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A Lower Bound on the Sum Rate of Multiple
Description Coding With Symmetric
Distortion Constraints

Lin Song, Shuo Shao, and Jun Chen, Member, IEEE

Abstract— We derive a single-letter lower bound on the min-
imum sum rate of multiple description coding with symmetric
distortion constraints. For the binary uniform source with the
erasure distortion measure or Hamming distortion measure,
this lower bound can be evaluated with the aid of certain
minimax theorems. A similar minimax theorem is established
in the quadratic Gaussian setting, which is further leveraged to
analyze the special case where the minimum sum rate subject
to two levels of distortion constraints (with the second level
imposed on the complete set of descriptions) is attained; in
particular, we determine the minimum achievable distortions at
the intermediate levels.

Index Terms— Erasure distortion, Hamming distortion, mean
squared error, minimax theorem, multiple description coding,
saddle point.

I. INTRODUCTION

N MULTIPLE description coding a source is encoded into

several (say, L) descriptions such that every subset of these
descriptions can be used to reconstruct the source (though the
reconstruction distortion in general depends on which subset
of descriptions is used). Many coding schemes have been
proposed for this problem over the past three decades. Notable
examples include the classical El Gamal-Cover [1] and
Zhang-Berger [2] schemes for the two-description case
as well as their extension to the general L-description
case by Venkataramani, Kramer, and Goyal [3]. Special
attention [4]-[7] has been paid to the case where the distor-
tion constraints are symmetric, i.e., the distortion constraints
imposed on the reconstructions from different subsets of
descriptions of the same cardinality are identical (see Fig. 1 for
an illustration of the three-description case). In particular,
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Pradhan, Puri, and Ramchandran [4], [5] developed a sym-
metric multiple description coding scheme via an ingenious
application of the binning technique; further improvements
based on structured codes and the splitting method can be
found in [6].

In contrast, the converse results for the multiple description
problem are relatively limited. This is partly due to tech-
nical difficulties in handling dependencies among different
descriptions. In fact, it is already a highly sophisticated task to
obtain a tight single-letter bound even when the descriptions
are asymptotically independent, as evident from Ahlswede’s
remarkable work on the characterization of the rate-distortion
region of two-description coding with no excess sum rate [8].

We shall show that non-trivial converse results for the
multiple description problem can be obtained by augmenting
the probability space through the introduction of certain
auxiliary remote sources. It is worth emphasizing that the
use of auxiliary remote sources is by no means a new idea.
Indeed, this idea made its first appearance in the seminal work
of Ozarow on the solution of the Gaussian two-description
problem [9]; since then, remote sources have played an
essential role in the derivation of several conclusive results
on the information-theoretic limits of multiple description
coding [10]-[12]. However, although this idea has been
widely used with great success, to the best of the authors’
knowledge, in the context of multiple description coding! only
a special class of remote sources (specifically, only those that
can be generated by the given source via additive Gaussian
noise channels) have been exploited. A possible reason for
this situation is as follows: if this special class of remote
sources are used, then one can derive explicit bounds on the
relevant multi-letter expressions by invoking certain extremal
inequalities (e.g., the worst additive noise lemma [19], [20]
and certain variants of the entropy power inequality) that hinge
upon the properties of the Gaussian distribution. However,
the use of such remote sources and the associated extremal
inequalities impose severe restrictions on the applicability of
this idea, rendering it essentially only useful for the quadratic
Gaussian case?. It will be seen that such extremal inequalities

IThe idea of using auxiliary remote sources in the converse arguments has
also found applications in multiterminal source coding (see [13]-[16]), joint
source-channel coding (see [17], [18]), and other network information theory
problems.

2Strictly speaking, this special class of remote sources and the associated
extremal inequalities can be used in the non-Gaussian setting, particularly
when the mean squared error distortion measure is adopted (see [21 Th. 5.3);
however, they incur an intrinsic loss in the non-Gaussian setting and conse-
quently the resulting bound is in general strictly suboptimal.
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are in fact not needed for reducing multi-letter bounds to
single-letter bounds (though they can be useful for evaluating
single-letter bounds in the quadratic Gaussian case) and
there is greater flexibility in choosing remote sources. As a
consequence, this remote-source idea can be readily applied
in the non-Gaussian setting as well. It is worth mentioning
that the converse results in [22] and [23] also involve certain
auxiliary random objects. However, those objects do not
appear to have a remote-source interpretation® and their
relationship with the remote-source construction initiated by
Ozarow remains elusive.

In this work we derive a single-letter lower bound on the
minimum sum rate of multiple description coding with sym-
metric distortion constraints by exploiting the aforementioned
remote-source idea. It will be seen that our bounding technique
is in fact applicable to the asymmetric case as well. We choose
to focus on the symmetric case mostly because the resulting
bound has a more compact expression; additionally, from a
practical perspective, it often suffices to consider symmetric
distortion constraints. Furthermore, we prove several minimax
theorems, which are of interest in their own right, and leverage
them to evaluate this lower bound in some special settings.
Interestingly, the minimax theorem established in the quadratic
Gaussian case also enables us to obtain a new conclusive
result on the information-theoretic limits of Gaussian multiple
description coding.

The rest of this paper is organized as follows. A single-letter
lower bound on the minimum sum rate of multiple description

3Actually they are better interpreted as duplicate copies of the source.
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coding with symmetric distortion constraints is presented
in Section II. We show in Section III that, for the binary
uniform source with the erasure distortion measure or
the Hamming distortion measure, this lower bound can
be evaluated with the aid of certain minimax theorems.
Section IV contains a similar minimax theorem in the
quadratic Gaussian setting, which is used to analyze the
special case where the minimum sum rate subject to two
levels of distortion constraints (with the second level imposed
on the complete set of descriptions) is attained; in particular,
we determine the minimum achievable distortions at
the intermediate levels. We conclude the paper
in Section V.

For any nonempty set A, we define 222 = (B : B C A,
|B| > 0}, where |B]| is the cardinality of B. We write
(X(),...,X () as X" for any positive integer n and set
X° = 0. Moreover, ® M and ©)y are used to denote modulo-M
addition and subtraction, respectively, for any integer M > 2.
Let f(x,y) be an arbitrary real-valued function with x € X
and y € )J; we define

argmaﬁf(x,y*) ={xeX:f(x,y")>f(x,y*) forall x eX},
X€E
argryréii}f(x*,y) ={yeV: f(&x*, y)<f(x",§) forall y €)}

for any x* € X and y* € ). Unless specified otherwise, we
adopt the following convention:

N
—0Q, Zai <0

N izl
Zailogoo: 0, > ai=0
i=1

0,

i=1

N

Z a; > 0.
L i=1

The logarithm function is to base e throughout this paper.
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II. A SINGLE-LETTER LOWER BOUND

Let {S(#)}72, be i.i.d. copies of a generic source random
variable S with distribution ps. Let m : SxS — [0, o]
be a distortion measure, where S and S are, respectively, the
source alphabet and the reconstruction alphabet.

Definition 1: A sum rate R is said to be achievable subject
to distortion constraints [d] £ (d4, A € 25) if there exist
encoding functions fi(”) 8" — (i, i € L, and decoding
functions g%) NlieaCi — S", A e 2%, such that

1 L
— > log|Ci| < R,
e
1 - .
- ZIE[m(S(r), Sa)]
t=
where £ = {1,...,L} and S‘Z\ = g%)(fi(")(S”),i e A,
A € 2£. The infimum over all such achievable sum rates
is denoted by R([d]). When the distortion constraints are
symmetric, i.e., there exists d £ (di,...,dr) such that
dp=da forall Ae 2£, we shall denote R([d]) by R(d).

Note that R([d]) is the classical rate-distortion function
when L = 1. Therefore, we shall only consider the case L > 2
in the rest of this paper.

The following result provides a single-letter lower bound
on R([d]). Let P denote the set of conditional distribu-
tions pzis with Z = (Zo, Z1,...,Zr) such that pz,_ s is
physically degraded with respect to pz,s, k =1,..., L. Let
P([d]) denote the set of conditional distributions Pi3ys with

[3‘] = (3' 1, A € 2£) such that the induced joint distribution

dy, Ae2%, (1)

IA

Ps. i3] = pspgs satisfies E[m(S, SO < da, A e 2£.
Define
r(ld]) Plg”Slg?f’([d]) pzleSqe)77
oL R
> — > 1z Ss.Be2f 1z,
k=1 k(k) A€2£,|A|=k

)

where it is assumed that Z < § <« [3’] form a Markov
chain. For the purpose of evaluating r([d]), it suffices to
consider |Zx| < |S|¥, k = 0,1,...,L — 1, and Z; = S
(see Appendix A).

Theorem 1: R([d]) = r([d]).

Proof: Our proof is partly based on the bounding tech-
nique developed in [21], which is in turn inspired by the ideas
in Ozarow’s celebrated work [9] as well as [10] and [11].
To illustrate the key points in the argument (particularly the
role of remote sources), we shall first give a sketch of the
proof for the case L = 2. The detailed proof for the general
L-description case is relegated to Appendix B.

