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Gaussian Robust Sequential and Predictive Coding

Lin Song, Jun Chen, Member, IEEE, Jia Wang, and Tie Liu

Abstract—We introduce two new source coding problems:
robust sequential coding and robust predictive coding. For the
Gauss—Markov source model with the mean squared error distor-
tion measure, we characterize certain supporting hyperplanes of
the rate region of these two coding problems. Our investigation
also reveals an information-theoretic minimax theorem and the
associated extremal inequalities.

Index Terms—Extremal inequality, Gauss—Markov source, min-
imax theorem, predictive coding, saddle point, sequential coding.

I. INTRODUCTION

HE sequential coding problem was first introduced by

Viswanathan and Berger in [1] (see also [2] for a closely
related problem). Due to its potential relevance to video coding
applications, this problem has received renewed interests in re-
cent years [3], [4]. In a sequential coding system, L sources
Xi,..., X, each representing a video frame, are encoded and
decoded in a causal manner, where Encoder ¢ has access to
Xy,...,X;, 0 = 1,..., L, and the decoder reconstructs X;
based on the outputs from the first ¢ encoders, ¢« = 1,..., L.
If Encoder ¢ is only allowed to have access to .X; as well as the
outputs from the first ¢ — 1 encoders (if 7 > 2), then the resulting
problem is known as predictive coding. It is shown in [5] that
the rate regions of these two coding problems are identical if
X1 & X9 < -+ & X form a Markov chain.! Note that this
Markov chain condition is trivially satisfied when L = 2.

The existing coding schemes for sequential coding and pre-
dictive coding rely critically on the assumption that the decoder
has access to the first ; encoded frames (i.e., the outputs from the
first ¢ encoders) when reconstructing the ith frame (i.e., X;). As
a consequence, these schemes are vulnerable to the loss of en-
coded frames at the decoder end. Motivated by this observation,
we introduce a robust version of these two coding problems.
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IThis result is also implied by [2, Th. 1].

Specifically, we require that the reconstruction of the sth frame
has to meet a certain fidelity constraint even when the decoder
only has access to the output from the sth encoder. This formula-
tion is also applicable to the scenario where the encoded frames
are to be decoded by two types of decoders: one has the capa-
bility of using multiple encoded frames to reconstruct a target
frame, while the other can only perform the reconstruction op-
eration based on a single encoded frame (due to storage or com-
plexity constraints).

The remainder of this paper is organized as follows. We state
our main results in Section II; these results provide a partial
characterization of the rate region of robust sequential coding
and robust predictive coding for the Gauss—Markov source
model under the mean squared error distortion constraint.
The proofs of these results are given in Sections III-V. It is
shown in Section VI that our main results can be viewed as a
manifestation of an information-theoretic minimax theorem.
Section VII contains an explicit characterization of the min-
imum sum rate for a special class of sources and distortion
constraints. We provide a detailed discussion of the proposed
robust predictive coding scheme in Section VIII and conclude
this paper in Section IX.

For any random object W and 1 x n random vector X™, we
define 6%, = LE[X"(X™)T] and Txnw = Oxn_E[xn|w]-
Throughout this paper, the logarithm function is to base e.

II. MAIN RESULTS

Consider L sources Xi,...,Xz with joint distribution
p(z1,...,wp). Let {(Xyj,...,Xr;)}32; be iid. copies of
(X1,...,X1). Letw; : &; % X, — [0,00) be a distortion
measure, where X; and X; are, respectively, the source alphabet
(of X;) and reconstruction alphabet,? = 1,..., L.

Definition 1: A rate vector Ré(Rl, ..., Rr) is said to be
achievable with a sequential coding system subject to hierar-

. ) ) . =A Do .
chical distortion constraint d=(d, ..., dr) and individual dis-

. .= . .
tortion constraint 6=(éa, ..., dr) if for every € > 0, there exist

encoding functions fi(”) AT X X XA = Cii=1,.... L,

and decoding functions gf") 201X ~><C1;v — X" i=1,....L,

and fh(") G — 23{", i = 2,..., L, such that

1
—log|Ci| < Rj+e€, i=1,...,L
n

1 « .

[E[— ,,-X,--.X,--]<d.,- L i=1,....L (1
2 Ly K] e i=1 M)
1 « .

[E[— iX,.Xi,-}<6i L i=2,...,L
22X K] <t @

where X* = ¢"(Cy,....C;),i = 1,...,L, and X" =
i), i

L, with € = fM(Xr, Xm0 =

(3
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Fig. 1. Robust sequential coding with hierarchical and individual distortion constraints.

1,..., L. The rate region Rs(d, &) is the set of all the rate vec-
tors achievable with a sequential coding system subject to hi-
erarchical distortion constraint d and individual distortion con-
straint §.

A system diagram of robust sequential coding with hier-
archical and individual distortion constraints can be found in
Fig. 1.

Definition 2: A rate vector Ré(Rl, ..., Rr) is said to be
achievable with a predictive coding system subject to hierar-
chical distortion constraint Eé(dl, ...,dr) and individual dis-
tortion constraint Eé(éz, ..., 6p) if for every € > 0, there exist
encoding functions fl(") : AP — Cy and ff"> $CL X e %
Ci 1 X X = C;,i =2,...,L, and decoding functions ,§,§'L> :
Cr X xC — Xri=1,... Ladg" : ¢ — X7,
i = 2,..., L, such that

1
—log|Ci| < Ri4+e i=1,....L
n

1 T - )
1 — N
|E|:— i 17 i i| < ; "y ’::K7. B
nzw (Xij, Xij)| < 8i+e, i=2 L (4
j=1
where X* = g"(Cy,....C), i = 1,....L, and

Xr = "y, i = 2, . L,with ¢y = f"(X7) and
C; = f,L-("S(C’l7 oo, €1, X™M), 4 = 2,..., L. The rate region
Rp(d, ) is the set of all the rate vectors achievable with a
predictive coding system subject to hierarchical distortion
constraint d and individual distortion constraint §.

A system diagram of robust predictive coding with hierar-
chical and individual distortion constraints can be found in
Fig. 2.

In this study, we focus on the special case where X; < X, <

-+ X7 form a Gauss—Markov chain. With no essential loss
of generality, we assume X; 1 = X; + A;,i=1,...,L -1,
where X1, A1, ..., Ar_; are mutually independent zero-mean
Gaussian random variables with 0% > 0 and 03 > 0,4 =
1,...,L — 1. Furthermore, we use the mean squared error as
the distortion measure, i.e., w;(w;,%;) = (x; — #;)? for all
z; € Rand z; € R,7 = 1,..., L. Note that in this setting,
there is no loss of optimality in assuming gjgn) (C1,...,C) =
E[X!Cy....,C,i = 1,...,L, and §(C;) = E[XP|C]],
i =2,...,L. As aconsequence, (1) and (3) can be rewritten as

i=1,..., L
For the same reason, (2) and (4) can be rewritten as
0%, SOite i=2,...,L

2
Oxnioy,..0 S dit e

IRERES )

Without loss of generality, we assume 0 < d; < ”i’i’ 1=
1,...,L,and0 < ; < 0% ,i=2,...,L.Since both Rg(d, )
and R p(d, ) are closed convex sets, it suffices to characterize
their supporting hyperplanes, i.e., to solve the following opti-
mization problems:
nR

EET and inf

ReRp(d,5)

inf
RcRs(d,6)
where 77 = (pi1,. .., pur) with g > 0,4 =1,..., L. In view of
the fact that Rp(d, d) C Rs(d, ), we must have

ERT < inf HET.
ReRp(d.5)

_inf
RERs(d,5)

)
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Fig. 2. Robust predictive coding with hierarchical and individual distortion constraints.

To state the main results of this paper, we need to define the
following function:

_ i 'U—L log ( Ui—i (’Y.[‘_l + 0-/237'—1)
i 2 ((‘71%(1- =0 )1+ aiH) + aizei,l)
(0%, —0i-1)vi + 0% 0i-1) ) I (‘7?\'1)

: +—1lo
(0%, = 0i-1)6 + 0% 0i 1) 5 08

4!

where ¥ = (v1,...,vz) and @ = (01,...,0 _1). Furthermore,

let
r(f, d, 6)
B aie(o,oiifsgzl,...,/:q ﬁf'le[(]-,d{'l]lzifgla--wll V7. 0.6)
k(7. d, 6) B
- ﬁ,r,ie((),digl,le,...,L aie[o,af;lfllﬁ?{ 1, L—1 (7.7, 6,6)
Theorem 1: For o with p11 > >ur >0

_inf ﬁFT > k(7. d, 6).
RER 5(d,8)

Theorem 2: For px with u; > 0,2 =1,...,L,

_inf ﬁRT < k(B d, 6).
RERp(d,5)

Theorem 3: For g with iy > --- > pup > 0

K1 (ﬁ/ E: 5) = Ry (l_tv Es 3)

The proofs of Theorems 1-3 are given in Sections I1I-V, re-
spectively. These theorems together with (5) lead to the fol-
lowing result, which provides a characterization of certain sup-
porting hyperplanes of Rs(d, ) and Rp(d,$); in particular,
setting ;19 = -+ = pz = 1 gives the minimum sum rate of
these two rate regions.

Theorem 4: For g with u; > -+ > up > 0

. _5T . T — 5 7 — 5 F
_inf mR = inf  pR =r(5d,8) = kB, d,95).
ReRs(d,8) RERp(d,5)

For the special case L = 2, one can verify that (7, d, 6)
and (7, d, d) have the following explicit expression (when
p1 > e > 0):

2 2
Ixy Iz ditoy
dl*)-l——;log( 5 1),
dy < dy + 03, + 62 — 0%,

5

dy > ((di+ 0% ) L+, —ogh)?

