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Due to the strict length requirements for papers to be published in the May 2010 issue of the IEEE Signal
Processing Magazine, I had to omit a number of important references from the paper

Timothy N. Davidson,
“Enriching the Art of FIR Filter Design via Convex Optimization”,
IEEE Signal Processing Magazine,
vol. 27, no. 3, pp. 89–101, May 2010.

Rather than trying to provide a review of the additional literature that is in any way comprehensive, the goal
of this document is simply to draw attention to those references that were omitted due to length constraints
in the final stages of editing the paper.

In order to give this document some structure, I will partition it in a similar way to the original paper.
References from the original paper will be cited using numbers in brackets, as they were therein, and the
additional references provided herein will be cited using an alpa-numeric key based on the authors’ names
and the date of publication (the BibTEX ‘alpha’ style).

Opening Remarks / Introduction

• In addition to references [1]–[7], there are a number of other works that provide tutorial overviews of
digital filter design, including [Vai93, TVN03, Bur09].

• In the discussion of the PCLS method, it would have been nice to have been able to cite the earlier
work of Adams [Ada91], and a later paper by Selesnick et al [SLB98].

• In the discussion of linear programming techniques, it would have been nice to have been able to cite
the earlier work of Rabiner [Rab72].

• One of the themes of the paper is the importance of design trade-offs. An early discussion on that
theme appears in the work of Tufts and Francis [TF70].

Generic Formulation of Filter Design Problems

• In the last paragraph of the left column on page 91, there is a discussion of approaches to solving
the formulation in (7) in the general case. Although I only had space to mention branch-and-bound
methods and to cite reference [22], there are many approaches to global optimization. A number of
those approaches are discussed in [HPT00, HP95, PR02].

In addition to Nocedal and Wright [23], there are a number of other books on local optimization
techniques, including Bertsekas [Ber99], Gill et al. [GMW81], Antoniou and Lu [AL07], and the second
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edition of Nocedal and Wright [NW06]. The book by Antoniou and Lu [AL07] includes a number of
filter design examples.

• For the discussion in the next paragraph, some interesting additional references on convex opti-
mization are the seminal work of Nesterov and Nemirovski [NN94], the lectures of Ben-Tal and Ne-
mirovski [BTN01], and the recent work of Bertsekas [Ber09].

• In the discussion on page 92 that precedes equation (8), it would have been nice to have been able
to add a reference to the work of Daubechies [Dau92], as the autocorrelation played a key role in her
seminal work on wavelets.

Box entitled: Finite Representations of Spectral Mask Constraints

• Some other examples of sophisticated discretization techniques and their application are those in [28],
[46] and [TSTN05].

• One example of an exchange algorithm that incorporates different constraints is that for wavelet design
in [RD94]. Exchange algorithms also play a key role in many PCLS designs; e.g., [11], [12] and [Lan99].

• The representation of spectral mask constraints using linear matrix inequalities has a far richer history
than the references that I was able to cite here ([34]–[39]). One of the key contributions was made by
Nesterov [Nes99]. Some other relevant contributions were made by Genin et al [GHNV03] and Roh
and Vandenberghe [RV06].

Frequency-Domain Criteria

• In the discussion surrounding (16)–(18), there are many citations that could have been added. A few
of these are [CP87, KM95, Tse95].

• I did not allocate much space to the discussion of different ways in which magnitude and phase criteria
can be combined, as the combination of design criteria was treated generically in the formulation in (7).
An elegant overview of some of the possible combinations is available in [42].

Time-Domain Criteria

• Additional references on envelope constrained filter design include [EFC77, VCT97a, VCT97b].

Design Example

• In the opening of this example, it would have been nice to have been able to cite the work of Crochiere
and Rabiner [CR83].

• I was unable to find space for a general discussion of interpolated filters, but the basic design principles
outlined in the paper also apply to the components of interpolated filters. Some of the key references
on interpolated filters are [NCYM84, SNM88, MMS93, Lyo03].

• The idea of interpolated filters was applied to oversampled DFT filter banks by Liu et al [LCH00].
The symlet was designed by Daubechies [Dau92].

• The iterative reweighted least squares technique mentioned in the middle of the right hand column on
page 98 has been used in many filter design problems. In addition to the work cited in reference [48],
some other pertinent references are [PS94, Lan98, LCTR06].
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Nonconvex Design Problems

• There has been some recent interest in applying the principles of the “filled function” approach to
solving a class of global optimization problems to certain nonconvex filter design problems; e.g., [FT08,
WTRD08].

• Once example of a filter design method in which relaxation is employed is that for the design of
cosine-modulated filter banks in [KTN09].

• In addition to [61] and [62], some other references on discrete optimization techniques for filters with
quantized coefficients are [Kod80, KS80, LP83, LCL93, Kod05, FT08].

