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Abstract —

We propose a multiple description coding scheme
This
scheme is able to achieve the whole EGC region. For

based on the quantization splitting method.

the Gaussian source, we show that any rate pair on
the dominant face of the EGC region is achievable
with three or fewer lattice quantizers.

I. INTRODUCTION

The problem of multiple descriptions (MD) has been inves-
tigated for many years. The MD literature is vast; see, for
example, [1-4].

Let {X(t)}$2; be an i.i.d. random process with X (¢) ~
P(x) for all t. Let d(-,-) : X x X — R be a distortion
measure.

Definition 1. The quintuple (Ri1, R2, D1, D2, D3) is called
achievable, if Ve > 0, Ing such that Yn > no there exist en-
coding functions:

fexr e logle <n(Rite) i=1,2,

and decoding functions:
M et —am i=1,2

o5 e e -

such that for X = gf”)(fi(n)(X”)),i = 1,2, and for X3 =
gén)( {n)(Xn)’ g(n)(Xn)), we have

n

lJEZ d(X(t), Xi(t)) < Di+e i=1,23.

n
t=1

The MD rate-distortion region, denoted by Q, is the set of all
achievable quintuples.

Definition 2 (EGC region [1]). (Ri, Rz, D1, D2, D3) € Q
if there exist random wvariables X1, X2 and Xs jointly dis-
tributed with the generic source variable X such that

1. R > I(X; Xy), i=1,2;
2. Ri+ Re > I(X; X1, X2, X3) + I[(X1; X2);
8. Ed(X,X;) < D;,i=1,23.

We denote the EGC region by Qrac.
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Ozarow [2] showed that Qpcc = Q for Gaussian sources.
Ahlswede [3] showed that the EGC region is also tight for the
“no excess sum-rate” case. Zhang and Berger [4] constructed
a counterexample for which Qgcc g Q.

Many practical MD schemes have been proposed [5-15].
Since it has been shown [16] that the Gaussian MD bound is
asymptotically tight in the high rate regime for all memoryless
continuous sources, the performance of MD schemes is often
compared with the optimum solutions for the quadratic mem-
oryless Gaussian case. The main contribution of this paper is
that we propose a lattice-based quantization system which is
able to achieve the whole Gaussian MD region.

The rest of this paper is divided into 3 sections. In Section
II, we propose a “quantization splitting”-based MD scheme,
which is able to achieve the whole EGC region. In Section III,
we show that for the quadratic Gaussian case, our scheme can
be realized with three or fewer lattice quantizers. We conclude
the paper in Section IV.

II. AcHIEVING THE EGC REGION WITH
QUANTIZATION SPLITTING
We rewrite the EGC region in the following form?:

1. R > I(X;Xy),i=1,2;

2. Rl +R2 2 ](X,Xl,X2)+I(X1,X2)+[(X7 Xg'Xth).
The I(X, X3|X1, X5) term is the rate used for the superim-
posed refinement, which can be separated from other parts of
the EGC scheme. Henceforth, we shall refer to the following
region as the simplified EGC (SEGC) region:

1. R >I(X;X:),i=1,2

2. Ri+ Re > I(X; X1, X2) + I(X1; X2).

The SEGC region is in general different from the EGC re-
gion since the I(X, X3|X1, X») term is removed. But it cap-
tures the main ingredients of the EGC region. Furthermore, as
we will show later, the SEGC region is identical with the EGC
region for the quadratic Gaussian case. The typical shape of
the SEGC region is shown in Fig. 1. Since

I(X; X1) + I[(X; X2)
I(X;Xl,XQ) +[(X1,X2) —I(Xl;XﬂX)
](X;Xl,Xg) —|— [(Xl;XQ),

IN

the sum-rate constraint is always effective. We call
{(Rl,Rg) R+ R = I(X;Xl,XQ) + I(Xl;Xz),

Ri > I(X; X:),i =1, 2}

2Rigorously speaking, in order to determine the EGC region,
we need to take the union over all feasible joint distributions
P(x,%1,&2,23) and then convexify the resulting region. In order to
simplify the analysis, we only consider the EGC region with respect
to a fixed joint distribution P(z, Z1, &2, £3).
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Figure 1: A typical SEGC region.

the dominant face of the SEGC region. Any rate pair inside
the SEGC region is inferior to some rate pair on the dominant
face in the sense of compression efficiency. Hence in searching
for the optimal scheme, we can restrict our attention to rate
pairs on the dominant face without loss of generality.

