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Successive Wyner—Ziv Coding Scheme and Its
Application to the Quadratic Gaussian CEO Problem

Jun Chen, Member, IEEE, and Toby Berger, Fellow, IEEE

Abstract—In this paper, we introduce a distributed source
coding scheme called successive Wyner-Ziv coding. We show
that every point in the rate region of the quadratic Gaussian
CEO problem can be achieved via successive Wyner-Ziv coding.
The concept of successive refinement in single source coding is
generalized to the distributed source coding scenario, which we
refer to as distributed successive refinement. For the quadratic
Gaussian CEO problem, we establish a necessary and sufficient
condition for distributed successive refinement, where the succes-
sive Wyner-Ziv coding scheme plays an important role.

Index Terms—CEO problem, contra-polymatroid, rate splitting,
source splitting, successive refinement, Wyner-Ziv coding.

1. INTRODUCTION

HE problem of distributed source coding has assumed re-
T newed interest in recent years. Many practical compression
schemes have been proposed for Slepian—Wolf coding (e.g., [1],
[2] and the reference therein) and Wyner—Ziv coding (e.g., [3]
and the reference therein), whose performances are close to the
fundamental theoretical bounds [4][5]. Therefore it is of interest
to reduce the general distributed source coding problem to these
well-studied cases.

Given L independent and identically distributed (i.i.d.) dis-
crete sources X1, Xo, ..., X1, the Slepian—Wolf rate region is

’ ’

the union of all the rate vectors (R1, R, ..., Ry) satisfying
> Ri>H (Xa|Xz,\4)

€A
where Z;, = {1,2,...,L} and X4 = (X;)ica. The
Slepian—Wolf reigon is a contra-polymatroid! with L! ver-
tices [7][8]. Specifically, if 7 is a permutation on Z,, define the

vector (Ry(m), Ra(w), ..., Rr(m)) by

Reiiy(m) = H (Xr(iy | Xn(ig1ys - - Xn(n)) »
i=1,...,L—1

V nonempty set A C 7y,

Reny(m) = H (Xn1)) -

Then (Ri(w),Ra(m),...,Rp(w)) is a vertex of the
Slepian—Wolf region for every permutation 7. It is known
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ISee [6] for the definition of polymatroid and contra-polymatroid.

that vertices of the Slepian—Wolf region can be achieved with
complexity which is significantly lower than that of a general
point. It was observed in [9] that by splitting a source into two
virtual sources one can reduce the problem of coding an arbi-
trary point in an L-dimensional Slepian—Wolf region to that of
coding a vertex of a (2L — 1)-dimensional Slepian—Wolf region.
The source-splitting approach was also adopted in distributed
lossy source coding [10]. In the distributed lossy source coding
scenario, we shall refer to source splitting as quantization
splitting, since it is the quantization output, not the source, that
gets split. Finally, we point out that the source-splitting idea has
a dual in the problem of coding for multiple access channels,
that is referred to as rate-splitting [11]-[14].

The portion of this paper following this introductory sec-
tion is divided into three sections numbered II, III, and IV.
In Section II, we introduce a low complexity successive
Wyner—Ziv coding scheme and prove that any point in the rate
region of the quadratic Gaussian CEO problem can be achieved
via this scheme. The duality between superposition coding in
multiaccess communication and successive Wyner—Ziv coding
is briefly discussed. The concept of distributed successive
refinement is introduced in Section III. The quadratic Gaussian
CEO problem is used as an example, and the necessary and
sufficient condition for distributed successive refinement is
established. We conclude the paper in Section IV.

We use boldfaced letters to indicate (n-dimensional) vectors,
capital letters for random objects, and small letters for their real-
izations. For example, welet X = (X (1),..., X(n))T andx =
(z(1),...,2(n))T. Calligraphic letters are used to indicate a set
(say, A). We use U 4 to denote the vector (U;);ec4 with index i
in increasing order and use U4 5 to denote (U 4 ;) jen.2 For ex-
ample, if A = B = {1,2}, then Uy = (U1,Uz) and Uy g =
(U1,1,U2,1,Uq1 2,Us.2). Here U; and U; ; can be random vari-
ables, constants or functions. We let U 4 be a constant if A is
an empty set. We use Zx to denote the set {1,2,..., K} for
any positive integer K, and use Rff to denote the set of K-di-
mensional vectors with nonnegative entries. Throughout this
paper, the logarithm function is to the base e unless specified
otherwise.

II. SUCCESSIVE WYNER-ZIV CODING SCHEME

A. The CEO Problem and Successive Wyner—Ziv Coding

We adopt the model of the CEO problem which has been
studied for many years [15]-[17]. However, some of our results
also hold for many other distributed source coding models. Here
is a brief description of the CEO problem (also see Fig. 1).

2Here the elements of A and B are assumed to be nonnegative integers.

0018-9448/$25.00 © 2008 IEEE



CHEN AND BERGER: SUCCESSIVE WYNER-ZIV CODING SCHEME 1587
Ya(t) Ry
Encoder 1
Ya(t) Ry
. > Encoder 2 N
X(t) X(t)
> Obser- Decoder ——>
vations
Yr(t) Ry,
Encoder L >
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Fig. 2. Berger-Tung coding.
Let {X(¢),Y1(t),...,YL(t)}2, be a temporally memo- where X = g(”)(fl(n)(Yl),..., lg")(YL)) and d(-,-) : X x

ryless source with instantaneous joint probability distribution
p(z,y1,--.,yr)on X x Y1 X - - - x Y, where X is the common
alphabet of the random variables X (¢) for ¢ = 1,2,..., and
Vi (¢ = 1,2,...,L) is the common alphabet of the random
variables Y;(t) fort = 1,2,.... {X(¢)}$2, is the target data
sequence that the decoder is interested in. This data sequence
cannot be observed directly. L encoders are deployed, where
encoder ¢ observes {Y;(¢)}:2,,7 = 1,2, ..., L. The data rate at
which encoder i (¢ = 1,2, ..., L) may communicate informa-
tion about its observations to the decoder is limited to R; nats
per second. The encoders are not permitted to communicate
with each other. Finally, the decision {X ()}, is computed
from the combined data at the decoder so that a desired fidelity
constraint can be satisfied.

Definition 2.1: An L-tuple of rates Rz, is said to be D-ad-
missible if for each ¢ > 0, there exists an ng such that for all
n > ng there exist encoders

fMyr e =12, L

and a decoder
L
g(") : HC,L.(n) N
i=1
such that

1 N ,
—log’Ci() <Ri+e i=12,...,L
n

1e lzn: d(X(t),X(t))] <D+e

n
t=1

X — [0, dmax] is a given distortion measure. We use R(D) to
denote the set of all D-admissible rate tuples.

Definition 2.2 (Berger—Tung Rate Region): Let

R(Wz,) = {RIL D> R > I(Yas WalWr,\4),
€A

V nonempty set A C IL} )
where W; — Y; — (X,Yz,\(i3, Wz, \(i}) form a Markov

chain for all # € Zr,. The Berger-Tung rate region with respect
to distortion D is

Rpr(D) = conv U
Wz, €EW(D)

R(WIL)

where W(D) is the set of all Wz, satisfying the following
properties:
1) Wi =Y — (X, Yz,\ (i3, Wz, \{s}) form a Markov chain
forall s € Zy.
2) There exists a function

fZW1><-~-><WL—>X
such that Ed(X, X) < D, where X = f(W+z,).

Remark: The auxiliary random variable W; can be in-
terpreted as a quantized version (or a description) of Y;,
1 = 1,2,..., L. The coding scheme associated with the
Berger—Tung rate region is depicted in Fig. 2.

It was shown in [18]-[20] that Rgr(D) C R(D). The
Berger—Tung rate region is the largest known achievable rate
region for the general CEO problem although it was shown by
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Fig. 3. Successive Wyner—Ziv coding.

Korner and Marton [21] that it is not always tight. Computing
the Berger—Tung rate region involves complicated optimization
and convexification. Hence, we shall focus only on R(Wz, ).
We will see that for the quadratic Gaussian CEO problem,
the properties of the Berger-Tung rate region are determined
completely by those of R(Wz, ).

It was proved in [22][23] that R(W7z, ) is a contra-polyma-
troid with L! vertices. Specifically, if 7 is a permutation on Zp,,
define the vector Rz, () by

Regiy(m) = I(Yriy; W,

(@) | Watigr)s - W,

Ry (m) = 1(Yr(rys Wr(r))-
Then Rz, () is a vertex of R(Wrz, ) for every permutation 7.
The dominant face of R(Wz,) is the convex polytope con-
sisting of all points Rz, € R(Wz,) such that ZZ'L=1 R, =
1(Yz,; Wz, ). Every rate tuple Rz, on the dominant face of
R (W<, ) has the property that
Ry, <Rz, =Ry =Rz, YRy €R(Wi,)
where R7 < Rz, means R} < R; foralli € Zp. Itis easy to
verify that the vertices of R(W7, ) are on the dominant face. For
each vertex Rz, (m), there exists a low-complexity successive
Wyner-Ziv coding scheme which can be roughly described as
follows.

1) Encoder 7 (L) employs conventional lossy source coding.
Encoder (i) (i = L—1, L—2,...,1) employs Wyner—Ziv
coding with side information W (;11), ..., Wr(z) at the
decoder.

2) The decoder first decodes the codeword W,r( r) from
encoder (L), then successively decodes the codeword
Woiy(i=L-1,L—2,...,1) from encoder n(i) with
side information W41y, - - - ,WW(L).

