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Abstract

We show that any point in the Berger-Tung rate region can be achieved via
successive Wyner-Ziv coding. We generalize the concept of successive refinement
from single source coding to multisource coding, where we refer to it as distributed
successive refinement. The quadratic Gaussian CEO problem is used as an example
to illustrate some interesting aspects of distributed successive refinement.

I. Introduction

The problem of distributed source coding has assumed renewed interest in recent
years. Many practical compression schemes have been proposed for Slepian-Wolf coding
(e.g., [1] and the references therein) and Wyner-Ziv coding (e.g., [2] and the references
therein), whose performances are close to the fundamental theoretical bounds [3, 4].
Therefore, it is of interest to reduce the general distributed source coding problem to
these well-studied cases.

Given M i.i.d. discrete sources X, Xs, -+, Xy, the Slepian-Wolf rate region is the
union of all the rate vectors (Ry, Rg, - , Ryy) satisfying

> R > H(Xu|Xz,04) VAE Iy,

icA
where Zpy = {1,2,--- , M} and X4 = {X;}ica. The Slepian-Wolf reigon is a contra-
polymatroid with M! vertices, where 7 is a permutation of Z,;, the coordinates of vertex
R.=(Ry, -+, Ry) are given by

Rﬂ'(l) = H(XW(1)>7
Rey = H(Hp)|Xaqys s Xuiony)) =2, , M.

It is known that vertices of the Slepian-Wolf region can be achieved with a complexity
significantly lower than that of a general point. It was observed in [5] that, by splitting
a source into two virtual sources, one can reduce the problem of coding an arbitrary
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point in a M-dimensional Slepian-Wolf region to that of coding a vertex of a (2M — 1)-
dimensional Slepian-Wolf region. This source-splitting idea has a dual in the problem of
coding for multiple access channels, which is referred as rate-splitting [6, 7]. We shall
show that a similar conclusion also holds in the general distributed lossy source coding.
Our approach is based on successive refinement instead of source splitting, since it does
not require the existence of the common randomness at the encoders and decoder (used
in [5][7] to generate a time sharing variable).

In Section II we prove that the Berger-Tung coding scheme can be reduced to a low
complexity successive Wyner-Ziv coding scheme. The duality between superposition cod-
ing for multiaccess communication and successive Wyner-Ziv coding is briefly discussed.
In Section III we introduce a concept called distributed successive refinement and then
apply it to the quadratic Gaussian CEO problem. We conclude the paper in Section IV.

II. Main Result

A general achievable rate region in distributed source coding is the Berger-Tung
region[8, 9]. For different models, the Berger-Tung region has different forms. In this
paper we use the model of the CEO problem[10], though many of our results also hold
for other models. The following is a brief description of the CEO problem.

{X(t)}2, is the target data sequence that is of interest to the decoder. This data
sequence cannot be observed directly. M encoders are deployed, which observe inde-
pendently corrupted versions of {X(¢)}°,. The data rate at which encoder i (i =
1,2,---, M) may communicate information about its observations to the decoder is lim-
ited to R; bits per second. The encoders are not permitted to communicate with each
other; i.e., encoder ¢ has to send data based solely on its own noisy observations {Y;(t)}°;.
Finally, the decision {X(£)}2°, is computed from the combined data at the decoder so
that a desired fidelity can be satisfied.

Definition 1. An M-tuple of rates (Ry,-- -, Rys) is said to be D-achievable if for any
€ > 0, there exists an ng such that for n > ng there exist encoders:

fz(n) : yzn N {1,27 7211(Ri+6)} 7 = 1, 7]\4
and a decoder:

g™ {12, nBEHIY Lo (1,2, onButY _ pn

for which B[ d(X(t), X(1))] < D + ¢, where X" = g™ (£ (Y), -+, fiP(Y3)) and
t=1

(/) : X x X — [0, dimax] is a given distortion measure. We let R(D) denote the set of
all D-achievable rate tuples.

Definition 2. Let
RWi, - W) = {(Rl, o Rap) Y R > T (Yas WalWr,a) VA€ IM} .
i€A
The Berger-Tung rate region with respect to distortion D is

Rpr(D) = conv U RWh,--- ,Wu) |,

(W1, ,\Wn)EWD

where Wy is the set of all (W7, .-, W)y,) satisfying the following properties:



() Wi —=Y; = (X, Y0\, Wrv) - Vi € Zur

(ii) There exists a function:

f: W1><'--XWM—>X
such that Ed(X,X) < D, where X = f(Wy,--- , Way).