Note that

log |Cy|+1og|Ca|
> H(f" (") +H (" (5™)
= H(" ("), A2(S") + T8 £7(8™)
= 1(S"; £V (™), 37 (SN (S £7(5™). ()

7549

If the two terms in (3) are treated separately, then one will
encounter difficulties in obtaining a non-trivial single-letter
lower bound on the second term, i.e., I(fl(n)(S”); fz(n) (8™)).
To address this issue, we introduce remote sources
(Zo, Z1, Z>) jointly distributed with the generic source ran-
dom variable S such that Zg <> Z; <> Z, <> S form a Markov
chain, and define {Zo(?), Z1(¢), Z2(t)};2, correspondingly.
It can be verified that
UTACORGRICE)
= 1(Z}; £ + 1z ;7 (8M)

A A N O R (A CORP A COT AR

As a consequence, we have

log |C1| +log |Ca|
= 18" /(M. K7 () + 121 ;75
HZE £ = 125 £(8™), £7(8M)
H(AH (S £ (SMIZY). @
Dropping the last term in (4) yields the following lower bound
log |C1| + log|Ca|
= 1(8"5 £ (8", (S + 12T f7(8M)
H1(Z]s [P (M) = 123 £ (8", 7). (9)
The rationale here is that I(fl(”)(S”); fz(”)(S”)lzq’) might be
smaller than 7 ( fl(")(S”); fz(n)(S”)) for certain choices of Z7,
and consequently the resulting bound is tighter than the one
obtained by simply dropping 1( fl(”) 8™y fz(”) (8™). Let T
be uniformly distributed over {1, ...,n} and independent of
(8", Zy, Z1, Z7). It can be readily shown that
1(Z"; fi(n)(Sn))
1(Z1: 8%
nl(Z1(T); §(T))
nl(Z\(T); Sy (T Zo(T)), i =1,2. (6)

vV v

v

In contrast, it appears difficult to single-letterize
18" £ (8™, ;7 (s™) and 1255 77 (S, £ (57)
in (5) simultaneously due to the opposite signs in front
of them. If S” and Z" are jointly Gaussian, then one can
overcome this difficulty by invoking the entropy power
inequality or the worst additive noise lemma; however, such
specialized methods are not suitable in the general setting.
It will be seen that this difficulty is actually not intrinsic
and can be resolved through simple algebraic manipulations.
Indeed, we have

1(S"™; f0(S™), 7™ = 1275 178, £7(5™)
= 1(Z}, 8" 1S, 17 (S)
—1(Z1: {78, 57 (™) 0
= 1(S"; (S, £P(SMIZ)
= 1(5": 81y Sy 1.1 20)
n
= D I(SW): Sfy Sty Syl 21,87

t=1
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n
= D> I(S®: 8y, Sty Sty 0ys 21, 8721 (1))
=1

DIS®): 8y (), Sy (@), S1.2) (121 (1))

=1
nI(S(T); Sy(T), Spy(T), Si1.2 (T Z1(T))
> nI(Zo(T); Suy(T), Spy(T), S1,2y(THIZ1(T)),  (8)

where (7) is due to the fact that Z] < §" « (f(n)(S”)
5 0 (8§™)) form a Markov chain. One can readily obtain the
desired result by substituting (6) and (8) into (5). [ |

When the distortion constraints are symmetric, we have
the following simplified (albeit potentially weakened) lower
bound on the minimum sum rate. Let P(d) denote the set of
conditional distributions p 31 with S = (3'1, .8 1) such that
the induced joint distribution Ps.§ satisfies E[m (S, Sk)] < dy,
k=1,..., L. Define B

v

v

\

L

inf  sup Zkl(zk,SkIZk 1),

r(d) =
Pys€P@D pyiseP 2y

where it is assumed that Z < S < ﬁ form a Markov chain.
Corollary 1: R(d) > r(d).
Proof: Let (S, Z, (S 1) be jointly distributed according to
pS,Z,[S] £ PSP;lSP[SHS with Pz|s € P and p[§]|5 € P([d]),
where d 4 = d| 4| for all A e 2£. Note that

2

e2£ | Al=k

1(Zi; 8B, B € 231Z41)

L n
— 1(Zi; SAlZk-1). 9

>

L
1kG) Ae2% | Al=k

A%
»Mh BN

Let Qy be uniformly distributed over {4 : A € 2%, | A| = k},

k=1,..., L; furthermore, it is assumed that (Q1,..., Q1)
and (S, Z,[S]) are mutually independent. We have, for
any k € L,
> I(Zi: SalZi)
Ae2f | Al=k
L N
= (k)l(zk; SoilZk-1, Qk)
L N
= (k)I(Zk; Sors QklZr—1) (10)
L N
> (k)l(zk; SoclZk-1), (11

where (10) is due to the fact that Z; <> Z;_; <> QO form a
Markov chain. Substituting (11) into (9) gives

2

Ae2k | Al=k

1(Zi; S, B € 231 Zk—1)

LL
> z ZI(ZId SklZr—1),

k=1
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where Sk = S’Qk, k=1,...,L. In view of the fact that Z <>
S < S form a Markov chain and the fact that E[m(S, S'k)] <
dr, k = 1,...,L, one can readily complete the proof by
invoking Theorem 1. [ ]

III. THE BINARY UNIFORM SOURCE
In this section we shall evaluate r(d) for the binary uniform
source (i.e., S = {0,1} and ps(0) = ps(1) = %) with two
different distortion measures:

e m = mpg, where mpg is the erasure distortion measure
with § = {0, 1, ¢} and

0, s=3S§
me(s,$) =41, S§=e
00, (s,8) =(0,1) or (s,5) = (1, 0);

e m = mpg, where mpy is the Hamming distortion measure
with & = {0,1} and mpy (s, §) = s@, s for (s, §) € Sx&.

To this end, we need the following two technical lemmas.
Their proofs are relegated to Appendix C and Appendix D,
respectively.

Let X = {0,1,...,M — 1} for some integer M > 2,
and let Y be an arbitrary (finite)* set. A channel DY|X :
X — ) is said to be circularly symmetric [26] if there exists
a bijective function x : Y — Y such that zM(y) = vy
and pyix(*(MIx) = prix(10) for all (x,y) € X x Y,
where % denotes the k-times self-composition of u (with z°
being the identity function). Similarly, a distortion measure
m: X x)Y — [0,00] is said to circularly symmetric if
there exists a bijective function 4 : Y — Y such that
uM(y) =y and m(x, u* (y)) = m(0, y) forall (x, y) € X'x .
Note that the binary erasure channel with erasure probability
0 (i.e., BEC(d)) and the erasure distortion measure mpg are
circularly symmetric with u : {0,1,e} — {0,1,e} given
by ©(0) = 1, u(l) = 0, and u(e) = e; the binary
symmetric channel with crossover probability g (i.e., BSC(q))
and the Hamming distortion measure my are also circularly
symmetric, and the associated u : {0, 1} — {0, 1} is given by
#(0)=1and x(1) =0.

Lemma 1: Let py|x X - )7 be
two circularly symmetric channels. Moreover, let Y and Y be
the channel outputs induced by the uniform input X via py|x
and Py x> respectively. For any real numbers o and a, the
maximum value of the following optimization problem

X — Y and Pyix

max —aH (Y|U) + aH (Y |U)
pPUIX

12)

is attained by some circularly symmetric channel py x: X —U
with U/ = {0, 1, ..., M — 1} such that py x(u|x) depends on
(x, u) only through u &) x for all (x,u) € X x U. Here it
is assumed that U <> X < (¥, Y) form a Markov chain.
Lemma 2: Let m : X x )Y — [0,00] be a circularly
symmetric distortion measure associated with some bijective
function u. Let pyjx : X — U and Poix - X — U be
two circularly symmetric channels with U = U=10,1,...,
M — 1} such that pyx(u|x) and PU‘X(LHX) depend on

4For simplicity, we implicitly assume ) is a finite set; however, it will be
clear that such an assumption is inessential.
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(x,u) and (x, u) only through u ©y x and u ©y x for all
(x,u) € X xU and (x,i) € X x U; moreover, pg y is
stochastically degraded with respect to py|x. Let U and U be
the channel outputs induced by the uniform input X via py|x
and Pix> respectively. For any real numbers a and a such
that « > a and a > 0, the minimum value of the following
optimization problem’

min —aHU|Y)+aHU|Y)

13
pyix:Em(X,Y)]<d (13)

is attained by some circularly symmetric channel py|x
X — ) with the property that py x (1" (y)Ix) = pyix(y10)
for all (x,y) € X x ). Here it is assumed that
U, 0) < X < Y form a Markov chain.

A. The Erasure Distortion Measure

This subsection is devoted to the evaluation of r(d) for the
binary uniform source with the erasure distortion measure.
Without loss of generality, we assume dy € [0,1],
k=1,...,L Leta = (a1,...,0L), ¢ = (90,91, ---,9L);
and 6 = (1, ...,0L). Define

L
K(@, q,0) = D ax(l = ) Hp(gr-1) — Hp(g)],
k=1

where Hp(q) = —qlogq—(1—g)log(1—g). Moreover, define

¢«(a,d) = max min x(a,q,J),

gel0,11L+19€D (@)

*(a,d) = min  max
v(@.d) 9€Dd) gef0, J12+!
where D(d) = [0,d;] x ... x [0,dL].
Theorem 2: There exists a saddle-point solution (¢*, §*) in
the sense that

k(a,q,9),

q* €arg max x(a,q,d"), (14)

- 16[0,%]L+I -

0% € arg min x(a,q*,d), 15

2 g, min (2, g%, 9) (15)
where ¢* = (q3.4],...,q;) and 0* = (5,...,d7).

Ifa; > ...> ay > 0, then there exists a saddle-point solution
(¢*,0%) such that g5 > qf > ... > g}, 6] = ... > 67, and
q5_, = q; whenever dy =1, k = 1,..., L. Furthermore, if
a1 > ...> ar > 0, then every saddle-point solution (g*, %)
has the property that ¢} > ¢} > ... > q}. B
Proof: See Appendix E. ]

The following result is a direct consequence of Theorem 2.

Corollary 2: ¢.(a,d) = ¢p*(a, d).