3 (ditoi, )0k, —d2)
I 5 2
—df) + 5 log (dz((@*52>27(erez>2>)’

L otherwise
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where

o1 = (0}, —di — 03,)(0%, — &)
02 = \/(dl +02Al — dz)((sg — dz)

Our formulation of robust sequential coding and predictive
coding is partly inspired by the classic multiple description
problem (see, e.g., [6] and [7]). In fact, the problem treated
in [7] can be viewed as a degenerate case of our setting with
0X, = 0,i =1,....,L — 1.1t will be seen that such a con-
nection allows us to leverage the techniques developed for the
multiple description problem and, albeit somewhat implicitly,
provides conceptual guidelines for our analysis. However, a
straightforward application of the existing techniques turns out
to be insufficient for handling these new problems. Indeed, we
need to establish a new extremal inequality for the converse
argument (see Section III); the achievability scheme (see
Section IV) and the saddle point analysis (see Section V) are
also more delicate than their counterparts in [7]. Moreover, the
new coding problems possess certain features not found in the
multiple description problem; for example, the special case
studied in Section VII has no natural counterpart in multiple
description coding. Finally and most importantly, the analysis
of the new coding problems enables us to extract an informa-
tion-theoretic minimax theorem which is of interest in its own
right (see Section VI).

III. PROOF OF THEOREM 1

The following extremal inequality is the main technical in-
gredient in the proof of Theorem 1. It can be viewed as a gen-
eralization of [7, Lemma 1]. The proof'is given in Appendix A.

Theorem 5: Let N]' be a zero-mean Gaussian random
vector with 1.i.d. entries of positive variance J?\ri ,t=1,2,3,
where a?w < 0'?\73. Let 11, v2, p1, p2, and d be arbitrary real
numbers satisfying #1 > 12 > 0 and d > 0. Then, for any
random vector S” and random object W, jointly independent
of (N7, N3, NI'), such that o2, w < d,

v (h(py " + NP W) = h(S™|W))
— ua(h(p2S" + NFIW) — h(paS™ + N3 W)

(p%7+-0%1)__ggg(p§7+-ﬂ%3)
2 p%’y—l—a%\yz '

mn
> min — lo
~€[0,d]

Now we proceed to prove Theorem 1. The proof relies on
Theorem 5 as well as the techniques developed in [7]-[9]. Given
R € Rs(d, ), it suffices to show that

I R
R > i .5,6,0 6
a - me[o,d{-r}l,lin:1,...,l,l/(u v ) ©)
fﬂﬂﬁw%ﬂéﬂh@ﬁ&i:L“wL—L
By Definition 1, for every ¢ > 0, there exist L encoding

functions £ : RiX™ — C;,i = 1,..., L, such that
log|C;| <R, +¢, i=1,...,L
X0, <d;+e¢ i=1,....L
(T\'rr‘(“v S6L+F 1227.. 7Ij
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,XM),i=1,..., L. One can readily

T

where C; = fi(")(Xf”ﬂ e
verify that

L
H1 1
> =X C —I(Ch,..., Ci 1, X C
> (X1 1)+§n (Cr...., " Ci)
17 - 1
1 i
= —=J(X7;C —{I(Ch,...,Ci_1;C;
(X 1)+§n(( 1, 1;C4)
+ (X Cy, ., C) = I(XCrL 0 Cimn)) (D)
Let Z* be a zero-mean Gaussian random vector with i.i.d. en-
tries of positive variance ”%n ¢ = 1,...,L — 1; moreover,

we assume 7 is independent of (X' {,C1,...,Cit1), 1 =

1,...,L — 1. Note that

I(Cy,...,Ci1:Cy)

=I(X'+ 72" ;0 Ci) F (XD + 205 C))
+I(Ch,...,Cio; G X+ 2 4)
—I(X+Z 1 Ch, Ch)

>IHXI+ 720 :C, . Co)+ (X + 70 150))
—I(X'+Z ;C,. .., C)), i=2,..., L. ®)
Continuing from (7)
L
> nilRi+e)
i=1
>ﬂjmbol+zf“ (X2 + 20 50, Ci1)
n 7

=2
+I(X+ 72, C) - I(X+ 721 Ch, ..., Ch)
+ I(X]; Cl....,C) X C,. .., Cis) )
= BLrxy o0 - B o) - 100+ 23501)

L-1
i -
(X" C,. ..,
+§(M< s G)
(X4 Z O, G
_”:%(Xﬂhﬁh“wQ

—I(XP L+ 28
)

7

L
i
_I X’L Z’L (‘4
+Z: . ( 1:Ci)
0 o3 7
2 X. 1
—1wQ——Lf)——ﬁ
2 08 O'g(z —0—0%1 0
1) = h(
-1

i 0%
+2 (Fle (50 )
— 2 & (I‘%{i +02_1

1=

= Mz—l log(2mea%,) —

- s+ 2y
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2
_ Hin

lo ( X )
2 % 0%y TG

+ B (X + 22,101, C) = WG C)

Hit1 nly
- T-Li_ (h(X+1+Z |CC7)

— (X7 [C, c,;)))
J?XL )
0%, to%,

C,

+ —10 (
UL 1)

+ (WX + 21
L "

+ Z (?Z 10g(27re(¢7‘2\3., + O’%,’,fl))

ML 1 Cz‘))

— —h(XZ-" + 7"
where (9) is due to (8). Note that

(10)

— (XTICY) — (XS + Z7ICh) — H(XEIC)
= —ph(XT|C1) — pa(R(XT + AT + Z7'|Ch)

— (X7 + A7[CL))

—mn log(2me(dy + ¢€))

\/

o di +e+oi +02
_@log( 1 Ay Zl) (11)

2 d1+6+031

= min
Y1 €[0,d1+¢]

L. (% + 034, +U§1>
2 Y1 —I—ail

7131/” log(2mey1)
(12)

where (11) follows from Lemma 9 in Appendix A. Moreover,
we have

wil (X + 20 1|C, ., Cy) — h(X T Ch, ...
— prip1(R(X] 1 + Z”|CL G
— WMX7,4|Ch, ..., C))
= (WX + 2 1|Ch, ..., C)) —
— i1 (WX + A+ Z2|Cy, . L C))
— (X! + A}|Ch,...,C)
2
> min pin log (%)
Vi €[0.d; +e] Vi

i + 03, + 0 .
_ Hip1n log (% A; Z; ) i=2
2 fyL-l—UA

) Ot))

h(X"|Cy, ..., Ch)

(13)

where (13) follows from Theorem 5. Note that

h(Xz—I—ZL 1|01,...,(/L)—h,(XE|Cl,..../
; di + ¢+ o2
> ﬁlog (—L ZL’l)
- dr, +¢

2
n YL +‘7%L_1
—log (—)
YL

Cr)

(14)

= min
1, €[0,d 1, +e€]

(15
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where (14) is due to Lemma 8 in Appendix A. In view of Lemma

7 in Appendix A and the fact that 0%, 7« |0, = %o, +
0y < bi+e+oy ,wehave

— BT+ 210

> fglog(%re(&t +e+oy ), i=2,...,L. (16)

Substituting (12), (13), (15), (16) into (10) yields

L
Z (R +€)
i=1
, 0'2'
> min ) log ( X )
[() di+el,i=1,...L 2 Y1
(c% +0% )vi-1+0a,_ )vi+oz )

.UL
+ .
Z ’yl*l + JAi—l + U%i—L)(éi’ tet 0'%{71)’}/1'

(17)
Replacing (T%i with (91- — UX?H) Li=1,...,L—1,in(17)
gives
L
;m(m Tz o min o 9(FE7,80,6)
where 59 = (83+e¢, ..., 61 +¢). Note that there is a one- to -one

correspondence between 03 € (0,00) and 6; € (0,0%, )

i=1,...,L —1.Lety{*») be a minimizer to

min

.7, ()
i €[0,di4€m],i=1,..., Lq‘/}(“’fy )

where €,,, > 0, and ¢,,, tends to zero as mn — oc. Without loss
of generality, we assume that v{¢») converges to some v* as
m — oo (otherwise, one can take a converging subsequence of

~lem) m > 1). We have

L

lim Z// (Ri + €m)

m—oc
i=1

2 hHl ’l‘/)(/L"‘y(em)’(s(Em)ﬂg)
= (7. 7", 6,0)
> min ‘

v;€[0,d;],i=1,....L

R =

This completes the proof of (6).

