parameters

can degrade the performance and may even cause instability. Nevertheless, the

results of simulations and analysis presented later demonstrate that a careful se-

lection of the LQG design parameters can render the system sufficiently robust

w.r.t. operator and environment parameter changes.

Remark 4.4: Multi-model estimation techniques [74, 76, 77] can be employed to

identify the mode of operationbased on sensory observations. Special care should

be taken to attain a smooth transition between the mode-based controllers. to this

end a simple switching strategy will be introduced later. It is generally difficult

to analytically prove the stability of such switching control systems although dif-

ferent approaches have been proposed in the literature [78, 79]. This will remain a

subject of future research.

Remark 4.5: The order of controller is equal to the system’s order, i.e. 4m+5d+4 for
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free motion/flexible contact and 3m+3d+2 for rigid contact. The number of sam-

ple delays d depends on the control frequency and the communication latency and

can become large in some applications. However, it turns out that the controller

possesses a sparse structure that can be exploited for its efficient implementation,

if needed. It is also possible to adopt a multi-rate control strategy where the tele-

operation controller runs at a slower rate than that of the local feedback linearizing

controllers.

Remark 4.6: The proposed control approach can be employed in case of time-

varying delay by introducing buffers that store measurement and control signals

at the master and slave ends. Time-delay is rendered constant by adding artificial

delay to these signals if and when necessary. Nevertheless, such an approch would

be conservative since the control is designed for the maximum delay.
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Chapter 5

Simulation and Experimental Results

The proposed control algorithms for cooperative teleoperation are evaluated thro-

ugh simulation and experiment in this chapter.

5.1 Case Study

This section presents a numerical design example to demonstrate the effectiveness

of the proposed control algorithms. A single-axis linear two-master/two-slave sys-

tem is considered as illustrated in Figure 5.1. This example is based on the experi-

mental setup that will be introduced later. The dynamics of human operators, mas-

ter robots, slave robots, and the tool are modelled by linear mass-spring-damper

systems with impedances of the form ms + b + k/s. The single-axis tool frame is

located at the contact point between tool and environment. The parameters used

in the simulations reflect those of the actual experimental setup.
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t

Figure 5.1: The schematic of the linear one-axis two-master/two-slave teleopera-
tion system.

System parameters:

m1
m = m2

m = 0.5kg b1
m = b2

m = 0.5N.s/m k1
m = k2

m = 0.1N/m

m1
s = m2

s = 3.5kg b1
s = b2

s = 6N.s/m k1
s = k2

s = 0.1N/m

mt = 0.82kg bt = 2N.s/m kt = 0.01N/m

m1
h = m2

h = 0.35kg b1
h = b2

h = 0.1N.s/m k1
h = k2

h = 0.02N/m

All values are expressed in the metric units.

5.2 Simulation Results

5.2.1 Discrete-Time LQG Controller

The proposed LQG control scheme of Chapter 3 is applied to the single-axis two-

master/two-slave system of the previous section. The controller is implemented

at the master side. The operators manipulate the slave robots in free motion and in

contact with a rigid environment. Two different controllers are designed. The first

controller is intended for free motion operation and the second controller handles
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rigid contact.

Controller Switching:

The switching logic used in the simulations is simple. While in free motion,

the controller enters the rigid mode if the magnitude of the environment force sur-

passes a predefined threshold. However, this force is not available directly. A

disturbance observer is employed to estimate it based on measurements of contact

forces between the slaves and the tool. The force observer will be explained later.

To return to the free motion mode, the average slave velocity over a short window

of time and the operator’s measured force in the direction away from the contact

must be below and above small predefined thresholds. Such logic will eliminate

the possibility of erroneous switching due to the bouncing against the rigid envi-

ronment during the transition period. Also, the number of free-to-rigid bounces

may be reduced simply by adding extra damping to the slave controller during the

transition period.

The controller performance and its robustness w.r.t. parameter variations are

examined through various simulation scenarios. These include teleoperation un-

der different communication delays with matched and mismatched parameters.

Delay is introduced in the slave position and force information as well as the slave

control signal since the controller is implemented at the master end.