It was shown in [8, 9] that Rpr(D) C R(D). Computing the Berger-Tung rate region
involves complicated optimization and convexification. Hence we shall only focus on
R(Wy, -+, Wh). We will see later that for the quadratic Gaussian case, the properties
of Berger-Tung rate region are determined completely by those of R(W7y, .-+, Wy).

It was proved in [11, 12] that if W; — Y; — (X, Yz,)\(i}, Wry\qap) for all i € Ty, (which
we will assume throughout this paper) then R(W7i,--- ,W),) is a contra-polymatroid
with M! vertices, where 7 is a permutation on Z,;, the coordinates of vertex R, =
(Ry, -+, Ry) are given by

Rray = 1Y) W),
Rﬂ'(l) = I(Yﬂ(l)a Wﬂ-(i)lwﬂ(l)’ cee WT{'(Z’*].)) 1 = 27 S M.

The convex region bounded by these M! vertices is called the dominant face of R(W1, -+, W)
on which we have .M R; = I (Yz,,; Wxz,,). For each of these M! vertices, there exists a
low-complexity successive Wyner-Ziv coding scheme described as follows:

(i) Encoder 7(1) employs conventional lossy source coding. Encoder 7(i) (i = 2,---, M)
employs Wyner-Ziv coding with W), -+, Wri—1) being the side information at
the decoder.

(ii) The decoder first decodes the codeword W) from encoder 7(1), then successively
decodes the codeword Wp(; (¢ = 2,--- , M) from encoder (i) with side information
Wﬂ'(l)u U 7W7T(i—1)7 2 S i S M.

Draper and Wornell [13] investigated this type of successive coding strategies in the
context of data fusion in tree-structured sensor networks.

Rate tuples on the dominant face other than these M! vertices were previously known
to be attainable only by one of two methods. The first method known to achieve these
difficult rate tuples was time sharing among vertices. This approach can require as many
as M distributed source codes, each distributed source codes requiring M individual
codes (one conventional lossy source code and M — 1 Wyner-Ziv codes). Thus, this
scheme requires on the order of M? individual codes. The second approach to achieve
these rate tuples is joint decoding of all users. This is difficult to implement in practice,

(YIM ;WIM)

since random codes have a decoding complexity of the order of 2 , where n is

the block length.

One of our main results is that any rate tuple in R(W7,--- , W) can be achieved by
a low complexity successive Wyner-Ziv coding scheme with one conventional lossy source
coding and at most 2M — 2 Wyner-Ziv codes. Without loss of generality, we need to
consider only rate tuples on the dominant face of R(W7,---, Wyy).

Definition 3. A well-ordered permutation of {W;, W{--- Wy, W}, } is a permutation
such that W; appears after W/ for all i € Z,.



Theorem 1. For any rate tuple (Ry,--- , Rys) on the dominant face of R(W1,--- , W),
there exist (W{,---, W) satisfying W — W; — (X, Yz,,, Wz,\i, Wz, \;) and a well-

2

ordered permutation o of {Wy, W7 --- Wy, W}, } such that
Ri = I(Y; Wi {W/}7) + 1Y Wi{Wi}™) Vi € T,

where {WW/}~ denotes all the random variables before W/ in the permutation o and {W;}~
is similarly defined. Furthermore, there exists at least one i € Z); such that W, = W/.

Proof: Due to the limitation of space, we prove the theorem only for the case M = 2.
Extension to the general case follows the approach similar to that in [6].

For any rate tuple (R;, R2) on the dominant face of R(W5, Ws), we have I(Yy; W1|W3) <
Ry < I(Yy;Wh), I(Yo; Wo|Wh) < Ry < I(Yo; W), Ry + Ry = I(Y4,Yo; Wi, Wa). We can
always find a W{ with W] — W; — (X, Y7, Ys, Wy) such that Ry = I(Ys; Wo|W/). Now

Rl - ](}/17Y2;W17W2>_R2
I(Y17Y2; Wi, Wz) - [(YQ; Wz’Wf)
I(Yy; W) + I(Yy; Wh|[WH, Wa).

Let o = (W7, W3, Wy, W) and set W, = W,. The proof is complete. |
Y Wi Wi
Y5 Wy Wy
X
Y W W,

Figure 1: Successive Wyner-Ziv coding

Intuitively, we can view W/ as a coarse quantization of Y; and view W, as a fine
quantization of Y; (see Fig.1). Theorem 1 suggests the following successive Wyner-Ziv
coding scheme:

Encoder i first splits R; into two pieces, r} = I(Yy; W/|[{W/!}~) and r? = [(Y;; W;[{W;}7).
Then it uses a Wyner-Ziv code with rate r} to convey W/ to the decoder which has
side information {W/}~ and uses Wyner-Ziv code with rate r? to convey the refine-
ment W; to decoder which has side information {W;}~. The decoder recovers the
{W{, Wy, -+ W}, Wi} successively in the same order as the permutation o. We can see
that this scheme requires one conventional lossy source code (reduced from a Wyner-Ziv
code, since at first the decoder has no side information) and at most 2M — 2 Wyner-Ziv
codes.