In view of Corollary 2, we shall simply denote ¢, (a, d) and
p*(a,d) by ¢p(a,d). Note that

pla,d)=x(a,q",0")

for any (¢*, J*) satisfying (14) and (15).
Corollary 3: If a1 > ...op > 0, then

¢(a,d) = max og(1 — di)log2.
kel

SHere we assume that the set of feasible solutions is non-empty.
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Proof: In view of Theorem 2, we have
pla,d) = max min x(a, g, 9)
g:3>q0>q1>...q. 209D -
= max k(@ g.d).
QZ%ZQOZtIlZ---tILZO -
Note that
k(a,gq,d) = a1(1 —di)Hp(qo) —or(1 —dr)Hp(qL)
L—1
+ D laks 1 (1= diy1) — (1 — di) 1 Hp(qr).
k=1

Therefore, to maximize x(a, ¢q,d) over g subject to the con-
straint % > g0 >4q1 > ...q. > 0, one can safely set gp = %

and g7, = 0; furthermore, one can eliminate g; by setting

g =17 @l-d)<al-d)
q2, otherwise.

Note that the resulting expression is a linear combination
of Hp(qx), k = 2,...,L — 1, plus a constant term. One can
further eliminate g by setting g» = % if the coefficient in
front of H(g2) is positive and setting g» = ¢3 otherwise.
By repeating this process, we will eventually obtain a vector ¢
with the property that B

1
-, k<i
gk =3 2 )
0, otherwise
for some i € L. Maximizing x(a, g, d) over all such g yields
the desired result. [ ]

Recall that P(d) is the set of conditional distributions p 31

with 5 = (3'1, 8 1) such that the induced joint distribution
pg g satisfies E[m(S, Sp)] < di, k =1,..., L. Let Q denote
the set of all possible conditional distributions pzs, where

Z=(Zy,Z,...,Z1). Define
r*(g»d) = Sup 1nf y(ﬁ» pZ‘S’ ps's)»
pzis€Q Pyis€P@ s
r*(gﬂd) = inf sup y(gﬂ PZ|S, Pg )’
pgSE,P(Q) pZ|S€Q - SIS
where
L
v (@, pzis: Pys) = > ol (Zi: Sk) = 1(Zi—1: $0)]
k=1

and it is assumed that Z < § < ﬁ form a Markov chain.
Our main result in this subsection is the following minimax
theorem.

Theorem 3: For the binary uniform source with the erasure
distortion measure,

Furthermore, every (pz+s, p 5 ) with the property that p VAR
is a BSC(¢g;), k = 0,1,...,L, and Pgx s is a BEC(5),
k

k=1,...,L, for some (¢, %) satisfying (14) and (15) is
a saddle-point solution in the sense that

pz+s € arg max_y(a, pzis, P q)s
'l pzis€Q 215> P51s

€ arg min

Y (@, Pz*|ss Pgis)-
p_§|se (4) 7‘ §‘S

P
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Proof: Given any (pz+s, Py ¢) Wwith the property that
pzysisa BSC(¢}), k=0,1,..., L, and Psxs is a BEC(9y),
k=1,...,L, for some (¢g*, %) satisfying (14) and (15), let
us consider the following optimization problems

max (Q’ Z S) o* b (16)
Jmax, v (@, pzis, Py s)
min  y(a, pz*s, P3g)- (17)

Note that y (a, pZ‘S’pS*\s) depends on pgzs only through
pzys, k = 0,1,..., L. As a consequence, (16) can be
decomposed into the following sub-problems

max —a11(Zp; S’T),
PZyls

max ax I (Zi; SF) — a1 1(Zis Si )y k=1,...,L—1,
Pzy|s

max arl(Zy; S’Z),
Pz IS

which, in light of the fact that H(8}), k = 1,..., L, do not
depend on pgs, are equivalent to

maxalH(S‘TIZO), (18)
pzyls
Irgal)é —akH(S;fIZk) + ak+1H(3‘,f+1 |Zk),
k
k=1,...,L—1, (19)
max —aLH(S‘ﬂZL). (20

PZ|S

By Lemma 1, the maximum values of (18), (19), and (20)
are attained by pz, s, k =0, 1, ..., L, with the property that
Ppzys is a BSC(gx) for some gy € [0, %], k=0,1,..., L. For

such pz,s, k=0,1,..., L, it can be verified that
L

Dl (Zi; §) = 1(Zi-1; S]

k=1

L
= > alH(Zi1|S)) — H(ZiISP)] 1)

>-
Il
=

ac D Py OIH(Ze-1l5 = 8) — H(Zil S = 9)]
5€{0,1,¢}

M= I

ac D Py OH (Zi-118; =9 — H(ZilS§ = 5)]
§€{0,1}

>-
Il
=

(22)

[
MKN

a D Py (OIH(Zi-1|S = 5) — H(ZilS = §)]
s€{0,1}

w-
Il
-

(23)

P () Hp(qr-1) — Hp(qi)]
}

w S
se{0,1

M- IM-

ar (1 — o) [Hp(qr—1) — Hp(qi)],

w-
Il
-

where (21) is because H(Zi—) :AH(Zk) = log2, (22) is
because H(Zy—1|S; = e) = H(Z|S; = e) =log2, and (23)
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is due to the fact that (Zy_1, Zy) < S < 3’,’: form a Markov
chain and ps‘3:(0|0) = pS|§j(1|1) =1,k=1,...,L.
Therefore, we have

max_y (a, pz|s, P§*|s)

pzis€
= max  x(e.q,0)

16[0,%]1‘“
=x(a, g%, 9%
= 7@, pzris: Pgr)g)-
Similarly, since y(a, pz+s, pﬁ\s) depends on Pys only
through Ps s k=1,..., L., we can decompose (17) into
min _
ng‘SZE[mE(&Sk)]Sdk

for k = 1,..., L, which, in light of the fact that H(Z}),
k=0,1,..., L, do not depend on Pgs are equivalent to

ax(ZE; Si) — ar I (ZF_y; Sk)

min —axH(ZF|SK) + ax H(ZF_(1S)  (24)

ng‘SZE[mE(S,Sk)]Sdk

for k =1,..., L. We shall consider the following cases.

e qi_y = qi and or > 0: In this case Pzy IS is
stochastically degraded with respect to pzy Is-
Therefore, it follows from Lemma 2 that the minimum
value of (24) is attained by p $uls with the property that
Piys is a BEC(dx) for some d; € [0, d].

e q;_, < qi and o > 0: Since the objective function
in (24) depends on Pzy_,Z}1S only through Pzy Is and
pzy|s, there is no loss of generality in assuming that
Pziis is physically degraded with respect to p z: ,Is- As
a consequence, we have

H(Zi_y, Z}|S) = H(Z;_,|Sk) + H(Z}1ZE_)),

which, together with the fact that H(Z}_,, Z{|S) =
H(Z}|8) + H(Z;_||1Z§, Sk), implies

—akH(Z}|Sk) + ax H(Z{_15%)
= Oka(Z;“Z;:q . Sk) — akH(ZZq |Z]>:)

Since H(Z;_,|Z) does not depend on P35 it follows
that (24) is equivalent to

min o H(ZF\ZE_ ) Sk).

X (25)
P, s ElmE (S, S0)]=dy

It is obvious that the minimum value of (25) is
attained when P3ys is a BEC(dy) with 6 = 0.
e 0y < 0: This case can be converted to the case ar > 0

by switching the roles of Z; , and Z}.
In summary, the minimum values of (24) for k = 1,...,L
are attained by Ps s k =1,...,L, with the property that
Piys is a BEC(dx) for some & € [0,dx], k =1,..., L. For
such Ps s k=1,...,L, it can be verified that

L
> all(Zg: S — 1(Z;_ 3 0]
k=1

L
= > ax(l = ) Hp(g;_y) — Hp(gi)].
k=1
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Therefore, we have
min
p_§|sep(4)
= max x(a,q*,d
0eD(d) (@ 4 )
=x(a,q",0")
Y (g’ Pzx|S» ps*ls)

7 (@, pzess Pgys)

This completes the proof of Theorem 3. ]
Corollary 4: For the binary uniform source with the erasure
distortion measure,

L
d) = —(1 —dk)log2.
'r(_) max (1 — dy) log
Proof: 1t is easy to see that

L
L .

> 1 (Zks Skl Zi-1) = 7 (&, pzis, pyys)

k=1

for pzis € P, where o* = (af,...,a;) with a;f = L

k=1,...,L. Since P € Q, we must have r(d) < I'*(a* d)
which, together with Theorem 3 and Corollary 3, implies

) < max £ (1~ di) log2. (26)
Let (¢*,0") be an arbitrary saddle-point solution satisfy-
ing (14) and (15) with &« = a*. By Theorem 2, such a
saddle-point solution exists and has the property that g5 >
qf = > gj. Now construct (pZ*|S’p§*|S) with the
property that pz«s is a BSC(¢g), k=0,1,...,L, and Pssis
is a BEC(&;:), k = 1,...,L; in particular, since qa‘ >
qf = ... = qj, we can construct pz= s such that Pz: IS
is physically degraded with respect to pzxs, k = 1,..., L
Since pz+s € P, it follows that

rd = min oy (@, pzess Pys)-
P3s€ -

By Theorem 3 and Corollary 3,

: *
pﬁlrslgg@y(g s PZ*IS5 Pg)s)
=7(@" pzis> Pgris)
=¢(@*,d)
L
= rlhea[):( E(l —dy)log?2.

Therefore, we have

L
d) > max —(1 — di)log2. 27
r(d) = max (1 - dy) log )
Combining (26) and (27) completes the proof of
Corollary 4. [ |

Note that r(d) has the following simple interpretation. Since
the reconstruction distortion based every k descriptions is no
greater than dy, according to the rate-distortion function of the
binary uniform source with the erasure distortion measure, the
total rate of every k descriptions is at least (1—dy) log 2, which
implies R(d) > %(l — di) log 2; maximizing %(l — di)log2
over k € L yields r(d).
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Now consider the case R(d) = £ (1 — d¢)log?2 for some ¢.