The system and controller parameters used in the simulations are given below.
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System parameters:

mvt = 3kg bvt = 2N.s/m kvt = 0.01N/m

me = 0.01kg be = 1N.s/m ke = 0.1N/m

αf = 1kg αp = 1 αi
fh = β = 0.999

LQG parameters:

R = diag(0.05, 0.05, 0.05)

E{wwT} = diag(0.25, 0.25, 0.01, 0.01, 0.01, 10−8, 10−4)

E{vvT} = diag(10−8, 10−4, 10−8, 10−4, 0, 0)

qf
1i =





103 i = d

0 otherwise
qf
2i =





102 i = d

0 otherwise

qr
1i =





104 i = d

0 otherwise
qr
2i =





1 i = d

0 otherwise

The sampling frequency is 128Hz for the LQG controller and 1024Hz for local con-

trollers. According to sampling theorem, for fully reconstruction of a band-limited

signal, the sampling frequency must be at least twice as large as the highest fre-

quency component of the original signal [80, 81]. In control loops the sampling

rate should be about twenty times larger than the highest frequency component.

There will be abrupt changes in force signals when a transition happens from free
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motion to rigid contact and such sharp changes contain high frequency compo-

nents. Therefore, for stability reasons the sampling rate should be high when we

have force feedback. Since the state vector contains delayed control and measure-

ment signals, the dimension of the state vector will increase with increasing the

sampling frequency. Thus the sampling frequency of the LQG controller was cho-

sen to be smaller than that of the local controllers.

Simulation with Matched Parameters

In this case, the system parameters used in the LQG design are the same as those

employed to simulate master, slave, and environment dynamics. Three different

levels of round trip time delay are examined, i.e. 125ms, 250ms, and 500ms. Fig-

ure 5.2 shows the position and force tracking results. The LQG controller demon-

strates excellent position tracking and impedance shaping in free motion. Note

that the positions of masters and slave closely follow that of the virtual tool with-

out delay. The controller uses the model information to compensate for the de-

lay through prediction. The tracking error slightly increases as latency becomes

larger. This demonstrates the effect of uncertainties such as the operator’s exoge-

nous force and measurement noise on the system’s performance.

The controller exhibits stable contact transition from free motion to rigid con-

tact and vise versa. There is a delay in force tracking during the rigid contact. This

is due to the fact that first-order model for operator’s exogenous force f ∗h in (4.42)

can not accurately predict its behavior. The operators perceive a rigid contact de-

spite a small discrepancy between masters and slaves positions. This is evident

from the master position profiles which show constant master positions despite
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Figure 5.2: LQG Position and force tracking for matched parameters: (a) 125ms
delay (b) 250ms delay (c) 500ms delay.

the variations in the applied hand forces. The force oscillation in the rigid con-

tact is due to the operators’ deliberate force and is intended to display the force

tracking capability of the controller.

Simulation with Mismatched Parameters

The simulations were repeated, this time with mismatched parameters. The master

and slave parameters can be estimated with high accuracy. The design example
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Figure 5.3: LQG Position and force tracking for mismatched model parameters: (a)
125ms delay (b) 250ms delay (c) 500ms delay.

requires no environment parameter as it considers free motion and rigid contact.

However, the arm parameters are unknown and can vary from one operator to

another. Figure 5.3 displays the results for the case in which mh(real)= 1.0kg and

mh(model)= 0.35kg. Figure 5.4 displays the results for the case in which mh(real)=

0.05kg and mh(model)= 0.35kg. The LQG controller still demonstrates accurate

force and position tracking with stable contact behavior for all three levels of time

delay despite the large parameter mismatch as is evident in this figure.
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Figure 5.4: LQG Position and force tracking for mismatched model parameters: (a)
125ms delay (b) 250ms delay (c) 500ms delay.