This successive Wyner-Ziv coding scheme has a dual in the multiple access commu-
nication (see Fig.2).

Encoder i first generates a low rate code X/ and then generates a high rate code X;
by superposition. Only high rate code X; is transmitted. Decoder successively recovers



X/, Xy

Figure 2: Multiaccess communication via superposition

the codewords according to a well-ordered permutation ¢’ of (X], X1, -+, X}, Xar) such
that

R, =I(X;Y{X]} )+ I(X; Y{X:}) VieZy.

Our superposition scheme is similar to the rate-splitting scheme introduced in [6].
Actually in [6] the output of the splitting function is exactly a superposition code. The
slight difference between these two schemes is that we don’t impose any independence
condition. Note:The independence condition is introduced in [6] to ensure that after
rate-splitting, the multiaccess channel with M independent input data streams becomes
a multiaccess channel with 2M —1 independent input data streams. Since with the excep-
tion of one user, each of the other users can control 2 inputs, no independence condition
is necessary for the 2 inputs controlled by one user. After removing this restriction, the
rate-splitting scheme in [6] and our superposition scheme become equivalent.

III. Distributed Successive Refinement

Now we introduce a concept called distributed successive refinement which can be

viewed as a generalization of the single source successive refinement [14] to the setting of
the CEO problem.

Definition 4. D*(Ry, -+ ,Ry) = min{D : (Ry,--- ,Ry) € R(D)}.

Definition 5. We say there exists a successive refinement scheme from rate tuple (R, -+ , Ryy)
to rate tuple (Ry + ARy, -+, Ry + ARyy) if for any € > 0, there exists an ng such that
for n > ng there exist encoders:
1(:%) LY {1,200 r B o
SN AV T e A

and decoders:
(n) . ... on(Ri+te) .. ... on(Ru+e) n
9 . {1,2 ,2 } x {1,2 ,2 =&

gén) . {172... 72n(R1+e)} X {172_” 72n(AR1+e)} VTR {172'_. 72n(RM-i-e)}
x {1,2... 2nARutaL



such that

lE[i d(X(t), X,(t)] < D*(Ry,--,Ru)+e

n

R .

gE[Z d(X(t),X5(t))] < D*(Ry+ ARy, -, Ry + ARy) + e,
t=1

where

Xn _ ) pn) ymy ... (n) yn

1 g1 (fl,l( ), 7f1,M( M)

Xy = g (YO BT, K. S (V).

and AR, >0 (i=1,---,M).
Now we proceed to discuss distributed refinement for the quadratic Gaussian CEO

problem. For simplicity, we only consider the case M = 2; all our results can be extended
to the general M case in a straightforward manner [15]. For the the quadratic Gaussian

CEO problem [16], we have Y; = X 4+ N;, where X ~ N (0,0%), N; ~ N(0,0%.) (i = 1,2)

and X, Ny, N, are all independent. The squared error distortion measure is used. Without

loss of generality, we suppose 012\,1 < 012\,2. Let the auxiliary random variables W; = Y;+T;,

where T; ~ N(0,07%,) and X, Ny, Ny, T, T, are all independent. We can compute the
Berger-Tung rate region explicitly as follows:

RBT(D) == U RBT(U%}? 072“2)
(0%1 7cr%2)€A(D)

where

1 1 1 1
MD) = {(ehh) + b

2 2 2 2
Ox Oy, t0p, Oy, TOp

1. (c%+ 0% +02)(0% + 0% +0%)— 05
RBT(O—%NU%Q) = {(RlaRZ) . Rl > Elog X N21 T1 X No 2T2 X}

2 2 2 2
Ox0p, +0N,07, + 03,07,

2 2 2 2 2 2 4

s 1 log (0% + o, +07,)(0% + 0%, +07,) — 0%
2=y 2 2 2 2 2 2
2 007, + 0N, 07, + 07,07,

By + Ry > L log T I0 £ (0% + o, +07) = ok } .
2 07,07,
Recently by developing the method of Oohama [17], Prabhakaran et al.[18] have shown
that for the quadratic Gaussian CEO problem, the Berger-Tung rate region is tight, i.e.,
R(D) = Rpr(D).