IV. PROOF OF THEOREM 2
It suffices to prove that

inf ,LLR <
ReRp(d,5)

V(. 7,6,9)

max
g:€[0,0%  l4=1,.,L-1
Xit1

(18)

for all 7 withy; € (0,d;),i=1,...,L.
The maximization problem in (18) can be decomposed into
(O-A%('H»l — 9i)’yi+1 + O'%(—er f;
A(0%,,, —0)(vi+0k,) + 0%, 0)
1
— 9{)(5{4’_1 + U§(;+10i)

maXx
9;6[0,ozxi+

X

i=1,...,
(%, ’ ’
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The maximizers to (19) are characterized by the following result
[7, Lemma 2].
Lemma 1: Fori =1,...,L — 1, define

1 n 1 1 )*1
Yi+ox b 0%, /]

<& —
Yit+1 = (

* 2 C 2
Yig1 = Vit oA, T iy —ox, -

1) If max{y; + 03X, 8iy1} < U?Yi+1 ,then 7%, > 77, and
the maximizers to (19) are given by

0, Yit1 2 Vi1
0: =< 0x.pr Vi1 SV41, i=1,....L—-1 (20)
f;, otherwise
where
4

2 2 2
( 0%, (Vi +0R,) X, Yit1 )

0; 2 2 2

Xy — T 7 04 Oxiy — il
2 . 2 .
« ( O-)(iilé"l,-‘rl _ UXiH'V%-i-l )
2 ¥ 2 .
O-){iJrl - (sz+l O'}(W-Jrl — Yi+1
2 N
OXip Vit

Jgfwrl — Vet
is the unique solution to the following equation:

2
Ox.. ,Yi+1 .\ 1
X,qq et

(702 — +97:)
Xy — Yik

. Ug(iﬂ(%"'(fii) 4. -1
- 2 _7i_aii + 0

9 i
( TX,_y biy1

(TX,:+1

5 -
0%, — dir1

-1

+ 92')
for 6; € (O,J‘ZYM), ¢ = 1,...,L — 1. The maximizers
f;,t = 1,...,L — 1, given in (20) are monotonically
increasing continuous functions of +; and monotonically
decreasing continuous functions of +y; 41 ; furthermore, the

. . . . 2

monotonicity 1§ strict when 6; Ae (0, 5o ).

2) i max{y + 04,641} = 0%, then 79y, = 7y =
min{vy; + aiz ,6i+1} and the maximizers to (19) are given

0, Vi1 > min{y; + 03X, 6iy1}
f; = ff?x;q.H? Yiy1 < min{y; + 03, 6iy1}
any number in [0,0% ], otherwise
il

i=1,...,L—1. 1)

The proof of the following lemma is essentially the same as
that of [7, Lemma 3] and thus is omitted.

Lemma 2: There exist V2(v,, . .., 7 ) and T2 ..., %)
with

0<~ <7, i=1,....L

O<6£§61/ i=2,...,L

'Y,H-Ui + 6,4 _‘7‘2&71

< o <( 1 1 1 )*1
= 71-{-1 = ,y’/_I_O_QAz 6;_,’_1 0?Y2+1 i

i=1,...,L—1
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such that
max (i, v, 8, 0)
aze[o,agﬂ 1],1’:1....,L71
< max (72,7, 6,0)

The following lemma provides an inner bound of R p(d, 6).
A sketch of the proof is given in Appendix B.
Lemma 3: Let (Uy,...,Ur) be jointly Gaussian with
(X1,...,XL) such that
) (X9,...,X1) « X3 « U form a Markov chain, and
(Xj)j=i < (Xi,Ur,...,Ui_1) < U; form a Markov
chain,: = 1,..., L,
2) ‘742‘(,,|U1,A.A,U1 <d;,i =1,...,L, and O-%(i“]i < b;,1 =

Then, R € R p(d, §) for any R satisfying
Ry > I(Xy;Uy),
R; > I(X;,Uy,....U; 13 Uy),

i=2,....L

For the purpose of proving Theorem 2, it suffices to construct

(U, ..., Upr) satisfying the conditions in Lemma 3 such that
L
pid (X1 Up) + ZMz‘I(«Yia Uy, Ui Us)
i=2
= o T YD) (22)
i ,0Xi+ i=1,..., —
where 7/ and &’ are specified in Lemma 2. Define
0, max{y, + oA, 841} = J?Yl+l
Gi=9q ok, Gk, toVE—) ) .
(ﬂ§i+1+7—i)(a§(i+l+>\i> otherwise
i=1,....L-1 (23)
0, vitod =0k,
a; = (a',"\,i+l+n)m .
@, Fe e rvA ey otherwise
i=1,....L-1 (4
0, (%4»1 = U?Yﬁ+1
b, = (0%,_, PrvTi—s therwi
%t (Ve OHeTWISe
i=1,....L—1 (25
any number in [0, U%Hl],
= max{] + 0%, 81} = 0%,
—¢i)(Ai — <) — ¢, otherwise
i=1,...,L—1 (26)
where
2 / 2
ox. (v + A,
= ;M(Q AQ, =1,...,L—1
J4Y1+L — Y T OA,
2 /
TXits bit1 .
Ap = A H—é’ . di=1,....L—1
X1 41
Ug(, '}// 1

7 ?
%1~ Vit
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We assume E[U;] = 0,5 =1,..., L. Let Uy be jointly Gaussian

with (X1, ..., Xr) such that
E[U7] = E[Xilh] = 0%, — 71
and (Xs,...,X) < Xy < U; form a Markov chain. Now let

U; be jointly Gaussian with (X1,..., Xz, Uy, ..., U;_1) such
that
E[U] = E[X;U;] = 0%,

13

E[U; Uil =&

and ((X;);zi,Ur,...,Ui1) < (X, Ui1) « U; form a
Markov chain, ¢ = 2,..., L, where

U, =U;

[71' :(I,i_lifi_l-i-bi_llfi, i=2,...,L.

It is clear that the covariance matrix of (X;,U;) is positive
semidefinite; moreover, one can readily verify that the co-
variance matrix of (X;,U; 1,U;) is positive semidefinite,
i = 2,...,L. As a consequence, the joint distribution of
(X1,...,X ) and the constructed (Uy, ..., Uyr) (as well as the

induced (U1,...,Up)) is well defined. It can be verified that

Uy = E[X1|U4]

U = E[X;|Uy,.... U] = E[X;|U; 1, U,
E[(X; — U:)%] =+,
E[(X; -U)? =6, i=2,...,L

i=2....,L

Therefore, the constructed (Uy, . . .
in Lemma 3. Note that

, Up) satisfies the conditions

2

1 Ox
I(X1:U,) = = 1 ( 1).
(X13U1) = 5 log o
Moreover, we have
I(Xi,Ul,...,Uifl;U,j)
= I(Xi,ﬁiflglji) (27)
~ Liog ok (i~ oA )
2 B\(0%, 0 )iat ok )+ 0%
0%, — i)+ 0% 0
% ((?X, /L 1)71 ZX,/L 1)/)’ L:Z,/L
(0%, = 0;_1)00 + 0%, 00 1))
(28)
where (27) is due to the fact that (X, Uj,...,U;—1) <

(X5, Ui) < U; form a Markov chain and that U; is a (linear)
function of (Uy,...,U;_1), and (28) is by direct evaluation
(see (26) for the definition of 6,4 = 1,...,L — 1). Now one
can readily prove (22) by invoking Lemma 1. This completes
the proof of Theorem 2.

V. PROOF OF THEOREM 3

Without loss of generality, we assume pq > --- > pur > 0
throughout this proof. Note that the minimization problem

(72.7,6,0)

min
v €[0,d;],i=1,...,L
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can be decomposed into

2
O~
. l‘Ll log ( 4\1>
Y1 €[0,d1] 2 Y1

2
e (
+ g 8 (o

71 -I-(T,QA1 )
?Yz —6)(n + O—QAl) + 03(201
Hifog ((0%‘ =i 1)y + ff?yﬂiq)

(29

min
~:€[0,d;] Yi
2
it Yi + OA
+ log ( . = ),
2 (J§(i+1 - (91-)(’\/1' + O—’ZAL') + 0-42Yi+19i
t=2,...,L—1 (30)
o2 —fr_ +02 05
min 2L 1o (( Xo L X, 7 1). 31)
vy €[0.d L] 2 YL

The minimizers to (29)—(31) are characterized by the following

lemmas. The proofs of Lemmas 4 and 6 are straightforward and

thus omitted. The proof of Lemma 5 is given in Appendix C.
Lemma 4: The minimizer to (29) is given by v = d3.
Lemma 5: Fori = 2,...,L — 1, define

S 2 2
a; = piy1(oy, — Bi-1)ox, b

— nilo%,,, —0)o%, bi (32)
b = (piy1 — m)aizaﬁmamei
- 2ﬂi‘742f‘(i9i71(’2A,- ((7‘2,&+1 —6;) (33)
&G = —pioy,0i 104, (0%, 0A, + 0%, 0:). (34)
The minimizers to (30) are given by
min{4;, d; }, a; >0
¥ =< di, a; £0,0,_1 € (Oﬂggi]
any number in [0,d;], 6,1 =6, =0
i=2,....,L—-1 (35
where
—bi + \/ b2 — 4a;¢;
A = _ . i=2,...,L-1.  (36)
2(11‘
Lemma 6: The minimizer to (31) is given by
o dy, 6y 1€ (0,0'g(r]
= {any number in [0,d;], 6,1 =0. G7)

Now we proceed to prove Theorem 3. The key step is to show
the existence of a saddle point (¥, #*) with the property that
min

W, 7, 0,0%) = 7,7,6, 0%
Y807 = o min - W(7.8,07)

T/J(E, ry_*v 37 H_*) = , max d)(ﬁv v, 57 a)
6f€[0’”§1+1]7’:17"‘7L71

(3%

»(7.7.5.0)|

n=v. 7=y} "

Note that w{y2,...,7,-1) is a continuous function of
(723 CR) '/rnyl)
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w(va,...,vp—1) = x if 4, = 0 for some ¢; moreover, it is
clear from the proof of Theorem 2 that
Ox
w(yay ..., ”yL_1)>—1og( ’), i=2,..., L-1
Vi
Therefore, the minimum of w(vs,...,y,_1) over

(2, yL-1) with v € [0,0% ], i = 2,....L — 1, is
achieved at some (v3,...,vy_;) satisfying v} € (O,U?X—J,

i=2,...,L— l.LetH_*é(Hf ..... 67 ) be a maximizer to

9,€[0.02 Ji=1,..,L—1

where v* = (77, ..., 7}). We shall prove that (v*, #*) satisfies
(38) (note that (39) is automatically satisfied).