Robust Stability Analysis

The proposed multiple-model LQG controller is a model-based approach that re-

quires the parameters of master, slave, operator, and the environment (in soft con-

tact). The robustness of the controller was demonstrated through a few numerical

simulation scenarios in the previous section. It is also possible to investigate this

robustness via classical linear analysis tools such as the Nyquist theorem. To avoid

complications of a multi-variable analysis, we study the robustness with respect to
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Figure 5.5: System structure for Nyquist stability analysis.

changes in individual parameters separately. In each case, the controller/observer

and all system parameters are fixed except one parameter of interest. The Nyquist

analysis is then employed to obtain the value of parameter for which the system

becomes marginally stable [82, 83]. The system structure for Nyquist stability anal-

ysis is shown in Figure 5.5, where the closed loop system can be considered as a

single-input/single-output (SISO) system. In the following the robustness analy-

sis is applied to the single-axis linear two-master/two-slave bilateral teleoperation

system of Figure 5.1.

Robustness against mismatch in environment stiffness

The environment stiffness in the design of the free motion controller was as-

sumed 0.1N/m. The free motion controller could also be used to interact with soft

environments. Obviously, this will introduce uncertainty in the form of environ-

ment stiffness in the system’s dynamics. In Figure 5.6(a), the maximum allowable

environment stiffness for the controller with the above parameters is plotted as a
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function of the time delay. The maximum stiffness decreases by the amount of time

delay from over 11000N/m for delays around 15ms to about 400N/m for a delay

of 250ms. It should be noted that the same controller has been used to produce

the results for different delays. The controller parameters can always be adjusted

to balance the performance and robust stability based on the value of the delay

and the application requirements. Alternatively by designing separate controllers

for free motion and soft contact, system’s performance and stability can be both

enhanced in the expense of having a more complex controller.

Robustness against mismatch in arm mass and environment stiffness

The sensitivity of the free motion controller with respect to simultaneous vari-

ations in the operator’s arm mass and the environment stiffness was also analyzed

for a time delay of 125 ms. The results are given in Figure 5.6(b) where the maxi-

mum allowable environment stiffness is plotted for different values of actual arm

mass. According to this figure, the maximum stiffness for the free motion con-

troller decreases as the actual arm mass increases.

Robustness against mismatch in arm mass for rigid contact controller

The arm mass is the critical parameter in the design of the rigid contact con-

troller. The robust stability of the controller w.r.t. variations in this parameter is

demonstrated in Figure 5.6(c) where that maximum allowable arm mass is plot-

ted as a function of communication delay. Again, the arm mass value used in the

design is mh = 0.35kg.

In summary, it can be concluded that the designed controller is fairly robust

with respect to the uncertainties considered in the analysis. Obviously, it is diffi-

cult to specify objective targets for the controller robustness margins. The designer
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Figure 5.6: (a) Robustness of free motion LQG controller w.r.t. mismatch in envi-
ronment stiffness (ke = 0.1 in design). (b) Robustness of free motion LQG con-
troller w.r.t. mismatch in arm mass and environment stiffness (mh = 0.35 and
ke = 0.1 in design). (c) Robustness of rigid contact LQG controller w.r.t. mismatch
in arm mass (mh = 0.35 in design).

should set the performance and robustness goals based on the application require-

ments and then tune the controller design parameters to achieve those objectives,

if possible.
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5.2.2 Adaptive Nonlinear Controller

The proposed adaptive nonlinear control scheme of Chapter 3 is applied to the

single-axis two-master/two-slave system. In this case

Ψ(x1
s) = x1

s Ψ(x2
s) = x2

s

and hence Jt =

[
1 1

]
. Similarly for the masters

Φ(x1
m) = x1

m Φ(x2
m) = x2

m

Controller parameters are: C = 24π, Λ = 20, A = 0.0025, Ks = 100, Ki
m = 100

for i = 1, 2. All values are expressed in the metric system of units. The sampling

frequency is 1024Hz, and the force and position scaling factors are Kf = 4 and

Kp = 1, respectively. This generates a virtual mass of 1.33kg and damping of

26.5Ns/m.

The redundancy in slaves’ has been used to control the internal force exerted

on the tool according to (3.25) with fd
int = 20N. This assists in keeping the contact

with the tool during the operation as slaves are not equipped with a gripper mech-

anism. Force measurement noise and encoder quantization errors are included in

the simulation.