The dominant face of the SEGC region has two vertices,
which are given respectively by

Vi: Ri =I(X;X1), Re = I(X, X1; X2);
VQI Rl = [(X, XQ;Xl), RQ = I(X, XQ)
By symmetry, we shall only consider V;. We first outline
two schemes that can achieve V.

1. Successive Encoding Scheme: Encoder 1 indepen-

dently generates 2 (X5X1) codewords {X7 (j)}?ill(x;xl)

according to the marginal distribution P(%1). En-

QWI(X,X1;X2)

coder 2 independently generates codewords

~ nI(X,X1;X . . . .
{X3 (k) i:f 12 according to the marginal distribu-

tion P(Z2).

Encoding Procedure: Given X", encoder 1 finds the
codeword X7'(5*) such that X™ and X7'(5*) are jointly
typical, then encoder 2 finds the codeword Xﬁ‘(k*) such
that X2 (k*) is jointly typical with X™ and X7*(j*). In-
dex j* is transmitted to the decoder through channel
1 and index k™ is transmitted to the decoder through
channel 2.

For this coding scheme, encoder 1 does the encoding
first and then encoder 2. The main complexity of this
scheme is on encoder 2 since it needs to construct a
codebook that covers the (X, Xl)-space instead of just
the X-space. So intuitively, for this scheme, encoder 1
is a simple quantizer while encoder 2 is a complicated
quantizer.

2. Two-Stage Encoding Scheme: We write Rz as Ry =
I(X; Xo) + 1(X71; Xo| X).
Encoder 1 independently generates

an(x;}’(l)

words {X7 (7)}i=1 according to the marginal dis-
tribution P(Z1). Encoder 2 independently generates
gnl (X1:X2|X)

2"I(X;X1) code-

*’ codebooks, with each codebook contain-
ing 2n{(XiX2) codewords. That is, codebook 7 has code-
words {X2 (5, k)Y 2P = 1,2,... g (KuiXalX),

Encoding Procedure:

(a) Given X", encoder 1 finds the codeword X7 (j*)
such that X" and X7(j*) are jointly typical.
Encoder 2 finds, in each codebook i, a code-
word X3 (i, k}) such that X3 (i, k}) is jointly typ-
ical with X™, i = 1,2,... 20X gy

coder 2 then forms a new codebook with these
2nl(X1:X21X) gelected codewords.

(b) In this newly-formed codebook, encoder 2 finds
a codeword Xj'(i*, k) such that Xg'(i*, ki) is
jointly typical with X™ and X1'(5%).

Index j* is transmitted to the decoder through channel
1. Indices ¢* and kj« are transmitted to the decoder
through channel 2.

Encoder 1 is essentially the same as the one in the suc-
cessive encoding scheme. The main difference is on
encoder 2. Instead of constructing a giant codebook
that covers the (X, X )-space in the successive encoding
scheme, encoder 2 , in the two-stage encoding scheme,
generates 2™ (X1i%X21X) gmall codebooks, each of which
is able to cover the X-space. From the practical view-
point, it is often easier to construct a bunch of sim-
ple quantizers than a single complicated quantizer. But
the two-stage coding scheme requires an additional com-
plexity on the selection of quantizers. That is, encoder
2 need select the output of one quantizer to transmit,
and such a selection is determined by not only X", but
also the output of encoder 1.

Now we proceed to study an arbitrary rate pair on the
dominant face of the SEGC region. We shall outline four
coding schemes.

1. Time Sharing: Any point on the dominant face can be

viewed as a linear combination of V7 and V>. Hence the
coding scheme for the rate pair on the dominant face
follows directly from timesharing the encoding schemes
for V1 and V5.

. Joint Encoding [1]: Encoder 1 generates 2! code-

words {X7(j )}?:fl according to the marginal distri-
bution P(&1). Encoder 2 generates 2"72 codewords
(X7 (k)}iﬂ:];2 according to the marginal distribution
P(§32).

Encoding Procedure: Given X™, encoder 1 and encoder
2 find the codewords X7 (j*) and X5 (k*) such that X",
X{L(j*) and X3 (k™) are jointly typical. Index j* is
transmitted to the decoder through channel 1 and index
k* is transmitted to the decoder through channel 2.