In view of Lemmas 4 and 6, and our choice of (7,7} ),
we just need to show that (v5,...,v} _,) satisfies the opti-
mality condition (35) (with §; = 67,i = 1,...,L — 1) in
Lemma 5. Let us assume that (35) is violated by ;. for some
¢*. Note that §%._; and 8. are determined by ~ according
to (20). To stress this dependence, we denote 8. _; and 8% by
0% _1(~%) and 2. (7% ), respectively. It is clear that at least one
of 8% (v ) and 8% (v5) is not zero since otherwise (35) is
satisfied by v . Now, let 4;+ (7% ) be the minimizer determined
by 8% (% ) and 8% (7). ) according to (35). We shall move .
toward ;- (7;+) (and change 67, _ (7% ), 07 (7% ), and - (7% )
correspondingly) while keeping 7 (: # *) and 6 (z # ¢* — 1
and ¢ # @*) fixed. It is shown in Appendix D that ;- (% ) varies
continuously with . if at least one of ¢ _; (/%) and 6. (~})
is not zero. As a consequence, we can keep moving <y until
~Y. = % at which one of the following cases happens:

D AE = e (37);

2) 05 4 (35) = 05 (3) = 0.

Clearly, 77 satisfies (35) with #,- 1 = 8% _,(%%) and 0;- =
07 (4. ). Define v° = (77,...,77) with 72 = 4 and ] =
¥ fori # i*. Moreover, define §° = (45,...,0%) with6%. | =
6% (%), 0% = 65.(F%), and 67 = 6F fori # " — 1 and
i #i*. If6° # 6%, then

(41)

Note that both (40) and (41) contradict with the fact that
(¥5,.-.,7_y) achieves the minimum of w(vz,...,vr_1)
over (vy2,...,vr—1) with v; € [0,0‘%(1_], i = 2,...,.L — 1.
Therefore, (v*,#*) indeed satisfies (38) and thus is a saddle
point.
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Now consider the general case where d; € (0,0% ], 4 =
1,...,L,and 6; € (0,0% ], i = 2,..., L. The preceding ar-
gument shows the existence of (y(¥), §(¥)) such that

i .7, 0. §F)
o i k0, 0)

where pr € (0,1), and p;, tends to one as £ — oo. By taking
a converging subsequence of (y(*), §(%)), k& > 1, with its limit
denoted by (¥, 6*), one can readily verify that (v*, §*) satisfies
(38) and (39).
Let (v*, 0*) be an arbitrary saddle point satisfying (38) and
(39). It can be shown? that
S~ >0,i=1,...,L;
S2) there exists some ¢* such that #7 > 0 for ¢ < ¢* and
6 = 0 fori > i* (we seti* = 1 if all the entries of 6 are
zero, and set i* = L if all the entries of #* are positive).
To complete the proof of Theorem 3, it suffices to show that

w1, .5) < (7, 7,5, 77) @)
ki (7T, d, 8) > (i, 7", 6, 0%) (43)
Clearly
wu(F d, ) < P(7, 0™, 6,60m) (44)
where Wé(ﬁ"‘), ey 'ygn)) (with Wﬂ e (0,dy;),

i =1,...,L)tends to y* as m — oo, and H("™) is a maximizer
to

max
li=1,.,L—1

‘ (71,7, 8,0).
0;¢ [0,0§(l+1
Without loss of generality, we assume that Hm) converges to
some 6° as m — oo (otherwise one can take a converging sub-

sequence of (™), m > 1). Note that

lim (7, ™), 8,00 = (1,77, 8,6°) < (F,~*, 6,0%)
T (45)
where the first equality is due to S1) and the fact that
Y(71.7,6.0), as a function of (7, 4), is continuous at (7, )
if v, > 0 for all :. Combining (44) and (45) proves (42).
Now construct 0(")2(9%"), 65y with 6 € (o, 0% )

i=1,...,L—1,suchthat (") converges to #* asn — oo, and

pivr (0%, — 08 ok 0 — ok, — 0ok 0 <0,
i=i"+1,...,L—1  (46)

where (46) is void if i* > L — 1. Let v(") be the minimizer to

(1,75, 6.0(M).

min
~i€[0,d;],i=1,...,L

2Note that we must have v = dy. If 7 = 0 for some ¢ > 2, then it follows
by (20) and (21) that 8;_, > 0; on the other hand, according to (35) and (37),
we must have #7_, = 0, which leads to a contradiction. In view of (35) and
the fact that v; > 0, we must have 87 = 0 if87_, = 0. One can verify that
¥([, 7,8, 0), as a function of (7, 8), is continuous at (7, §) if v, > 0 for all
7, but not necessarily so if y; = 0 for some 7. It will be seen that S1) and S2)
allow us to circumvent such points of discontinuity.
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A o] o
:(717"'77[,) as
= d,; fori > i*.

It is easy to verify that v{") converges to v°
n — oo, where 77 = ~* for i < +* and v/

Clearly
k(1. d, 8) > lim ¥( )5, LH0)
= (7,5, 57)
> (7, ", 6, 0%)

which proves (43).

VI. MINIMAX THEOREM

We shall show that our main results in Section II can be
viewed as a manifestation of a certain information-theoretic
minimax theorem. It will be seen that this minimax theorem
can be used to explain why there is no loss of optimality in
choosing the auxiliary random vectors Z7'....,Z7_, to be
Gaussian in the proof of Theorem 1.

Let X7, ..., X7 be defined as in Section II. Define

L
® = I(XT W) + D

=2

+ (XM Wi Wh, .. Wit Viiy))

Vi W3)

where (11 > --- > ur > 0. We assume that V; « X{fH
(Wi,...,W;11) form a Markov chain, i = 1,....L — 1. Asa
consequence, in order to determine @, it suffices to specify the
conditional distribution of V; given X/, = 1,..., L — 1,
as well as the conditional distribution of (W7,..., W) given
(X7, ..., X}). Let P denote the set of conditional distributions
(pv, IXps-- > PV 1 |X] ). Moreover, let @ denote the set of con-
ditional distributions of (Wh,..., W) given (X{L, . 443
such that (fX "Wy, < d;, i =1,...,L, O'XW‘W < i,
,L, and X'f|-1 = X' < (W1 ..... , W;) form

j =

a Markov chain i = 1,...,L — 1, where d; € (0, UXJ,
i=1,...,L,and §; € (0, O'X] i=2,....L.
Theorem 6:

sup inf ® = inf sup .
P < e P

The following extremal inequality is needed for the proof of
Theorem 6. Its proof can be found in Appendix E.

Theorem 7: Let N" be a zero-mean Gaussian random
vector with i.i.d. entries of positive variance 0% , ¢ = 1,2,3.
Let d be an arbitrary positive real number. Then, for any
random vector S and random object W, jointly independent
of (N7, N3', NI'), such that gé“IW < d, we have

h(S” _I_ Nn|w])

< max — 10
,e[o)é] g(

h{(S" + V”|W) — h(S8" + N3 |W)
e(y+0o%,)) — 5 log(2me(y + 0%, )
— £ log(2me(y + 0%,).
Now we proceed to prove Theorem 6. It suffices to show that
S%p iIéf ¢ > iléf b17]_.)p . 47)

Let Z be a zero-mean Gaussian random vector with i.i.d. en-
tries of positive variance 0%2, ¢ = 1,..., L — 1; moreover,
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we assume 7] is independent of (X' |, Wy,... ., W;y1), 4 =
Lo...L—-1.LetV; = X7+ 24" i=1,..., L — 1. Note that

IXD Wi W, ... Wi, X+ 20 )
= I(XP 4+ 727 L X" WilW, .. Wily)
—I(XI+ 20 Wi W, W)
= I(XP Wi W, ... . Wi_1)
—I(XI+ 27 Wi WA, Wilh),

Therefore, we have
L
O = I(XT W) + 3 e I(X] + 2013 W)
i=2
+ (X[ W Wy,
— (XM + 7

Him
= T log(2mea%,, )

S Wilt)
VV,~|VVl7 o Wilt))
— prh(X7[Wh)

+ Z i (g log(2me(0%, + 0%, )

T+ Z0 W)+ (X W, W)

(
h(X;]
(X L2 Was o W)

(X + 20 |Wl,...,W1;))
Hain

= Tl g(27r€a\1) (X7 Wy)
— p2(h(X3 + Z7|W1) — h(X3|W1))

L—-1

+3 (,ii(h(xi" Y2 W, W)
l—:?’»(Xle-, W)
— i (W(XTyy + Z0 WA, W)
- h,(X;”‘+1|W1,...,W7¢)))

+ %(h(XE + 20 W, W)
CA(XEW,. . W)

L
n
+ > (5 lo(2re(ok, +0%,,)
=2

— WX+ 2 W), (48)
It can be shown [cf., (12), (13), (15), and (16)] that
— uh(XT[Wh) = pa(h(X5 + Z7[Wh) — h(X3[Wh))
n
> i log(2me
> min og(2mey1)
| +o%, +
- gy (T i Uzl) (49)
2 Y1+ 034,
il h( XD+ 27 W, . W) — R(X| W, ... Wi

- Mi+1(h(Xi+1 + 270 W, W)
WX W, W)

2
Y+ 05y
> min M1 <#>
vi€l0,ds] 2 Vi
2 2
_”/+1”10g( A Z'*l), i=92... L-1
2 Yi T A
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h(XZ‘I'ZZfl”/Vls WL)—h(XL|W1 ..... I’VL)

