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When 1s Noisy State Information at the Encoder
as Useless as No Information or as
Good as Noise-Free State?

Rui Xu, Jun Chen, Senior Member, IEEE, Tsachy Weissman, Fellow, IEEE,
and Jian-Kang Zhang, Senior Member, IEEE

Abstract—For any binary-input channel with perfect state
information at the decoder, if the mutual information between
the noisy state observation at the encoder and the true channel
state is below a positive threshold determined solely by the state
distribution, then the capacity is the same as that with no encoder
side information. A complementary phenomenon is revealed for
the generalized probing capacity. Extensions beyond binary-input
channels are developed.

Index Terms— Binary-input, channel capacity, erasure channel,
probing capacity, state information, stochastically degraded.

I. INTRODUCTION

ONSIDER a memoryless channel py|x,s with input X,
C output Y, and state S. We assume that the channel state S,
distributed according to pg, is provided to the decoder, and
a noisy state observation S, generated by S through side
channel P3s: is available causally at the encoder. Here X,

Y, S, and S are defined over finite alphabets X, ), S, and S s
respectively. In this setting (see Fig. 1), Shannon’s remarkable
result [1] (see also [2, eq. (3)] and [3, Th. 7.2]) implies that
the channel capacity is given by

C(prix.s: ps pgjs) = max1(U: Y[S). M

The auxiliary random variable U is defined over alphabet U/
with [U| = |X|'®!, whose joint distribution with (X, Y, S, S)
factors as

pU,X,Y,S,S(u’x’ V.S, 3:)
= pu)ps(s)pgs(1)Ix = v, 5))pyix.s(vlx, ),
ueld,xeX,yel,seS,5€8, ()
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Fig. 1. Channel model.

where I(:) is the indicator function, and w(u,-), u € U, are
|X|19! different mappings from S to X'. Without loss of gener-

ality, we set X = {0, 1,---,[X| -1}, 85 ={0,1---,|S| -1},

U=1{0,1,---,|X|"l =1}, and order the mappings v (u, -),

u € U, in such a way that the first | X'| mappings' are
yu,)=u, uedl; 3

moreover, we assume that p £ minges ps(s) > 0. The
capacity formula (1) can be simplified in the following two
special cases. Specifically, when there is no encoder side
information, the channel capacity reduces to [3, eq. (7.2)]

C(pyix.s, ps) 2 max [ (X; Y15), “)

where pxy,s(x,y,s) = px(x)ps(s)pyix,s(ylx,s); on the
other hand, when perfect state information is available at the
encoder (as well as the decoder), the channel capacity becomes

[3, eq. (7.3)]
C(pyix,s, ps) = max I (X; Y|S), ®)
pPx|s

where px,y,s(x,y,s) = ps(s)px|s(xIs)pyix,s(ylx, s).
For comparison, consider the following similarly defined
quantity

C'(py|x.s. s, Pgg) = max I(X; Y|S),
! 2
where the joint distribution of (U, X, 7Y, S, 5‘) is also given
by (2). We shall refer to C'(py|x,s, Ps., P3s) as the general-
ized probing capacity. By the functional representation lemma

[3, p. 626] (see also [5, Lemma 1]), C/(py‘x,g, ps, pg‘s) can
be defined equivalently as

C'(prix.s ps, pyjs) = max1(X: Y1S),
X|S

I These are the mappings that ignore the encoder side information.
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Fig. 2. Tllustration of py|x s and pg given by (9) and (10), respectively.

where

pX,Y,S,S‘(x’ y,8,8) = PS(S)Pg‘S(ﬂS)PX‘g(X|§)PY\X,S()’|X, 5),
xeX,yey,seS,EGS‘.
Clearly,
C(pyix.s, ps) = C(py|x.s, s, P§ys)
C/(PY|X,S9 pSa Pg‘s)
C(py|x.s, PS)- (6)

IA

IA

Moreover, we have

C(pyix.s: Ps» Pgs) = C'(pyix.s, Ps, Pgs)
= C(py|x,s, Ps) (7

if S and S are independent (i.e., 1(S; S‘) = 0), and

C(pyix.s Ps> Pys) = C'(Prix.s, Ps, Pgs)
= C(pyx,s, PS) (8)

if S is a deterministic function of S (i.e., H(S|S) = 0).

To elucidate the operational meaning of C'(py|x,s,
ps,pgls) and its connection with C(py|x,s, PS’pS|S)’ it is
instructive to consider the special case where pgo is a
binary erasure channel with erasure probability ¢ (denoted
by BEC(¢)), which corresponds to the probing channel setup
studied in [4]. The probing channel model is essentially the
same as the one in Fig. 1 except that, in Fig. 1, the encoder
(which, with high probability, observes approximately ne state
symbols out of the whole state sequence of length n when
n is large enough) has no control of the exact positions of
these ne symbols whereas, in the probing channel model,
the encoder has the freedom to specify the positions of these
ne symbols according to the message to be sent. It is shown
in [4] that this additional freedom increases the achievable rate
from C(py|x,s, ps, BEC(€)) to C'(py|x.s, ps, BEC(€)). Now
consider an example (see also Fig. 2) where

1-6, (x,y,s) =(0,0,0) or (1,1, 1),
_ 65 ()C,y,s):(o, 150) or (1905 1)’
PrixsOR$) =107 (73 5) = (1,0,0) or (0. 1, 1),
1, (x,y,5)=(1,1,0) or (0,0, 1),

©)

1
ps(0) = ps(l) = > (10)
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Fig. 3. Plots of C(py|x,s,ps,BEC(€)) and C'(py|x,s, ps. BEC(¢))

against € for € € [0, 1], where py|x s and pg are given by (9) with 6 = %
and (10), respectively.

For this example, it can be verified that

C(pyix,s, ps)
10g2, 9 = 09
= %((1 — 0)log2 + log 13 +610g%)» 0 (,1),
0, 0=1,
log?2, 0=0,
_ 0
C(py|x,s, ps) = | log (1 + (1 - 9)910)’ 0€©1),
0, 0=1.

Note that f(pyp(,s, ps) is strictly greater than C(py|x,s, pPs)
unless & = 0 or § = 1. It follows by (7) and (8) that

C(pY‘X,Sa pSa BEC(G))}Ezl = C/(pY|X,S’ pS’ BEC(G))L:]

= C(py|x,s PS)»
C(pyix.s, ps, BEC(€))|,_y = C'(pyx.s, ps, BEC(€))|,_,
= C(pyix.s, Ps)-
To gain a better understanding, we plot C(py|x.s,

ps, BEC(¢)) and C'(py|x,s, ps. BEC(¢€)) against € for € €
[0,1] in Fig. 3. It turns out that, somewhat counterintu-
itively, C(py|x,s, ps, BEC(¢€)) coincides with C(py|x,s, ps)
way before ¢ reaches 1. That is to say, when € is above a
certain threshold strictly less than 1, the noisy state observation
S is useless and can be ignored (as far as the channel
capacity is concerned). On the the hand, it can be seen that
C'(py|x.s, ps, BEC(¢)) is equal to C(py|x.s, ps) for a large
range of e strictly greater than 0. Hence, in terms of the
probing capacity, the noisy state observation can be as good
as the perfect one. As shown in Fig. 4, the same phenomena
arise if we choose p S5 to be a binary symmetric channel with
crossover probability ¢ (denoted by BSC(g)).