Let OR(D) denote the boundary of R(D). We have D*(Ry,---,Ry) = min{D :
(R1, -+ ,Ry) € OR(D)}. In general, OR(D) can be partitioned into 3 pieces as shown
in Fig.3. Any point on part a can be represented as (I(Yy;Wh),I(Ys; Wa|W;)) for a
unique (Wi, Ws,). Any point on part ¢ can be represented as (I(Yy; Wi |Wa), I(Ye; Wh))
for a unique (Wi, Ws). For all the points on part b, we have Ry + Ry = I(Y1, Yo, Wi, W),
I(Yi; Wi[Wa) < Ry < I(Yi; W), 1(Yo; Wa|Wi) < Ry < I(Ye; Wa) with

Uf?zi(D(il(L)_l%) i <L
oy, = 2, trTmm T (1)

00 1> L




where L = max {k : k/o},_+1/D —1/Do(k),1 < k <2}, Dy(k) = (1/0§(+2le 1/o%,)7
and D is the solution to the equation

5 L
ox L

D 1 1 ’
i=1 \ 0%, <D0(L) - B)

which is the minimum achievable distortion with rate pair (R;, Rz). Hence, a unique
(W1, Ws) is associated with each point (Ry, Ry) € OR(D). Furthermore, since

1
R+ Ry = ilog+

J ORD)={(Ri.R:): R >0,R, >0)},

Dy(2)<D<o%

we can conclude that any rate pair (R, Rp) is associated with a unique (W5, W),
and thus a unique (0% ,0T2) which we shall denote by (W1i(Ry, Rs), Wg(Rl, Ry)) and
(0%, (R1, Ry), 0%, (R, R2)), respectively. Moreover, (= !

1 _
+ o2 -‘rUT (Rl RQ) +O'N -‘rO’T (R1 Rz))
is the minimum distortion achievable with the rate palr (Rl, Rg) .

5-

450

Figure 3: Rate region for the quadratic Gaussian CEO problem

Lemma 1. (0%1 (Rb RQ)? 0%2 (Rh RZ)) = (0%1 (Rllv Rl2)> 0%2 (Rllﬁ Rlz)) if (R,b R/Q) = (Rlv RQ)'
Here (a,b) > (a/,V') means a > o’ and b > 0.

Proof:  As shown in Fig.4, we partition the region {(Ry, Ry) : Ry > 0,Ry > 0)} into
three subregions: A,B,C. Any point in region A is in part a of OR(D) for some D, region
B and C are similarly defined. The boundary shared by two adjacent regions belongs to
both of them.

Let (Wi, Wa) = (Wi(Ri, Re), Wa(Ry, Re)), (W], W3) = (Wi(R), Ry), Wa (R}, Ry)).
Let (0T17022F2) = (UTl(RlvRQ) JTQ(R17R2)> (UT’ U%/) = (U%(RllvRIQ)7U%2(R/17R/2)) It
both (R, Rs) and (R}, R}) are in region A, then we have Ry = 1(Y1;Wh), Ry = 1(Ya; Wo|Wh)
and R} = I(Yy; W), Ry = I(Yo; W3|WY). Since R} > Ry, it follows that o7, > 0%1,. Now
we have I(Yy; WjIWh) > I(Yo; W3 |WY) > I(Yy; Wa|Wh), which implies 07, > 0%2,. It can
be proved in a similar way for the case when both (Ry, Rs) and (R}, Rj) are in region C.

Next consider the case when both (R, Ry) and (R}, R)) are in region B. Let D
be the minimum distortion that can be achieved by (Ri, Ry) and D’ be the minimum
distortion that can be achieved by (R}, R,). Since D > D', it follows from (1) that

(0-%17 0-'12—'2) Z (0-%1’7 O’%é)



Now consider the general case when (R;, Ry) and (R}, R,) are in different regions,
say (Ry, Rs) is in region A and (R}, R}) is in region B. Suppose the line segment that
connects (Ry, Ry) and (R}, R,) intersects the boundary of A and B at (RY, Rj). Let
(0%1,,,0%2,,) = (0%, (R}, RY),0%,(R!,R})). We have (07,,07,) > (a%{,,a%é,) since both
(Ry, Ry) and (RY, Ry) are in region A and (RY, RY) > (R, Rz). Similarly, (0%1,,,0%2,,) >
(03,,0%,) since both (R{, R3) and (R}, ;) are in region B and (R, Ry) > (R, Ry).