. 1) YL +(TZL_1
> min —log{ ———=— 51
T yL€[0,dL] & ( YL ) B
— h(XT7 + 77 |W)
> —5 log(27re((51; -+ U%i_l», 1=2,...,L. (52)

Substituting (49)—(52) into (48) and setting 03 = (6, T
0\2 Yl i=1,...,L —1,yields

P > min

v €[0,d;],i=1,...,.L

which further implies

inf® >

min ni(I, 7, 06,0
Q T ~y€0,di]i=1,...L P, 6,9)
Therefore, we have
sup inf &
Pp Q
> sup min n
02 >0,i=1,..L—1 T €[0di]i=1,....L
X Q/)(/_l 77 37 g) 2 2

Hi:(a;;_H +o, ) Li=1...L-1

= sup min
0O, uimd ol 1 TE0 =1 L

(53)

In view of (53) and Theorem 3, for the purpose of establishing
(47), it suffices to prove that

inf sup ®
Hé b%p
< inf
Y €(O0di)i=1,.. L €[0,0%
To this end, we shall show that given any 7 with ~;
i=1,..., L, there exists (W1, ..., W) such that

Al)O'\ W v. <vi,i=1,...,L,
A2) J\nm < (SL, t=2,..., L,

S (07 dt),

A3) X7, & X' & (Wl, ..., W;) form a Markov chain,
i =1,...,L —1.
Moreover
sup ® < max ni(f1, 7, 6,0). (54)
P ei6[0,01#1]71‘,:1,.“,L71
Let~’ and &’ be as specified in Lemma 2. Note that v/ € (0, ],
i=1,...,L, 68 €(0,6],s=2,...,L,and
max (T, ~, FIN)
g.€l0.0%  Ti=1..,L-1 (77", ".6)
< ~ max (7, 7,6.0) (55)
0.€0.0%  Li=1,..,.L-1

As shown in Section IV, one can construct a zero-mean
random vector (U, ...,Ur, Uy, ..., Up) jointly Gaussian with
(X1,...,Xr) such that:
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Bl) U; = E[X;|Uy,....U;] and E[(X; — U;)?] = +.,
1=1,...,L,
B2) [E[UQ] =E[X;U;] = (’A —-é6,i=2,...,L,
B3) (Xs,....X1) < X;1 < U; form a Markov chain,
and (Xj)j;éqj — (Xj, Ul, .. .,Dt,jfl) — U,j form a Markov
chain,¢ = 1,..., L.
First assume that 6] < 0% ,4 = 2,..., L. Define
2
U‘\vv ~
Ni: 5 7 : 5 Ui—l_Xt ZIZ,L
O0x, — Yi-1 7 0A,_,
2
~ O'X
N; = 5 \/UL X;, i=2,...,L
0%, = 0
2
~ T~ ~
= 52U, - X, i=2,...,L
O—Xi -
It can be verified that
2 (ot 2
Ox \Vi_1 T OA,
o2 = QX’( . A’;l) . i=2,....L  (56)
- Oy —Y,_1—0
X, -1 JAV)
2 o
2 0%, 6
0% ==, 1=2,...,L (57)
wT e
2 ’
2 UX.P}/'i,
0% = ——"—, 1=2,...,L (58)
N 02\_1 — !
Let (X.l'j, Ui;j: Uz'j7 ]Vij, NL':,‘, Nrijﬁi = 1,..., L)?:l be n
i.i.d. copies of (X;,U;, Ui, Ni, Ny, Ny,i = 1,...,L), and let
W, =U", i =1,...,L. Itis easy to see that Al), A2), and

A3) are implied by Bl), B2), and B3), respectively. Moreover,
one can readily verify that (N;*;, NJ'y, N[’;) is independent of
(X Vi_1),i=2,..., L. Note that

@/MXMU+ZM Vi U7)

+ (X3 U'"|U LU Vich)

= (X7 U1)+ZMZ Vie; U
=2

I(X7l U’L|U{l UZL 1)
— IV, UPUY . ULY)

L

= (X7 U1)+ZMZ Vi, UM
=2

+ I(XP U, U8 = IXPS UL U )
— I(Vii UL, UM + IV UL, U )

L
— NII(X,L Uln) +ZMZ l hl]n) +I(XIL Un)

i=2

~ IR0 = IV

UM+ 1(Vies Uy)

(%{,71 + ‘TZAi_l )
v

13 (71711))
(59)

uln

e () + om0

FIVi; UP) = IV, U + 1(Vie
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We have

I(Vie; UP) = IV s UP) + (Vi UFy)
= I(Vi s X 4+ NP = IV X'+ N])
+ I{(V,_; X"+ N")
= glog(%m(a?yi +o0%.)) + glog(Zwe(a?& + 012&2))

— Jlog(2re(0}, + 0% ) + (X[ + NP |Vie)
= h(XP + NI'|Vio1) — h(X7 + N"|Vz 1)

Since 0%,y | < 0%, it follows from Theorem 7 that

W(XT + NP |Vien) = WX+ N'Vi1)
— (X} + N'|Vio1)

<  max n log(27re(97;,1 + (7%/))

a;_ 16[0,{7)(]
_ ; log(?we(ﬁi_l -+ cr?vﬁ)) - glog(%rc(ﬁi_l + O'i,i)),
i=2,...,L.
Therefore, we have
IV U) = I(Vig; Uz") +I(Vi1; Uzzn;l)

< T 1 (U?X', + O‘%’-,)(U%’, + O-jzir )(H’i‘l + U?{r)
o o=
(0i -1 + 0% )(0i-1 + 05 )0k, + 0% )

2

Substituting (60) into (59) and invoking (56)—(58) yields

o < max
91'6[(),0‘ ]yi=1,...,.L—1
741

w7, 5.8).  (61)
If 6, = 0%, for some ¢, then
IV UF) = IVi s UF) + 1(Vi s U74) = 0

As a consequence, one can readily verify that (61) continues to
hold. Combining (55) and (61) gives

o< . max
8 E[[),oj\,%Jrl],z:l....,Lfl

which further implies (54). This completes the proof of Theorem
6.

VII. MINIMUM SUM RATE: A SPECIAL CASE

In this section, we focus on the case = (1,...,1) (which
corresponds to the sum rate). Let 0%, = p' ', = 1,...,L,
andox = p" Yp—1),i=1,....L -1, wherep>1
Moreover, letd = (p%d, ..., pE~ ld) andé = (pé,....p"718),

where d € (0,1] and 6 € (07 1]. By Theorem 3, m(u,(l,b)
and k., (T, d, 5) coincide in this special case; therefore, we shall
denote them by #(7Z, d, 6). The main result of this section is an
explicit characterization of x(77, d, §).
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Theorem §:
) Ifd > (zg2= + 3 — 1) ', then
_ 1 1 L-1 1
k(@ d,6) = §log (3) + log (3)

o 11y L1, sd4p-1

(7, d.5) 5‘°%<z)'+ 5 loe ()
3L <d< (zzhg+45—1) " then
(1, d, 8)

1, /1y L-1_ (d+p—1)
—_10g<3)+Tbg(((1—9)(d+p—1)+p9)
(1= 6)d+0)

(u—ew+am)

where
o1/ o d d
6= — - .
\/1—d(1—(5 1—d) 1-d
Proof:
1) Let v* = d and #* = (0,...,0). It can be verified that

(7%, 8*) satisfies (38) and (39) (see the optimality condi-
tions in Lemmas 1, 4, 5, and 6). Therefore, it follows by
the proof of Theorem 3 that

_11‘(1)+L—11_<1>
~ 2% \y 2 B\5)
Note that in this case, we can decrease the hierarchical dis-

. 5 A . .
tortion constraint d to d’=(dY, ..., d} ) without affecting
the minimum sum rate, where

d) =d

d = pi71< P

i—1 1 1
_ - 1) .
di 1+ p2(p—1) T3 ’

2) Let7* =dand #* = (p,...,p" ). It can be verified that
(7%, 8*) satisfies (38) and (39) (see the optimality condi-
tions in Lemmas 1, 4, 5, and 6). Therefore, it follows by
the proof of Theorem 3 that

7,57
10%(%) # o (),

Note that in this case, we can decrease the individual distor-

Q’I

k(r, d, 8) =

P
1
2

tion constraint & to &’ —(6’ ..... , 67 ) without affecting the
minimum sum rate, where

0 =p"(p—1)d+p" %

3) Letv* = d and 8* = (p#, . . ., pE16). Tt is easy to verify

that (7%, 8*) satisfies (39) (see the optimality condition in
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Lemma 1). Note that the optimality conditions in Lemmas
4 and 6 are clearly satisfied; therefore, to verify (38), it suf-
fices to show that (7*, #*) satisfies the optimality condition
in Lemma 5. In view of the fact that § € (0, 1) and that

i =p" (p—1)(1-6) >0

we just need to show that 4; > p'~1d, where

o= (1 ) i=2,...

L-1.
1-46 ’

- > 1 > d. Therefore,
it follows by the proof of Theorem 3 that

This is indeed true since 1 +

k(7 d, 8)
:1/)(7,_*5_*)
1, 1y L-1, (d+p—1)
=gloslg) T3 lOg(((l—@)(d—l—[)—l)-l—p@)
(1 - 0)d+€))
(1= 0)6 +0)d

VIII. MISCELLANEOUS RESULTS

A. Robust Predictive Coding System

In this section, we propose an efficient implementation of the
robust predictive coding scheme associated with Lemma 3. For
simplicity, throughout this section, we describe the scheme in
the form of single-letter operations; however, it should be under-
stood that in fact such a scheme has to be implemented over long
blocks in order to approach the information-theoretic limits.