The contributions of the present work are summarized in
the following theorems, which indicate that the aforedescribed
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Fig. 4. Plots of C(py|x,s, ps,BSC(g)) and C/(py‘xjs, ps,BSC(g)) against

q for g € [0, %], where py|x s and pg are given by (9) with § = % and (10),
respectively.

surprising phenomena can in fact be observed for all binary-
input channels.

Theorem 1: For any binary-input channel py x_s, state dis-
tribution pg, and side channel P3s»

C(pyix.s; ps> pgjs) = C(py|x.s; ps)
. ~ 2 A .
if 1(8;9) < ;7, where p = mingcs ps(s).

Theorem 2: For any binary-input channel py|x s, state dis-
tribution pg, and side channel P35

C'(pyix.s, s Ps) = C(py|x,s, Ps)

. R 2plog2 .
if H(SIS) < qz7’16 1> Where p 2 mingegs ps(s).

On the surface these two results may look rather similar.
One might even suspect the existence of a certain duality
between them. However, it will be seen that the underlying
reasons are actually quite different. The proof of Theorem 1
hinges upon, among other things, a perturbation analysis.
In contrast, Theorem 2 is essentially a manifestation of an
induced Markov structure.

The conditions in Theorem 1 and Theorem 2 are stated in
terms of bounds on I(S; S‘) and H(S|S‘); as a consequence,
they depend inevitably on ps. As shown by Theorem 3 in
Section II and Theorem 4 in Section III, it is in fact possible
to establish these two results under more general conditions
on pgg that are universal for all binary-input channels and
state distributions.

The rest of this paper is organized as follows. We present
the proofs of Theorems 1 and 2 in Sections II and III,
respectively. The validity of these two results under various
modified conditions is discussed in Section IV. Section V
contains some concluding remarks. Throughout this paper, all
logarithms are base-e.

II. PROOF OF THEOREM 1
First consider the special case where p 51 is a generalized
erasure channel (with erasure probability € € [0, 1]) defined as

1—¢,5§=s,

pS*(E) S(§|s) = €, 5 = *5
GE| .
0, otherwise,

s€S8,5 e SU{x}

Lemma I: Given any binary-input channel py|x s and state
distribution pg,

C(prix.s, ps> P59 s) = C(prix.s, ps)

fore e [1 —e L, 1].

Remark: Lemma 1 provides a universal upper bound® on
the erasure probability threshold above which the encoder side
information is useless. The actual threshold, however, depends
on py|x,s and ps (see Section IV-A for a detailed analysis).

Proof: As indicated by (1), the capacity of the channel
model in Fig. 1 (i.e., C(py|x,s, Ps, pS\s)) is equal to that of
channel py sy, where

pr.siw (s slu) = ps(s)pg s @) prix. sy, 5), 9),

S
°€ ueld,yel,ses.

According to [6, Th. 4.5.1], py is a capacity-achieving input
distribution of channel py sy (i.e., py is a maximizer of the
optimization problem in (1)) if and only if there exists some
number C such that

u € U with py(u) > 0,
u € U with pyu) = 0;

D(py,siu (-, -lw)llpy,s) = C,
D(py,siu (-, -lw)llpy,s) < C,

furthermore, the number C is equal to C(py|x,s, s, pS\s)~
In view of (3), we have

ueX,yel),ses.

Let p; be a capacity-achieving input distribution of channel
py,six (e, Py is a maximizer of the optimization problem
in (4)). Define

pr.siu(y,slu) = py,six(v, slu),

oy py),ue,
Py () = 0, otherwise.

Y

It is clear that C(pyx,s, Ps» pg‘s) = C(py|x,s, ps) if and
only if pp is a capacity-achieving input distribution of
channel py siu.

Now consider the special case where p 51 is a generalized
erasure channel with erasure probability €, and define

DGEe(pu, €,u) = D(py,siu (-, -lu)llpy,s) (12)
to stress the dependence of D(py,sjz(-, -|u)llpy,s) on py, €,
and u. It can be verified that

pr.siu(y, slu)

= > ps)psos Gl prixsOly @, 5),s)
SeSU{x}

= ps(8)epyx, sy (u, %), s)
+ ps(s)(1 =€) pyix,s(Iw(u,s),s)

=PS(S)(PY|X,S(}’|1//(M,S)»S)+55(’4» y,s)), (13)

2Numerical simulations suggest that this universal upper bound is not tight.
Determining the exact universal erasure probability threshold remains an open
problem.
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where
o(u,y,s) = prix,s(ly @, *),s) — pyix. sy u,s),s),
ueld,yelY,seS. (14

Since |X| = 2, there is no loss of generality in assuming

that [7, Th. 2]
pi(x) > el xeX. (15)

To the end of proving Lemma 1, it suffices to show that, for
eecll—e 1],

DgEe(pg, €, u) = C(py|x,s, ps), u€X,
DGEe(py,€,u) < C(py|x,s, ps), otherwise.

Clearly, p; is a capacity-achieving input distribution of
channel py sy when € = 1. Therefore, we have3

DGe(py, 1, u) = C(py|x,s, ps), u€X, (16)
DGEe(pys 1, u) < C(py|x,s, ps), otherwise. (17)
Note that
DgEe(py, €, u)
py,siw(y, slu)
= > prsuly.slu)log 5 ) Ol
yeYses w'eld Py py,siuly,
= > ps®prix.sGly.s),s) +€du, y,s))
yeY,seS
XlOg PY\X,S()’|‘//(M95),S)+65(“, y’s)
2weu Po@)(pyix.sOly W', s),s) +ed',y,s))
(18)
= D ps@prix.sGlyu,s),s) +edw,y,s)
yeY,seS
prix,sylw(u,s),s) +ed(u,y,s)
x log
er)( Pf((x)PY\X,S(ﬂxa S)
eel0,1l,uecld, (19)

where (18) is due to (13), and (19) is due to (3) and (11).
Moreover,
0

—D €, U
Ep GE(pU )

= > ps()d,y.s)

yeY,seS
( prix,sOlw(u,s),s) +edu,y,s) )
x| log +1

D cex P pyix.s(lx, s)

= > ps)du,y,s)

yeY,seS

pyix,sylw(u,s),s)+edu,y,s)
D cex Px@)pyix.s(lx, s)

+ D ps() D, y,s)

x log

seS yey
= > ps()du,y,s)
yeY,seS

PY\X,S()’W/(% S), S) + 65("{’ Yy, S)

D cex Px@)pyix.s(lx, s)
ce[0,1l,uecl.

x log
(20)

3The inequality in (17) is in fact an equality.