The proposed controller requires the measurement of environment force fe.

However, this is not available in our experimental setup. Instead, the contact forces

between the slaves and the tool are measured through two sensors. In stable rigid

contact, the environment force can be directly computed from the force sensors’
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readings as the tool velocity and acceleration are zero. Nevertheless, the environ-

ment reaction force must be estimated for flexible contact. A disturbance observer

has been designed and implemented to estimate this force [84]. The observer dy-

namics are governed by

ẋ1
o = x2

o + kvo

mt
(xt − x1

o)

ẋ2
o = 1

mt

[
−btẋt − ktxt + kpo(xt − x1

o) + f 1
t + f 2

t

]
(5.1)

where x1
o and x2

o are the observer states, and kpo and kvo are the observer gains. f 1
t

and f 2
t are the force sensors’ measurements. Using the above dynamics and the

dynamics of the tool,

mtẍt + btẋt + ktxt = f 1
t + f 2

t + fe (5.2)

it can be easily shown that

mt
¨̃xt + kvo

˙̃xt + kpox̃t = fe (5.3)

where x̃t = xt− x1
o is the observer error. The environment force for the frequencies

below the bandwidth of the error dynamics can be approximated by

fe ≈ kpox̃t (5.4)

Note that the observer is even useful for rigid contact operation as it can signal a

transition from free motion to contact and vise versa. This triggers the rigid contact

controller.
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The switching terms in masters’s control actions have been eliminated by aug-

menting the master/operator parameters’ vector with the operators’ intentional

forces, f 1∗
h and f 2∗

h as explained in Remark 4.4. Simulations were conducted for

two different scenarios; first with a flexible environment and then a rigid environ-

ment. The results are presented below.

Flexible Environment

The total simulation time is 30 seconds during which the operators cooperatively

move the tool from its initial position and make contact with a flexible environment

with stiffness of ke = 500. Then, they withdraw the tool and move it in free motion.

Finally, the operators make another contact with the flexible environment while

applying a sinusoidal force to the master devices. Figure 5.7(a) shows an excellent

position tracking between the masters and slaves both in free motion and in contact

with the environment.

The sum of the operators’ hand forces reflected to the slave side along with the

force exerted by the tool on the environment and its estimate by the observer are

plotted in Figure 5.7(b). Note that how the environment force tracks the operators’

net force when the tool is in contact with the environment. The operators’ net force

drive the intervening tool dynamics in free motion. The synthesized tool dynamics

cause the force discrepancy seen in Figure 5.7(b) when the tool is moved during the

contact. The estimated stiffness at the slave side, k1
s + k2

s + kt + σfke, is depicted

in Figure 5.7(c). The controller accurately tracks variations in the environment

stiffness as can be observed in the figure.
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Figure 5.7: Adaptive nonlinear controller simulation results for flexible environ-
ment: (a) position tracking (b) force tracking (c) environment’s stiffness estimate.

Rigid Environment

A similar scenario was considered to evaluate the performance of the controller

for the case of contact with a rigid environment during a simulation period of 16

seconds. In this case, the value of σr is determined based on the environment force

estimates. Figure 5.8 depicts accurate position and force tracking in free motion

and in contact with the rigid environment. The contact behavior is stable and

well damped. There is an improvement in the rigid contact force tracking results

compared with those of the flexible environment. This is due to lack of motion in

rigid contact which eliminates the effect of the synthesized tool dynamics.
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Figure 5.8: Adaptive nonlinear controller simulation results for rigid environment:
(a) position tracking, (b) force tracking.

5.3 Experimental Setup

This section presents the results of experimental studies conducted for further

evaluation of the proposed adaptive nonlinear cooperative teleoperation scheme.