As shown in Section IV, to minimize the weighted sum
rate [_LRT of the robust predictive coding scheme associated
with Lemma 3, there is no loss of optimality in considering
zero-mean random vector (Uy,...,Ur,Uy,...,UL) jointly
Gaussian with (X1, ..., X1) such that

E[U]] = E[X1Uh] = 0%, — ¥

[E[UE] E[X;U;)=0% — 6/, i=2,...,L

[E[ WU =¢&_4, i=2,...,L

U = [X1|U1]:U1

U; = E[X;|Uy,.... U] = E[X;|U;i 1, U]
=a; U1 +b;_1U;, i=2,...L

E[(X;-U)?| =~} i=1,....L

E(X; - U)? =6, i=2,...,L

where ' and & satisfy

O<~vi<d;, i=1,...,L

0<6/ <6, i=2,...,L

%+ oA, F O 0%,
S’Y{+1§(%+ ! _;)71:
' Vi T OA, 5f+1 U?Yz+1

1=1,...,L—1
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and the parameters &;, a;, and b;,4 = 1, ..., L —1 are defined in
(23)—(25), respectively; moreover, (Xo,..., Xp) < X1 < U3

form a Markov chain, and ((X;);%i.Us,...,Uic1) <
(X;,U;_1) < U, form a Markov chain, i = 2,..., L. Let

Ry = I{Xy;Uh)

R =I(X;,Uy,....U;_;U;), i=2,...,L

where IR; is the rate of Encoder ¢. One can interpret X; and Uy,
respectively, as the input and the output of Encoder 1; similarly,
(X;,U1,...,U;_1) and U; can be interpreted respectively, as
the input and the output of Encoder ¢, 7 = 2, ..., L. Given the
outputs from the first ¢ encoders, the decoder can compute U;
and use it as the reconstruction of X;, and the resulting distortion
isy/,i=1,..., L. If the decoder only receives the output from
Encoder 4, then it simply uses U; as the reconstruction of X,
and the resulting distortion is &/, ¢« = 2,..., L. Moreover, in
view of the fact that

I(X,Ur, . U3 Uy) = I(X, Ui 13 Uy)

it suffices to provide Encoder ¢ with (X, Ui,l) as the input,

¢t = 2,...,L. Note that we can write
U, = E[U1|X1] + N =on X1+ N,
Uy = E[Us| X, Ui—1] + Ny = i X + BicaUi—1 + Ny,
1=2,...,L
where
N
_ %
1= — 5
o,
2 /
o5, — 6 —
g = bi1 —2.....L
Vi + oA,
j"i = 2 —é; —&;
s R ¢ , otherwise
%, 7Y Tite
e=1,...,L—1
/ /
2 (Ux YM
[E[Nl] = . 3
%,
(0%, —81)8,
\”T, Vi1 = Ugg_l
E[N?] = o2 (03;/75;;&_1)2 -~ g, .
¢ ¢ Yic1T%A, Ix;_q Yie1’
otherwise
1 =2,..., L.

It is clear that

(X, U7) = Han X1;00 X + Ny)
I(X;, U1 U,)
=X+ Bi Ui 150a X+ 8 Ui 1+ No),
1=2,...,L.
As a consequence, we can interpret Encoder 1 as a quantizer
with a3 Xy, Uy, and N; respectively as the input, the output,

and the quantization error; similarly, we can interpret Encoder ¢
as a quantizer with o; X; + 53;_1U; 1, U;, and N, respectively
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Quantizer 1

Quantizer 2 ® > X
a,

> X7
b,

Quantizer 3 . > X7

Xy
aL ﬂL—l

X} Quantizer L

Fig. 3. Robust predictive coding via successive quantization. Here X‘g” can be
viewed as a multiletter version of I;, 4 = 1,..., L, and X" can be viewed as
a multiletter version of U;, ¢ = 2,..., L.

as the input, the output, and the quantization error,z = 2, ..., L.
Furthermore, in view of the fact that
Ui=a;_ 1 Ui_1+b,_1U;, i1=2,...,L
the calculation of (U1 ..... D ) at the encoders and the decoder
can be performed 1terat1ve1y. A robust predictive coding system
based on this interpretation is depicted in Fig. 3. It is worth
mentioning that one can implement the quantization operation

in such a system by using entropy-coded dithered lattice quan-
tizers (see, e.g., [10]-[12]).

B. Reconstruction Based on an Arbitrary Subset of Encoder
Outputs

As pointed out in Section VIII-A, one can interpret U; as
the output of Encoder ¢, ¢ = 1,..., L, for the robust predic-
tive coding scheme associated with Lemma 3. Although it is
developed for the scenario where only the hierarchical distor-
tion constraint and the individual distortion constraint are im-
posed, this scheme has a desirable property that every subset of
the encoder outputs is decodable. For example, if at the time of
reconstructing X, the decoder only receives the outputs from
a subset of the first 5 encoders (say, (Uy. Us, Uy)), then it can
still decode these outputs and further use E[X5|Uy, Us, Uy| as
the reconstruction of X5 (with the resulting distortion equal to
”?\'5 |UL,Us, Us )-

Now we proceed to give a detailed analysis for this kind of
scenario. Again we shall focus on the case where (U1, ..., UL)
satisfies the conditions listed in Section VIII-A. Assume that
the decoder receives U;, j € A for some non-empty set A C
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{1.....L}; moreover, at the time of reconstructing X;, the de-

coder is only allowed to use (U;) e 4 j<i. With no loss of gen-

erality, we shall assume E[(U?)] # O (which implies 6; < o%)

forall i € A. ’
Define

PN)NQ>
I
M m
=
S
S
Ly
A

Note that U; = 0 and d; = 0% if j > i forallj € A. We

shall show that (01, ceey UL) and (cfl, ceey a?L) can be computed
iteratively.
It is clear that
i = 0, 1¢ A4
Y71 U1, otherwise
dj1 = U§17 ! ¢ A .
vy,  otherwise.

For¢ = 2,....L, we have U; —U 1 and d; :AdA,1+
o, | ifi ¢ A; moreover, we have U; = U; and d; = & if

di_1 = aivi_l. Therefore, it suffices to consider the case where
i € Aandd; 4 < (7?( (Wthh implies v/ _; < (J'X )}
Since (Uy,...,U;—1) « U1 < (X, U, _ 1) — U; form a
Markov chain, it follows that (U ) je 4, j<i <
(X,U;) < U, form a Markov chain. As a consequence

i— 1HUL 1<

U = E[X;|U;_1,U).

In view of the fact that

we can write

—dt 1~
Ul 1+‘L 1

(’L 1—|E[ — 1|UL 1]+Nz 1=
Fyzfl

ar{’
a§(’ -
where N£_1 is independent of (X,-,Ui_l,Ui) (recall that
Uiy < U;_1 « (X;,U;) form a Markov chain). Therefore

E[U;, U] = E[U; _1U;]

5 N
IX,_, di—y
2 /
Xi1 'Yi 1
2
. (0%, , —

z l)gz 1
2

‘\1 lifyt 1

It is also easy to see that

[E[ijUifl] = Ug(l_l - (Zi,]_.

Now one can readily verify that

~

b — ()51,111171 +/8

d; = 0%, oc,,;,l((f?(i_l —di1) -
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0.7 . T : : :
*  A={1,...,60}\{8,9,10,11,12,35,36,50}
o A=(1,..,60}
0.6+ ,
*
0.5+ g
*
~ 04 * 1
o *  ox *
IS
3 0.3F 4

0.2

0.1r 4

0 10 20 30 40 50 60

Fig. 4. Reconstruction based on a subset of encoder outputs.

where
DO R Y o O (G
Xi—1
(0%, — )%, —di )& (0%, —8)
- Xi—1
b= - (0%, , =)ok, —di1)%
Xi—1
N (0%, —%-1)%0%,_, —di-1)(0%, — &)
Xi—1
with

Xi—1 = (”?‘ci_l - 7271)2(”‘2"{_1 -

- (O-g(i,1 - Ji—1)2 i2—1'

An illustrative example is given in Fig. 4. In this example,

we choose 0% = p' "', i=1,...,L,andoy =p" '(p—1),
i1=1,...,L —1,where L =60 and p = %; moreover, we set
v = (p%,....pF ) and & = (pd',...,p""18"), where

v =0.2and 6 = 0.5. Weplotd;/pi~t,i=1,...,L, for the
scenario where A = {1,...,60}\{8,9,10,11,12, 35,36, 50}.
A comparison with the ideal scenario (i.e., A = {1,...,60})
shows that the proposed scheme has a desirable “self-recovery”

property.

IX. CONCLUSION

We have partially characterized the rate region of ro-
bust sequential coding and robust predictive coding for the
Gauss—Markov source model under the mean squared error
distortion constraint. More fundamentally, our investigation
reveals an information-theoretic minimax theorem, which can
be obtained by coupling two extremal inequalities. It is worth
noting that most of the results in this study can be extended to
the vector source setting in a relatively straightforward manner.
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In particular, one can establish the vector version of Theorems
5 and 7 by leveraging techniques developed in [13]-[15].

APPENDIX A
PROOF OF THEOREM 5

The following lemma is well known.
Lemma 7: For any random vector S™ and random object
W such that 0%, 3y < d,

h{S™W) < glog(%red).

The following result is a variant of the worst additive noise
lemma by Thara [16] as well as Diggavi and Cover [17, Lemma
I1.2]. Its proof can be found in [9, Appendix B].