Define
Gs={ueld:6(u,y,s)=0forall y e Y and s € S}.
2y
In light of (19),
DGEe(py,€,u) = Dge(pg, L, u), €€l[0,1],u € Gs.
(22)

For any u € U\Gs, there must exist some y € ) and s € S
such that d(u, y, s) # 0; furthermore, since |X| = 2, we have

o(u,y,s) >0 = pyix,s(ylyu,s),s) +edu,y,s)

=b(y,s) +elaly,s) —b(y,s)), (23)
5(”9 y,S) <0= PY\X,S(}’W(“,S)J) +65(u9 y,S)
:a(yas)+6(b(yas)_a(y’s)), (24)

where
a(y,s) = max py|x,s(y|x, s),
xeX
b(y,s) = min pyx,s(y|x, s).
xeX

Continuing from (20),

0
S Dor(pg6w) = X ps(s)o, y, )
yeY,seS
prix,sylw(u,s),s) +ed(u,y,s)
ZXEX Pf((x)PY\X,S(ﬂxa S)
=205 D wy.s)
seS yeY:o(u,y,s)>0
PY\X,S(}’W/(“, S)a S) + 65(”9 ) S)
(I —e Da(y,s) +eb(y,s)
+> pss) D S, y,)
seS yeY:o(u,y,s)<0
PY\X,S(}’W/(“, S)a S) + 65(”9 ) S)
ela(y,s)+ (1 —e Nb(y,s)

(25)
=>pss) D

seS yeY:o(u,y,s)>0
b(y,s) +elaly,s) —b(y,s))
(1 —e Na(y,s) +e 'b(y,s)
+> pss) D S, y,)
seS yeY:o(u,y,s)<0
a(y,s) + ey, s) —aly,s))
e“ta(y, )+ (1 —eNb(y,s)

(26)
D opsls) >

seS yeY:o(u,y,s)>0
(1—eDa(y,s)+e 'b(y,s)
(I —eNa(y,s) +e71b(y,s)
+> psts) DL S, y.s)

seS yeY:o(u,y,s)<0
ela(y, )+ (1 —eHb(y,s)
e“ta(y,s) + (1 —e Nb(y,s)
=0, ee[l—e 1L uel,

x log

x log

x log

o(u,y,s)

x log

v

o(u,y,s)

x log

x log

27)
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where (25) is due to (15), and (26) is due to (23) and (24).
Combining (16), (17), (22), (27), and the fact X C G; yields
the desired result. [ |

Recall [3, p. 112] that Ps,s (with input alphabet & and

output alphabet S)) is said to be a stochastically degraded
version of p 515 (with input alphabet S and output alphabet S>)
if there exists p 5115, satisfying

> P35 (5219)p3, 15, G1152),

Ez ESZ

p§||5(§1 ls) =

s€8,51 €8 (28

We can write (28) equivalently as

P3s = P3sP313,

by viewing P3s» P3y)se and P35, a8 probability transition
matrices.
The following result is obvious and its proof is omitted.
Lemma 2: 1If p S8 is a stochastically degraded version of
P35> then

C(pyix.s; Ps> Pg,s) < C(Py|x.s, Pss Pgys)-

Next we extend Lemma 1 to the general case by characteriz-
ing the condition under which p 51 is a stochastically degraded
version of pS(s) s

Lemma 3: p 51 is a stochastically degraded version of

o if and only if
P3syis y
min pz o(5]s) > €. 29
ZS;SESpSlS(l)_ (29)
se
Proof: The problem boils down to finding a necessary and
sufficient condition for the existence of p 55 such that
P3sGls) = X Pt sE19)pg 50 GIF),
§'eSU{x}

seS,5ed. (30)

It suffices to consider the case € € [0, 1) since Lemma 3 is
trivially true when € = 1. Note that

~/ ~ i~
> Py 5§19 pg 56 (B15)

§'eSUf*)
=(1- E)pS‘S(E) Gls) + €Pgst) G*), se€S8,5e€8. (31
Combining (30) and (31) gives
P3s81s) — €pg e (51%) 5
P56 Gls) = | - ES‘SGE , s€8,5€8.
(32)

In light of (32),
Z Pys Gl =1, ses,

= ZPSlS(e) ($lx) =1,
5eS

© (5]s) =0, se8,5€8,

P13

= Irélg pg‘s(s|s) > epS|S(e) 5]%), seS. (33
N

It can be readily seen that the existence of conditional dis-
tribution Pgj5© satisfying (30) is equivalent to the existence

of probablhtvaEector (P35 (51%)); g satisfying (33). Clearly,
ISGE ses

(29) is a necessary and sufficient condition for the existence

of such (pSIS(G‘% (GED) S ]

Theorem 3: For any binary-input channel py|x, s, state
distribution pg, and side channel p 3|50

C(pyix.s, ps> pgs) = C(pyix.s, ps)
if
min pz ((§ls) > 1 — ¢! 34
%SESP5|3(|)_ (34)
se€
Proof: In view of Lemmas 1, 2, and 3, we have
C(pyix.s ps» P3is) = C(pyix.s, Ps) (35)

if (34) is satisfied. Combining (6) and (35) completes the proof
of Theorem 3. n

Now we proceed to prove Theorem 1 by translating (34)
(which is a condition on p 5is that is universal for all binary-
input channels and state distributions) to an upper bound
on I(S; S). This upper bound, however, depends inevitably
on the state distribution.

For any pg ¢ violating (34) (i.e, D s Minges Py s(5ls) <
1— e’l), we have

.1 2
159 3( X ps)|ps6) - p5s6i0)] ) G0
seS,5eS
1
> = (Zpscv(s))\pS(s) p5|s<s|s(s)>\)
eS
1
= 5( ZIPS(S) pSS(S|S(S))‘)
1 2
= 5( ZPS(S) Zps|s(s|5(5)) )
ses
2
p
> 2—62,

where (36) is due to Pinsker’s inequality [8, p. 44], and 5(5)
is a minimizer of mingeg pg‘s(§|s), s € §. As a consequence,
(34) must hold if 1(S; S) <
Theorem 1.

2 .
%. This completes the proof of

III. PROOF OF THEOREM 2

First consider the special case where p 51 is a generalized

symmetric channel (with crossover probability ¢ € [0, I?ll])
defined as

1-(8l-Dq, s =s,

p§$’§\s(s|s) - [q, otherwise, s€S,5€8.

Lemma 4: C'(py|x,s. Ps. P3as) = C(py|x,s, ps) if and
only if

leS()C|S)

min — ST S, (37)
xeX;,5€8 D ves Pys(x1s)
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for some p %5 € P, where P denotes the set of maximizers
of the optimization problem in (5), and X} = {x € X :

> ses Piys@ls) > 0.

Proof:  Clearly, C’(PY|x,s,PS,P§g1;|S) = C(py|x.s» Ps)
if and only if there exists p %5 € P that is a stochastically
degraded version of p 5905 When g = ITII’ (37) is equivalent

to the desired condition that X needs to be independent of S.
When ¢ € [0, L), P, is invertible and
S P3is

g—1 q q
[Slg—1 [Slg—1 [Slg—1
1 \S\q 1
_ . q=
p- = (38)
Sl SV g
) ) T ISlg—1
q q g—1
[Slg—1 ISlg—1 [Slg—1

The problem boils down to finding a necessary and sufficient
. . 1 . . o1
condition under which pngg s Pxisisa valid probability tran-

sition matrix (i.e., all entries are non-negative and the sum of
each row vector is equal to 1). Note that

1
Py D3 =pa.

() X — P .
st XIS Sgsis |
1

1

=P P .