Rate tuples on the dominant face other than these L! vertices
were previously known to be attainable only by one of two
methods. The first method known to achieve these difficult rate

tuples is time sharing between vertices. This approach can re-
quire as many as L successive decoding schemes,3 each scheme
requiring L decoding steps. The second approach to achieve
these rate tuples is joint decoding. This is quite difficult to im-
plement in practice since random codes have a decoding com-

plexity of the order of 2" [, 10WW) =10, W, )
is the block length.

We will show that any rate tuple in R(W7z, ) can be achieved
by alow-complexity successive Wyner—Ziv coding scheme with
at most 2L — 1 steps. Without loss of generality, we only need
to consider rate tuples on the dominant face of R(Wz, ). Before
proceeding to prove this result, we shall first give a formal de-
scription of the general successive Wyner-Ziv coding scheme
(see Fig. 3). The main idea of successive Wyner—Ziv coding is
as follows: Encoder « forms several descriptions of Y; and bins
these descriptions separately; the bin index of each description
is sent to the decoder, and the decoder recovers the descriptions
from all the encoders successively according to a prescribed de-
coding order.

Let (Wigz, ,Wa Tyre s Wiz, ) be jointly dis-
tributed with the generic source variables (X,Yz,) such
that WzI - Y, — (X YIL\{z} W]Im ,] € IL\{ })
form a Markov chain for all 1 € Z;,. Let o be a permutation
on {Wl,zl sy WL,ImL } (where {W1,11 yee ey WL Lo, } =
{Wj:i=1,...,Lij=1,...,m;}) such that for all i € Iz,
Wi ; is placed before W; ;, if j < k (we refer to this type of
permutation as the well-ordered permutation). Let {W; ;}-
denote the set of random variables that appear before W; ; in
the permutation o.

Random Binning at Encoder 4: In what follows we shall
adopt the notation and conventions of [25]. Let m-vectors
W.,1(1),..., W, 1(M; 1) be drawn independently according
to a uniform distribution over the set T.(W; 1) of e-typical
W, 1 n-vectors, where M; 1 = LQ"(I(Y“W“‘H‘LI)J. That is,
Pr(Wm(k) = Wi,l) = 1/|TE(W£’1)|, if w;1 € TE(WL'J),

3By Carathéodory’s fundamental theorem [24], any point in the convex clo-
sure of a connected compact set .A in a d-dimensional Euclidean space can be
represented as a convex combination of d 4 1 or fewer points in the original set

A.

] , where n
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and = 0 otherwise. Distribute these vectors into /V;; bins:
B;1(1),...,B;1(Nj1), such that
{—’ﬁ < [Bia(0)w,, < [ ﬂ b=1,2,...,Nia
i1 ’ N; 1 ,

where Ni,l = LQ(nI(Yi,Wi.l|{Wi.1};)+5i_1)J and |Bi,1(b)|I’Vi,1
denotes the number of W ;-vectors in B; 1 (b).
Successively from j=2,5=3, ..., to 7 =m,, for each vector
(k1,...,kj_1) withks € {1,2,...,M; s}, s=1,...,j—1,1et
Wi,j(k‘l, ey kj_l, 1), Ceey

Wik, ko, M)

be drawn i.i.d. according to a uniform distribution over

the set TE(WZ‘_’]' |WZ‘_’1(1€1),...,Wi’]',l(k‘l,....kj 1)) of
conditionally e-typical W;; n-vectors, conditioned on
wi1(k1),...,wij—1(k1,...,kj—1), and distribute them

uniformly into N; ; bins: B; ;

M; ; Mi,;
{—N JJ < Bij(0)lw:,; < {N—]l ; b=12,... Ny

(%] (%]

;(1),...,B; ;(N; ;) such that

/. P 7. !
Here MZ,J = 2n(1(§“WLJ|W1.Ij_1)+€1"7)J7Ni,j _

[2n VWi HWesdo)+eis) | Note: €5, €5 (i € I, j € Im,)
are positive numbers of the same order as ¢ which can be made
arbitrarily close to zero as n — oo. Furthermore, we require
€5 > 627]» forall z € IL,j € Imi.

Encoding at Encoder i: Givenay; € Y, find, if possible, a
vector (K, ..., k7, ) such that

s Vimy;

(y'i7 wi,l(k;,1)7 in,2(k'?,1: k;,2)7 sy Wim, (k:h ) k;(,mi))
€T (Yi, W1, Wiay... ,Wim,).
Bia(bi,),

Then find bins B; 1 (b} ; ), im (0F ) such that

B; (b} ;) contalnsw”(k:‘l,...,k:‘]) =12,.. mL Send
(b} 1,-..,b} ,,) to the decoder. If no such (&}, ..., k},, ) ex-
ists, simply send (0, ...,0).

We can see the resulting transmission rate of encoder ¢ is

1 T
R = —1 o
i " og H Nz,j +1
7=1
m; _ m; 1
< ZI(Y Wi [{Wi;15) + Zei,j to. @
=1 J=1
Decoding: Given (b},,...,b;,, ) for all i € I, if
(b7 1, b5 ) = (0.1, ) for some 4, declare a decoding

failure. Otherwise decode as follows:

Let o(j) denote the jth element in permutation o. Let
$1(7),s2(j) be the first and second subscript of o(j), re-
spectively. For example, if o(j) = Ws,, then s1(j) =
3,52(j) = 2. The decoder first finds wsl(1)752(1)(@51(1),52(1))
in By, (1),51) (03, (1), 6,(1y)- Note: sp(1) = 1. Since
Ale(l)-,SZ(l) b3, (1),5,(1)) contains at most one vector, we have

ks (1),s5(1) = kzl(l),sz(l)' Successively from j = 2,5 =3,...,
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toj = EiL:1 mi, if in By, (5,5, () (b3, ()50 () )» there exists a

unique 7;'51(]'),52(]') such that

/:u‘sl(i),SQ(i)) RS Ij)
€ T (Wy,(i),s200) 1 € ;)

(Wsl(i),sz(i) (/:v‘sl(i),h /:v‘sl(i)z-, Sy

decode Wi, (j), 0, (j) (Koy (5),15 Kor (5,23 -+ Koy ()2 () )i Other-
wise declare a decoding failure. Note: € is of the same order as
€ which can be made arbitrarily close to zero as n — o©.

By the standard technique, it can be shown that Pr(l%m =
ki, Vi € Ir,j € Iin,) — 1 as n — oo. Furthermore, by the
Markov Lemma [18], we have
Pr ((X7Wi_j( i1 kio ki) i €TL,5 € Imi)

Te’ (X7 Wi,jvi € Iij S Iml)) —1
as n — oo. Hence for any function g : Hle H;nzl Wi;— X,
we have

—[E Zd

S [Ed(ng(Wi,jaZ € Iij € Iml)) + 6//dmax

:](k;khk;kZ k*,j'/t)?ieIijeImi))

where W, j(kfy, ki o,... K} ;1) is the tth entry of
Wi (ki kf e, k) and ¢ is of the same order as ¢ which
can be made arbitrarily close to zero as n — oo.
It is easy to see that if we let W’ iz; (Vi€ Ip,j €
m.)> and replace W; ; by W . in (2) R is unaffected. Hence
there is no loss of generality to assume that W; 1 — W; o —

- —= W;,m, — Y; form a Markov chain for all 7 € Zj.
We can view W; 1, W; o, ..., W; ., as descriptions of Y;; more-
over, along the direction specified by the Markov chain, the de-
scription gets finer and finer.

The above coding scheme has the following intuitive
interpretation:

Encoder ¢ first splits R; into m; pieces:
(Y Wi iI1{Wi;},),VY4 € In,. Then succes-
sively from 7 = 1,7 = 2,...,t0 j = my, it uses a Wyner-Ziv
code with rate 7;; to convey W, ; to the decoder which
has the side information {W, ;},. The decoder recovers
{W,,.i € Ir,j € 1I,,} successively according to the
order in the permutation 0. We can see that this scheme
requires ZiLzl m; Wyner-Ziv coding steps. Thus we call
it a Z,L-Lzl my;-successive Wyner—Ziv coding scheme. A
similar successive coding strategy was developed in [26] for
tree-structured sensor networks.

The successive Wyner—Ziv encoding and decoding struc-
ture of the above scheme significantly reduces the coding
complexity compared with joint decoding or time sharing and
makes the existing practical Wyner—Ziv coding techniques
directly applicable to the more general distributed source
coding scenarios. Furthermore, the successive Wyner—Ziv
coding scheme possesses a certain robust property which is
especially attractive in some applications. In the successive
Wyner—Ziv coding scheme, encoder ¢ essentially transmits its
codeword in m; packets. Each packet contains a sub-codeword

Tij =
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W..i(j € Ip,,). If a packet, say packet W, j, is lost in trans-
mission, the decoder is still able to decode packets {W; .} .
In contrast, the joint decoding scheme does not have this robust
property since any corruption in the transmitted codewords
may cause a complete failure in decoding.

We need to introduce another definition before giving a
formal statement of our first theorem.

Definition 2.3: For any disjoint sets A,B C 7 (A is
nonempty), let

R (WA |Wg, Z1,)

= {RA Y Ri > I(Ysi Ws|Ways, Was, Z1,),
ies

V nonempty set S C A}

where Z; — W; — Y, — (X, Y7\ (i), Wz,\ (i} 27,0\ {5})
form a Markov chain for all = € Zy,.