2 2 2
Hence we have (o%,,0%,) > (O'T/,UT,) The other cases can be treated in a similar way.

Figure 4: Distributed successive refinement for the quadratic Gaussian CEO problem

Let (Wi, Wa) = (Wi(Ry, Ra), Wa(Ry, Ry)), (Wi, W3) = (Wi(Ry, Ry), Wa(Ry, Ry)).
Let (0-72“170-%2) = (UTl(RlaRQ) UTQ(R17R2>> (UT’ JT’) = (J%l(RllvRIQ)va%g(RllvRIQ)) If
(R1, Ry) > (R, Rp), by Lemma 1, we have (07,,0%,) > (07,,0%). Let (W, Wy) =
(W1, W3) + (AT, AT;), where ATy ~ N(0,07, — 0’%{), ATy ~ N(0,07, — 0%2,) are mu-

tually independent and independent of everything else. Note: (W1, Wa) equals (Wl, WQ)
in distribution. We can regard (W;, W5) as a copy of (Wy, Ws) in the probability space
in which (W], W) is constructed.

Theorem 2. There exists a distributed successive refinement scheme from (Ry, Rz) to
(R, Ry) if (R, R) is on the line segment that connects (R + I(Y1; W] 1\Wy, Wa), Ry +
[(Yé, W/|W1,, Wg)) and (Rl -+ I(Yi, W/|W1, ) R2 -+ I(YQ, W |W1, WQ))

Proof: ~ With rate pair (R, Rs), encoder 1 and encoder 2 can convey_ (Wl,Wg) to
the decoder. With additional rate pair (I(Yy; W{|Wy, Wa), I(Yy; W3|W{, Ws)), encoder
1 and encoder 2 can convey (W7, W3) to the decoder via successive refinement. Sim-
ilarly, with additional rate (I(Yy;W]|Wy, W), I(Yy; W)Wy, Ws)), encoder 1 and en-
coder 2 can also convey (W{,WJ) to the decoder via successive refinement. There-
fore by timesharing', with any additional rate pair on the line segment that connects

(I(Yy; W[Wh, W), I(Ya; WHIWH, W) and (1(Yr; W{[Wy, Wy), I(Ya; W3 Wi, W), encoder

!By an argument similar to that of Theorem 1, this timesharing can be replaced by a successive
Wyner-Ziv coding scheme.



1 and encoder 2 can convey (Wl, Wg) to decoder. Furthermore, it’s easy to check that

Ry + Ry + I(Yy; WL Wy, Wa) + I(Ya; WhW!, W)
= T(Y, Yoy Wi, W) + I(Ye; WY Wi, Wa) + I(Yo; Wi W7, We)
= I(Yy, Yo Wi, Wa) + I(Yy; Wi Wy, Wa) + I(Ya; WA W1, Wa)
= I, Yo Wi, W) = R} + Ry,

Similarly, we have Ry + Ry + I(Yy; WI Wy, Wa) 4 I(Ya; W)W/, Ws) = R} + R}. The proof
is complete. |

As illustrated in Fig.4, there exists a distributed successive refinement scheme from
point s to any point in the dark region. The following results can be easily reduced from
Theorem 2. The proofs are omitted.

Corollary 1. If both (R, Ry) and (R}, R}) are in region A, then there exists a distributed
successive refinement scheme from (R, Ry) to (R}, RS) if Ry = R} and R} > R,. If both
(R1, R2) and (R}, R;) are in region C, then there exists a distributed successive refinement

scheme from (R;, Ry) to (R}, R,) if R} > R; and Ry, = R),.
15 119 1 2

Remark: If Ry = oo and UJQVI = 0, then the quadratic Gaussian CEO problem becomes
the Wyner-Ziv problem for a jointly Gaussian source. Corollary 1 implies the successive
refinability for the Wyner-Ziv problem of jointly Gaussian source [19], which further
includes the successive refinability of the Gaussian source as a special case [14].

Corollary 2. Suppose 0]2\,1 = 012\,2. Then there exists a distributed successive refinement
scheme from (R, R) to (R',R') if R’ > R.

IV. Conclusion

We discussed two closely related aspects of distributed source coding. Theorem 1 im-
plies that any coding scheme in the Berger-Tung rate region can be realized via successive
Wyner-Ziv coding. Roughly speaking, a high complexity distributed source code can be
decomposed into low complexity codes. Theorem 2 implies, at leat for the quadratic
Gaussian case, that a high rate distributed source code can be built upon a low rate code
via distributed successive refinement without any sacrifice of compression and estimation
efficiency.
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