Other Filter Architectures

This section was significantly constrained by the limits imposed on the length of the paper.

• Implicit in the earlier discussion was the connection with multi-rate filter banks; e.g., [28]–[31], [54] and
[Vai93]. The somewhat different perspective on convexity and filter banks provided by Akkarakaran
and Vaidyanathan [AV01] generates considerable insight into filter bank design.

• Some examples of direct design methods for complex-valued FIR filters appear in [47], [PS94, KM95,
Tse95, AS97, TCT05]. Furthermore, some problems with nonconvex criteria can be tackled using
sequential approximation algorithms in which a convex problem is solved at each step; e.g., [60] and
[WBZ+03].

• The tutorial by Van Veen and Buckley [VB88] is one place where the connection between spatial and
temporal filtering is made. In addition to [34] and [64], some other papers that make use of this
connection are [NZC01, WBZ+03].

• Some other references on “variable” filters with Farrow structure are [LD99, Den01, Tse02, Den04,
LJ06, TCT05, Den06, DCTN07, DCNT08, KJ09].

• In the discussion on the design of IIR filters using techniques that involve convex local approximations,
some other useful references, in addition to [4], [19], and [67]–[71], are [CP90, LPT98, Lu98, Tse04].

• In addition to [4], some other references on the application of model reduction techniques are [SA92,
BKC92, BU01].

• The last paragraph of this section, which considers multi-dimensional filters, is rather brief. The
following is a slightly more informative statement.

The design of multi-dimensional filters is somewhat more involved than the design of the
one-dimensional filters that we have considered herein, but some aspects of our discussion
extend to generic design problems for such filters (e.g., [19] and [Dum05, RDV07]), and to
their application in wideband antenna arrays; e.g., [SC07].

Conclusion

• In the discussion on embedding in the last paragraph of the conclusion, attention should be drawn to
the paper of Mattingley and Boyd [MB10] that appeared in the special issue.

3



References

[Ada91] J. W. Adams. FIR digital filters with least-squares stopbands subject to peak-gain constraints.
IEEE Trans. Circuits Systems, 39(4):376–388, April 1991.

[AL07] A. Antoniou and W.-S. Lu. Practical Optimization. Algorithms and Engineering Applications.
Springer, New York, 2007.

[AS97] J. W. Adams and J. L. Sullivan. PCLS optimization of complex FIR digital filters and windows.
In Conf. Rec. 31st Asilomar Conf. Signals, Systems, Computers, pages 691–695, Pacific Grove,
CA, November 1997.

[AV01] S. Akkarakaran and P. P. Vaidyanathan. Filterbank optimization with convex objectives and
the optimality of principal component forms. IEEE Trans. Signal Processing, 49(1):100–114,
January 2001.

[Ber99] D. P. Bertsekas. Nonlinear Programming. Athena Scientific, Belmont, MA, second edition, 1999.

[Ber09] D. P. Bertsekas. Convex Optimization Theory. Athena Scientific, Nashua, NH, 2009.

[BKC92] B. Beliczynski, I. Kale, and G. D. Cain. Approximation of FIR by IIR digital filters: An
algorithm based on balanced model reduction. IEEE Trans. Signal Processing, 40(3):532–542,
March 1992.

[BTN01] A. Ben-Tal and A. Nemirovski. Lectures on Mondern Convex Optimization. Analysis, Algorithms
and Engineering Applications. SIAM, Philadelphia, 2001.

[BU01] H. Brandenstein and R. Unbehauen. Weighted least-squares approximation of FIR by IIR digital
filters. IEEE Trans. Signal Processing, 49(3):558–568, March 2001.

[Bur09] C. S. Burrus. Digital Signal Processing and Digital Filter Design (Draft). Connexions, Latest
version: 14 September 2009. http://cnx.org/content/col10598/.

[CP87] X. Chen and T. W. Parks. Design of FIR filters in the complex domain. IEEE Trans. Acoust.
Speech Signal Processing, ASSP–35(10):114–153, February 1987.

[CP90] X. Chen and T. W. Parks. Design of IIR filters in the complex domain. IEEE Trans. Acoust.
Speech Signal Processing, 38(6):910–920, June 1990.

[CR83] R. E. Crochiere and L. R. Rabiner. Multirate Digital Signal Processing. Prentice Hall, Englewood
Cliffs, NJ, 1983.

[Dau92] I. Daubechies. Ten Lectures on Wavelets. SIAM, Philadelphia, 1992.

[DCNT08] H. H. Dam, A. Cantoni, S. Nordholm, and K. L. Teo. Variable digital filter with with group
delay flatness specification or phase constraints. IEEE Trans. Circuits Systems—II, 55(5):442–
446, May 2008.