It is easy to verify that R(W_4|Wg, Zz, ) is a contra-polyma-
troid with |.A|! vertices. Specifically, if 7 is a permutation on A,
define the vector R 4() by

Ry (m) =1 (Yr(y; W

2@ Watit1)s - s W), Wa, Z1..),

i=1,.. A =1
Reap(m) =1 (Yaqa)y: Wa(apWs. Z1,.) -

Then R,4(w) is a vertex of R(Wy4 |Wg,Zz,) for every
permutation 7. The dominant face D(W4|Wpg, Zz,) of
R(Wa|Wg, Zz,) is the convex polytope consisting of all
points R4 € R(Wa|Wp,Zz,) such that 3, R =
I(YA;WA|WB,ZIL). We have dlm['D(WA|WB/ZI,)] S
|A| — 1, where dim[D(W4|Wg, Zz,)] is the dimension of
D(W 4 | Wg, Z). The equality holds when the |.A|! vertices are
all distinct. Every rate tuple R4 € D(W_4|Wpg, Zz, ) has the
property that

Ry<Ri=R,=R4 VR, €R(WalWg,Z1,).
Theorem 2.1: For any rate tuple R4 € D(W4|Wg, Zz,),
there exist random variables (W 1,..., W/  )ic4 jointly dis-
tributed With (X,Yz, , Wz, , Zz, ) satisfying the following:
) (Wi, )iea =Wa e, (W], )ica and W4 are just two
different names for the same random vector);
2) ZiGA m; < |.A| + dim[D(W_A|W3,ZIL )] and m; < 2

forall: € A;

3 Zi = Wiy = Wip, = Yi = (X, ¥7,\(ip, Wr\(ay,
ZL‘\{i},W T, j € A\{z}) form a Markov chain for all
1 € IL;

and a well-ordered permutation o on {W; 7 i € A} such that

R; = ZI (Yo W/ W)}, W, Z7,)  Vie A ()
Proof: The theorem can be proved in a similar manner as
in [13]. The details are omitted. O

When A = 7, and B = (), Theorem 2.1 says that if Zz, is
available at the decoder, then encoders 1,2, ..., L can convey
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Wz, to the decoder via a (2L — 1)-successive Wyner—Ziv
coding scheme as long as Rz, € R(W<z,|Zz,).

It is noteworthy that 2, — 1 is just an upper bound; for a rate
tuple on the boundary of D(Wrz, | Zz, ), the coding complexity
can be further reduced. For example, consider the case where
L = 3. Let V; be the vertex corresponding to permutation 71 =
(1,2,3), i.e

‘/1 = (I(Yl/Wl |ZI37W27W3>7
I(Yos W2 | Z7,,W3) I (Ys; W3 | Z1,)) .

Let V5 be the vertex corresponding to permutation my =
(1,3,2),i.e

Vo = (I(Yl/Wl |ZI37W27W3>

I(YZ; W | ZIs) I(Y3a W; | Z137W2)) .

For any rate tuple Rz, on the edge connecting V; and V3,
we have Ry = I(Y1; Wi | Zz,, Wa, W3). Hence encoder 1
can use a Wyner—Ziv code to convey W to the decoder if
(Z1,, W3, W3) are already available at the decoder. Since
(R2, R3) is on the dominant face of R((Ws, W3)|Zz,), by
Theorem 2.1, encoder 2 and encoder 3 can convey (W3, W3)
to the decoder via a 3-successive Wyner—Ziv coding scheme if
Z71, is available to the decoder. Thus, overall it is a 4-successive
Wyner—Ziv coding scheme as opposed to a 5-successive one.

In general we can imitate the approach in [27]. For ) C A C
11, define the hyperplane

H(A) = {RIL eRL:D R =T(Ya;Wal ZIL)}
i€ A

andlet F4 = H(A)ND(Wz, |77, ). O C A  C Ay C--- C

A C I, is a telescopic sequence of subsets, then F 4, N F .4, N

-+ N F.4, is a face of D(Wrz, | Zz, ). Conversely, every face of
D(Wz,|Zz, ) can be written in this form. Let B; = A;\A;_1,

1=1,2,...,k+ 1, where we set Ay = () and A1 = Z. Let
= be the set of permutations 7 on Z, such that
k—i k41—i
i Z|Bk+1_j|—|-1 s, T Z |Bk+1_]'| =B;,
j=0 j=0

i=1,2,... k+1.

Each permutation m € = is associated with a vertex of F 4, N
Fa,N---NF4, andvice versa. Hence, F 4, NF 4, N---NF 4,
has totally |Z| = Hk+1(|8 |!) vertices. Moreover, we have
dim(Fa, NFa,N---NFu,) < L—k—1, where the equality
holds if these |Z] Vertices are all distinct. For any rate tuple
Rz, € Fa N Fap, N---N Fyu,, it is easy to verify that
Rz, is on the dominant face of R(Wip, |WU 1,21, ) 1 =
1,2,...,k 4+ 1. Hence by successively applylng Theorem 2.1,
we can conclude that an (L + L)-successive Wyner—Ziv coding

scheme is sufficient for conveying Wz, to the decoder if it has
the side information Zz, , where

k+1
L=> dim {D <W3i |WUH 5 ,ZILﬂ
i=1 =17

:dim(fAl NFq, N --ﬂ}—_Ak).
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Corollary 2.1: Every rate tuple Rz, on the dominant face of
R(W7z, ) can be achieved via a K -successive Wyner—Ziv coding
scheme for some K < 2L — 1.

Proof: Apply Theorem 2.1 with Z7, being a deterministic
vector. O

B. Duality With Successive Superposition Coding

The successive Wyner—Ziv coding scheme has a dual in mul-
tiple access channel coding, which we refer to as the successive
superposition coding scheme.

Consider an L-user discrete memoryless multiple access
channel. This is defined in terms of a stochastic matrix

W . Xy x---xXp—=)Y

with entries W (y|z1, . .., 21 ) describing the probability that the
channel output is ¥ when the inputs are z1,...,y.

Now we give a brief description of the successive superposi-
tion coding scheme. Let Xl,Iml v X2 T e vXL,ImL be inde-

pendent random vectors, i.e.,

mo ?

p (‘Tl,zml 7‘172,In72 PR 7‘TL,Im,,4)
=p(z12,,)p (v21,,) P (ﬂEL,ImL)

where z; ; € & foralli € Iy, j € 1,,,. Let o be a well-ordered

permutation on the set {X17,, , Xo27,. ..., Xr,7,., }-
Encoder i: Let n-vectors X; 1(1),...,X; 1(M; 1) be drawn

independently according to the marginal distribution p(z; 1),

where M;; = [2"U(XY {Xaado)=e0)] Successively
from 7 = 2,57 = 3,...,to j = m; for each vector
(k’h...?kj,l) with k, € {1727---7Mi,s} (S =1,...,5 — 1),
let X,;,]'(kl, e, k]'_l, 1), . ,X,;’]'(]i}l, e, k]'_l, M,‘,,]‘)
be drawn ii.d. according to the marginal condi-
tional distribution p(zijlTia, ... Tij—1), con-
ditioned on Xi1(k1), ..., X j—1(k1, .., kjo1).
Here M, ; = [2n(I(XeY [{Xij}5)—€3)], Only
Xim;(Kk1,...,km,;)’s will be transmitted. Hence the re-

sulting rate for encoder ¢ is
1 1

Ri = ﬁ 10g 1_[1 Mi,j
]:

>N I(Xi Y [{Xi35)) = ) e 4
j=1

=1

Decoder: Suppose X; m, (k7 .. ~>k:n1-)> i € 1y, are trans-
mitted, vyhich generate channel output y € V™. Dpcoder first
finds a kﬁ'](l),SQ(l) such that y and Xsl(1)’52(1)(14751(1),32(1))
are jointly typical. If there is none or more than one such
1%51(1)752(1), declare a decoding failure. Otherwise, proceed as
follows.

Successively fromj =2, = 3,...t0j = Zle m;, if there
exists a unique I%sl(j)752(j) such that

~ ~ ~

(Y:Xsl(i)@(i) (ksl(i),l:ksl(i),Q: o -:ksl(i),SQ(i)) RS Ij)
€T (Y. Xs,(i),520) % €Zj)
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decode x81(j).,52(j)(k51(j),17 k81(j).,27 e, ksl(j),SQ(j))a other-
wise declare a decoding failure.

By the standard technique, it can be shown that Pr(l%m =
ki Vi€ Ip,j €In,)— lasn — oo.

It is easy to see that if we let X] ; = X, 7,(Vi € I,j €
Z.n,), and replace X; ; by X Z’ ; in (4), R; is unaffected. Hence
there is no loss of generality to assume that X;; — X;» —

- = Xim, — (Y, X z,,:J € Zr\{i}) form a Markov chain
for all « € 7 . Intuitively, along each link of this Markov chain,
a higher rate codebook is successively generated via superpo-
sition on a lower rate codebook. We refer to the above coding
scheme as Zle mg-successively superposition coding.

Our successive superposition coding scheme is similar to the
rate-splitting scheme introduced in [13]. Actually every rate-
splitting scheme can be converted into a successive superpo-
sition scheme. To see this, for each user 7, let f; be a split-
ting function such that X; = f;(U;1,U;2,...,Uim,) and let
Xi,m, = X’iin,j = 'i,I]-,j =1,2,...,m; — 1,¢2 € Zy. Then
X,L'71 — X/L',Q — .- — Xi,m, — (Y, Xj,Imj /J S IL\{Z})
form a Markov chain foralls € Zr,. In[131U; 1,U; 2, ..., U; m;
are required to be independent?; if we remove this condition,
then every successive superposition coding scheme can also be
converted into a rate-splitting scheme simply by setting U; ; =
Xi,j,Vj € Im7 and f,;(qu,l, qu,Q, ey Ui,m,) = U,‘,,m1 .