. Two-Stage Encoding: Encoder 1 independently gen-

erates 2nR1—I(XiX1)] coﬂdebooks7 with each code-
book containing oI (XiX1)  codewords, i.e., code-
) . Sm e o onI(XiX1)
book 4 contains codewords {X7'(i,7)}i=1 , 1=
1,2, 2"l = 1(XGX0] Similarly, encoder 2 indepen-
dently generates 2"[R27[<X;){2)] codebooks, with each
codebook containing 2™/(¥iX2) codewords. That is,
codebook k has codewords {X%’(lc,l) iill(xaxw, k =

1,2, 72n[R2—1(X;5(2)].
Encoding Procedure:

(a) Given X", encoder 1 finds, in each codebook i, a
codeword X{‘(i,j;‘) such that X{L(i,ji*) is jointly
typical with X", i =1,2,--. 2"~ 1(GX0] gy
coder 1 then forms a new codebook with these
2n B —I(X X1 gelected codewords. Similarly en-
coder 2 finds, in each codebook k, a code-
word X3 (k,1}) such that X3 (k,1}) is jointly typ-



ical with X™, i = 1,2,... 2nRe—I(X:X2)] gy
coder 2 then forms a new codebook with these
gl —I(XiX2)] gelected codewords.

(b) In these two newly-formed codebooks, encoder
1 and encoder 2 find codewords Xl( * g
and X3 (k*,l;-) such that X", X7'(i",j;) and
X3 (k*,l;+) are jointly typical.

Indices i* and jjx are transmitted to the decoder

through channel 1. Indices k* and I}« are transmitted
to the decoder through channel 2.

The second stage of this scheme is similar to that of the

joint encoding scheme, except that the size of its search

space is 2”[31+R2—I(X;X1)—I(X;X2)] — 2711(5(1;5(2|X>

while the size of the search space for the joint encoding

scheme is 27(R1+R2) — onll(X:X1,X2)+1(X1:X2)] | Byt this

reduction in the size of the search space is at the cost
of introducing an additional encoding stage—the first
stage.

. Quantization Splitting: We need the following result
before presenting the coding scheme.

Lemma 1. For any rate pair (R1, Rz) on the don}immt
face of the SEGC region, we can find X35 with (X, X1) —
Xo — X such that

Rl = [(X7XéaX1)7
Ry = I(X, X))+ I(X,X;Xs|X)),

Symmetrically, we can find X! with (X, Xg) - X1 —
X such that

Ri = I(X,X7)+I(X, X2 X1|X1),
Ry = I(X,X1;X»).

Proof. We shall only prove the first form, the other one
follows by symmetry.

If we let X% = constant, then
Ry =I(X;X1), Ro=I(X,X1;X>),

which corresponds to Vertex 1.
If we let Xé = Xz, then

Ry =I(X,X2;X1), Rao=I(X,X),

which corresponds to Vertex 2.

Clearly, we can construct a class of transition probabil-
ities P.(ih|22) indexed by € such that I(X; X5) changes
continuously from 0 to I(X; Xg) as € changes from 0 to
1. Now we only need to verify

R1+R2:I(X;X1,X2)+I(X1;X2).
It follows that
Ri1 + Ro
= I(X, Xy X)) +1
= I(X, Xy X)) +1
+I(X1; X2| X, X3)
= I(X, X2, X5 X1) + I(X; Xo, X3).

) (X7X1§X2|X§)

(X5 X2) +
(X X2) + 1(X; Xa| X3)

Since (X, X1) — Xo — X3, we have

I(X, X5, X33 X1) + I(X; X5, X3)

= I(X,Xz;)ﬁ) +I(X;X2)
(

(

I(X, X1) 4 I(X; X2) + I(X1; Xa| X)
= I(X; X1, Xo) 4+ I(X1; Xa),

which completes the proof. O

Now we are ready to state the coding scheme based on
the quantization splitting.