Since R(d) > r(d), it follows that £(1 — d) < £(1 — dp),
ie.,
k {—k
dy > —dp + ——
k = 7 ¢+ 7

for all k # ¢. Particularly, in the no excess sum rate case
R(d) = (1 —dp)log?2, we have

(28)

for k =1,..., L — 1. Interestingly, the lower bounds in (28)
are in fact achievable via a simple time-sharing scheme.
Specifically, we partition nL source samples into L segments,
each of length n; a lossy source code of rate (1 — d)log2,
which is optimal for the binary uniform source with the
erasure distortion measure, is used to encode these segments
separately such that the resulting distortion for each segment
is dr. (here optimal encoding is trivial in the sense that one
simply keeps n(1 — dr) source samples® for each segment);
let description k contain the encoding output for segment k,
k = 1,...,L. Clearly, the sum rate of this scheme is
(1 — dr)log?2; moreover, this scheme has the property that
the reconstruction distortion based on every k descriptions is
%dL + LT*k, k=1,..., L. It is worth mentioning that, in the
current setting, this scheme is essentially equivalent to the one
described in [7, p. 1331].

We are now in a position to give a more conceptual
explanation of the ideas that lead to the proof of Corollary 4.
As pointed out earlier, the lower bound in Corollary 4, which
is derived through rather sophisticated analysis, is almost a
trivial one.” In a certain sense, it is not the result but the
proof strategy that is important, and we basically use the binary
uniform source with the erasure distortion measure as a toy
example to illustrate this strategy, which will be used repeat-
edly in the subsequent part of this paper to obtain more non-
trivial results. Note that the definition of I'*(a*, d) is almost
identical with that of r(d) except that no Markov ordering
is imposed on remote sources for I'*(a*, d). This relaxation
is crucial since it decouples remote sources and enables us
to decompose the problem of maximization over pgzs into
sub-problems of maximization over pz,s, k = 0,1,..., L.
Indeed, our results indicate that the relaxed version has the
advantage of being amenable to saddle-point analysis and
evaluation. Interestingly, it turns out that the Markov ordering
is automatically satisfied by the saddle-point solution of the
relaxed minimax problem and consequently I'*(a.*, d) = r(d).

B. The Hamming Distortion Measure

In this subsection we shall evaluate r(d) for the binary
uniform source with the Hamming distortion measure. Without

loss of generality, we assume d; € [O, %], k=1,...,L.
Define
L
na,q,9) = zak[Hb(Ckal O &) — Hp(gr © d)],
k=1

OWe assume that n(1 — dy) is an integer.
7See [7, Sec. IV] for stronger converse results in certain special cases.
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where ¢ © 6 = g(1 — d) + (1 — g)J. Moreover, define

.d ,0
Pi(a, d) = qe[%la’]hu(s?%&)”(— q,9),
¢*(a,d) = min max 7(a, g, 9).

0eD(d) qe[O ]L+1
We say that (¢, %) is a saddle-point solution if

g" carg max (e q,0"), (29)

qe[O ]L+l

o* € ,q*%,0). 30
2 argég)ll(lé)n(_g 9) (30)

Theorem 4: If a1 > ...ap > 0, then there exists a saddle-
point solution (¢*, J*) such that g5 > ¢qf > ... > ¢qj,
of = ... = J}, and qkf1 = qk whenever d; = % k =
l,...,L. Furthermore, if a1 > ... > ar > 0, then every
saddle-point solution (g*, J*) has the property that gj > g{ >

.>qj.

Proof: See Appendix F. ]
The following result is a direct consequence of Theorem 4.
Corollary 5: ¢«(a,d) = ¢*(a,d) when oy > ...ap > 0.
In view of Corollary 5, we shall simply denote ¢, (a, d) and

¢*(a,d) by ¢(a,d) when a; > ...ar > 0. Note that

¢(a, d) = n(a, g*, 0%)

for any (¢*, J*) satisfying (29) and (30).
Corollary 6: If o1 > ...ap > 0 and dy =
and k # j (with i < j), then

P(a,d)
aillog2 — Hy(di)],
0 (1 —2d)log( ’) >a;j(l—2d; )log( 7’)
=1 a;llog2 — Hy(d; )], ai(1—2d)* < a;(1 —2d))?
aillog2 — Hylg' © dy)]
+ aj[Hy(q" © dj) — Hy(d))],
where ¢ is the unique solution of

od
i (1—2d;) log (%) =a;(1- 2d,)1og(
1

%forallk;éi

otherwise,

—qOd; )

q Odj
for ¢ € (0, i)'

Proof: 1Tt follows from Theorem 4 that

)d = i 2 ’5 2
¢(a,d) max min n(a, q,9)

where the maximization is taken over those q such that
qo = =¢qi-1 2 qi =" =(qj-1 =2 qj =" =(L
As a consequence, we have

¢(a,d)

= max min
(40.4i.9;):3=q0=qi=q;>0 (9,9/)€10,d;1x10,d;]

ai[Hp(q0 © ;) — Hp(qi © 6;)]
+a;[Hp(gi © 6;) — Hp(q; © ;)]
a;[Hp(qo © 6;) — Hp(g; © d;)]

|VNI
=AY

= max
(40,9i,47):3200>4i=q;=0
+aj[Hp(qi © 0;)—Hp(g; © dj)]

= max a;[log2—Hp(gi © di)1+a;[Hp(gi © 9;) = Hp(d;)].
qi €10 2]
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Invoking Lemma 6 in Appendix F completes the proof of
Corollary 6. [ ]

Our main result in this subsection is the following minimax
theorem.

Theorem 5: For the binary uniform source with the
Hamming distortion measure,

Fi(a,d) =T"(a,d) = ¢(a, d)

when a; > ---ap > 0. Furthermore, every (pz+ s> Pg* |S)
with the property that pzys is a BSC(q ), k=0,1,.
and Pss is a BSC(6}), k = 1,..., L, for some (q* (3*)
satlsfylng (29) and (30) is a saddle- pomt solution in the sense
that

pzxs € arg max V(Q,PZSaP‘* )’
Al p215eQ Z| $"s

€arg min

P3is€

Corollary 7: For the binary uniform source with the
Hamming distortion measure,

r(d) = ¢(a”, d),

where a* = (af, ..., a]) with of = %, k=1,...,L.

The proofs of Theorem 5 and Corollary 7 are omitted due
to their similarity to the proofs of Theorem 3 and Corollary 4.

Now consider the case R(d) = %[log2 — Hp(dy)] for
some ¢ (note that £ = 1 and £ = L correspond to the no
excess marginal rate case and the no excess sum rate case,
respectively). By leveraging Corollary 7 and Corollary 6, one
can establish the following lower bounds on dj for k # ¢:

1 |k k
—/ = —d k<t
2\/5-1-\/5(, <{,

min {d e [0, %] : %(1 —2d)log (%)

1;{‘1")}, k> ¢

Ps s (@, pzriss Pys)-

d

dk

v

L
< £(1-2dp) 1og(

In particular, we have

1 V2 V2
dy>-——+—d 31
125 -+t (€29)
when { = L = 2. For the two-description problem, it is
known [2] that R(d) = log2 — Hp(d>) if and only if
2—-1
di = fz + Q2= V2)da.
Note that, for d» € [0, %],
«/5 1 V2 V2
RRCENGI —(——T+7d2)
3V2—4  4-32
= dy > 0,
2 + 5 2=
where the inequality is strict unless dy = % Therefore,

the lower bound in (31) is loose except for the degenerate

case dp = é
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IV. THE QUADRATIC GAUSSIAN CASE

In this section we shall consider the quadratic Gaussian
case, where pg is a Gaussian distribution (with mean zero
and variance 1) and m(s, §) = (s — §)% for (s,5) € R x R,
and evaluate r(d) in this setting. Without loss of generality,
we assume dy € (0,A], k=1,...,L

First recall the definition of a, J, D(d), y (@, pz|s, pﬁls)’
I's(a,d), and I'*(a, d) in Section III-A. Let

L
Ok Abk—1 + Ad — Or_10x
,0,0) = —1
@@0.9 k; 2 ° ( 20k + A0k — Odx )
where 6 = (09,01, ...,01). Moreover, define
,d 6,0
yi(o, d) = peax | 5312)1&)60(_ 9),
y*(a,d) = min  max (a,0,9).

9€D(d) €[0,2]-+!
We say that (6%, 0%) is a saddle-point solution if

0" carg max_ w(a.0,5), (32)

0el0,1]L+1
J" € arg min w(a,d",9). (33)
eD(d)

Theorem 6: If a; > -ar > 0, then there exists a

saddle-point solution (6%, (3*) such that 5 > 0f > --- >
0f, of = --- = 0], and <9k | = <9 whenever dk = 1,
k = 1,...,L. Furthermore if o > ... > ar > 0, then

every saddle-point solution (8*, 6*) has the property that 6 >
9;“ >0 > Qz
Proof: See Appendix G. ]
The following result is a direct consequence of Theorem 6.
Corollary 8: wy(a,d) = y*(a,d) when a1 > ...ap > 0.
In view of Corollary 8, we shall simply denote w.(a, d)
and y*(a,d) by w(a,d) when a1 > ...ar > 0. Note that

y(a,d) = (e, 0%, 5%

for any (6%, 0*) satisfying (32) and (33).
Corollary 9: If oy > ---ap > 0and dy = A for all k # i
and k # j (with i < j), then

a A
Slog(5).  wli—dd; = a;(i—dpd,
p
Zog().  wl—d)=a;G-d)
y(a,d) = ail I:(a],—(lj)(/l—d')]
2 08 a; (d; /I/
di —
+ —1 g[ @ 4 ] otherwise.
(a;i —aj)(A— d )d;
Proof: See Appendlx H. u

We say that py;x : R — R is an additive Gau551an noise
channel with parameter 6 (i.e., AGNC(9)) if Y = ‘9X +

MN, where 8 € [0, 4] and N is a zero-mean unit-
variance Gaussian random variable independent of X. It can be
readily verified that, for any 6 and § with 4 > 8 > 8 > 0, there
exist additive Gaussian noise channels pyx and Pyx with
parameters 6 and @, respectively, such that Dy|x is physically
degraded with respect to Pyx-