Let

R(XIL) = {RIL € Ri : ZRL <I (XA§Y|XIL\A)
€A

¥ nonempty set A C T L} .
Ahlswede [28] and Liao [29] proved that

C = conv

R (Xz,)

p(z1)p(z2)--p(wL)

where C is the capacity region of the synchronous multiple ac-
cess channel.

It can be shown that if p(zi,z9...,21) = p(x1)
p(z2)---p(xr), then R(Xz,) is a polymatroid with L!
vertices [30], [31]. Specifically, if 7 is a permutation on Z7y,,
define the vector Rz, () by

Ry (m) = I (Xn(iy; Y[ Xn(ig1)s - Xn(r)) »

Reny(m) =1 (XpryY).

Then Rz, (7) is a vertex of R(Xz,) for every permutation 7.
The dominant face of R(Xz, ) is the convex polytope consisting
of all points Rz, € R(Xz,) such that Z,L-Lzl R, =1(Xz,;Y).
Every rate tuple Rz, on the dominant face of R(Xz, ) has the
property that

/ ;o /
RIL 2 RII/ = RIL - RIL VRIL ER (XIL) .

4This independence condition is unnecessary since U; 1, U; o, . . ., Ui m, are
all controlled by user z. But this condition facilitates the codebook construc-
tion and storage, since now the high-rate codebook at each user is essentially a
product of low-rate codebooks.
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The following corollary is a dual result of Corollary 2.1. The
proof is similar to that of Corollary 2.1 and thus omitted.

Corollary 2.2: Every rate tuple Rz, on the dominant face
of R(Xz,) can be achieved via a K -successive superposition
coding scheme for some K < 2L — 1.

C. Application to the Quadratic Gaussian CEO Problem

Although we assumed discrete-alphabet sources and bounded
distortion measure in the previous discussion, all our results
can be extended to the Gaussian case with squared distortion
measure along the lines of [32]-[34]. Now we proceed to
study the quadratic Gaussian CEO problem [35], for which
some stronger conclusions can be drawn. Let {X ()}, be
i.i.d. Gaussian random variables with mean zero and variance
o%. Let {Y;(t)}2y = {X () + Ni(t)}52, forall i € I,
where {N;(t)}{2, are ii.d. Gaussian random variables in-
dependent of {X(#)}g2, with mean zero and variance o3, .
Also, the random processes {N;(t)}72, and {Ny(t)}2, are
independent for j # k. Foreachi € Iy, let W; = Y; + 15,
where T; ~ N(0,07.) is independent of (X, Yy, ,Tr,\(i})-
Moreover, let

1 o +0o2
zf(n,wi|X)=§10g% Vi e, (5)
T;

It was computed in [23] and [37] that

R(Wz,)={ Rz, : > Ri>
€A

N | =

1 — exp(—2r;)
Loy o

x 1 =1 TN
& 1 1 — exp(—2r;)
0%( + Z 0.2
i€T\A Ni

+ Z r;, V nonempty set A C 7,
icA

2R (r7,). (6)

Furthermore, it was shown in [36][37] that

U R (rz,) (7)

T, €.7:(

R(D) =

where

L
1 1—exp(—2r;) _ 1
F(D) = RY . — § — Y >
(D) {TILE + U§(+i=1 oX. - D

®)

Definition 2.4: Let OR(D) denote the boundary of R(D),
ie.

OR(D) = {Rz, € R(D): Ry, < Ry,

= Ry, = Rz, VR, € R(D)}.
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Clearly, any rate tuple inside R(D) is dominated by some rate
tuple in OR (D). Therefore is no loss of generality to focus on
OR(D).

Now we proceed to compute OR(D) for the quadratic
Gaussian CEO problem. The closed-form expression of
OR(D) is hard to get. Instead, we shall characterize the sup-
porting hyperplanes of R(D), since the upper envelope of their
union is exactly OR (D). The supporting hyperplanes of R(D)
have the following parametric form:

L
Z aiRi = ¢
i=1

arzy, )
where a7, is a unit (/;-norm) vector in Rf_ and

ZO[R

Since R(rz,) is a contra-polymatroid, by [31, Lemma 3.3], a
solution to the optimization problem

L
min E oa; R
i=1

is attained at a vertex Rz, (7*) where 7* is any permutation
such that az«(1) > -+ > az-(r). That is

min

¢ (az,)
(az, RzL €R(D

subjectto Rz, € R(rz,)

L
min OliRi
RIL GR(TIL ) i=1

aiRi(ﬂ'*)

Il
1M

&~
~

(aﬁ*(i) — *

Il
-
~
Il
-

O (i41))

L
L —1—2 1 —eXp(—ZTj)

2 B
1 Ox . OnN. 4
X Elog z ! - —I—er*o)
1 L—exp(=2rz-(jy) | j=1
2 > )
X j=it1 Nax ()

L
1 1—exp(—2r;
+0r () ilog l—l—cr%(g %

7=1 J 7=1
Hence we have
@(aIL)
L-1
= min —
min (i) = e i41)
TL + i=1
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L
1 1-e 2r
_2+Z 2( J) '
o3 o i
1 X =1 N;
X Elog +Zrﬂ*
1 1—exp( @) | =
2 2
’X jzim1 ONeg)
L L
1—e 2r
+aq(r) —log 1+O"%(Z Xp2( J) +Z Tj
7j=1 J 7j=1
©)
subject to
1 1 — exp(—2r; 1
1y loewn) = (10)

U‘\ i=1 ON;
Let r7, be the minimizer of the above optimization problem.
Since we can decrease 7~ (1) to make the constraint in (10) tight
and keep the sum in (9) decreasing at the same time,> we must
have

1

L
1 1 —exp(—2r7)

E G St A 11

Pa A& D "

Introduce Lagrange multipliers Az, € Rf_ for the inequality
constraints 1z, € [R_iL_ and a multiplier » € R for the equality
constraint (11). Define

G (TIIJ/\IIJV)
L—-1

:Z(a

Qe (i41))

D—D exp(—2r,-
+Z P )

X Zrﬂ*(j) IOg
j=1 Jj=1+1 Nax(5)
L
+Oéﬂ.*(L) logf—FZT] —Z)\,;rq;
7j=1 =1
1 Lo exp(—2r;)

SIf 7+ (1) attains O but the constraint in (10) is still not tight, then apply the
same procedure to 7+ (2) and so on.
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The Karush—Kuhn—Tucker conditions [38] yield

oG
OT s
Tr(1) Tk (1) =T (1)
2v exp (— Tw*(1))
=- p + o) = Ae) =0,
Ny
oG
Or - .
T (k) T* (k) =T (k)
exp (—ZT:*(k)) k—1
=———— ) (0r) — o it)
Nox () i=1
~1
L *
1 1 —exp(=2r7. ;)
o = > )
X =it LENE)
2v exp ( *(k))
F Qe (k) = Ame () — >
ONx ()
exp(—2r7. 1)) ) k-t
= - 0_2 Z Qs (3) — aﬂ*(z-{—l))
N+ (k) i=1
' (o))
1 ‘1l —exp(=2r7. .
% 5~ Z . ()
=1 TN (5)
2vexp(—2r%. 1)
+ ) = A (k) — a—
Nox(r)
=0, k=2,3,...,L.
Solving these equations, we get the expressions of

r:*(l), e ,r:*(L) shown at the bottom of the page, where
Az, € Rf:i_ and v € R should be chosen so that the distortion
constraint (11) is satisfied. Suppose they are given by A7
and v* respectively. If »* > 0, by the complementary
slackness condition (i.e., A}, > 0 = r} = 0), one can readily
show (12) and (13) at the bottom of the next page, where
logt(t) = max(logt,0). Leveraging (12) and (13), we can
compute 77, successively from 7. ), 7 +(2) I
for any given v. Note that if v* > 0, then r§,...,r} glven
in (12) and (13) are monotone increasing functions of v for
v € [0,v*]; therefore, v can be uniquely determined by

1 2v
(1) (aﬂ'*(l) - /\71'*(1))0-12\7"*(1)

-1

1 L - exp(—2r;x(j))
2”2 @)~ O (i41) 5—2 o
1 j=1 ™ (4)
i = =1lo , k=2,3,...,L.
7 (k) 2 13 ( (k) ) R
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substituting (12) and (13) into the distortion constraint (11);
moreover, the inequality

L
1 1 —exp(—2r}) 1
AL | SD
X =1 N v=0

must hold. If the above inequality is not satisfied, then we
must have v* < 0, which implies )\;(1) > 0 and fur-
ther implies T;*(l) = 0. Now apply the same argument to
(r;*@),...,r Continue this procedure until 77 is
determined.