We will only discuss the first representation, i.e.,

Rl = I(X7Xé7)21)7
Ry = I(X,X})+I(X,X; X2|X)).
Encoder 1 independently generates gnd (X, X5:X1)

nI(X,X5:X1) . .
words {X7(i)}2, ~° according to the marginal

distribution P(%1). Encoder 2 independently gen-

X! Aon o, nI(X:X')
erates 2" (Xi%2) codewords {X} (j)}3=, ° accord-

ing to the marginal distribution P(25). For each

code-

codeword Xén( j), encoder 2 independently generates

2nI(X,X1;X2\Xé) codewords {X2 (]7 ) 2nI(X X1;Xo|X5)
according to the marginal condltlonal dlstribution
P(#2]#3).

Encoding Procedure: Given X™, encoder 2 finds the
codeword Xén(j*) such that X™ and Xén(j*) are jointly
typical. Then encoder 1 finds the codeword X7 (i*) such
that X7 (i*) is jointly typical with X™ and Xén(j*)
Finally, encoder 2 finds the codeword X7 (;*,k*) such
that X5 (j*,k") is jointly typical with X, X{L(z*) and
Xén(j*). Index " is transmitted to the decoder through
channel 1. Indices j* and k* are transmitted to the
decoder through channel 2.

This approach is a natural generalization of the suc-
cessive encoding scheme for the vertices of the SEGC
region.

We can view Xé as a coarse description of X and view
XQ as a fine description of X. The idea of introducing
an auxiliary coarse description to convert a joint coding
scheme to a successive coding scheme has been widely
used in the distributed source coding problem [17,18].

III. GAUSSIAN CASE

In the preceding section, we gave an information theoretic
analysis of the SEGC region. We shall apply those general
results to the quadratic Gaussian case. As we will see, those
general results possess particularly simple interpretations in
the Gaussian case.

Let {X(¢)}{2; be an i.i.d. Gaussian process with X (t) ~
N(0,0%) for all t. Let d(-,-) be the squared distortion mea-
sure. It was shown in [1,2] that (R1, Rz, D1,D2,D3) € Q if
and only if

2

1
i > 1 B .:1727
R, > 5 og — D 7
1 O'X
Ri+ Ry > 51 D_ + = 10g¢(D1,D27D3)



where

w(D17D27D3)
1, Ds < D1+ Dy — 0%
o% D 1 1 L\ !
= Dby Ds > (g;+5; ~ 7% )
(0% —Dy)* o.w.

(6% —D3)2—[y/(6% —D1)(¢% —D2)—+/(D1—D3)(D2—D3)]2’

The case D3 < D; + Dy — 0% and the case D3z >
(1/D1+1/D271/0§()_1 are degenerated. It is easy to
verify that for any (Ri,R2,Di,D2,D3) € Q with D3 <
Dy + Dy — 0%, we can find D} < Dy, D; < Dy
such that (Ri,R2,Di,D5,D3) € Q and D3 = Dj +
D; — o%. Similarly, for any (Ri,R2,D1,D2,D3) €
O with D3 > (1/D1+1/D2—1/a§()_1, we can find
Dy = (1/Di+1/D2—1/0%)"" < Ds; such that
(Rl,Rz,Dl,Dg,Dg) € Q

An alternative way is to write the rate-distortion region
in the D — R form instead of the R — D form. That is,
(R17R27D17D27D3) (= Q if and only if

D; > o%272M =12,

2 9—(R1+R2)
ox2
D3 >

T 1- VI- VAR

where II = (1 — D1/0o%)(1 — Da/o%), A = Di1Ds/o% —
2 2(B1+R2) and |z|T = max(z,0). Again, the case VII —
VA <0 (ie., 0% + oko 2 tR)  poy D5) is degener-
ated since we can find D} < D; and D3 < Ds such that
0% 4+ 0%272FtE) — p¥ 4 Df and Df > 0%27 2% i =1,2.

Henceforth  we  shall only consider the case
(1/D1+1/D2 —1/0%)"" > D3 > Di + Dy — 0%. Only
in this subregion, D;,Ds and Ds are all effective. Let

U=X —|—T0 —|—T1, W=X —|—TO —|—T2, Where (Tl,TQ), TO, X
are zero-mean, jointly Gaussian and independent, and the
covariance matrix of (7o, 71,7%) is

o, 0 0
CT = O 0’%1 —0T1T,0Ty
0 —onom, 0%2
Let
X = E(X|U) = LU
b "ok 4o}, o,
2
A O'X
X, = EX|W)=
2= B = W,
X3 = E(X‘Xl,Xg) :OéX1+,3X2,
where
or, (0% + o, +ot,)
@ 2 2\’
(o1, +om,)(0% + GTO)
/3 — UTI (Jg{ Jr 0—%0 + 0%2)

(o1 +o1,)(0% + U%O) .