Lemma 8: Let Z™ be a zero-mean Gaussian random vector
with i.i.d. entries of positive variance 0% . For any random vector
S™ and random object W, jointly independent of 2™, such that
(7_29”“@' < (l:

d+a%)

n
(™ n —R(ST"IW) > = .
h(S™ + Z™|W) — h(S |I/I)_210g( 7

Lemma 9: Let Z* be a zero-mean Gaussian random vector
with i.i.d. entries of positive variance (T%i, t=1,2. Letr; and
9 be arbitrary real numbers satisfying 11 > 2 > 0. Then for
any random vector S™ and random object W, jointly indepen-
dent of (7", Z¥), such that U?S"\W <d,

= h(S* W) = wa(R(S™ + 27 |W) — M(S™ + Z7'|W))

vin van d+ o2
> —Tlog(%red) — —log (d-l- U%j)

2
Proof: Note that

= h{(S™W) — va(h(S™ + ZF W) — h(S™ + Z7|W))
= v (h(S™ + Z7|W) — h(S"|W)) — 1ah(S™ + Z3|W)

— (1 — v2)h(S™ + ZT|W). (62)
Since 0‘29"+ZMW = ”:ZS’L\W+”%i < d+0% ,i=1,2,itfollows
from Lemma 7 that

— wh(S™ + ZEIW) — (v1 — va)h(S™ + ZP|W)
> — % log(2me(d + 0%2 ))

(v1 — 1)

5 n log(2me(d + 0%,)). (63)

Furthermore, by Lemma 8§, we have

d+ ol
vi(h(8™ + ZD W) — h(S™|W)) > #mg( - Zl). (64)

Substituting (63) and (64) into (62) completes the proof of
Lemma 9. |
Now we are ready to prove Theorem 5. It can be verified that
1) if p; = py = 0, then Theorem 5 is implied by Lemma 7;
2) if py # p2 =0or (T?Vz = UIQV3 , then Theorem 5 is implied
by Lemma 8;
3) if p2 # p1 = 0, then Theorem 5 is implied by Lemma 9.
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Therefore, it suffices to consider the case where o3, < 0%, and

i # 0,1 = 1,2, With no loss of generality, we shall assume
p1=p2 =L
First consider the case 03, > o3, . Note that
1 (h(S™ + NT'|W) — h(S™|W))
—va(h(S™ + N3 |[W) — h(S™ + N3'[W))
=11 (M(S™ + N'|W) — h{(S" + NI |W))
+va(h(S™ + Ny |W) — h(S"|W))

+ (1 — ) (h(S™ + NI W) — h(S"|W)).  (65)
By Lemma 8
va(h(S™ + NJ|W) — h(S™|W))
+ (1 = 2)(h (5" + N |W) = h(S™[W))
van d+ o3, (v1—v2)n d+o%,
> — = = ].
= 210?;( d )+ 2 log( d )(66)

If 0%, > 0%, then without loss of generality, we can assume
Nj¥ = N} 4+ ©", where ©" is independent of (N, 5™ W),
and the entries of © are i.i.d. Gaussian random variables with
mean zero and variance cr\ - aw Hence

v (R(S™ + NP|W) — h(S™ + NI|W))
= v (h(S™ + NI' + O"|W) — h(S™ + N2 |W))

mn d+o3%,
— log ( )
2 d+aN

> (67)
where (67) follows from Lemma 8 and the fact that
0% Npw = ggnm + 02\ < d + 03, It is clear that
(67) also holds when a\ = 0% .- Substituting (66) and (67)
into (65) gives

v (h(S™ + NI W) — h(S"|W))

— va(h(S™ + N3'|W) — h(S" + N3'|W))
vin d+ o3 von d+ o3
> Ay, Ny et

5o () = 5 e (G502

which is the desired result.

Now it suffices to prove Theorem 5 for the case 0%, < 0%, .
To this end, we use a reduction method inspired by [18]. Without
loss of generality, we assume N3 = N + 07, where O} is
independent of (N, S™, W), and the entries of @} are i.i.d.
Gaussian random variables with mean zero and variance o3, —
o%,, % = 1,2. Note that

v (h(S" + N{'|W) — h(S™|W))

— va(h(S™ + N3 |W) — h(S5" +
=1 (W{(S™ + N3 |W)+ h(S" + N}
— h(S"™ + N3'|S" + N, W)
(h(S™ + Ng'|W) + h(S"|S" + N3, W)
— h(S"™ + N3|S", W)) — 1uh(S™ + N3'|W)
(h
—h
(

NI W)
S™ 4+ NI W)

.
+ va(h(S™ + NI|W) + h(S™ + NZ|S™ + NI, W)
(S" + N3|S" + Ny, W)

v (B(S™ + NP'|S™ + NI W) — h(O1))
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— i (R(S™1S™ + N3 W) — h(N)
+ va(h(S™ + NJ|S™ + NI, W) — h(©}))
= ul(h(S” + NT|S™ + NI W)
n
-3 log(Qﬂ'c(a?W — U?\rl)))
— (h(S”|S" + NI W) — % log(27r(20‘,2\73))
TR (h(S” + N2|S™ + N2 W)
i1 <
— 5 log(2me(ok, — o},))).

Let @ = NP — [N"|N§] i = 1,2. It can be verified that
Q7 = NJ' — o3, O'V;Ns , % = 1,2. Moreover, it is clear that
QF is 1ndependent of (N3, 8™, W), and the entries of Q7 are
1.i.d. Gaussian random variables with mean zero and variance
0%, — ox, 05, i = 1,2. Note that

(68)

h(Sn + ]Vin|Sn + ]V'?':L./ Wy)

— h(sn + O—?V 0_];2]\/*n + Qn‘gn ]\/TéL7W7)

= h((1 - o, 057)S™ + Q}|S" + Ny, W)

glog (G Zh((1-03,052)S" (8" +A\r;,u;)+e§h(cgy)) (69)

v

" z n|qn n
2 _—2\2 Zp(S7|ST NI W
510!% (( —ON,On, )e (571 ‘ )

+ 2me(o%, — ox, af)) i=1,2 (70)

where (69) follows by the entropy power inequality. Substi-
tuting (70) into (68), we obtain

v (R(S™ + N2 W) — h(S™|W))
—va(h(S™ + N”|W) - (5” + VSLW[/))
n _ z n|gn IR T 4
2 —2 n.. 2 2

+ 2re(o%, — ok, oNg)) — 5 log(2me(o%, — o%,)))

_— (h(S”|S" PN W) - D log(?weo?yg))
LRy 2,22, Zh S*IST 4N W

+V2<§108(( TN, TN, ) € (st )

+ 27re(<712\,v2 — O'N2 01{,;)) - — O'?\TQ))).

(71)

Now we proceed to bound A(S™|S™ 4+ NI, W). Let $™ be an
estimate of S™ based on (S™ + N, W), where

n. o 5
5 log(2me(oy,

St = ”gﬂ\w(a?sn\w +ox,) H(S" —E[S"W] + NY)

+E[S™|W].

It can be verified that

2 2
1 n on n m T5 "’|”"Y0_N?
~E[(S" — 8")(8" = )] = 5——g.
n Ogniw T 0N,
: 2 1 n an n GoNT
Since 050 g ynp w < SE[(S™ — S™)(S™ — S™)"] and

2
Tgn|w < d, we have

2 1, 2yl
T5nignynew S (A7 +oy)
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which, by Lemma 7, implies that One can readily extend this result to the quadratic Gaussian case

via a discretization procedure and certain limiting arguments

h(S™|S™ + N3, W) < L log(2re(d ' +a52) Y. (72) 191

2 o As the proof is based on the standard techniques in network

In view of (71) and (72), we have information theory, we only give a sketch here. We adopt the
notation in [19].

n(h(S™ + NT|W) — h(S™[W)) Codebook Generation: Fix a conditional probability mass

’ function p(u1, ..., ur|z1, ..., zr) and functions g; : Uy X - - - X
—va(h(S" + Ny [W) — h(S" + NJ|W)) U, — X,i =1,....,Land §; : Uy — X;,i = 2,...,L,
> min 1 (ﬁ log (278(1 o2 NN )2 5 such that P1) and P2) are satisfied. Note that P1) is satisfied if
FE[0,(d= o)1) 2 p(u1,...,ur|z1,...,xr) factors as
. . 5 n ) ‘
+ 2me(oy, — (ffl\rlaNg)) — §log(27re(af\r3 — 0%71)))
-1 (E log(2mwed) — L log(2weoirs))
i 1/2(— log (27r€(1 B ”\;”N 2)25 plur, ..., up|e, ..., 2L)
+ 2melok, - ohon?)) - Llop(2re(a, - o%,). L) | )
Lety = 75 —=. Note that there is a one-to-one correspondence For i = 1,...,L, randomly and independently generate
7 7 e sequences ul(c;), ¢; € [1 : e™], each according to

between v € [0,d] and ¥ € [0, (d"! + a;{f)*l}. Moreover, it

b fred that [T-1 pu. (ui;). The codebook is revealed to the encoders and
can be verified tha

the decoder.
Encoding: Given x7, Encoder 1 finds an index ¢; € [1 :