In the above we have assumed that «; > 0 for all = € 7.
Now suppose a1y > -+ > Qre(y > 0=

" = Qg (1) We can let T:*(i+1) =

(D))

T Oy T
Tre(r) = 00 If

L
1 1
-zt Z >D (14)
X i lii1 ONe
* = ... = * ~
then we have Tre() = =0
o(az,) = 0. Otherwise, use the method in the previous para-
graph to compute r;*(l), eyt with the distortion con-

i = (L)
straint (11) replaced by
L 1—exp(—
| p(
>+ 7
Ox

i=1 N«

= 0 and correspondingly

| 1
+4Z it 1 (15)
Let 7(az,,D) with a; > 0 (Vi € ZIr) be a supporting
hyperplane of R(D). By (7), we have
T(az,,D)NOR(D)

=T(az,,D)NR(D)

=T (az,,D)N U Rezw)

rIp G}-(D)

If T(az,,D) N R(rz,) # O for some rz, € F(D), then we
must have Rz, (7*) € T (az,,D) N R(rz, ), where Rz, (1)
is the vertex of R(rz, ) associated with permutation 7*. Now
it follows from the aforederived Lagrangian optimization result
that R(rz,) = R(r%, ). Therefore, we have
T(az,,D)NOR(D) = T (az,, D) NR(rz,).
Clearly, 7 (o, ,
of R(r7, ). Let (B,

D)NR(r%,) is a subface of the dominant face
. B ) be a partition of Zp, such that a,,, =
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ay forany o, a, € B (1 =1,2,...,k)and ay, > vy, for any
am € B}, a, € B (i < j). Let Z' be the set of permutations m
on Zj, such that

i—1
> 1B +1
j=1

=B,
i=1,2,...k

T(az,,D)NR(r7,) has totally |Z'| = Hf:1(|Bf|') vertices,
each of which is associated with a permutation = € =’. Further-
more, dim(7 (az,, D) NR(r},)) < L —k, where the equality
holds if these |='| vertices are all distinct. It is worth noting that
if ; = --- = ag, then T (az,, D) N R(r7, ) is the minimum
sum-rate region of R(D) [23].

Corollary 2.3: For the quadratic Gaussian CEO problem,
every rate tuple Rz, € OR(D) can be achieved via a K -suc-
cessive Wyner—Ziv coding scheme for some K < 2L — 1.

Proof: Since R(D) = UTIL er(p) R(rz,), for any rate
tuple Rz, € OR(D), there exists a vector 7, € F(D) such
that Rz, € R(rz, ). Furthermore, by Definition 2.4, it is easy
to see that Rz, must be on the dominant face of R(rz, ). The
desired result now follows from Corollary 2.1.

Remark: To get more detailed information about the coding
complexity of a rate tuple Rz, € OR(D), we can proceed
as follows. Let 7 (az,, D) be the supporting hyperplane of
OR(D) such that Rz, € 7T (az,,D) N OR(D). Use the La-
grangian optimization method to find R (77, ) withr7 € F(D)
such that 7 (az,, D) N OR(D) = T(az,,D) N R(r%,). Let
F C T(az,,D) N R(r%,) be the lowest dimensional face
of R(r7,) that contains [27,. We can conclude that Rz, is
achievable via an (L + dim(F))-successive Wyner—Ziv coding
scheme.

III. DISTRIBUTED SUCCESSIVE REFINEMENT

In the previous section, we have shown that the successive
Wyner—Ziv coding scheme suffices to achieve any rate tuple on
the boundary of the rate region for the quadratic Gaussian CEO
problem. We shall extend this result to the multistage source
coding scenario.

Definition 3.1: For Rz, 1 < Rz, 2 < ---
Dy > Dy >

< Rz, v and
- > Dy, we say the M -stage source coding

(Rz,1,D1) / (Rz,2,D2) /- /" (R, ar, Dr)

2v

2
O w*(l))

1
*.y = = logT
T ( *(HON
k—1

2v + Z(aw*(i) — Qre(it1))

i=1

(12)

-1

- eXP 27 ()

Z N
j=1 w* () I

afﬂ.*(k.)JN

k=23,..., (13)

(k)
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is feasible if for each ¢ > 0, there exists an ng such that for
n > ng there exist encoders:

fWeyr e, i=l2...L  j=12...M
and decoders:
i L
g](-n):HHCi(’TL)ﬁX”, j=12....M
k=1i=1
such that
L log |Cl';| < Rij — Rij_1+e,
n
i=1,2,....L, j=12.., :
1| 5
-E [Z d(X(1), X;(t)| < Dj +e,
t=1
1=12,....M
where
X, :g§">( WY), L FN (YL,
f1<3>(yl),...,f§7;(YL)), j=1,2,... M.
Here we assume Rz, o = (0,...,0).

The following definition can be viewed as a natural gen-
eralization of successive refinement in single source coding
[39]-[42] to the distributed source coding scenario.

Definition 3.2 (Distributed Successive Refinement): Let
D*(Rz,) = min{D : Rz, € R(D)}.For Rz, 1 < Rz, 2 <
. < Rz, u, we say there exists an M-stage distributed
successive refinement scheme from Rz, 1 to Rz, o, t0 ------ ,
to Rz, if the M-stage source coding

(Rz,1.D" (Rz, 1)) / (Rz, 2, D" (Rz, 2)) /-
/" (Rz, nm,D* (Rz, )

is feasible.

Theorem 3.1: For Rz, 1 < Rz, » < -+ < Rz, p and
Dy > Dy > --- > Dy, the M-stage source coding

(Rz,,1,D1) / (Rz, 2, D2) / --- /" (Rz, ,m, D)

is feasible if there exist random variables Wz, 7,, jointly dis-
tributed with the generic source variables (X, Y7, ) such that

(Rz,.;— Rz, j—1) ER Wz, ;|Wz, 1),  j=12,...,
where Wz, 7,, satisfy the following properties:
D Wir — 2 = — M — Y =
(X, Yz, \{iy, Wz, \{i},z,,) form a Markov chain for
all: € I,

2) for each 5 € 1y, there exists a function e j
HiLzl W,‘,,j — X such that |Ed()(7 Xj(WIL,j)) < Dj.
Here Wz, o is assumed to be a constant vector.
Proof: By Theorem 2.1, we can see that each stage can be
realized via a (2L — 1)-successive Wyner—Ziv scheme. O
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The M -stage source coding, if realized by concatenating M
versions of (2L — 1)-successive Wyner-Ziv coding schemes,
is essentially a (2M L — M)-successive Wyner—Ziv coding
scheme. But it is subject to more restricted conditions since a
general (2M L — M)-successive Wyner-Ziv scheme (satisfying
the rate constraints Rz, ps and the distortion constraint D)
may not be decomposable into M versions of 2. — 1 succes-
sive Wyner—Ziv scheme with the rate and distortion constraints
satisfied at each stage.

In the remaining part of this section, we shall focus on the
quadratic Gaussian CEO problem.

Lemma 3.1: For RIL,I S RIL,Q S S RILJJ and D1 Z
Dy > --- > Dy, the M-stage source coding

(Rz,1,D1) /" (Rz,2,D9) /- /' (R, .m0, Dur)

is feasible if there existrz, ; € RY,j = 1,2,..., M, satisfying
1) TT,,j—1 < TT.,j for all j € Zys;
2) 1/o% + ZZ'L=1(1 - exp(_2ri,j))/0']2\fq. = 1/D; for all
J € I
such that

i€ A
1 1 1 1 1 —exp(—2r; j_1)
> —log — — = log| — + d
2 D; 2 (03( zeZA UIZVi
1 —exp(—2r; ;)
+ > 2
N
€I \A B
+ Z(Tm Tij—1)
i€A
Vjely V nonempty set A C 7.
Here we assume r7, o = (0,...,0).

Proof: Let Wi oy = Y; + Ty and W5 = Wi i1 +
T; ; (J S IM—l), where T; ; ~ N(O,U%.j), 1€1r,5 € Iy,
are mutually independent and also independent of (X, Y7, ). Let

M
2 2
ON; + z :UTi.k
k=j

1
rij = 1Y Wi | X) = 5 log —————

2
z :UTi.k
k=j

(16)

1.2, ... M and [E(X — |E(X|WIL’]'))2 = Dj forall j € Iy, 1i.e.,

1 Lo1- exp(—2r; ;) 1
— Tt - 2 = D,
’x 4 ON; J

By Theorem 3.1, forany Rz, 1 < Rz, » < --- < Rz, m
with

(R, j— Rz, j 1) €RWz, j|Wzr, ;1) Vi€ln

a7)
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the M -stage source coding

(Rz,1,D1) /" (Rz,2.D2) /- /" (Rz, v, Dur)

is feasible. We can compute (17) explicitly as follows:
> (Rij—Rij)
i€A
I (Ya; WajIWr\a5,Wai1)
I (X, Ya; Waj|Wrp\ a5, Wa,j-1)
=1 (X5 Waj|Wrna5Waj1)
+I(Ya; Waj | X) = I(Ya; Wa,j-1|1X)
h (X|WIL\A]7W-AJ 1)
h(X | Wz, 5)+ > (rij—rij-1)
i€A

1 1 1 1 —exp(—27r; j_1)
= — — — =1 J—
2 OgDJ 2 Og(JX—i_ZeZ.A 0A7

n Z 1—exp2(—2ri,j)>

ag
i€Tp\A N

+ > (rig—rij1)

i€ A

V nonempty set A C 7.

The proof is complete. O

Lemma 3.2 ([34, Lemma 1]): Let f(n) = (fi(,%)ielu
= 1,2,...,M, where ft-( is the abbreviation of
"’fv(?)( i) If there exist functions g( )( ),
, ..., M, such that

“E [Z (x(0) - fmt))z] <,

t=1

with X; = g(n)( (") z,), then

—1 (X £, )

o2
1

®D; D

The next lemma is a direct application of [37, Lemma 3.1]
(see also [36, Lemma 3]) with C; = ff}i (Vi € A) and C; =
£ (Vi € To\A).