SaisTSasis |

1

=1.]- (39)
1
. -1 . .

Moreover, all entries of pSg’;ls Pgs are non-negative if and

only if

—Pis(x19) + 4 Xyes Pys(xls’)
X13 s'e8 XIS >0, xe€8,s€eSs,
ISlg — 1

which is equivalent to (37). [ |
The following result is obvious and its proof is omitted.
Lemma 5: 1f P3ys is a stochastically degraded version
of Psyse then

C'(pyix,s. Ps, Ps,s) = C'(pyix.s, ps, P3,s)
Lemma 6: P3@)s is a stochastically degraded version of
. GS
P3|s if
P s(51s)
max <y, (40)
5€8,5€S1i5#S Zs’eS P§|S(5|S )
where § is the maximum likelihood estimate of S based on S R
and Sy ={§e€S:> s p3‘5(§|s) > 0}.
Proof: The case g = ﬁ is trivial. When ¢g € [0, ﬁ),
. is invertible and p—! is given by (38). It can be

shown (see the derivation of (39)) that the sum of each row
of pg(;)ls Pys is equal to 1; moreover, the off-diagonal entries
GS

of p pys are non-positive if and only if

I
Se3ls
_p§|s(§|s) +4q Zyes p§|s(§ls/) <0
ISlg — 1 -
s€8,5€81 5 #3,

which is equivalent to (40). Therefore, (40) ensures that

pg(}nls P3s is a non-singular M-matrix, which in turn ensures
GS

1

that pg‘s P5@)s exists and is a non-negative matrix [9]. Hence,
GS
if (40) is satisfied, then pTl P:@,o 15 a valid probability
SISt SgslS

transition matrix (the requirement that the entries in each row

of pTl P« add up to 1 is automatically satisfied), which
NN

implies that p 595 is a stochastically degraded version of p 81
GS

(and consequently a stochastically degraded version of p 5 $)-

|

Theorem 4: For any binary-input channel py|x s, state dis-
tribution pg, and side channel P35

C'(pyix.ss pss P3s) = C(py|x.s, Ps)
if

P§|S(§|S) 1
max o = )
SES,SES15#£S Zs/eS pS‘S(SLS‘ ) (|S| —1)e — S|+ 2

(41)

where S is the maximum likelihood estimate of S based on S.
Proof: Since | X| = 2, it follows from [7, Th. 2] that there
exists Ps € P satisfying

pf(|s(x|5) >e !, xeX,ses.
For such PR

P;}|S(X|S) - e!
T el (S - D1 —eh
1
(IS] = De— S| +2°

min
xeXi,seS 23’68 pf(lS(xls/)

In view of of Lemmas 4, 5, and 6, we have

C'(pyix.s. Pss P3is) = C(pyix,s, ps) (42)
if (41) is satisfied. Combining (6) and (42) completes the proof
of Theorem 4. [ ]

Now we are in a position to prove Theorem 2. Let S and §
denote respectively the maximum likelihood estimate and the
maximum a posteriori estimate of S based on S. According
to [10, Th. 11],

H(S]S)
2log2

P(S #8) < (43)
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It can be verified that

D pgsGl = D pyysGls)
5,5€S:5#S 5,5€S:5#£S
1 R
<— > ps@)pysBls)
Py ieSmss
_ PGS #£3) 44)
p
Substituting (43) into (44) yields
A » H(SIS)
> pysGlsy<ns 2plog2’ (45)
5,5€S:5#£S
Note that
P5sGS1)
31s - n 46)

max =~ = .
S€SSESLAS D ges pgsGls) — h+1( < 1)

Indeed, (46) is trivially true when 7 > 1; moreover, when
n<l,

p§‘5(§|s)
max ~ A
seS5eStis#s Xyes Pys(ls)
p§|s(§ls)
< max = =
seS.seSai#s Py g(8ls) + pg s (18)
P§|S(§|S)
= max = TN
seS.3eSpis#s pyg(Sls) +1— D eSA P3s('15)
pgsGls)
< max f‘s (47)
se85eS s 2pg g(Sls) +1—h
<" (48)
= h + 1,

where (47) and (48) are due to (45). In view of Theorem 4,
It suffices to have
h - 1
h+T( <1) ~ (IS —De—[S|+2
Note that (49) is not satisfied when % > 1 since its left-
hand side is equal to 1 whereas its right-hand side is strictly

less than 1 (& > 1 implies |S| > 2). When i < 1, we can
rewrite (49) as*

(49)

h < ;’
(ISI=Dle—1)
which is exactly the desired result. This completes the proof
of Theorem 2.

In Appendix A, we give an alternative proof of Theorem 2
with a different threshold on H (S]S).

IV. EXTENSION AND DISCUSSION
A. Extension of Theorem 1

It is interesting to know to what extent Theorem 1 can
be extended beyond the binary-input case. This subsection is

4Note that i < W implies # < 1 when |S| > 2. The case |S| =1
is trivial since 7 can only take the value 0.

largely devoted to answering this question. For any pyx,s
and pg, define

€(pyix.s, ps) = minfe € [0, 1] : C(py|x.s5, Ps» P50 )
= C(prix,s. Ps)},

. 1
q(pyix,s, ps) = min{q € [0, —1: C(py|x,s, PS, P5a) g)
= |S| Gs!

= C(py|x,s, Ps)}-

Proposition 1: 1) There exists a(py|x,s, ps) > 0 such
that C(py|x.s, P:?a PS*\S) = C(py|x,s, ps) for all P3s
satisfying 1(S;S) < a(pyx.s,ps) if and only if
elprix.s, ps) < 1.

2) e(pyx,s, ps) < 1 if and only if

> ps(s)o,y, s)
ye),seS
prix.s(ylw(u, %), s)
D vex Px@)pyix.s(lx, s)
u € U\Gs,

where d(u, y,s) and Gs are defined in (14) and (21),
respectively, p; is an arbitrary maximizer of the opti-
mization problem in (4), and

x log > 0,

(50)

Uy = {u ceU: Z ps(s)pyix,s(ylw(u, x),s)
ye),seS
SOy, %), s
x log Prix.sO1y ). 5) = C(py|x,s, PS) |-

ZXEX PX(X)PY\X,S(yPCa s) B

Remark: All maximizers of the optimization problem in
(4) give rise to the same > .y p3(X)py|x,s(¥|x,5), y € Y,
s € S [6, p. 96, corollary 2].

Proof: The first statement can be easily extracted from
the proof of Theorem 1.