n N -2
4! (— 108 ()776(1 - ”Vl(’xg) Y+ 2me(ay, — 0N, 0 Ny ) e™] such that (27, uf ((,1)) € ’Z—E(l”), if there is more than
N (2e(0?, — ) ) one such index, it picks the smallest one among them; if there
9 08 elon, is no such index, it sets ¢; = 1. For ¢ = 2,...,L, given
1/1(—10g(27re’y _ —10g( 7T60'A3)) (2%, ¢1,...,¢i—1), Encoder ¢ finds an in(%g;( ¢; €1 : enf]
such that ( b (er), .., ul(e)) € 7. if there is more
+ 9 (5 log (27re(1 — O'?VQ UNf)2'$/ than one such index, it plcks the smallest one among them; if
) 4 o n ) ) there is no such index, it sets ¢; = 1. Here, we assume that
+ 2me(o, — ‘TNQUN;;)> - 5108‘(2”6(”1\73 - UNz”) €r, > --- > €1 > 0. The indices ¢y, . .., ¢y, are then sent to the
2 2 decoder.
vn Y+ O, vom (Y + O ) )
= Tlog (71\1) — T(M—TQS) Decoding: Fori = 1,....L, given (c1,...,¢;), the de-
No L AL .
N coder computes &;;=g;(u1;{c1),-..,ui{¢;)), 7 = 1,...,n,
which completes the proof. and uses z7" as the reconstruction of 7. Forz = 2, ..., L, given
¢i, the decoder computes i:ijéf)i(uij(ci)), j=1,...,n,and
uses £} as the reconstruction of z7*.
APPENDIX B Error Analysis: Let C; denote the output of Encoder

i, ¢ = 1,...,L. By the covering lemma [19, Lemma 3.3,
. ) ~p.62], IF’{(X{7 Ur(Cy)) € T4 tends to one as n — oo
Consider L discrete memoryless sources Xi,..., Xy with jf p I(X1;U1) + 61(e1), where 81(e1) tends to zero

joint probability mass function p(w1,...,op). Let wi,) be a5 ¢ — 0. Then it follows from the conditional typicality
a bounded distortion measure on &; x &;, where both &; and  |oyma [19, p. 27] that P{(XZ,..., X} UMCY)) € Te(?") }
X are finite, ¢ = 1, = , L. We shall shpw that if there §x1st tends to one as n — oo. Fori = 2,..., L by the covering
alluxﬂlarLy raI(lid;)m :/arlables LI{JZ (over ﬁZI/lll-te a%ha})(ﬁ_t Zfz‘)’ [ ; lemma, P{(X, U (C1), ..., U.L"(('z)) c T n) } tends to one
d uan 1;1c10nszjl 1L><.”h><hl_> net=1,...,L, asnﬁooifRi>I(Xi7[j17.“7Ui71;U)+é( ;), where
and g; : Ui = A, 1 = 2., L, such that . 8;(€;) tends to zero as ¢; — 0; furthermore, it follows from [19,
P1) (Xz,..., X1) < Xy « U, form a Markov chain, Lemma 12.3, p. 299] and the Markov lemma [19, Lemma 12 1,
aﬁd( )Héi ()%lev'“»Ui*l) = Ui forma Markov 5061 ot P{(XT,..., X2, UHC), ..., UNC)) € T
CzaIEE J —X' T U > U, < d i1 I d tends to one as n — oo if ¢; is sufﬁc1ent1y small com-
E ) B;UZ( UJZ( 1<§ o ))2] = 2’ b= b @ pared to €i+1. Therefore, for every ¢ > 0 and every
0 E[U)Z(R “él% Zt)“)] lj’%L - f T n > n(e) (with n(e) determined by ¢), there exists a de-
then R € Rp(d, §) for any R satisfying terministic codebook conditioned on which the probability of
(X7, ... X5 UMCY),.... U (CL)) ¢ 7;,"31 is less than .
Ry > I(Xq; Uh), Now one can readily complete the proof by invoking the typical

R, >I(X;,Uy,....U,_;U), i=2,...,L. average lemma [19, p. 26].

PROOF OF LEMMA 3
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APPENDIX C
PROOF OF LEMMA 5

Consider the following minimization problem:

i i 73

i, () (73)
where
i % - 91'7 i+ 2 ,tgi,
(i) = %log (<U‘\z 1)y ok, 1)
Vi
4 M o ( Yi + 03, )
2 (0%, , —0)(vi+oi)+ Ugfmyi

It is easy to verify that the objective function is a constant if
#;_1 = 8, = 0; moreover, the minimum in (73) is achieved at
vi = 0if;_; = 0and §; € (0,0%, ]

In the rest of the proof we shall assume #;_; € (0,0% ]
(which implies that the minimum in (73) is not achieved at
v; = 0). Note that

8(/)(7,) _ l(
f)”yi N h

av? + bivi + )
where d;, b;, and ¢; are defined in (32)—(34), respectively, and

h=2(c%, —bi 1)vi+0%,0i 1)7(v+04,)
X ((UX 41 0 )(’77 + U—A )+ O-?Y»H-lgi)‘

It is clear that b; < 0,¢; < 0, and i > 0 for~; € (0,d;].
Now consider the following cases.
1) If a; > 0O, then the equation

aiv? + bivi+ ¢ =0

has a unique positive root at y; = ;, where ; is defined in
(36). We have 2502 < () for y; € (0,4:) and 3?2'0 >0
for v; > ;. As a consequence, the minimum in (73) is
achieved at min{%,,d;}.
2) If a; < 0, we have m < 0 for v; > 0. As a conse-
quence, the minimum 1n (73) is achieved at d;.
This completes the proof of Lemma 5.

APPENDIX D
CONTINUITY OF ;- (v5)

To stress their dependence on (f;-_1,6;+), we shall de-
note @, b;«, ¢+, and ;= by @i- (Bix _1,0;+), b (6 _1,0;0),
Cix (03 _1,0;+), and ;= (8;« _1, ;- ) respectively. Define regions
K1 and R+ as follows:

R ={( 'ul,e'*) s @i (B —1,0;+) > 0}

Ro = {0 1,0i-) : @i~ (6i- 1,05-) <0,0;- 1 € (0,0% .1}
It is clear that #;-(v%) varies continuously with ~% if
(0% (%), 05 (~})) moves inside one of these two re-
gions. Therefore, we only need to consider the case where
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(0% _1 (i), 85 (1)) traverses through the boundary between
Rl and RQ.

Let (6;~_1,8;+) be a boundary point between Ry and Ra.
It is clear that d;-(#;«_1,8;») = 0; moreover, it suffices
to consider the case #;+_1; > 0 since we have ;- = 0 if
both @;«(#;»_1,0;+) and f;«_; are zero. As a consequence,
we have (f;«_1,0;») € Ra. Note that F;+ () = d;-
if (65 _1(7%).05(v%)) € Ro. On the other hand, as
(0f 1 (v5). 05 (7)) moves toward (6;-_y,0;~) from the
R+ side, we have

i (051 (7). 05 (7)) = O
(051 (07), 05 (7)) = & (B3 -1, 05-) > 0

Moreover, since

“z Qz

e (07 () 05 ()
i (0 (77 0 (7))

_1(v5), 85 (v))) — oo, which further

i (07 -1 (i), 05 (7)) 2 \/

it follows that 4;- (6%
implies that

i1 () 05 (), die b = die

% (%)) is sufficiently close to (#;+ 1, 6;-).
varies continuously with ). when
) traverses through the boundary be-

Yi- (72) 2 min{4,- (6

when (‘91 *—1 (’yl ) e
Therefore, ;- (V%)
(07 1 (i ) i (i)

tween R and Rz.

APPENDIX E
PROOF OF THEOREM 7

First consider the case 03, > 0%, . Without loss of generality,
we can assume Vi = N + O™, where ©" is independent of
(N7, 5™, W), and the entries of ©™ are i id. Gaussian random
variables with mean zero and variance o3, — 0%, . Note that

B(S™ + NJIW) = h(S" + NI |WW)
=h(S" + N+ O"|W) — h(S" + N['|W)
= 1(®"; 8" + NI' + ©"|W)

<O 8"+ N'+0"W)

< I(O"; N] +0") (74)

O o,

2% <02\)

where (74) is due to the fact that @™ < (N7 + O™) « (S™ +

N{ + ©™, W) form a Markov chain. Moreover, we have

h(S™ + N3 |W) = h(S" + Ny'[S™, W)
(I,

>)
log(2meaty, ).

I
;~w

M|§

As a consequence

R(S™ + NI W) — h(S™ + N'|W) —
n
< 5 log(2meay,) —

h(S™ + N W)

g log(Zweairl) — g log(27r6012\72)
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which is the desired result. By symmetry, this upper bound also
holds when 03, > 0% .

Now consider the case 03, < min{o%;,,0%,}. Without loss
of generality, we assume N,” = N4+ 07, where ©7 is indepen-
dent of (N}, 5™, W), and the entries of © are i.i.d. Gaussian
random variables with mean zero and variance o3, — o3, i =

1,2. Note that
R(S™ + N;*'|W)
= h(S" + NJ + O W)
glog (c%h(su/\qgmz) i ef—lh(@?))
- glog (C%h(sumgl”/"’) +2me(oy, — 012\1;))7 i=1,2
(76)

Y

(75)

where (75) is due to the entropy power inequality. Note that
U?g,,,,JrN? w = ”i‘ww + (7]2\,{ <d+ 02\ ,t =1,2. Therefore, it
follows from Lemma 7 in Appendix A that

h(S™ + NMW) < glog(%re(d—l— ox)), i=1,2. (77)

3

In view of (76) and (77), we have

h(S™ + N3 |W) — h(S™ + N'|W) — h(S™ + N3'|W)

mn
Bty g el o)

n

~3 log(2me(y + ox,) + 2me(o%, — ox,))
n

-3 log(2me(y + ox,) + 2me(o%, — 0x,))

= min
~€[0,d]

n
-3 log(2me(y + o}, )

n . n .
B log(2me(y + 02\3)) -3 log(2me(y + (712\71 ))

which completes the proof.
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