The experimental setup is displayed in Figure 5.9. The two-master/two-slave sys-

tem is composed of:

(i) A linear track with three moving carts: The two side carts which are the

slaves in the experiments, are motorized, and their positions along the track are

measured by incremental rotary encoders installed on the motor shafts. The en-

coders produce 4,096 counts per revolution which approximately yield a 0.01mm

linear position measurement resolution. Special care has been taken to reduce

backlash in the carts’ movements. The Coulomb and viscous friction of the carts

are compensated by active control. Two Mini40 force sensors from ATI Industrial

Automation have been installed on the carts which measure the interaction force
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Figure 5.9: The cooperative teleoperation experimental setup.

between the slaves and the tool. The tool is the middle cart in Figure 5.9 and it has

been designed such that it can freely move on the track. The motion of the tool

is blocked in one direction by a rigid or flexible stop inserted in the middle of the

track. This stop cannot be seen in Figure 5.9 as it is hidden under the tool cart.

(ii) Two planar twin pantograph haptic interfaces from Quanser Consulting are

employed as master robots as shown in Figure 5.9. Each device provides three ac-

tive degrees of motion, i.e. two translations and one rotation using four electric

motors. The motor shaft angles are measured by optical encoders that produce

20,000 counts per revolution. In the experiments, only one axis of motion is re-

quired. Therefore, one of the translational and the rotational degrees of freedom

are locked using a work-space proportional-derivative controller. The redundancy

in actuation of the pantographs is exploited to minimize the norm of required mo-

tor torque vector for generating a given work-space force. The control system ren-

ders the device into a one-axis haptic interface that is suited for the experiments.
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The rigid dynamics of the twin pantograph haptic parallel mechanism are rather

complex. Instead, the device is modelled as a position-dependent mass along its

axis of motion. The variation in the mass can be handled by the master/operator

adaptation law (3.29). No force sensor is installed on master device in order to sim-

plify the mechanical design and also to reduce the mass of the interface. Instead,

disturbance observers similar to the one discussed earlier have been designed and

implemented to estimate the operators’ hand forces [84].

The control algorithm has been implemented using Matlab Realtime Workshop

Toolbox and Tornado 2.2/VxWorks 5.4 RTOS by WindRiver. The control rate is set

to 1024Hz. Q8 multifunction I/O boards by Quanser Consulting collect sensory

information and output the control commands.

Two sets of experiments were conducted, one with flexible contact and another

with rigid contact. In the experiments, two operators cooperatively moved the tool

in free motion and made contact with the environment several times. Experiments

were repeated with different operators and similar behavior was observed.

5.4 Experimental Results

5.4.1 Adaptive Nonlinear Controller

The redundancy in slaves’ has been used to control the internal force exerted on the

tool according to (3.25) with fd
int = 20N. This assists in keeping the contact with the

tool during the operation as slaves are not equipped with a gripper mechanism.
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Flexible Environment

Experimental results for flexible contact are shown in Figure 5.10. The system

demonstrates accurate position tracking both in free motion and in contact with

the environment. In contact situation, the force exerted on the environment by the

tool, tracks the operators’ net force after the velocity of the tool approaches zero.

This is expected behavior due to the intervening tool dynamics. Also, the adaptive

controller is able to estimate the environment stiffness effectively as shown in Fig-

ure 5.10(c). The small non-zero stiffness estimates in free motion are most likely

due to environment force observation errors.

Rigid Environment

Experimental results for the rigid contact are presented in Figure 5.11. The rigid

contact behavior is stable and well damped. The position tracking is accurate both

in free motion and in contact phases. The system also demonstrates excellent force

tracking between the operators’ net force and the environment force when the tool

is pushed against the rigid environment.

Experiments have also been conducted using two decoupled four-channel tele-

operation systems for performing the same task. The system demonstrated poor

contact stability. The operators were mostly unsuccessful in grasping the tool be-

cause of contact instability. Even in cases in which the force gains were reduced

to improve stability, the contact between the tool and slaves were frequently lost

due to poor coordination between the operators. In summary, the cooperative con-

troller provides a superior transparent response in contact with the rigid environ-

ment and greatly facilitate the coordination between the operators when compared
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Figure 5.10: Adaptive nonlinear controller experimental results for flexible envi-
ronment: (a) position tracking (b) force tracking (c) environment’s stiffness esti-
mate.