[DCTN07] H. H. Dam, A. Cantoni, K. L. Teo, and S. Nordholm. Variable digital filter with least-square
criterion and peak gain constraints. IEEE Trans. Circuits Systems—II, 54(1):24–28, January
2007.

[Den01] T.-B. Deng. Discretization-free design of variable fractional-delay FIR digital filters. IEEE
Trans. Circuits Systems—II, 48(6):637–644, June 2001.

[Den04] T.-B. Deng. Closed-form design and efficient implementation of variable digital filters with simul-
taneously tunable magnitude and fractional delay. IEEE Trans. Signal Processing, 52(6):1668–
1681, June 2004.

4



[Den06] T.-B. Deng. Noniterative WLS design of allpass variable fractional-delay digital filters. IEEE
Trans. Circuits Systems—I, 53(2):358–371, February 2006.

[Dum05] B. Dumitrescu. Optimization of two-dimensional IIR filters with nonseparable and separable
denominator. IEEE Trans. Signal Processing, 53(5):1768–1777, May 2005.

[EFC77] R. J. Evans, T. E. Fortmann, and A. Cantoni. Envelope-constrained filters, Part I: Theory and
applications. IEEE Trans. Inf. Theory, IT–23(4):421–434, July 1977.

[FT08] Z. G. Feng and K. L. Teo. A discrete filled function method for the design of FIR filters with
signed-powers-of-two coefficients. IEEE Trans. Signal Processing, 56(1):134–139, January 2008.

[GHNV03] Y. Genin, Y. Hachez, Y. Nesterov, and P. Van Dooren. Optimization problems over positive
pseudopolynomial matrices. SIAM J. Matrix Anal. Applic., 25(1):57–79, 2003.

[GMW81] P. E. Gill, W. Murray, and M. H. Wright. Practical Optimization. Academic Press, New York,
1981.

[HP95] R. Horst and P. M. Pardalos, editors. Handbook of Global Optimization. Kluwer, Dordrecht,
The Netherlands, 1995.

[HPT00] R. Horst, P. M. Pardalos, and N. V. Thoai. Introduction to Global Optimization. Kluwer,
Dordrecht, The Netherlands, 2nd edition, 2000.

[KJ09] H. K. Kwan and A. Jiang. FIR, allpass, and IIR variable fractional delay digital filter design.
IEEE Trans. Circuits Systems—I, 56(9):2064–2074, September 2009.

[KM95] L. J. Karam and J. H. McClellan. Complex Chebyshev approximations for FIR filter design.
IEEE Trans. Circuits Systems—II, 42(3):207–216, March 1995.

[Kod80] D. M. Kodek. Design of optimal finite wordlength FIR digital filters using integer programming
techniques. IEEE Trans. Acoust. Speech Signal Processing, ASSP–28(3):304–308, June 1980.

[Kod05] D. M. Kodek. Performance limit of finite wordlength FIR digital filters. IEEE Trans. Signal
Processing, 53(7):2462–2469, July 2005.

[KS80] D. M. Kodek and K. Steiglitz. Filter-length word-length tradeoffs in FIR digital filter design.
IEEE Trans. Acoust. Speech Signal Processing, ASSP–28(6):739–744, December 1980.

[KTN09] H. H. Ka, H. D. Tuan, and T. Q. Nguyen. Efficient design of cosine-modulated filter banks via
convex optimization. IEEE Trans. Signal Processing, 57(3):966–976, March 2009.

[Lan98] M. C. Lang. An iterative reweighted least squares algorithm for constrained design of nonlinear
phase FIR filters. In Proc. Int. Symp. Circuits Systems, pages 367–370, Monterey, CA, May
1998.

[Lan99] M. C. Lang. A multiple exchange algorithm for constrained design of FIR filters in the complex
domain. In Proc. Int. Conf. Acoustics, Speech, Signal Processing, pages 1149–1152, Phoenix,
AZ, March 1999.

[LCH00] Q.-G. Liu, B. Champagne, and D. K. C. Ho. Simple design of oversampled uniform DFT filter
banks with applications to subband acoustic echo cancellation. Signal Processing, 80(5):831–847,
May 2000.

[LCL93] J.-H. Lee, C.-K. Chen, and Y. C. Lim. Design of discrete coefficient FIR digital filters with
arbitrary amplitude and phase responses. IEEE Trans. Circuits Systems—II, 40(7):444–448,
July 1993.

5



[LCTR06] W. R. Lee, L. Caccetta, K. L. Teo, and V. Rehbock. Optimal design of complex FIR filters with
arbitrary magnitude and group delay respones. IEEE Trans. Signal Processing, 54(5):1617–1628,
May 2006.

[LD99] W.-S. Lu and T.-B. Deng. An improved weighted least-squares design for variable fractional
delay FIR filters. IEEE Trans. Circuits Systems—II, 46(8):1035–1040, August 1999.
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