Now we proceed to prove the second statement. First recall
the definitions of Dge(pu,€,u) and py in (12) and (11),
respectively. Since py; is a capacity-achieving input distribu-
tion of channel py sy when € = 1, we must have

Dge(py, 1,u) = C(pyx,s, ps), u €U with py(u) > 0,
Dge(py, 1, u) < C(py|x,s, ps), u €U with py(u) =0,

which, together with the fact Uy = {u € U : Dge(py, 1,u) =
C(py|x,s, ps)}, implies

{uel:pyu) >0} Sy, (51
Dge(py, 1,u) = C(pyx,s, ps), u €Uy, (52)
DGe(pg, 1,u) < C(py|x.s, ps), otherwise. (53)

It can be verified that
DGE(pp,€,u) = DGe(py, 1, u), €€l0,1],u € Gs.(54)

Moreover, in view of (20), we can write (50) equivalently as

> 0,

e=1

0
—DGE(p[},f, u) u €u+\g§~ (55)

o€
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According to (52)—(55), there exists e(py|x,s, ps) € [0,1)
such that

uelyNgGs, (56)
(57)

DgEe(py, €,u) = C(py|x,s, PS)s
DgEe(py,€,u) < C(py|x,s, ps), otherwise

for € > e(pyx,s, ps). In light of (51) and the fact {u € U :
ppw) > 0} € X C Gy, we have

{uel: pyu) > 0) CUy NGs, (58)

Combining (56), (57), and (58) proves the “if" part of the
second statement. Next we turn to the “only if" part of the
second statement. Assuming the existence of €(py|x,s, ps) €
[0, 1) such that C(py|x.s, Ps P5o)s) = C(prix.s, ps) for
€ > €(py|x,s, ps) (or equivalently pp is a capacity-achieving
input distribution of channel py sy for € > e(py|x,s, Ps)),
we must have

DgEe(pg, €,u) <C(py|x,s, ps), € = €(py|x,s, ps),u €U.

(59
It can be verified that
2
EDGE(p[A]’Ea u)
— Z ps(s)éz(u, y’s)
yeY,seS PY\X,S(}’W/(M, S)a S) + 65(”9 ) S)
>0, €€[0,1],u € U\Gs. (60)
Moreover, by the definition of Uy,
Dge(py, 1,u) = C(pyix,s, ps), u € Us. (61)

Note that (59), (60), and (61) hold simultaneously for u €
U\Gs, from which (50) (or equivalently (55)) can be readily
deduced. This completes the proof of Proposition 1. ]

As shown by the following example, the necessary and
sufficient condition (50) is not always satisfied when |X| > 2.
Let

[1, (x,y,5)=(0,0,0) or (1,1, 1),

0, (x,y,s)=(0,1,0) or (1,0, 1),

2, (x,y,5)=(1,0,0) or (0, 1, 1),

3

g, (x’y’s)z(lal’o) or (090’ 1),
pyix,.s(ylx,s) = (62)

i @, y,8) =(2,0,0),

%’ (x’y’s)=(290’ 1)’

&, (x,y,5) = (2,1,0),

L%’ (x’y’s)z(zblﬁl)’

1
ps(0) = ps(l) = 7. (63)

For this example, it can be verified that & € U \Gs and

>

ye),seS

prix,sOly @, %), s)
rex P @) pyix,s(ylx, s)

pS(s)é(ﬁ’ Y, S) IOg Z

where w(it,-) is given by w(@,0) = 2, wy@,1) = 1,
and w(@,x) = 1, indeed, Fig. 5 shows that
C(prix,s, ps, BEC(€)) > C(py|x,s, ps) for € € [0, 1).

032 : : : : : : : : :

0.315 |
Clovnspsy

0.31 (Py|x.5,Ps) )

0.305 | .

031 e C(py|x,s,rs,BEC(¢)) |

0.295 |
0.29 |
0.285 |
0.28 |

/ Q(p}'\x.svps)

0.27 1 1 1 1 1 1 1 1 1

0.275

Fig. 5. Plotof C(py|x,s, ps, BEC(¢€)) against € for € € [0, 1], where py|x, s
and pg are given by (62) and (63), respectively.

The proof of Proposition 1 in fact suggests a strategy for
computing €(py|x,s, ps)- Let pg be an arbitrary maximizer
of the optimization problem in (4) and define p; according
to (11). Note that

o DGe(pp,1,u) < C(pyx,s. ps) for u € U (see (52)
and (53)),

o DGe(pp,e,u) does not depend on € for u € Gs
(see (54)),

o DGe(pp,€,u) is a strictly convex function of € for
u € U\Gs (see (60)).

Hence, for each u € U, there are three mutually exclusive
cases.

1) DGe(py,0,u) <  C(pyvix,;s.ps): We have
DGe(pp.€,u) = C(pyix,s, ps) for € e [e(u), 1],
where €(u) = 0.

2) DGe(py.0,u) > Dge(py,1,u) = C(pyix,s, ps)
and %ch(pﬁ,e, u)|E:1 < 0 (this case can arise
only when |X| > 2): We have Dge(py,0,u) >
C(py|x.s, ps) for € € [0, €(u)), where €(u) = 1.

3) Otherwise: We have DgEe(pp,€,u) > C(py|x.s, ps)
for € € [0,€(u)) and DGe(py,€,u) < C(pyix.s, Ps)
for € € [e(u), 1], where €(u) is the unique solution of
DGEe(py, € u) = C(pyx.s, ps) for € € (0, 1).

It can be readily shown that

€(py|x,s, ps) = max €(u). (64)
ueld

We can compute Z(pY\ x,5, ps) in a similar way. Define

Dgs(pu,q,u) = D(py,siu (-, -[w)lpy,s),

where

py,siu(y, slu) = ps(&)(pyix,sOlw (u,s),s) +qou,y,s))
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with
oW, y,5)= D prxsOly@,i),s)
SESS#£s
—(SI = Dprix,sOly(u,s),s),
ueld,yel,ses.

Again, let p;; be defined’ according to (11). It can be verified
that

Dgs(py>q,u)

= D> ps®(prix.sGly,s).s) + qo, y, s))
yeY,seS

PY\X,S()’W/(%S),S)+qw(uayas)
er)( Pf((x)PY\X,S(ﬂxas)

1
qe[o’_]aueu’

x log

|S]
% Daspgna, )
A GS p,\’q9u
oq v
= > ps®)d,y,s)
yeY,seS
pyix,sly(u,s),s) +qou,y,s)
x log
D vex Px@)pyix.s(lx, s)
1
q € [O’ _]9u EZ/{,
|S]
62
TqZDGS(PU, q»u)
S ps($)d*(u, y, s) o
seyaes prix,slw(u,s),s) +qou,y,s) ’
1
el0, =—l,ueld ,
where

Go={ueld:wu,y,s)=0forall ye) and s € S}.
Clearly,

o DGs(pg» ﬁ u) < C(pyx.s, ps) foru e U,

o DGs(pg»q,u) does not depend on g for u € G,

o DGs(py»q,u) is a strictly convex function of g for

u € U\G,.
Hence, for each u € U, there are also three mutually exclusive
cases.

1) Dgs(py,0,u) < C(pyix.s-ps): We have
Dgs(pp.q,u) < C(prix.s, ps) for ¢ € [qu),1],
where g(u) = 0.