Lemma 3.3: Letr;; = = ( (")|X) 1 € I1,5 € Iy

We have, for all 0 < j < kSM

1 n
U—QeXP< I(X; fAIkv é,)\AI ))
X
1 1—e 2r;
< —2+ZW+
g g
X €A Ni

Z 1-— eXp(—27'i7j)
2
€I\ A O-Ni
(18)

where fg(,%)
0,...,0).

Lemma 3.4: For Rz,"l S RI,/’Q S S RI,,,M and D1 Z
Dy > --- > Dyy, if the M-stage source coding

(Rz,1.D1) / (Rz, 2,D2) / --- /" (Rz, m, D)

(¢ € Zr) are constant functions and rz, o =
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is feasible, then there exist rz, ; € R, j = 1,2,..., M,
satisfying
1) TTp,j—1 < T, .5 for all 5 € Zys;

2) 1/0% + X1, (1 — exp(=2r; 7)) /0% > 1/D; for all

J € I
such that
> (Rix — Rij)
€A
1 1 1 1 1 —exp(—2r; ;)
> —log— — =1 J
=2 Dy 2°g< §(+§‘ 72
1- exp(_2T1 k)
+ D] )
1€ZL\A N;

+ > (rig —7i)
i€A
VO<j<k<M V nonempty set A C 7.
Here vz, 0 = (0,...,0).
Proof: Letri ;= I(Ys; £ |X)/n, i € Ip,j € Iy Itis
clearthatrz, ;1 < rg, ; for all J € Zpy. Substituting A = 7,
into (18), we get

L
1 1 —ex 27 b
Ly pg i)
°x 4 ON,
> 1 I(Xf(") ) > 1 yrex
ex . —
_Ug( p ' J T Ty, Dk M

where the last inequality follows from Lemma 3.2.

Furthermore, we have

> (Rik = Rij)
i€A
1 k
LSS B () s b (o)
€A s=j+1
2 gI(YAaf_A,yS_J_i_l" L\AI;J )
1 n . n n
- _I (X Y'A;f-'(4,-2’8 =j+1... f( )\A,Ik7 ./(4,;-'_7)
:—I(X fAsaS:j+17- ‘fL\-AIA f_,(éir:%'])
+ = ZI( i; 1(Z>,s:j+1,...,k‘x,fi(2)
LGA
= —I (X fIL Ik) - —I (X fIL\.AI;\? -EC)IJ)
+Z Tik _Ti,j
€A
Liog — — L 1 1 — exp(=2r4,5)
> -log— — slog| =+ ———
? D 2 <U‘2\ ;‘ UNi
1 — exp(—2r; 1)
Y
1 N,
i€Z\A i
+Z(ri*k _Ti,j) (19)

i€A
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where (19) follows from Lemma 3.2 and Lemma 3.3. Now the
proof is complete. O

Lemma 3.5: For any Rz, € Rf_, there exists a unique 1z, €
R satisfying
1) Constraint 1:

(20)

1 1 —ex 2r; 1
Ly,
0% im1 IN; D* (Rz,)

2) Constraint 2: for any nonempty set A C 77,
1
SR> g b
ey 2 D* (Rz,)
1 1- exp —2r;)
S TAC P> X
1€Z\A i€A
21
Denote this r7, by r7, (Rz,). We have
1 1-— =2r¥ (R 1
— eXp( . TZ ( IL)) — - (22)
Ox pr} ONn, D (RIL)
and
L 1 52 L
R, =<1 & Y (Rz,). 23
; 9 OgD*(RIL)—i_;TZ( IL) (23)
Proof: See the Appendix. O

Now we are ready to prove the main result of this section.

Theorem 3.2: For RIL,I < RIL,Q <0< RIL,J\I, there ex-
ists an M -stage distributed successive refinement scheme from
Rz, 1to Rz, 2,t0------ ,to Rz, s if and only if
VJ €Iy

r7, (Rz, j-1) <77, (Rz, 5) (24)

and
S (Rij - Rij)
icA
> 11 1
Z 5108 =3
2 Dj (RILJ)
1 1 1—e —2r* (Rz, _
~Clog( 5+ Y exp ( i (Rz,,-1))
2 X iea IN:
1-e —2r* (Rz, ;
p oy Lo z,,,m)
€I \A N
+ Z RI[ ,] T(RIL,J'—l))
i€A
Vj € Zpr,V nonempty set A C Zp. (25)
Here Rz, o = 77, (Rz,0) = (0,...,0).

Proof: Forevery j € Iy, let D; = D*(Rz, ;) in Lemma
3.4. Suppose the vector sequence rz, ; (j = 1,2,..., M) sat-
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isfies all the constraints in Lemma 3.4. By Lemma 3.5, we must
have

So the constraints in Lemma 3.4 imply the conditions in Lemma
3.1. Therefore, the conditions in Lemma 3.1 are necessary and
sufficient. Furthermore, by Lemma 3.5, rz, ;, if it exists, must
be equal to 77, (Rz, ;). The proof is complete. O

Remark: Applying (23) and then (22), we get

L
> (Rij—Rij1)
=1
1 o? L
= =lo X + r; (R
2 gD* (RIL,j) - ( IL,J)
1 %
=1 - - Y (Rz, j—
2 Og D* (RIL ]71) ;TL ( Tr,j 1)
1 1 1
0
2% D* (Bz, ;)
L
1 1 —exp(—2rf (Rz, j—1))
_ = IOg — 4+ 1 L>J
L
+ Y (7 (Rr, ;) =77 (Rr, 5 1)) Vi €Tar (26)
i=1
Hence in (25) the constraints on Zf:l(Ri,j —Rij_1),] =

1,2,..., M, are tight.
The sequential structure of (24) and (25) leads straightfor-
wardly to the following result.

Corollary 3.1: For RIL,I < RIL,Z <-- <L RIL,]\J’ there
exists an M -stage distributed successive refinement scheme
from Rz, 1 to Rz, 2,t0 ------ , to Rz, ar if and only if there
exist a sequence of 2-stage distributed successive refinement
schemes from Rz, j_i1to Rz, ;,j=2,..., M.

Corollary 3.1 shows that for the quadratic Gaussian CEO
problem, we only need to focus on two-stage distributed suc-
cessive refinement.

By (16), each monotone increasing vector sequence 7z, ;
(j = 1,2,...,M) is associated with a unique U%IL_J_
(j=1,2,..., M) and thus a unique Wz, ; (j = 1,2,..., M).
We shall let W7 (Rz, ;) denote the Wz, ; that is associated
with 77 (Rz, ;) (j = 1,2,...,M), and let W7 (Rz, o)
be a deterministic vector. Now we state Theorem 3.2 in the
following equivalent form, which highlights the underlying
geometric structure.

Corollary 3.2: For Rz, 1 < Rz, 2 < < Rz, .um,
there exists an M-stage distributed successive refinement
scheme from Rz, 1 to Rz, o, to , to Rz, a if and
only if T}L(RIL,j—l) < T;L(RIL,]');V j € 1wy, and
(Rz,; — Rz,;-1) € DW; (Rg, ;)W (Rz,;-1)),
Vj € Inr, where D(W7 (Rz, ;)IW7, (Rz, j-1)) is the domi-
nant face of R(W7, (Rz, ;)|W7, (Rz, j—1)).
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Proof: Tt is easy to verify that (25) is equivalent to

> (Rij—Rij 1)
i€A
> 1 (Yas Wi (Rz, ) Wi\ a (B, ) Wi (R, 1))
Y j € Zpr,V nonempty set A C 71,

which, by Definition 2.3, is equivalent to

(Rz,,; — Rz, ,j-1)

€ R (W7, (Rz, ;) |W3, (Rz, j-1)) Vj €Iy,

Furthermore, (26) is equivalent to
L

> (Rij—Rij1)
=1

=1 (Yz,; W71, (Rz, ;) |W7, j_1 (Rz, 7)) Vi€ Iy

which means Rz, ; — Rz, j—1 is on the dominant face of
R(W7, (Rz, j)IW7, (Rz,,j-1)), Vi € Tnr. O

Remark: Let F; be the lowest dimensional face of
D(W7,(Rz, ;)| W7, (Rz, j—1)) that contains Rz, ;
Rz, j—1.By the discussion in the preceding section, we can see
that if an M -stage distributed successive refinement scheme ex-
ists, then it can be realized via an (M L + Zj\il dim(Fj))-suc-
cessive Wyner—Ziv coding scheme.