By setting E(X — XZ)Q =D;,1=1,2,3, we get

2
o2 = Dsok
To 2 ’
O'X—D3
2 2
02 _ DiUX _ D30’X i_12
Ti = 52 D, o2 —D3’ o
X i P 3

Now it is easy to verify that

1 ai .
=1 =1,2
20g 1 ) 7

I(X; X)) = D

and
I(X;Xl,Xz)—f—I(Xl;Xz)
1. ox 1
= 2log Ds + 210g1/)(D17D27D3).

Hence for the quadratic Gaussian case, the SEGC region is
the same as the EGC region and there is no need to introduce
X (more precisely, X3 can be represented as a deterministic
function of X; and Xg)

Now we proceed to study the coding scheme for Vi of the
SEGC region. Firstly, we can compute that

E(X2|X, X1) = a1 X + a2 X1,
E(E(X2|X, X1)|X2) = az X2,
var(E(X2| X, X1)|X>)

(07, —or,0m,)°

2 2
01, T 07,

4
Ox 2
= Ox +
2 2 2 \2
(0% + or, T UTQ)

2
_ 0'31( [0‘3(0'%1 + 0'3(0'%0 + (0’%0 — 0T 0T, )2]

(0%, +07,)* (0% + 0%, +07,)°

)

where
a - O%((U%l +oror,)
b (0% +0F, + o) (0%, +oh)
ay = (0%0 —oT O'TZ)(O%( + 0'%0 + U%l)
(0% + o3, + 0B + %)
0 — ag(a%l + 0'3(0'%0 + Uf}O - 20%0 or,oT, + 0%1 0%2 A

(0%, + 0% ) (0% + 0%, +07,)
For Vertex 1, we have

R = I(X;Xy),
Ry = I(X,X1;X)

= I(E(X:|X, X1); X2)

= I(B(X2|X, X1); B(E(X2| X, X1)|X2)),
where the third equality follows from the fact that (X, X)) —
E(X2|X,X1) — X2 form a Markov chain. Actually the above
equations imply® that encoder 2, instead of generating a code-
book that covers the (X:, X1)-space, just needs a codebook
that covers the E(X3|X, X1)-space, which is considerably sim-
pler. The system diagram of the above coding scheme is shown
in Fig. 2.

Now we shall study an arbitrary rate pair on the domi-
nant face of the SEGC region. Here we adopt the successive
encoding scheme based on the quantization splitting method.

Let V.= W + T3 with T3 ~ /\/’(0,0%) independent of ev-
erything else. Let

2

5 g

Xy = MXWU:U§+U%;;%+U%M
AX = X -—E(X|X)) =X - X},
AX, = Xi—E(X X)) =X, — b X3,
AXy, = X, —E(X3|X}) =X, — X5

3For a more rigorous justification, one can invoke the Markov
lemma [19].



where

2 2
b 5 ox + 01, — 01,01,
= 1= 2 2 3
ox top, +op,
2/ 2 2
b ox(or, + o1, + 01 01,)
2 - ’

(0% + 0%, +07,)(0F, + 07, +07,)

(0—%0 - UTI O—TZ)(O—gf + 0—%0 + 0%2 + 0—%3)