2) Dgs(py,0,u) > Dgs(pg, “lg‘,u) = C(pyix.s> Ps)
and %Dgs(p[j,q,u) oL < O (this case can arise

=TS
only when [X| > 2): We have Dgs(py,0,u) >
C(py|x.s, ps) for g € [0, q(w)), where q(u) = rg.

3) Otherwise: We have Dgs(pp,q,u) > C(py|x.s, Ps)

for g € [0, g(u)) and Dgs(pp,q,u) < C(py|x.s, ps)

SNote that the underlying U/ depends on S.In particular, || = |X ||S‘ when
P3s is a generalized symmetric channel whereas |U| = |X ||S I+1 when P3is
is a generalized erasure channel.

for g € [q(u), ﬁ], where ¢(u) is the unique solution
of Ds(py»q,u) = Cpyix,s, ps) for g € (0, &).
It can be readily shown that
q(pyix,s, ps) = maxq(u). (65)
- ueld

For py|x,s and pg illustrated in Fig. 2 (see also (9) and
(10)), we show in Appendix B that

_ | €©0), 00,1,
E(pY\X,S, pS) - {0, OtherWise, (66)
_ 140, 0€(0,1),
q(py|x.s, ps) = {0, otherwise, (67)
where €(0) is the unique solution of
2(1 —e(1—0))
1—6)log2 1—e(1—-0))log———=
€(1 = B)log2e + (1 — €1 = 0)) log ————
2
=(1—-60)log2+61
(I -0)log2 + 215
for € € (0, 1), and ¢(@) is the unique solution of
2(1—¢q(1-0))
1—06)log2 1—¢g(1—-0))log—————=
q(1—0)log2q + (1 —¢(1 —0))log 40
1 260
=—-((1—-0)log2+1 a1
2(( Ylog2+log 75 + °g1+9)

for g € (0, %). Setting 6 = % gives e(py|x,s, ps) ~ 0.1
(cf. Fig. 3) and q(py|x.s, ps) ~ 0.037 (cf. Fig. 4).

B. Extension of Theorem 2

We shall extend Theorem 2 in a similar fashion. For any
py|x,s and pg, define

g(py‘x’s, ps) = max{e e[0,1]: C/(PY|X,S, PS» ng;‘s)

= C(prix.s» Ps)}»
1

q(pyix.s, ps) = max{q € [0, =1: C'(py|x.s, Ps. P5)g)
|S| Gsl

= C(pyix.s» Ps)}-

Proposition 2: 1) There exists f(py|x.s, ps) > 0 such
that C'(py|x.s, ps, P3s) = C(pyix.s, ps) for all pg
satisfying H(S|S) < pB(prx.s, ps) if and only if
q(pyx,s, ps) > 0.

2) q(py|x,s, ps) > 0 if and only if there exists Pgs € P
such that

{xeX:pmS(x|s)>O}:X+, seS. (68)

Proof: The first statement can be easily extracted from the
proof of Theorem 2. The second statement is a consequence
of Lemma 4. |

As shown by the following example, the necessary and
sufficient condition (68) is not always satisfied when |X| > 2.
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0.29 T T T T T T T T T
0.28 1
U(IJY\X.Sa ps )/
0.27 [ 1
0.26 [ 4
0.25 4
0.24
023} C’(pmx,s,ps,BSC((J))/
0.22
0.21
C(py|x.s:Ps)
02 e
019 1 1 1 1 1 1 1 1 1
0 005 01 015 02 025 03 035 04 045 05
q
Fig. 6. Plot of C’(pY‘X,S,pS,BSC(q)) against ¢ for g € [0, %], where
Py|x,s and pg are given by (69) and (70), respectively.
Let
[ 1, (x,y,5)=(0,0,0) or (2,1, 1),
OJ (x5 y’s): (0’ 150) Or (250’ l)’
2
3 (-xa Y, S) = (1’09 0) or (09 1, 1),
prix,s(ylx,s) =13 (69)
3> (xa Y, S) = (19 150) or (O’ 09 1)9
4, (r,y,9) = (2,0,0) or (1,1, 1),
[ §, (v y,5) = (2,1,0) or (1,0, 1),
1
ps(0) = ps(1) = 5 (70)

For this example, it can be verified that the maximizer of the
optimization problem in (5), denoted by p 150 is unique and
{xeX: pf(|s(x|0) > 0} = {0, 1},
[xeX: P;”(|S(X|1) > 0} = {0, 2};
indeed, Fig. 6 shows that C’(pyx,s,ps,BSC(q)) <

C(py|x.s. ps) for g € (0, 31.
In view of Lemmas 3 and 4, we have

€(pyix.s, ps) = max E min p g ¢(xls), (71)
pf('SE,PxeX seS

_ . pf(|5(x|5)

q(py|x,s, ps) = max_  min (72)

P s€P xeXy,s€S D ves pf(lS(xls/)‘
Note that P does not depend on ps (under the assumption

p > 0); as a consequence, €(py|x,s, ps) and g(pyx,s, Ps)
do not depend on pjy either. For py|x s and pg illustrated in
Fig. 2 (see also (9) and (10)), we show in Appendix C that

—1
2(uu1—mm%) 077, 6 € (0, 1),

€(pyix,s, ps) =
L, otherwise,
(73)
0 -1 0
- 1+ -0)077) 079,06 ¢€(,1
q(py|x,s, ps) = +( ) ) ,0€(0,1),

% s otherwise.
(74)

Setting 0 = 1 gives €(py|x,s. ps) = ‘5—‘ (cf. Fig. 3) and

7(py|x.s. ps) = % (cf. Fig. 4).

C. Two Implicit Conditions
In this subsection, we shall examine the following two
implicit conditions in Theorem 1:

1) perfect state information at the decoder,
2) causal noisy state observation at the encoder.

If no state information is available at the decoder, then the
channel capacity is given by

C(py|x.s Ps p3s) £ max I(U;Y),

where the joint distribution of (U, X, Y, S, S’) is given by (2).
Furthermore, if there is also no state information available at
the encoder, then the channel capacity becomes

C(pyix.s» ps) 2 max [ (X; ¥), (75)

where py vy s(x,y,s) = px(x)ps(s)py|x,s(y|x, s). Define
&(pyyx.s, ps) = minfe € [0, 1] : C(py|x.s, Pss P5) )
GE
= C(py|x.s, Ps)}-

The proof of the following result is similar to that of Propo-
sition 1 and is omitted.

Proposition 3: 1) There exists a(py|x,s, ps) > 0 such
that C(pyx,s, Ps, PS*\S) = C(py|x,s, ps) for all P3s
satisfying 7(S; S') < a(pyx,s, ps) if and only if
é(pyix,s, ps) < L.