Now we proceed to compute 77, (Rz, ). In view of (7) and
Lemma 3.5, it is easy to show that r7 ([Rz,) is the maximizer
to the following optimization problem:

L
1 1-— —27;
max 4§ LT oxp(2r)

27)

TI;, GIR"JIr’ O'X i—1 UNi
subject to
L
1 1 — exp(—2r;)
N
—1 =1 : [ < i
2 9% 1 1 — exp(—2r7) +Z"—ZR
— + Z —_— i€A €A
oy . o5
€T\ A £
Y nonempty set A C Zr,  (28)
and
L L L
1 1 l1—exp(=2r;)\ 1
ilog —2—1—2 — +§10go§(—|—z ”:ZRvF
ox i ON; i=1 i=1
(29)

This problem essentially amounts to finding the contra-poly-
matroid R(rz,) that contains Rz, and has the minimum
achievable distortion D(rz,) = (1/o% + Y, (1 —
exp(—2ri))/o%,) .
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We shall first consider the case where Ry = Ry = --- =
Ry = Rand 0}, = o}, = --- = o3, = 0. For this

symmetric case, it is easy to show that
TI (RIL> = T; (RIL) == Tz (RIL> =r" (RIL)

where r*( Rz, ) is the unique solution to the equation
1

%log (_ L L= Lexp (=2 (RIL))>

) 2
Ox ON

1
+ 5 log 0% + Lr* (Rz,) = LR. (30)

Moreover, it follows from Lemma 3.5 that

1 1 L—Lexp(—2r*(Rzg,))
D (RIL> 012\7

% '
Therefore, we have the equation at the bottom of the page. Let
Ri1=Ry1=--=Rpi=Riand Rjp = Ryp = --- =
Rp 2 = Ry with Ry > R;.Inview of (30), one canreadily show
that v7 (Rz,2) > 77, (Rz,1). It is also easy to verify that
(Rz,2 — Rz, 1) € DIWE, (Rz, 2)|W7, (Rz, 1)). Therefore,
by Corollary 3.2, there exists a distributed successive refinement
scheme from Rz, 1 to Rz, 2.

For small L, it is relatively easy to get a parametric expres-
sion of 77 (Rz, ) via the following approach: first characterize
7, (Rz,) for Rz, € 9R(D) by studying the supporting hyper-
planes of 9R(D) for fixed D, and then vary D to getr7, (Rz,)
for all Rz, . To obtain a concrete understanding, we shall study
the special case L = 2. It is easy to see that Rz, is either a
vertex of R(r7, (Rz,)) or an interior point of the dominant face
(which is a line segment) of R(r} (Rz,)). For the first case,
ry (Rz,) is completely determined. For the second case, Rz,
must be on the minimum sum-rate line of R (D*(Rz, )). Hence
we need to study only one supporting line of IR (D), namely,
Ri+ Ry = ming, cor (D) (R1 + R3), which has been charac-
terized for all D in [23].

Without loss of generality, we assume 03, < 0%, . Let

k 1 1
D) = €l ——F = —— >
L(D) max{ke 2 ]2“ D 0}

where

Let D be the unique solution to the following equation:

o2 L(D)
X

D

i=1

L(D)

1
510g = Ri + Ro.

R=

D* (Rz,) 0% L

1 1 o§( ~
oL "\ D*(Rz,) \D* (Rz,) 0% L — 0%0% + D* (Rz,) 0% ) [
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Fig. 4. Distributed successive refinement for the quadratic Gaussian CEO problem.
Let then
L(D .
7= Log (D) 1 (1 1—exp(=2r5(Rz))
2 o2 ( 1 _L) 508\ o T 2
Ny (L(D)) D ox N,
o 1
0, o Fo=l + 5 logo% +73 (Rr.) = Ro (35)
To=1q 1 2 1 1 11 N 9
210g<0_?v2 (03(-1-0?\[1-1-0_%’2 D) ); Lp=2. llog - Zl—exp(—%";‘ (Rz,))
2 * i=1 012\’1‘
Wle)h.a;ve the following: + 75 (Rg,) 4+ 75 (Rz,) = Ry + Ry (36)
i
3) otherwise r}(Rz,) = 7,1 = 1,2.
.. . .. 2 . _
1 1 1 — exp(=27) 1 , The above three conditions essentially divide R4 into three re
Ri>zlog| 5 +——F5—2)+-logox +7 (31) gions. Define
2 ox oN, 2 . . ) (—2)
_ 2 z oy LT epimen)
then = {RIQ CRy:F 2 2 log (o?\— " 012\71 )
+llogo 47 }
—logo T
1 (1  1-exp(=2rf (Rp)) g ex T
5 10g 0—2 0_2 9 1 1 1-— exp(—?fz)
1 X Ny QZZ{RIQER+R2Z§]‘Og<O__2+T>
+5 logok + 7} (Rz,) = Ry (32) ) X N
+-logo3 +7 }
. — exp (=21} (Rz,)) g R
- 1+ O'X Z N
2 9 1 1 — exp(—27;)
N Q3 = RIQER+:R1-< log -t
+ 77 (Rs,) —|— ry (Rz,) = R1+ R (33) 0% ON,
1 9 .
2) if +§10g0X+7",;,z—1,2}.

1 1
Ry > -1 —5
2> o (g +

1 — exp(—273)
2

O'N2

1
) + 510g0§( + 7y (34)

Typical shapes of 1,29, and €23 are plotted in Fig. 4. Every
rate pair Rz, € Q; U (s is a vertex of R(r7, (Rz,)) and thus
is associated with a 2-successive Wyner—Ziv coding scheme.
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Every rate pair Rz, strictly inside (23 is an interior point of
the dominant face of R(r7, (Rz,)) and thus is associated with a
3-successive Wyner—Ziv coding scheme. Hence, there is a clear
distinction between (£21,€22) and 23. It will be seen that this
difference has interesting implications on distributed successive
refinement.

Henceforth we shall assume Rz, ; < Rz, ».

Claim 3.1: 7";2 (Rl'gyl)) S T;2 (RIQ,Q).

Proof: It both Rz, 1 and Rz, » arein Q; or both Rz, ; and
Rz, » are in (2, the claim can be easily verified by checking
the (32), (33), (35) and (36). Since 7; and 75 are monotone in-
creasing functions of Ry 4+ Rs, the claim is also true when both
Rz, and Rz, » are in Q3.

Now consider the general case when Rz,1 and Rz, »
are in different regions, say, Rz, 1 € 2 and Rz, 2 € (3.
Suppose the line segment connecting Iz, ; and Rz, in-
tersects the boundary of ©; and €23 at point R7_ . We have
r7,(Rz,1) < 17, (R7,) since both Rz, ; and R7 are in €2y,
and 77, (R7,) < r7 (Rz,2) since both R7 and Rz, » are in
Q3. Hence 77, (Rz,.1) < 77 (Rz,2). The other cases can be
verified in a similar way. O

Remark: Note that v} (Rz,1) < 77, (Rz,2) is given as a
condition in Theorem 3.2 and Corollary 3.2. However, we see
that for the case L = 2, this condition is redundant since it is
implied by the fact that Rz, 1 < Rz, 2. We conjecture that this

condition is also redundant for general L.

Claim 3.2: Ifboth Rz, ; and Rz, » arein (21, then there exists
a distributed successive refinement scheme from Rz, ; to Rz, »
if and Ol’lly if RLQ = R171 or R2,1 =0.
Proof: If Ry 5 = Ri1, by (32) we have r{(Rz,2) =
73 (Rz, 1). It is easy to verify that the conditions in Theorem
3.2 are all satisfied. If R>; = 0, by (32) and (33), we have
r3(Rz, 1) = 0. Again, it is easy to verify that the conditions in
Theorem 3.2 are all satisfied.

Now suppose there exists a distributed successive refinement
scheme from Rz, 1 to Rz, ». Since both IR, 1 and Rz, » are in
Q1, by (32) and (33)

Roo — Ry
2
1o [ 1—exp (—2r} (Rz,,2)) .
=3 log (g-l'; U]2V1 +73 (Rz,,2)
)
2 o,

1=1 O-]“
1 1-— =2r7 (R
+ Liog exp ( 27"1( 12,1))>
2 N,
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2
1 1- —2r7 (R
— —log (_2 + Z exp( 2T1 ( 12,1))>

1

2 O'X =1 UNi
1 1 1—exp (=277 (R
+§10g< L, p( : 1 ( 12,1))>

Ox N,

1 1 1 1—exp(—2rf (Rz,2))
>-log——+———=1 =
-2 OgD* (R1'272) 2 0g<012\7 + 012\,1

N 1 — exp(—273 (RIQJ))>

2
g N»

+ 75 (Rz,2) — 75 (Rz,1)

which, after some algebraic manipulation, is equivalent to

3 (R, 2)r5(Rz,1) < 75(Rz,1)r5(R1,,1). Then we have

either r3(Rz, 1) = 0 or r}(Rz, 2) < ri(Rz,,1), which further

implies 77 (Rz, 2) = ri(Rz,,1). Hence, by (32) and (33), we

have RLQ = Rl,l or R2,1 =0. O
The following claim follows by symmetry.

Claim 3.3: Ifboth Rz, 1 and Rz, 5 arein ()9, then there exists
a distributed successive refinement scheme from Rz, ; to Rz, »
if and Ol’lly if RQTZ = R271 or R171 =0.

Remark: Claims 3.2 and 3.3 imply that there exists a dis-
tributed successive refinement scheme from Rz, ; to Rz, » if
Rz, 1 and Rz, » are on the R;-axis or Rz, 1 and Rz, » are on
the R,-axis. Actually in this case, distributed successive refine-
ment reduces to conventional successive refinement in single
source coding® [41]. Furthermore, it is clear from Fig. 4 that
if Ri11 = R12 = R1 and Ry1 < Roy < o0, a distributed suc-
cessive refinement scheme from Rz, ; to Rz, o always exists
when R; is sufficiently large since both Rz, ; and Rz, » must
be in Qq; likewise, if Ry = Roy = Rs and Ry < Rys < o0,
a distributed successive refinement scheme from Rz, 1 to Rz, »
always exists when I2, is sufficiently large since both Rz, 1
and Rz, » must be in {2,. Note that for the extreme case where
Ri1 = Rip = o0, 0%, = 0 (or Ryy = Ry = 00, 0%, = 0),
the CEO problem reduces to the Wyner—Ziv problem, and this
result has been derived in [43].