b3 = )
(0% + 03, + 3%, + 5, +0%)
b _ O'g( (U%O + 0%2 + 0%3) + (0%0 B UTl UTQ)Z
Figure 2: Quantization scheme for V;. 4= (0% + 02, + 02 )(0F, + 0%, +02)
b E(AXAX,)E(AX))? — E(AX;AX,)E(AXAX,)
5 = ~ A b)
Note: AX, AXl and AXQ are independent of Xé E(AX)?E(AX:)? — (E(AXAXY))?
We can compute that be — E(AX1AXS)E(AX)? —E(AXAX)E(AXAX?)
R R R E(AX)2E(AX,)? — (E(AXAX,))?
E(X1]X, X3) = b2X +b3X5, b 1
EE(X1|X, X2)[X1) = biXy, T T E(AX)2E(AX))?E(AX2)? — (E(AXAX)))2E(AX2)?
E(AX|AX, AXy) = bsAX 4 b AKX, x ((B(AXAX)PE(AX) + (B(AX1 AX,)) E(AX)?
E(E(AX|AX,AX))AX:) = brAXs, ) ) o
—2E(AXAX1)E(AXAXZ)E(AXlAX2)> ,
and
and
., ,  ox(ck 403 +o7F) 2 (02 + 02, +02)
var(X|X2) = ]E(AX) = 0 2 3 s E(AX)2 — x0Ty o, oy
ok +o%, +0%, + 07, ok +or, torg, tog,’
o \2 ok
E(AXY)" = 5
. PR ox tor, +op
var(E(X1]|X, X3)|X1) 40 2 2 2
4 (02, — oz 0m,)? ox(ox + o7, —orom,)
_ 0Xx 2 Ty — 0T10T, - 02 + 02 + 02 )2(02 + 02, + 02 + 02 )’
o U%O T 0%1)2 ox + —U%o T 0%2 T 0%3 (0% 4TO )2 (0% Ty . Ty %)
4 2/ 2 2 2 2 272 E(AXQ)Q = ox - Ix ,
_ox [ox(oT, + 0T, +07,) + (07, — o1,01,)°] ox +oy, toy, ok +oq, +og, +or,
(0%, + 0%, + B2 A o, TR A ;
0 2 3 0 1 ]E(AXAXl) _ . 0'2)( .
ox + 9T, +or,
5 S VA% ox (0% + 0%, — o 0m,)
var(IE(AX2|AX, AX1)|AX2) — ) 3 ) ) ) 5 3 s
1 (C’X"'UTO +UT1)(JX +og, +or, +”T3)
= 5 N 2 5 031( 031(
2 2 _ 2 E(AXAX. = - )
(E(AX) E(AX1)? — (E(AXAX)) ) ( 2) ox +oz, oy, ok +og +og, +or,
x [IE(AX)2 (IE(AXAXQ)IE(AXI)Q L ok (0% + 0%, — or0m,)
E(AX:AX,) = 2 2 2 2 2 2
P 5 ) 2 (0% + 0%, + 01, )(0% + o3, +01,)
~E(AX AX)E(AXAKY)) Lo
B ox(ox + 0%, — o 01,)
+E(AX)? (IE(AXIAXQ)E(AX)Q (0% + 03, +07)(0% +0F +0F, +o7,)
. N2
fE(AXAXl)E(AXAX2)> By Lemma 1, we have
p— % /. %
TRE(AXAK)) (E(AXAK)B(AK))? R = I(X, X5 X0)
o i = I(E(X1]X, X3); X1)
—]E(AX1AX2)E(AXAX1)) —  I(E(XLIX, X0); EEXL|X, X5)1X0)),
L B , Y
% (E(AXIAXZ)E(AX)Q RQ = I(X )fg)-f'I(X X17X2|X2)
) ) = I(X; X))+ I(AX,AXy; AX,|X))
~E(AXAK)E(AXAX:)) = I(X;X3) + I(AX,AX1; AX)
B 1 = I(X; X))+ I(E(AX5|AX,AX)); AX>)
. N 2 A . . . .
(E(AX)ZE(AX1)2 - (E(AXAXl))2> E(AX>)? = I(E(AX2|AX, AX:); E(E(AX2]AX, AX1)|AXY))
+I(X; X3).

x ((E(AXAXQ))QE(AXQQ + (BE(AX1AX))2E(AX)>
A . e We have used the fact that (X, X3) — IE()?HX,XQ) - X
—2E(AXAXDE(AXAL)E(AXAK,)) and (AX,AX)) — E(AX2|AX, AX)) — AXo.



The system diagram of the above scheme is shown in Fig.

3.
—()= Xy
éé bg bl
Xn X
D 4\ é AXP = Xgl
-1 bvg, <bs  b;' 5»&
7 \—b AX™ z %m%ﬁ% Xn

Figure 3: Quantization scheme for an arbitrary rate pair.

IV. CONCLUSION

Although we have adopted an information theoretic approach,
all of our results can be interpreted from the perspective of
lattice quantization [20-23]. A more systematic approach
based on the connection between the Gram-Schmidt orthogo-
nalization and sequential (dithered) quantization can be found
n [24].
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