2) é(pyx,s, ps) < 1 if and only if

> (Zps(s)é(u, y,s))

yeY ‘ses
% 10g ZseS PS(S)PY\X,S()’W/("’»*),S) S O,
D rex.ses Py () ps()pyix,s(ylx, s)
u € Ug\Gs, (76)

where d(u, y, s) is defined in (14), p; is an arbitrary
maximizer of the optimization problem in (75), and

Gs = [u el : Zpg(s)é(u,y,s) =0forall y e y],

seS
Uy = [u eu: >y (Zps<s>pyx,s<y|w(u,*>,s))
yeY ‘seS
D ses Ps@)pyix syl (u, %), s)
x log

D vex.ses Py ps()pyix.s(ylx, s)

= C(pyix.s, Ps)]-

As shown by the following example, the necessary and
sufficient condition (76) is not always satisfied even when

|X] = 2. Let
Y=X&S, X=Y=8={0,1}, (77)

1
ps(l) =ue (05 5)5 (78)
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07 T T T T T T T T T 0224 T T T T T T T T T
0.223 — 1
0.6} : C(py|x.s,Ps)
0.222 1
L 4 0.221 / 1
0.5 _ C'(py|x.3, ps,BEC(¢))
C(py|x,s,ps,BEC(e)) 022k i
: Car(py|x,s,ps,BEC(e))
04 1
0.219 - 1
03l | 0218} ” BEC) 1
Py|x,5,DPS, €
0217 + / |
L - i C(py|x.,s,Ps)
0.2 C(py|x.s:ps) 0.216 -
0215 1 1 1 1 1 1 1 1 1
01 ! ! ! ! ! ! ! ! ! 0 01 02 03 04 05 06 07 08 09 1
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1 P
€
Fig. 8. Plot of Cgp(py|x,s, ps, BEC(€)) against € for € € [0, 1], where

Fig. 7. Plot of é(py|x,5, ps, BEC(¢)) against € for € € [0, 1], where py|x s
and pg are given by (77) with u = % and (78), respectively.

where @ is the modulo-2 addition. It can be verified that (76)
is not satisfied for this example; indeed, Fig. 7 indicates that

C(pyx.s, ps» BEC(€)) > C(py|x,s, ps), € €[0,1). (79)

Here we give an alternative way to prove (79). Write S =
S@® A, where S and A are two mutually independent Bernoulli
random variables with

ps(1) =v €0, ul,
U=V
1—2v

pa(l) =
It is clear that
C(py|x.s: Ps pys) =log2 — H(A)
log2 — H(S)
= Q(pmx,s, ps), v e (0, ul. (80)

In light of Lemma 3, p 5is is a stochastically degraded version
of BEC(¢) and consequently

Y

C(pyix.s, ps, BEC(€)) > C(py|x.s. Ps. pys)  (BD

if H(S) — H(A) < 209 Combining (80) and (81)
proves (79).

Now we proceed to examine the second implicit condi-
tion. If the noisy state observation is available non-causally
at the encoder, the Gelfand-Pinsker theorem [11] (see also
[3, Th. 7.3]) indicates that the channel capacity is given by

Cor(py|x.s, PSs P3ys) £ r;la{(I(U; Y,8) - I1(U; S),
uIs

where the joint distribution of (U, X, 7Y, S, S’) factors as
pU,X,Y,S,S(u’ X, y, s, 5)
= ps(8) P55 G19) py 5 IHIG = (e, ) pyix.sOIx. s),
ueld,xe X,ye),seS,5€8.

pr|x,s and pg are given by (9) with § = % and (10), respectively.

It turns out that Cgp(pyx,s, Ps. p§\s) is bounded between
C(pyix.s, s, p5js) and C'(py|x,s, Ps, P3s)s i-€.

C(prix.s, ps> Pgs) = Cop(py|x.s, S, P§s)
C'(pyix.s, PS» p3s)-

IA

Indeed, the first inequality is obvious, and the second one holds
because

1(U:;Y,S) - I(U;S)

IA

1(U;Y,S) —I(U;S)
1(U; Y|S)
1(X;Y]S).

A

In Fig. 8 we plot Cgp(py|x,s, ps, BEC(€)) against e
for ¢ € [0,1], where pyx,s and ps are given
by (9) with § = % and (10), respectively; it can be
seen that Cgp(pyx,s, ps, BEC(¢€)) is strictly greater than
C(py|x,s, ps) except when € = 1. So the causality condition
on the noisy state observation at the encoder is not superfluous
for Theorem 1.

V. CONCLUSION

We have shown that the capacity of binary-input® channels
is very “sensitive” to the quality of the encoder side informa-
tion whereas the generalized probing capacity is very “robust.”
Here the words “sensitive” and “robust” should not be under-
stood in a quantitative sense. Indeed, it is known [7] that,
when |X| = 2, the ratio of C(py|x,s, Ps) to f(pyp(,s, ps) is
at least 0.942 and the difference between these two quantities
is at most ~0.011 bit; in other words, the gain that can
be obtained by exploiting the encoder side information (or
the loss that can be incurred by ignoring the encoder side
information) is very limited anyway.

6In fact, both numerical simulation and theoretical analysis suggest that
similar results hold for many (but not all) non-binary-input channels.
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Binary signalling is widely used, especially in wideband
communications. So our work might have some practical
relevance. However, great caution should be exercised in inter-
preting Theorems 1 and 2. Specifically, both results rely on
the assumption that the channel state takes values from a finite
set,” which is not necessarily satisfied in reality; moreover, the
freedom of power control in real communication systems is
not captured by our results. Nevertheless, our work can be
viewed as an initial step towards a better understanding of
the fundamental performance limits of communication systems
where the transmitter side information and the receiver side
information are not deterministically related.

Finally, it is worth mentioning that our results might have
their counterparts in source coding.

APPENDIX A
AN ALTERNATIVE PROOF OF THEOREM 2

We shall show that, for any binary-input channel pyx s,
state distribution pg, and side channel P3s»

C'(pyix.ss ps» P3s) = C(py|x.s, Ps)

if
~ 4plog?2
H(S|S) < . 82
(l)_3+2(e—1) 2|S] (82)
Lemma 7: p s is a stochastically degraded version of p 51
if
4rp log2
H(S|S 83
where

. minges pf(‘s(xls)
7T = min

xeX+ maxses px‘s(x|s)
Proof: Let ~S denote the maximum likelihood estimate
of S based on S. It suffices to show that Pis is invertible

and ps_lls P3is is a valid probability transition matrix if (83)

is satisfied.
Let omin(p 8 ) denote the smallest singular value of p 35
It follows from [12, Th. 3] that

1 o
O'mln(p5|s) = mln 2(2p5|s(sls) Z Pg‘S(S|S)

SeS:S#s
> P§|S(SI§))- (84)
SeS:its
Clearly,
1 R n
mlgi(Zpgs(ﬂS)— z p§|5(5|5)_ Z p§5(5|s))
SeSiists §eS:iss
1 R R
222135(2_3 > pys@l— > P§|S(S|S))
SeS:S#s SES:S#S
3 R
21—5 Z P35 (§1s). (85)
5,5€S:5#£S

7In contrast, the assumption || < oo and |5 | < oo is not essential

Substituting (85) into (84) and invoking (45) gives

3H(S|S)
in(Peg) = 86
O'mln(ps‘s) = 4plog2 (86)
Therefore, pg ¢ is invertible if H(S|S) < %. Let || - |lcos