Claim 3.4: Suppose %11 > 0,R21 > 0. Then there is no
distributed successive refinement scheme from Rz, ; to Rz, »

6There is a slight difference since in the single encoder case, the CEO problem
becomes the noisy (single) source coding problem. But the generalization of
successive refinement in single source coding to noisy (single) source coding is
straightforward.
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if either RIg,l € Qp and RIZ’Z € Oy or RI2,1 € 9 and
RIZ’Q € .

Proof: We shall prove only the case in which Rz, ; € €
and Rz, o € §25. The other one follows by symmetry.

By (32) and (33), R;; > 0 and Rp; > 0 implies
ri(Rz,1) > 0 and r3(Rz,1) > 0, which further implies
r3(Rz, 2) > 0 by Claim 3.1. Now it follows from (32), (33),
(35), and (36) that

Ri»— Ry
2
1 (1 1—exp (—2r} (Rz,2)) %
=3 log (g-f-; 012“ +71 (Rz,,2)
1 1 1-— —2r5 (Rz.
RINEECS L)
2 ox N,
1 1 1—e —2rF (Rz,
— Zlog <_2+ xp ( - 1( I.J)))
2 0% TN,
1
§1Og0’%( =711 (Rz,,1)

1 1 1—e 2r5 (R,
__10g<_2 exp (=21 12,2»)__10@3(
2 ox oN,
1 1 1-— —2r¥ (R
_ Ly (_2+ exp ( 27"1( 121))>
2 X ON,

+ 71 (Rz, 2) — 71 (Rz,1)

which is strictly less than

1 1 1 1 —exp(=2r3 (Rz,2))
1 1 — 2
2 08 D*(Rz,2) 2 0g<02\ + 012\,2
1 —exp (=2r] (Rz,,1))
012\,1

+71 (Rz, 2) — 71 (R, 1)

if r7(Rz,1) > 0 and r3(Rz, 2) > 0. Thus by Theorem 3.2, a
distributed successive refinement scheme cannot exist. O
In Fig. 4, the arrows denote the possible directions for dis-
tributed successive refinement in 2; and €25. For illustration,
we pick a point s in €23. The dark region is the set of points to
which there exists a distributed successive refinement scheme
from s. It can be seen that the possible directions for distributed
successive refinement are different in these three regions.

IV. CONCLUSION

We have discussed two closely related problems in dis-
tributed source coding: the first one is how to decompose a
high complexity distributed source code into low complexity
codes; the second one is how to construct a high rate distributed
source code using low rate codes via distributed successive
refinement. It turns out that, at least for the quadratic Gaussian
CEO problem, the successive Wyner—Ziv coding scheme gives
the answer to both problems. Successive Wyner—Ziv coding
has several desirable features such as low complexity and
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robustness. Moreover, its concatenable chain structure seems
especially attractive in wireless sensor networks, where chan-
nels are subject to fluctuation. Indeed, by properly converting
a high-rate distributed source code to a multistage code via
successive Wyner—Ziv coding, one can adaptively match source
rates to fluctuating channel rates.

APPENDIX
PROOF OF LEMMA 3.5

For any rz, € R_Li_ and D > 0, define two set functions
f('vTIL) and f(';TIL7D):

f(A, TIL)
L
1 1 — exp(—2r;)
— t Z 2
_ 110 X =1 N
2 %1 1 — exp(—2r;)
0_2 Z 027
X LGIL\.A N
+y i, ACTL
i€ A
f(A, TT, D)
1 1 1 1 1 — exp(—2r;)
—lig L Ligg [ Ly 3o Lzew(2n)
2 D 2 ox ieTiuA oN,
+ Z i ACTg.
i€ A

Note that f(-,7z,) is a rank function and induces the contra-
polymatroid R (rz, ) defined in (6). It can be verified that for any
rz, satisfyingr; > 0 (Vi € Zp) and nonempty sets S, 7 C I,
ifS ¢ Tand7T ¢ S, then

f(87TIL) +f(T7TIL) < f(SUTvrIL) +f(SmTv7"IL)
(37)
f(SvrImD)"i_f(TvrIl,?D)

<f(SUTvrl—L?D)+f(SnT7TIL7D)' (38)

It was shown in [37] that
R(D)=J {RIL > Ri > f(Arz,, D)
rz, EF(D) ieA
V nonempty set A C IL} (39)
where F(D) is defined in (8). Hence there must exist a vector

r7, € Rf_ satisfying the constraints (20) and (21) in Lemma
3.5, ie.

Z R; > f(A,rz,,D* (Rz,)) V nonempty set A C 7,

i€A
(40)
and
L
1 1 — exp(—2r;) 1
— + " 41)
D D S RN
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Let G = {i € Zr, : r; > 0}. Note that (40) and (41) can be
reduced to the following inequalities:

Z R, > f(A,rz,,D" (Rz,)) V nonempty set A C G
icA
and
1 1- —2r; 1
=+ ex;;( ) 2 D '
0-4\' i€G UN, D (RIL)

Without loss of generality, we shall assume G = 77 ; otherwise,
by restricting to the set G, the following argument can still be
applied. Note that for any nonempty sets S,7 C Zp, such that
the constraints on ) . ¢ I; and ), R; are tight in (40), we
have

1€ES

f(Sﬂ”ILwD* (RIL)) + f (T TIp,

=>"Ri+> R

D* (Rz,))

ics ieT
g R; + E R;
1€eSUT 1€SNT

> f(SUT7rIL7D* (RIL))+f(SmT7rIL7D* (RIL))

Therefore, it follows from (38) that either S C 7 or 7 C S.
Let A = ﬂkez Ay, where Ay, (k € Tx) are the sets for which
the constraintson ), cA, R; are tight in (40). If there is no such

Ap, let A = Ty Thus A is always nonempty. Now suppose

1 Zl—exp( 27")> 1 42)

% LT D (Rz,)’
Picking any ¢* € A, we can decrease ;- to r;+ — & for some § >
0 so that all the constraints in (40) and (42) become nontight.
Then we can decrease D*(Rz, ) to D*(Rz, ) — ¢ for some e > 0
without violating any constraints in (40) and (42). It follows
from (39) that Rz, € R(D*(Rz,)— ¢), which is contradictory
to the definition of D*(Rz, ). Hence we must have

1 Zl—exp( 2r;) 1

_|_ = -
12\' i=1 D*(RIL)

(43)
UN

Now we proceed to show that 7, must be unique. It is
easy to verify the following facts: 1) 1/0% + Zle(l -
exp(—2r;))/o%;, is a strictly concave function of 7z, ; 2) for
any nonempty set A C Zp, f(A,rz,,D) is convex in 7z, .
Suppose both 77 and 77, € Ri satisfy the constraints (40)
and (41), and there exists some ¢* such that ;. # r7.. We shall
first show that 7., 7/. are both finite. If not, without loss of
generality suppose .. = oo, which implies that R;» = oo.
Now construct a new vector 7, such that 7" = oo if
i = %, and r/ = r/ otherwise. It is easy to check that r’”
satisfies the constraints (40) and (41). But we have

l—eXp 1 —exp(=2r{")
2 +Z

Ox

_,,./

L
1 1 —exp(—2r7) 1
> o +Z o2 - =

X i=1 N;
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which is contradictory to (43). Now let 7; = (r + r/')/2 for
all i € Zr. Note that 7;« is equal to neither . nor r7. since
ri. # /. and both are finite. It is obvious that 77, € R%.
Furthermore, we have

L
1 1 — exp(—27;)
— t E : 2

X% 4 TN
L1 XL: L—exp(=2r) 1 XL: 1 — exp(—2r!)
- a_%( 2 p Uzz\fi 2 p 012\[
1
> = (44)
D (RIL)
and
> Ri> f(J4 v, D™ (Rz,)) + f(J4 r7,. D (Rz,))
€A

> f(A7 FIL7D* (RIL))
Hence 77, satisfies the constraints (40) and (41). Since 1/ Ug( +
Zle (1—exp(—2r;))/0%;, isastrictly concave function of rz, ,
the first inequality in (44) is strict, which results in a contradic-
tion with (43).

Note that (22) follows from (43). So only (23) remains to be
proved. We shall first show that 7 (Rz, ) = 0 implies R; = 0.
Without loss of generality, suppose r} (Rz,) = 0. Then it is
easy to see that (40) still holds if we set R, = 0 on its left
hand side. So if Ry, > 0, we can increase r} (Rz, ) by a small
amount without violating (40) and (41), which is contradictory
to the fact that 7} (Rz, ) is unique. Hence without loss of gen-
erality, we can assume r}(Rz,) > 0 for all i € Zp; otherwise,
by restricting to the set G = {i € I, : rf(Rz,) > 0}, the fol-
lowing argument can still be applied. Since (22) holds, the right-
hand side of (40) becomes f(A, 77, (Rz,)). By (37), it can be
shown that if in (40) the constraintson ) ;¢ R; and >, .+ I%;
are tight, then either S C T or 7 C S. Let A’ = Urez, Ak
where Ay (k € Tx) are the sets for which the constraints on
ZieAk R; are tight in (40). If there is no such Ay, let A =9.
If A’ = Iy, the proof is complete. Otherwise, pick any i*
T\ A’; we can increase % (Rz,) to 7% (Rz,) + 6 for some
6 > 0 without violating any constraints in (20) and (21), which
is contradictory to the uniqueness of 7. (Rz, ).

V nonempty set A C 7.
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