The following result is essentially the scalar version
of [30, Th. 8].
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Lemma 3: Let X be a Gaussian random variable with mean
zero and variance A. Moreover, let pyjx : R — R and
Pyix: R — R be two additive Gaussian noise channels with
parameters @ and @, respectively. For any real numbers «, @,
and d such that @ > a > 0 and d € (0, 1], the maximum
value of the following optimization problem

max al(U;Y) —al(U;Y)

puix EL(X-E[X|U])?]<d
is attained by some additive Gaussian noise channel pyx :
R — R with parameter 0 € [0, d]. Here it is assumed that
U < X < (Y,Y) form a Markov chain.
The following minimax theorem is the counterpart
of Theorem 3 in Section III-A and Theorem 5 in Section III-B.
Theorem 7: For the quadratic Gaussian case,

(e, d)

when a1 > ---ay > 0. Furthermore, every (pz*‘s,ps B
the property that pzys is an AGNC(9;), k = 0,1,.
and Pss is an AGNC(&*) k=1,...,L, for some ((9* (3*)
satrsfylng (32) and (33) is a saddle- pomt solution in the sense
that

Fi(a,d) =T"(a,d) =

) with

Pzvs € arg max_y (a, pz|s, Pg*|s),
pz|s€Q

€ arg min
P3s€<
Proof: The proof is similar to that of Theorem 3 with
Lemma 3 playing the roles of Lemma 1 and Lemma 2. The
details are left to the interested reader. [ ]
The following result is a simple consequence of Theorem 6
and Theorem 7. Its proof is similar to that of Corollary 4 and
thus is omitted.
Corollary 10: For the quadratic Gaussian case,

r(d) = y(a*, d),

where o* = (a}, ..., a]) with o) = %,k: 1,...,L.

In view of Corollary 9 and Corollary 10, one can obtain an
explicit expression of r(d) when only two levels of distortion
constraints are imposed.

Corollary 11: If di =
(with i < j), then r(d) =

pS IS y(ﬁa Pz*|s» p$|S)

A for all k # i and k #
Rijj (di,dj), where

> (%di‘1 - %rl)fl

L /L{ . L

Slog(4-), 4y =ddi—1 s

2j dj i i
Rij@idj) =1 L [u—i)u—dj)]

2i J(di —dj)

+ L0 [ i, — dy)
2j LG =G —dnd;
The following theorem can be deduced frorn the results

in [4, Sec. IV].

Theorem 8: 1) Ifdy = Aforallk < ¢ anddi > (5d; ' -
e f/l =1 for all k > ¢ (with £ < L), then

], otherwise.

R@) < —log(j) (34)

20
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2) If dp > £dp + L75) for all k < L, then

1
R(@) = 5 log (7). (35)
~1
3) I bdr— 5500 <di < (ba; = E7471) for some
¢ < L and
d =4, k<¢,
g > L& —O@ —did, + UL — k)4 —dL)dy
k

~ k(L—OA—L(k—0d;— (L —k)d, ~
{ <k<L,

then

[(L -0 - dL)]
-2 L(de —dp)
oog[ LA T 5
2 (L —€)(A —dp)dr

Remark: One can write (34), (35), and (36) compactly as
R(d) < R¢,1.(de, dyp).

Combining Corollary 10, Corollary 11, and Theorem §
yields the scalar version of [11, Th. 4], which determines the
minimum sum rate of symmetric Gaussian multiple description
coding subject to two levels of distortion constraints (with the
second level imposed on the complete set of descriptions).

Corollary 12: If dy = A for all k # ¢ and k # L
(with £ < L), then R(d) = Ry, 1.(de, dL).

The following result provides a partial converse for
Theorem 8. In particular, it is shown that, when R(d) =
Re.1(de,dr), the achievable distortions diy, £ < k < L,
indicated in Theorem 8 are in fact the best possible.

1) If R(d) = % 1og(

R@) < Z10g

Theorem 9:

) for some ¢ < L,
then

—E

- )1, k> ¢

k
di > (Edg
2) If R(d) = 1 log (%), then

k L—k
dy > —d —
k_LL+ T

3) If Rd) = Rer(de,dp) for some ¢ < L and
1
b =500 < dp < (a7 = 574271) T then

k < L.

&> Ltk —€)(A —dp)dr +€(L — k)(A —dp)d,
~ k(L—0A—Lk—0d;, — (L —k)d,
<k <L.
Proof: See Appendix 1. ]
Remark: Case 2) in Theorem 9 corresponds to [7, Th. 11].
Furthermore, in this case the lower bounds on di, k < L,
are achievable via a time-sharing scheme similar to the one
described in Section III-A.

V. CONCLUSION

We have derived a single-letter lower bound on the sum rate
of multiple description coding subject to symmetric distortion
constraints. Furthermore, this lower bound is evaluated in
several special cases with the aid of certain minimax theorems.
It is worth noting that the minimax theorems established in
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this paper depend critically on the properties of the binary
erasure channel, the binary symmetric channel, and the addi-
tive Gaussian noise channel. An important feature shared
by all these channels is that they can all be specified by a
single parameter (which induces a natural Markov ordering).
An interesting direction for future research is to investigate,
to what extent, the minimax theorems in the present work can
be extended to the scenarios where the relevant channels are
more complex.

APPENDIX A
CARDINALITY BOUNDS

Note that

sup Z

1(Zi: S, B € 241Z4)

>

pZ\SEPk 1 k) er,lAl:k
LoL
= Ssup I~
pziseP j=1 k(;)
X Z 1(Z; S, B e ZfIZo, ey Zi—1)
Ae2f | Al=k
L
L
< sup —_—
2k
X Z I(Zk;SB,B€2f|Zo,...,Zk_1).
Ae2k | Al=k
On the other hand, setting Z; = (Zo,...,Zx), k = 0,
1,..., L, we have
L 8 A
SPZ L z I(Zy; S, B € 21 Zo, ..., Zy—1)
rais i k() A2 | A=k
=5 pz > 1z 8s.Be2tz, )
pzis =1 k() A2k | Al=k
< sup Z > 1(Z: 8p. B e 2 Zimy),
pziseP =1 k )Aezﬁ |A|=k

(37)

where (37) is due to the fact that p Z,_,Is is physically degraded
with respect to pz)s k=1,..., L. Therefore, r([d]) can be
expressed alternatively as

L

L
r(ld]) = 5127f’( " plzlg Z m

k=1 k
X Z I(Zk;SB,B€2f|Zo,...,Zk_1).
Ae2k | Al=k

For this expression of r([d]), there is no loss of optimality
in setting |Zp| = 1 and Z; = §; moreover, it suffices to
have |Zx| < |S| in view of the fact [24, p. 631] that, for
every (zo,...,Z2k—1), one can find a conditional distribution
of (S, Zk,...,Zp—1) given (Zo, ..., Zk—1) = (20, - -5 Zk—1)
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with |Z] < |S]| that preserves pgs|z,,...z_; (|20, ..., 2k—1)
and
L ~
il ) A
e > 1zeSsBe2fizo=z.. ..,
k) Ae2k | A=k
Zi—1 = Zk—1)
Lo
D > 1(Z;; 85, B €220 = 20, .. .,
j=k+1 J(j) Ae2t | A=)
Zi—1 :Zk_1,Zk,...,Zj_1),
k=1,...,L —1.

The desired cardinality bounds for the original form of r([d])
in (2) follow immediately.

APPENDIX B
PROOF OF THEOREM 1

We augment the probability space by introducing an aux-
iliary random vector process {(Zo(?), Z1(¢), ..., ZL(t))};2;.
It is assumed that {(Zo(?), Z1(z),...,ZL(t))}72, and
{S(t)};2, form a jointly stationary and memoryless process
with (S(t), Zo(t), Z1(t), ..., Z(t)) distributed according
to ps.z £ pspzis for every t, where pzis € P. Let
f(n) S§" — (i, i € L, and g() lieaCi — S, Ae 2£,
be arbitrary encoding and decodmg functions satisfying (1).
By Han’s subset entropy inequality [25],

1
2>

H(F™M (S, i € AlZ]_ )

k=D, Ae2L | Al=k—1
1 .
2~ > HMS". i e AZ))
( ) A2k | Al=k
for k =2, ..., L. Therefore, we have
L—1

H("(S™),i € AIZ})

> >

= k() Ae2f | Al=k

H("(8™),i € AIZP_)). (38)

>

L
i= k) Ae2f | Al=k

Note that
L
> log|Cil
i=1

L
> > H("M (")
17‘1
Z H(f"(5")

2

L1
Ae2f | Al=k

v

Z Z‘L) H(M (M), i € AZ})
k

DN DY

k=2 "\kJ Ae2k | Al=k

HM (S, i € AIZE_ ) (39)
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L
> z S HES". i € AIZY)
k=1 k( ) Ae2% | Al=k
Lo
+ > — > H(EM, e AIZ))
i k() Ae2f | Al=k
L
= Z > HM (S Az
k=1 ( )A62£,\A\:k
2 L (n) cony n
+> > H(S".i e AIZ])
= k() Ae2f | Al=k
+ % > HF(S". i€ A
k=1 "\k) A2k | Al=k
- % > H((S").i € A
k=1 "\k) Ae2f | Al=k
=S LS @y s e A
k=1 k(k) .AEZfE |A|=k
LoL
> > HZ s SN e A, (40)
k=1 k(k) AEZ&,\A\:/(

where (39) is due to (38). It can be verified that, for any k € £
and A € 2£,

1z (S, i € A — 12 1787, i € A)
= 1(Z}_,, 7} 1), i e A)