with decoupled single-slave/single-master controllers.
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Figure 5.11: Adaptive nonlinear controller experimental results for rigid environ-
ment: (a) position tracking (b) force tracking.
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Chapter 6

Conclusions and Future Work

This thesis studied the problem of coordinated control of multi-master/multi-slave

(MMMS) teleoperation systems. The vast majority of reported work in the litera-

ture are concerned with single-master/single-slave (SMSS) teleoperation applica-

tions. The few previous reports in cooperative teleoperation either ignore the dy-

namic interaction of the slaves through the tool or limit their scope to free motion

coordination. They also sacrifice transparency objectives in order to gain robust

stability in the presence of time delay.

6.1 Contributions of Thesis

Cooperative Teleoperation

A general architecture for cooperative teleoperation control was introduced.
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• The proposed framework employs a fully connected communication archi-

tecture, which allows for transmission of position and force information be-

tween all master and slave robots.

• The dynamics of master and slave manipulators, operators, tool, and envi-

ronment were incorporated in the model.

• Relevant performance measures were defined to enhance cooperative opera-

tion.

Linear and adaptive nonlinear controllers were designed to achieve desired perfor-

mance as well as to address communication time delay and parametric uncertainty

issues.

Adaptive Nonlinear Controller

• The nonlinear dynamics of master and slave manipulators, operators, tool,

and environment were incorporated into an adaptive nonlinear control ar-

chitecture.

• The stability of the closed-loop system in the presence of parametric un-

certainty and in contact with flexible and rigid environments was proven

through Lyapunov analysis.

• The controller establishes a desired position-position correspondence betwe-

en masters and slaves. It also provides the operators with a controllable vir-

tual intervening tool impedance.
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Discrete-Time LQG Controller

• State space models were developed for various phases of teleoperation that

include errors corresponding to non-delayed virtual tool impedance shaping,

position tracking, and force tracking.

• Delays in control and measurement signals were also incorporated into these

models.

• Model-based output-feedback LQG controllers were designed for free mo-

tion/soft contact and contact with rigid environments with switching be-

tween the controllers occurring according to the identified mode of opera-

tion.

• The Nyquist technique was utilized to analyze the robustness of the con-

trollers with respect to variations in the system’s parameters.

Simulation and experimental results demonstrated that the proposed approaches

are highly effective in coordinating the operation in a two-master/two-slave single-

axis teleoperation setting.

6.2 Directions for Future Research

Functional Differential Equations

As a future work, the nonlinear cooperative teleoperation system can be mod-

elled by functional differential equations [85] instead of ordinary differential equa-

tions in order to incorporate the communication time delay explicitly. There is
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a relatively rich literature about the control of systems with state delays that are

modelled by functional differential equations but without input or output de-

lays [86–88]. Control of a teleoperation system with input and output delays is

a much more difficult and challenging problem. Different extensions of control

Lyapunov functions to time delay systems have been proposed in the literature

such as control Lyapunov-Razumikhin functions (CLRF) and control Lyapunov-

Krasovsky functionals (CLKF) [89–91]. Adaptive control laws that guarantee sta-

bility could be obtained by these approaches.

Experimental Evaluation of the LQG Controller

The proposed LQG controller should be evaluated experimentally.

Adaptive LQG Controller

Adaptive local nonlinear controllers can be employed to cope with uncertainties

and achieve linear dynamic models for master and slave robots [92, 93]. The ob-

tained linear dynamic models can be controlled by the LQG controller.

Decentralized LQG Controller

The proposed LQG controller has a centralized structure and located at the master

side in order to obtain better estimates of operators’ intentional force. A draw-

back of the centralized approach is that the slaves’ position and force information

are not used locally. Extra time delay is introduced in using the slaves’ position

and force data due to sending the information to the controller at the master side.
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Therefore, a decentralized version of this controller has advantage over the central-

ized one especially in the multi-robot case that operators are at distant positions.

Decentralization of the LQG controller, based on the techniques of [94] and [95]

and newer methods that consider the time delay issue [96–98], is recommended as

a future work.
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