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Using Continuous State Space
Models

Next we show how a discrete model can be developed
when the plant is described by a continuous time state
space model

da;(tt) = Az(t) + Bu(t)
y(t) = Cx(t)
Then, using the solution formula (see Chapter 3) the

sampled state response over an interval A isgiven by
z((k+ 1DA) = A2z (kA) + /O ; eA AT Bu(r)dr

Now using the fact that u(t+kA) isegual to u(kA) for

O<t1<Awehave
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z((k+1)A) = Ayxz(kA) + B,u(kA)
where

eAA

Aq
A

B, = / eAMAT)Bdr
0

Also the output is

y(kA) = C,x(kA) where C,=C
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Shift form

The discrete time state space model derived above
can be expressed compactly using the forward shift
operator, g, as

where ylk] = Cqz[k]
— (AA)*
AqéeAA:];)( k!>
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Delta Form

Alternatively, the discrete state space model can be
expressed in Deltaform as

5:13(tk) = Agib(tk) -+ B5u(tk)
y(tk) = Cgilf(tk) -+ D(;u(tk)

where C5 = Cq :C, D5 :Dq = D and

AA
Agée I
A
B; £ OB
1[5 . AN AZA?
Q:Z/O (& dT:I 2' 3' —+



Chapter 12 Goodwin, Graebe, Salgado®, Prentice Hall 2000

Some Comparisons of Shift and
Delta Forms

For the deltaform we have

lim A5:A lim B5=B
A—0 A—0
For the shift form
lim qul lim Bq:O
A—0 A—0

Indeed, this reconfirms one of the principal
advantages of the deltaform, namely that it
converges to the underlying continuous time model
as the sampling period approaches zero. Note that
thisis not true of the alternative snift operator form.
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Frequency Response of Sampled
Data Systems

We next evaluate the frequency response of alinear
discrete time system having transfer function H(2).
Consider a sine wave input given by

1 : w : w
u(kA) = sin(wkA) = sin (277/«&%) — 57 (ej%kw_s _ eIk

N————

where w, = ZA”.

Following the same procedure as in the continuous
time case (see Section 4.9) we see that the system
output response to the input is

y(kA) = a(w) sin(wWkA + ¢(w))

where
Hy(e?%) = a(w)e!*)
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The freguency response of a discrete time system
depends upon €“? and is thus periodic in w with
period 7Y ,.

The next dide illustrates this fact by showing the
frequency response of
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Figure 12.7: Periodicity in the freguency response of
sampled data systems.
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Another feature of particular interest isthat the
sampled data freguency response converges to Iits
continuous counterpart asA — 0 and hence much
Insight can be obtained by simply looking at the
continuous version. Thisisexemplified below.

Example 12.11: Consider the two systems shown In
Figure 12.8 on the next page. Compare the
frequency response of both systems in the range

[0, w].
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Figure 12.8: Continuous and sampled data systems

System 1

ug(k]
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The continuous time transfer function

H(s)=_2
s+a
The continuous and discrete frequency responses
are:
- Y(Jw) _ a
H — —
U9 =G (w) ™ jwra
Y (e -
H, (e )= A= 2 L=
Cl(e ) Uq(eja)ﬁ) Z{Gho(s)s+ P ejm_e_aA
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Note that for w<< w,and a<< w,l.e. W << 1 and
aA << 1, then we can use afirst order Taylor’s series
approximation for the exponentials €22 and €42 in
the discrete case leading to

1-1+aA _a
1+ jwA —14+aA  jw+a

Hy(jwA) =~ = H(jw)

The next slide compares the two frequency responses
as afunction of input frequency for two different
values of A. Notethat for A small, the two frequency
responses are very close.
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Figure 12.9: Asymptotic behavior of a sampled data
transfer function
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Summary

0 Very few plants encountered by the control engineer are digital,
most are continuous. That is, the control signal applied to the
process, as well as the measurements received from the process,
are usually continuous time.

0 Modern control systems, however, are amost exclusively
Implemented on digital computers.

0 Compared to the historical analog controller implementation, the
digital computer provides
1 much greater ease of implementing complex algorithms,
1 convenient (graphical) man-machine interfaces,
1 logging, trending and diagnostics of internal controller and

o flexibility to implement filtering and other forms of signal processing
operations.
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0 Digital computers operate with sequences in time, rather
than continuous functions in time.
Therefore,

o Input signalsto the digital controller-notably process
measurements - must be sampled;

o outputs from the digital controller-notably control signals - must be
interpolated from a digital sequence of values to a continuous
function in time.

0 Sampling (see next slide) is carried out by A/D (analog to
digital converters.
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continuous- time signal Analog to digital converter sampled signal

Figure 12.10: The result of sampling

0 The converse, reconstructing a continuous time signal from
digital samples, iscarried out by D/A (digital to analog)
converters. There are different ways of interpolating
between the discrete samples, but the so called zero-order
hold (see next dlide) is by far the most common.
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Figure 12.11: Theresult of reconstruction

0 When sampling a continuous time signal,
o an appropriate sampling rate must be chosen

o ananti-aliasing filter (low-pass) should be included to avoid
frequency folding.

0 Analysisof digital systems relies on discrete time versions
of the continuous operators.
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0 The chapter has introduced two discrete operators:
o the shift operator, q, defined by gx[ k]Ax[k +1]

x[ k+1]-x[ k]

1 the J-operator, J, defined by Ox[k]A A

0 Thus, 5:“?‘1, or q=+1.

0 Dueto this conversion possibility, the choiceislargely
based on preference and experience. Comparisons are
outlined below.
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0 The shift operator, q,
o Isthetraditional operator;
o Isthe operator many engineers feel more familiar with;
o Isused in the majority of the literature.

0 The o-operator, 9, has the advantages of

o emphasizing the link between continuous and discrete systems
(resembles a differential);

o o-expressions converge to familiar continuous expressions as
A - 0, whichisintuitive;

o Isnumerically vastly superior at fast sampling rates when properly
Implemented.
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0 Analysisof digital systems relies on discrete time versions
of the continuous operators:

o thediscrete version of the differential operator is difference
operator;

o thediscrete version of the Laplace Transform is either the Z-
transform (associated with the shift operator) or the j+transform
(associated with the o-operator).

0 With the help of these operators,

o continuous time differential equation models can be converted to
discrete time difference equation models;

o continuous time transfer or state space models can be converted to

discrete time transfer or state space modelsin ether the shift or o
operators.
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