—1(Z}_; 18,0 € A) A1)
= 1(Z}; ("), i € AIZ) )
> 1(Z; Sp, B e 2zt )
n
= > 1(Zi(); S B e 2N Zp_. ;7"
Ijl
= > 1(Zi(): S Be 2, 2}, Zi7 1 Zka () (42)
Ijl
> > 1(Zi(0): $B(1). B € 241 Zk 1 (1)), (43)

t=1

where (41) is due to the fact that Z} | < Z}! < (fi(”)(S”),
i € A) form a Markov chain, and (42) is due to the fact that
Zi(t) < Zi—1(t) < (Z)_,, Z,’(_l) form a Markov chain. Now
let T be uniformly distributed over {1, ..., n} and independent
of (8", Zy,Z7,...,Z}). We have, forany k € L and A € 2L

D 1(Zk(t); Sp(1), B € 241 Zi1 (1)

=1
n1(Zy(T); S5(T), B € 21 Zy—1(T), T)

= nl(Zi(T); $5(T), B € 2, T|Zy_1(T)) (44
> nl(Zi(T); Sp(T), B € 241 Zi_1(T)), (45)
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where (44) is due to the fact that Zx(T) < Zy_1(T) <& T
form a Markov chain. Combining (40), (43), and (45) gives

L L
1 L
= > loglCil = > —
s k=1 k(k)
x> I(Zi(T): S(T), B € 24| Zi1(T).
Ae2f | Al=k
(46)
Moreover, one can readily verify the following facts:
o (S(T), Zo(T), Z\(T), ..., Z,(T)) and (S, Zo, Z1, ...,
Z1) are identically distributed; .
o (Zo(T), ZU(T), ..., ZL(T) < S(T) < (Sa(T),

Ae 25) form a Markov chain;

o E[m(S(T), SA(T))] <dy, Ae 2£.

Note that, given encoding and decoding functions, the con-
ditional distribution PLsrs) (with [S(T)] = (S'A(T),
A € 2£)) is fixed, and (46) holds for an arbitrary choice
of pzs. This completes the proof of Theorem 1.

Remark: In the proof of Theorem 1, remote sources are
incorporated in a specific way to facilitate the use of Han’s
subset entropy inequality. It is worth mentioning that, when
the distortion constraints have a hierarchical structure, one
can exploit remote sources in a different manner as shown
in [12]. However, neither the method in [12] not the one in
the present work seems powerful enough to yield conceptually
satisfactory single-letter lower bounds on weighted sum rates
subject to general distortion constraints. Establishing such
bounds requires a deeper investigation and is beyond the scope
of this work.

APPENDIX C
PROOF OF LEMMA 1

Our proof is based on a natural extension of an interesting
method developed in [27] (see [27, p. 7, Example 1]).

Let Y(X') and Y (X' ) be the channel outputs induced by
input X’ via py|x and Pyix» respectively. Moreover, let px=
be an optimal solution to the following optimization problem

max —aHY (X)) 4+ aHY(X).

Note that, for any py|x : X — U, we have

—aHY|U)+aH|U)

<sup—aHY|U=u)+aHY|U = u)
ueld

—aHY*)+aH ("),

IA

(47)

where Y* = Y(X*) and Y* = ¥ (X*).

Since py|x and pyx are circularly symmetric, there exist
bijective functions 4 : Y — )Y and u : )7 — 5) such
that u™(y) = y, pyix(u*MIx) = prix(10), 2" () = 3,
and pf/|x(/~‘x(j)|x) = pf/‘x(ﬂo) for all (x,y) € & x )Y
and (x,y) € X x Y. Define distributions pxw over X,
k =0,1,...,M — 1, such that pyw(x &y k) = px-(x)
for all x € X. Let Y® and Y® be the channel outputs

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 60, NO. 12, DECEMBER 2014

induced by input X® via py|x and Py|xe respectively,
k=0,1,...,M — 1. Note that

pro (@) = D pxaw ) pyix (W ()x)
xeX

= > pxa(x ®m B pyx(1F (3)x Su k)
xeX

= Z px=(xX)pyix (¥|x)
xeX
= py=(y)

for all y € Y. Similarly,
Pyw (i () = py-(F)

forall § € V. Since u and /i are bijective functions, it follows
that

Hy®) = H(™), (48)
HY®y = H¥™") (49)
for k = 0,1,...,M — 1. Now choose U = {0,1,

..., M —1} and set pyx(u) = % for all u € U. Moreover, let
pxu+(xlu) = pxw(x) for all (x, u) € X xU. One can readily
verify that this construction preserves the uniform distribution
of X and the induced py+x(u|x) depends on (x,u) only
through u Sy x for all (x, u) € X x U. Furthermore, we have

—aHY|U*) +aH(Y|U*)

= % Z[—aH(Y|U* =u)+aHY|U* = u)]
ueld

% ZZ;[[—“H (Y@ + aH (T W)
= —aHY*) +aH "), (50)

where (50) is due to (48) and (49). In view of (47) and (50),
puxx must be a maximizer of (12). This completes the proof
of Lemma 1.

Remark: The proof in fact implies that maximum value
of (12) remains the same even if one has to the freedom to
optimize over px,u.

APPENDIX D
PROOF OF LEMMA 2

Since —H (U|Y)+H (U|Y) depends on Pu.iix only through
pu|x and Pixe there is no loss of generality in assuming
that Pox is physically degraded with respect to py|x. As a
consequence,

HU,U|Y)=HU|Y)+ HU|U).
On the other hand,
HWU,U|Y)=HU|Y)+ HU|Y,U).
Therefore, we have
—HWU|Y)+ H|Y)=—-HU|Y,U)+ HU|U),
which implies
—aHU|Y)+aHU|Y)
= —a[HU|Y,U) — HU|U)] — (a — &)H(U|Y).



SONG et al.: LOWER BOUND ON THE SUM RATE OF MULTIPLE DESCRIPTION CODING

In view of the fact that H (U|U) does not depend on py|x and
the fact that H(U|Y, U) and H(U|Y) are concave functions
of py|x, one can readily show that —a H(U|Y) + aH(UY)
is a convex function of py|x.

Let py+x be a minimizer of (13). Define pywx : X — V,
k =0,1,...,M — 1, such that py(k)|x(,uk(y)|x ®p k) =
py+x(y|x) for all (x,y) € & x Y. It is easy to see that

Px.uy® (x ®u k,u B k, 1 ()
= px.u(x O k,u By k) pywx (1 ()|x @ k)
= px,u(x, u) py+x (y|x)
= px,u,y(x,u,y)

forall (x,u,y) e X xUxYandk =0,1,..., M —1, which,
together with the fact that u is a bijective function, implies

HUIY*) = HUY®Y) (51)
for k =0,1,..., M — 1. Similarly, we have

HO|Y* = HO|)Y®) (52)
fork=0,1,...,M — 1.

Now define Pyix X — Y such that
| M—1
Pf\x(ﬂx) =M Z py(k)\x(ypf)
k=0

for all (x,y) € X x ). Note that

M1
Pytox (1 (y)|x)

0

S

Pyix (W (y)lx)

~
Il

S

pyox (MK () x O k)

N
-
I
(=]

S

pyrex (1 (1K),

S

k=
which does not depend on x. Therefore,

(=)

Pyix (1 (MIx) = pyx(¥10)
for all (x,y) € X x ). Moreover, we have

Elm(X,V)]= >

(x,y)eX xY
M-1

1
2 2 px@pywxGom, y)

(x,y)eXx) k=0

px(xX)pyx (yIx)m(x, y)

| M=l
= > D px®pywx(l)mx, y)

k=0 (x,y)eXxy
1 M—1
TIPS

k=0 (x,y)eXx)
< pywx (1) |x ® kym(x ®u k, 1" (v))

px(x By k)

M—1

1

G2 2 Px@praxlom, y)
k=0 (x,y)eXx)

= E[m(X,Y*)]

<d.
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Since —aH(U|Y)+ aH (U|Y) is a convex function of DY|X»
it follows that

—~aHU|Y) + aH(U|Y)
M—1

% S —aHUYD) +aH DY 0))
k=0

= —aHU|Y*) +aH(U|Y"),

IA

(33)

where (53) is due to (51) and (52). Therefore, Py)x must also
be a minimizer of (13). This completes the proof of Lemma 2.

APPENDIX E
PROOF OF THEOREM 2

The following result due to von Neumann [28] (see also
[29, Th. 2]) plays a crucial role in establishing the minimax
theorems in this paper.

Lemma 4: Let X and ) be two bounded closed convex
sets in the Euclidean spaces R™ and R”, respectively, and
X x Y be their Cartesian product in R”*", Let & and V be
two closed subsets of X x ) such that for any x € X the
set {y € Y : (x,y) € U} is non-empty, closed, and convex,
and such that for any y € ) the set {x € X : (x,y) € V}
is non-empty, closed, and convex. Under these assumptions,
U and V have a common point.

The next result is a direct consequence of Lemma 4.