Il - ll2, and || - || denote the maximum row sum matrix norm,
the spectral norm, and the Frobenius norm, respectively [13].
Note that

Ipgs = diag(l - Dlloo
< VIS ||pf‘ — diag(1,---, D2
< VISlIpglalipgs — diag(l, - . Dl (87)
< VISlIpglalipgs — diag(L, - . DllF,  (88)

where (87) follows by the sub-multiplicative property of the
spectral norm. We have

1
lpg e = ——F——
pSlS O'min(p§|s)
o —1
3H(S|S
<(1- & , (89)
4plog?2
where (89) is due to (86). For Psis — diag(1,---,1), it is

clear that the diagonal entries are non-positive, the off-diagonal
entries are non-negative, and the sum of all entries is equal
to 0; moreover, the sum of its off-diagonal entries is bounded

above by sz (li‘g% (see (45)). Therefore,
Ipg s — diag(l,---, DllF
= D (pgsGlo) = D2+ D7 (pgsGls))?
seS 5,5€S:5#£S
2 2
= (Z(P§|S(S|S) - 1)) + ( z p§5(§|s))
seS 5,5€S:5#£S
2
= 2( Z P§|S(§|S))
5,5€S:5#£S
H(S|S
< ( [S) ) (90)
V2plog2
Substituting (89) and (90) into (88) yields
-1 .
b o —1
_ VISIHESIS) (1 _ 3H(S|S>) o)
T V2plog2 4plog?2

To ensure that all entries of p_1 pf(l ¢ are non-negative (or

equivalently (diag(1,---,1) — S\S) Pgis is component-wise
dominated by p; £ ¢)s it sufﬁces to have

Ipy s — diag(1, -+, Dlleo < 7. 92)

SIS
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TABLE 1
SPECIFICATION OF y(-,-) FORU = {0, 1, ---, 7} AND S = {0, 1, %}
Y(u,3) | §=0]5=1] 5=x
u=0 0 0 0
u=1 1 1 1
u =2 1 1 0
u=3 0 0 1
u=4 0 1 0
u=>5 0 1 1
u =06 1 0 0
u="7 1 0 1

Combining (91) and (92) shows that pS_tspf‘\S is a valid

probability transition matrix® if (83) is satisfied.” [
Since |X| = 2, it follows from [7, Th. 2] that there exists
Pxis € P satisfying

Py s(xls) > e!, xeX,seS.
For such Py|s We have
1
T > .
Te—1

Invoking Lemma 7 shows that PR|s is a stochastically
degraded  version  of  pg s (and  consequently

C'(py|x.s, PS» P3js) = C(py|x.s, ps)) if (82) is satisfied.

APPENDIX B
PROOF OF (66) AND (67)

Lemma 8: For 0 € (0, 1),

70) 2 (1 —0)log(1+0) +6logh < 0.

Proof: We have

>y d 1-0

= —( —log(l +0)+ —— +logh + 1
62 de( Og(+)+1+e+og+)

_ o2 1

o140 (1462 06

o 1-0

(1 +0)2

>0, 0¢e(0,1),

which, together with the fact #(0) = 5(1) = 0, implies the

desired result. ]
_ When § = 0 or & = 1, we have C(py|x.s,ps) =
C(pyix,s, ps), ~ which  implies  €(py|x,s, Ps) =
q(pyix.s, ps) = 0. When 6 € (0,1), the maximizer of

the optimization problem in (4), denoted by pjy, is unique
and is given by

1
p3(0) = pg(1) = 5

8The requirement that the entries in each row of pfl

S\SPX\S add up to 1 is

automatically satisfied.
9Note that (83) implies H(S|5) < 222 which further implies the

existence of p .
S|S
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Now consider (-, -) specified by Table 1. It can be verified
that

DGE(py. €, 1)
_ %((1 —9)10g2+10g1i9 4 Olog 12;99)’ o
DGE(py.€,u)
= %(6(1 —0)log2e + (0 +€(l _9))logw
+(1_6(1—9))10gw

+ 1 —-e)(1—-0)log2(1 — e)), u=2,3,
DGE(P[},fa M)

= %((1 —0)log2+ (B +¢€( —9))logw

140

20
+‘910g1+9+(1—6)(1—<9)10g2(1—e)), u=4,s,
DgEe(py, €, u)
1
25(6(1—9)10g26+10g1+9
2(1 —e(1 -0
+(1—6(1—9))10g$), u==6,7.

Moreover,

1
Dge(pp,0,u) = 5((1 — @) log2 + log

146
260
01
tology +9)
ZQ(PY|X,S9PS)9 u:091’293’
DGEe(py,0,u) = (1 —60)log2 + 60 log 0
< C(pyix.s,ps), u=4,5, (93)
DGEe(py,0,u) = log 50
> C(py|x,s, ps), u=06,7, %94)

where (93) and (94) follow from Lemma 8. Therefore, we
have

cw)=0, u=0,1,2,3,4,5,
e(u) =€@), u==6,7,

which, together with (64), proves (66) for 8 € (0, 1). Next
consider w (-, -) specified by Table II. It can be verified that

Dgs(pg»q,u)

1 2 20
— (1 =0)10g2 +1 Olog—— ). u=0,1,
2(( )og2 +log 7= + °g1+9) “

DGS(P[/’ q,2)
=1 -¢g)(1—-0)log2(1 —q)
200 4+ q(1 —0))
+@ +q(1 —0))log — 110
DGS(pr q, 3)

— 41— 0)log2q + (1 — g(1 — ) log 20 —40 =)

1+0
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TABLE II

SPECIFICATION OF y(-,-) FORU = {0, 1, ---, 3} AND S = {0, 1, x}

Y(u,3) | §=01] 5=1
u=0 [i} 0
u=1 1 1
u =2 0 1
u=3 1 0

Moreover,

1
Dgs(py,0,u) = 5((1 —0)log2 + log

1+46
26
61
+ °g1+9)
= C(prix,s>ps), u=0,1,

Dgs(pp,0,2) = (1 —0)log2 + 6log

1+40
< C(pyix,s, Ps), (95)
2
Dgs(pg,0,3) = log 78
> C(py|x,s, PS)» (96)

where (95) and (96) follow from Lemma 8. Therefore, we
have

qu) =0, u=0,1,2,
q(3) =q(0),
which, together with (65), proves (67) for 6 € (0, 1).

APPENDIX C
PROOF OF (73) AND (74)

When & = 0 or 8 = 1, we have C(pyx,s, ps) =
C(py|x,s, ps), which implies €(py|x,s,ps) = 1 and
q(py|x,s, ps) = % When 6 € (0, 1), the maximizer of the
optimization problem in (5), denoted by PR|s is unique and
is given by

p;(‘S(xls)
o\ g
(l+(l—9)910) 010,

—1
(1 +(- e)en”v) (1 - 01‘0), otherwise.

In view of (71) and (72), it suffices to show that
0% <1-077, 0e(0,1).
Indeed, for 8 € (0, 1),

xX=s,

] 1
077 <1 —-010
e1<0TT-0

& (1 =0)log(1+6)+0logh <0,

and the last inequality is true according to Lemma 8.
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