Lemma 5: Let f(x,y) be a continuous real-valued function
defined for x € X and y € ), where X and ) are two bounded
closed convex sets in the Euclidean spaces R™ and R",
respectively. If for any x € X’ the set argmin,cy f(x, y) is
non-empty, closed, and convex, and for any y € ) the set
argmax,cy f(x,y) is non-empty, closed, and convex, then
there exists a saddle point (x*, y*) in the sense that

x* € argmax f(x, y"), (54)
xeX

y*e argmigf(x*, y). (55)
€
Proof: LetU = {(x,y)y: x € X,y e Ux)} and V =
{(x,y):x € V(y),y € YV}, where U(x) = argmincy f(x,y)
and V(y) = argmax,cy f(x, y). Consider a Cauchy sequence
(™, y™y n=1,2..., with ™, y™) e Y for every n.
Denote the limit of this sequence by (x, y). Note that

flr,y) = lim £, y®)
dim f @™, y(x)
= fx, y(x)),

where y(x) € U(x). Hence, we must have y € U(x), which
implies (x,y) € U. This proves that U is closed. Similarly,
it can be proved that V is also closed. Now it follows from
Lemma 4 that Y NV # (@, i.e., there exists (x*, y*) such
that (54) and (55) are satisfied. |

Now we proceed to prove Theorem 2. Note that the
maximization problem

IA

x(a, q,9)

max
q€lo, %]L+l
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can be decomposed into the following sub-problems

max a(1 — d1)Hp(qo), (56)
q0€l0, 3]
max [—ax(1 — o) + oxr1(1 — dks1)1Hp(qr),
qrel0, 1]
k=1,...,L—1, (57)
max —oy (1 —J6L)Hp(qL). (58)

qrel0, 3]

It is clear that the maximizers of (56), (57), (58) are,
respectively, given by

O, 0(1(1 — 51) <0
. 1
go = § &y number in [0, 5], a1(1—-01)=0 (59)
1
5’ a1(1_61)>05
[ 0, ok (1 — k) > agr1(1 — Okt1)
any number in [0, =],
qx = 20
| o (1 — ) = ak+1(1 — Sk+1)
> ok (1 = 0k) < ak1(1 = Sk+1),
k=1,...,L—1, (60)
[ 0, ar(1—01)>0
gL = { &y number in [0, 5], ar(1—01)=0 61)
1
59 aL(l_éL) <0.

Similarly, the minimization problem
min x(a,q,9d
0€D(d) @4,

can be decomposed into the following sub-problems

i 1 — &) [Hp(gi—1) — H , k=1,...,L,
5kg[1(1)21k]05k( i) [ Hp(qr—1) »(qr)]

and the corresponding minimizers are given by

0,  oxl[Hp(gr—1) — Hp(qr)] <0

any number in [0, di],

ax[Hp(qr—1) — Hp(qr)] = 0

ax[Hp(qr—1) — Hp(gr)] > 0,
k=1,....L.

ok =

dx,
(62)

According to (62), the set arg mingep(q) k (@, ¢, 9) is non-
empty, closed, and convex for every q € [0, %]LH. Moreover,
according to (59)-(61), the set argmax, (o 1y1+1 k(a, q,9) is
non-empty, closed, and convex for every € D(d). Therefore,
it follows from Lemma 5 that there exists (g*,d™) such
that (14) and (15) are satisfied. B

Now consider the case a; > --- > ar > 0. Let (¢*, 0*) be
an arbitrary saddle point solution. If ¢/ | < ¢ for some k,
then, in light of (60)-(62), one of the following must be true:

o 0 = a4 and & = J; | = 0;

o Of = 0.

Moreover, if q,f_l > q;‘ and dy = 1 for some k, then, in light
of (60)-(62), one of the following must be true:

¢ =0 =1

o aj+1 =0and 6§ = 1;
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e k=1L and 6] =1;

o O = 0.
Based on these observations, one can readily show via induc-
tion that (§*, 0*) with ¢* = (g7, Gy, ..., q;) is also a saddle-
point solution, where g5 = ¢; and

o [a d@<q
qr = 61;_1, q,f_l > C];: and dp =1
a5 otherwise
for k = 1,..., L. Note that by construction we have g; >
gy = ...>qfand g, = g wheneverdy = 1,k=1,..., L.

In view of (60), it is clear that, if (3,’: < 5;: ) for some k,
then either g = 0 or ax = 0. Based on this observation,
one can show via a simple induction that (g*, é*) with é* =

(07, ..., d7) is still a saddle-point solution, where S’f = 0} and
s _[% &<o,
k+1 8.1, otherwise
for k = 1,...,L — 1. Note that by construction we have
o0f >...>07. Inthe case a; > ... > ar > 0,if gf_; < g}

for some k, then it follows by (62) that §; = 0, which, in
view of (60) and (61), further implies q,f = 0, leading to
a contradiction with the assumption ¢g; ;, < g;; therefore,
we must have qa‘ > g} = --- = gj. This completes the proof
of Theorem 2.

APPENDIX F
PROOF OF THEOREM 4

We first prove the following technical result. Define

= 1-0
gla,a,0,0) = —a(l —20)log (T)
3 < -0
+a(l —20)log (T),
8(a,d,8,0) = —a(l —258)> + a(l —26)%,

where o > a > 0, 0 € [0,%], and § € [O,%]. When no
confusion can arise, we will simply write g(a, @, d,d) and
3(a,@,d, o) as g and g, respectively.

Lemma 6: The maximizer of the following optimization
problem

max —aHpy(g © 0) + &Hy(q © ),
q€l0,3]

where o > a >0, d € [0, %], and J € [0, %], is given by

0, g<0 and g <0
q’, g>0 and g <0
1

q= 2 g>0 and g>0

1
any number in [0, 5], g=g=0

with ¢' being the unique solution of

1—q0®o

5
GF o)

a(1—25)10g( ):&(1—25)1og(1;W

for g € (0, %).
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Proof: One can readily verify Lemma 6 for the following
degenerate cases: 1) a = 0, 2) 6 = 5,3) 0 = 2, 4) 6 =
Therefore, it suffices to consider the case where a > a > 0

d€[0,4),0€[0,31), and 6 # .
Let ¢(¢) = —aHy(g © 8) + aHp(g © ). Note that

1—q0Od
! = —a(l —20)1 _

¢'(q) a( )Og( q®5)
- - 1—g0Od

+a(l —20)log <W)’

a(l —26)2 a(l —20)2

@)= GqooH(1-q0d

for g € [0, %]; in particular,
¢'(0) = g(a, @, d,0),
1 -
g//(i) = _4§(a9 &9 59 5)

(q@0)(1—q0d)

We shall prove the following statements:

a) ¢’(g) = 0 has no more than one solution in [0, %);
b) ¢”(g) = 0 cannot have two different solutions in [0, %].

In view of Rolle’s theorem and the fact that ¢’ (%) = 0,
it suffices to prove statement b). Note that
¢"(g) = 0 = (@ —@)(1 = 26)°(1 = 20)*(¢4° — 9)
—a(1 —28)26(1 — d)+a(l — 26)*5(1 — 6)=0

(63)
for g € [0, %]. If « = a > 0, then we further have
¢"(q) =0 7(6) = 1(9),
where 7(x) = 2U4=%) - gince z(x) is a strictly increasing

1-2x)%°

function for x e( [0, )%), it follows that ¢”(g) = 0 has no
solution in (0, %) (under our assumption ¢ € [0, %), €0, %),
and 0 # 5). For the case a > a > 0, note that the sum of
the two roots of the equation in (63) is equal to one, which
implies that ¢”(¢) = O cannot have two different solutions
in [0, 1.

Now consider the following cases.

e g <0and g < 0 (ie, ¢'(0) < 0 and g”( ) > 0):
Recall that g( ) = 0. Since ¢” ( ) > 0, there exists
some € € (0, ] such that ¢ (q) < 0 for g € [l — €,
2) moreover, in view of the fact that ¢/(0) < 0
and the fact that ¢’(g) = 0 has no more than one
solution in [0, ;) we must have ¢'(g) < 0 for
q € [O — €]; therefore, g = 0 is the unique maximizer
of ¢(q) forq € [0, 11.

e g>0and g <0 (ie, ¢'(0) > 0 and g”(%) > 0): In this
case, ¢ = ¢ is the unique solution of ¢’(g) = 0 for
qg € (0, %); furthermore, we have ¢’(g) > 0 for
g € 10,47 and ¢’(¢) < 0 for ¢ € (¢, %). Therefore,
g = ¢ is the unique maximizer of ¢ (¢q) for ¢ € [0, %].

e g>0and g >0 (ie., ¢'(0) > 0 and g”(%) < 0): Again
recall that g’(%) =0.1If g”(%) < 0, then there exists
some ¢ € (0, %] such that ¢’(g) > 0 for g € [% —€, %);
moreover, in view of the fact that ¢’(0) > 0 and the fact
that ¢’(g) = 0 has no more than one solution in [0, %),
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we must have ¢’(g) > 0 for g € [0,% — €]; therefore,
q = % is the unique maximizer of ¢(gq) for ¢ € [0, %].
For the case ¢’(0) > 0 and g”(%) =0, in view of the fact
that g’(%) = 0 and the fact that ¢”(g) = 0 cannot have
two different solutions in [0, %], we must have ¢’(g) > 0
for g € [0, %); as a consequence, g = % is again the
unique maximizer of ¢(gq) for g € [0, %].

e g < 0 and g > 0: We shall show that this case does
not exist under our assumption a > a > 0, 0 € [0, %),
d€[0,1), and § # 4. Since g <0 and g > 0, it follows
that p(d) > p (), where

1—x
X )

1
tog (
1—2x 8

It can be verified that

plx) =

fn 1
px)= mf(x),
where
1—x 1—2x
5(x)=2log( )_x(l—x)'
Moreover,
o 2 2x(1 —x)+ (1 —2x)?
<= Cx(1—x) x2(1 —x)2
_(1-2x)? 0
©x2(1—x)2 ~

for x € (0, %). Therefore, we have &(x) < é‘(%) =0 for
x € (0, %), which implies p’(x) < 0 for x € (0, %) and
further implies that p(x) a strictly decreasing function for
x €10, 2) As a consequence, p(d) > p(d) if and only if
8 < 6. On the other hand, § > 0 implies d > J. Hence,
we must have § = 5. However, this case is excluded by
our assumption J # 9.

This completes the proof of Lemma 6. [ ]

Now we proceed to prove Theorem 4. Note that the
maximization problem

max
QE[O,%]L“

n(a, g,9)

can be decomposed into the following sub-problems

max o1Hp(qo © 61), (64)
qOE[O 51
max —axHp(qk © 0) + o1 Hp(qic © Gic1),
qu[O 71
k=1,...,L—1, (65
max —ay Hp(qr ©dr). (66)
qrel0,3]

It is clear that the maximizers of (64) and (66) are, respectively,
given by

1
w=17 a1>0and516[,%)
any number in [0, %], a1 =0ord = 2,
_|o, ar > 0 and 6, € [0, %)
v = any number in [0, %], or =0 ord; = %
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Moreover, it follows from Lemma 6 that the maximizers
of (65) are given by

0, gkfoand§k<0

q,j, gr>0and gr <0
=11

U ok gr>0and g >0

any number in [0, %], gr=gr =0,

where gk = g(ak, ok+1, 5, Fk+1), &k = &(0k, k41, O, Okt1),
and g, is the unique solution of

1—q®5k)
q O

= a1 (1 = 2611) log (

ax (1 —20) log(
1 —q Okt
q O Okt )

forge (0,3), k=1,...,L
problem

— 1. Similarly, the minimization

5
61%11(1) n(a,q,9)

can be decomposed into the following sub-problems

min ox[Hp(ge—1 © k) — Hp(qk © )], k=1,...,L

S el0,dx]
(67)

It is easy to verify that the minimizers of (67) are given by

0, or > 0 and gx—1 < gi

dg, or > 0 and gx—1 > qx

any number in [0, dy], oax =0 or gx—1 = gi,
k=1,...,L

ok =

The rest of the proof is almost identical with its counterpart
in the proof of Theorem 2 (see the steps after Equation (62))
and thus is omitted.

APPENDIX G
PROOF OF THEOREM 6

The following technical lemma is needed for the proof of
Theorem 6. Define

,0) = —(a —a)(A—0) (4 —9),
= —a(l—8)d+a(k —d)s,

where a > a > 0, 6 € [0, ], and 5 € [0, A]. When no
confusion can arise, we will simply write h(a, @, d,d) and
h(a,d,d,0) as h and h, respectively.

Lemma 7: The maximizer of the following optimization
problem

en%ax] —alog(18 4 20 — 00) + alog(A6 + 16 — 69),
€[0

where o > & > 0, § € [0, A], and J € [0, 4], is given by

0, h<0,h<0,andh+h <0
0 — mln{ /1/1} h<Oandh >0

2, h=0and h >0

any number in [0, 1], & =h=0.
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Proof: Note that

h6 + ha
(A0 + 10 — 05)(10 + 16 — 09)

00 =
for & > 0, where

0(0) = —alog(20 + 16 — 05) + @ log(A0 + Ad — 69).
Now consider the following cases.

e h <0, h <0 and h +h < 0: In this case, p(f) is
a strictly decreasing function for & > 0; consequently,
6 = 0 is the unique maximizer of p(0) for & € [0, 1].

e h <0andh > 0:In this case, g(0) is a strictly increasing
function for § < [0, —%/1) and a strictly decreasing
function for 6 > —%i; consequently, 6 = min{—%i, A}
is the unique maximizer of p(8) for 8 € [0, A].

e h=0andh > 0: In this case, p(9) is a strictly increasing
function for § > 0; consequently, # = 1 is the unique
maximizer of o(0) for 6 € [0, 1].

e h =h = 0: In this case, p(f) is a constant.

This completes the proof of Lemma 7. [ ]
Now we proceed to prove Theorem 6. The main difficulty
here is that w(a, -, -) is not continuous at certain boundary
points®; as a consequence, Lemma 5 in Appendix E is not
applicable anymore. So we shall instead rely on Lemma 4 in
Appendix E.

Note that the maximization problem

max (a,0,9)

0el0,21L+1

can be decomposed into the following sub-problems

m[%x 2 log(lﬁo + 101 — 6po1), (68)
—— 1 10 Ak — 00
6kr£1[0x] 0g(A0k + Aok — Okdk)
k+1 log(AOk + Adky1 — Okdr+1),
k=1,...,L—1, (69)
—ZL 1oe(26 Adp — 010 70
‘9Lr2[a(1)xﬂ] 3 og(A0r, + 4oL LOL). (70)

It is clear that the maximizers of (68) and (70) are, respectively,
given by

a1>0and516[0 A)

14

to = H any number in [0, 1], a; =0or d = (7
|0, aL>Oand(5Le [0, 4)

O = [ any number in [0, %], o =0o0rd, = A. (72)

8For example, consider an arbitrary (o, 0, ) such that o > 0 and G| =
6k = o = 0 for some k. It can be shown that, for any a € [—o0, 0],
one can find a sequence (8, 5M), n=1,2,..., converging to (6, d) such
that lim,— o0 @(a, 0(”) 8™) = q. Similarly, if a; > 0, ar+1 > 0, and
O = ok = k41 = 0 for some k, then, for any a € [—00, o], one can
find a sequence (87, 5™), n = 1,2, ..., converging to (,8) such that
limy, s 00 @ (a, Q(n) é(n)) =a.



SONG et al.: LOWER BOUND ON THE SUM RATE OF MULTIPLE DESCRIPTION CODING

Moreover, it follows from Lemma 7 that the maximizers
of (69) are given by

0, i hi <0, hy <0,and hy 4 hy <0
9 min{—Z—"/l,/l}, hi <0 and hg > 0
Kk = k -
Ay hi =0 and Ay > 0
any number in [0, 1], hy =h; =0,
k=1,...,L—1, (73)
where hy = h(ok, a1, O, dk+1) and by = h(ak, o1,

Ok, Ok+1)- Similarly, the minimization problem

min @ (a, 0, 9)
3D

can be decomposed into the following sub-problems
ak (l@kq + Aok — Ok—10
AOy + Ao — Oxop

It is easy to verify that the minimizers of (74) are given by

min

), k=1,....L. (74)
oel0,di] 2

0, o > 0 and 9](,1 < 9k

dk, o > 0 and 9](,1 > 9k

any number in [0,dx], oax =0 or Gx_1 = b,
k=1,...,L. (75)

For every 8 € [0, %]L“, define U(#) to be the set of
0 € D(d) satisfying (75); similarly, for every 6 € D(d),
define V(9) to be the set of 8 € [0, %]L“ satisfying (71), (72),
and (73). Furthermore, define

Ok =

U= 100010516 cU@),
V=10, :0 € V@), eD@).
Note that’
(76)
(77)

1
UWO) < i ,0,9), 0¢el0, =15,
L)_argag;?@w(g__) 0el 2]

V(@) Carg max (a,0,9), ¢eD@),
Qe[O,%]L“

where the equality in (76) holds if

min a)(g’ Q’ é) > —0Q,
0€D(d)

and the equality in (77) holds if

max w(a,d,9) < oo.

0el0, 314+

In view of (75), the set U/ (0) is non-empty, closed, and convex
for every 8 € [0, %]L“. Moreover, in view of (71)-(73),
the set V(J) is non-empty, closed, and convex for every
0 € D(d). Consider a Cauchy sequence (8", d™) with
o™ ©,0™,...,0") and ™ 6", ..., 6,
n=1,2,... such that (9 ,é(”)) € U for every n. Denote the
limit of this sequence by (8, J). Note that, for any k, if ax = 0

9For example, if a1 > ... >ap > 0,0) >0 =0,and 6 > ... > 6,
then arg minge p(q) (@, 8, 9) = {d € D(d) : 61 > 0, J» = 0}; in contrast, we
have U(0) = {(d1,0,d3, ...,dr)}. Note that in this example /(6) is a closed
set whereas argminéep(i) is not. Similarly, if a1 > ... > ap > 0, 1 =0,
and o € (0,4), k = 2,..., L, then argmaxge[o,%]LH w(a,0,9) = {0 €

[o, %]L‘H :6p > 0,01 = 0}; in contrast, V(J) contains a single element. Note
that in this example V(9) is a closed set whereas arg maxXy (o 1ir+1 w(a, 0, 9)
0€l0, 5

is not.
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or Gx_1 = O, then (75) is clearly satisfied by dz. On the other
hand, if ay > 0 and Gx_1 < O (Gk—1 > 6O), then we must
have 9,@1 < 9,5") (6,5'?1 > 6,5")) for all sufficiently large n,
which, together with the fact that (9, 6™ e U for every n,
implies (5,5") =0 ((3,5") = di) for all sufficiently large n and
consequently &y = 0 (& = di); hence, (75) is still satisfied
by Jk. Therefore, we have (8,9) € U. This proves that U/
is a closed set. Similarly, let (Q(”),é(”)), n=12,... be
a Cauchy sequence with (87, 5™) e V for every n. Again
denote the limit of this sequence by (8, 9). It is easy to verify
that 6y and 67, satisfy (71) and (72), respectively. In order to
show that (73) is satisfied by 6y, k = 1, ..., L—1, we consider
the following cases. .

o hi(ak, ak+1, 0k, Ok+1) < 0, hi(ok, akt1, Ok, k1) < 0,
and they are not equal to zero at the same
time: If ﬁk(ak,ak+1,5k,5k+1) < 0, then we have

ﬁk (ak, Ag+1, 5,5"), (3,51)1) < 0 for all sufficiently large n,
which, together with the fact that O™, My e V for
every n, implies 9,5") = 0 for all sufficiently large n
and consequently 6 = 0. On the other hand, if
hi(ak, 0k+15 Ok, Ok+1) < 0 and hy(ak, ok+1, Ok, Ok+1) =
0, then hk(ak,ak+],5]((n),5]((’21) < 0 for all sufficiently
large n. Since (@™, 5"™) € V for every n, it follows
that, when n is sufficiently large, we have 0,5”) = 0 if

hi(ax, ak+1,5;(<"), 5,(('_’21) <0, and
i /1}

,5,?21) > 0. This, together with the

hic(ar, axs1, 87, 00

ngn) = min {—

if Fi (o, axg, 0"
fact that

: (n) s(n)
nlggo hi (o, Ok+15 O s 5k+1) <0,

5(”)

k+1) =0,

lim g (o, a1, 5;?1),
n—0o0

implies 6 = 0. Hence, (73) is satisfied 113 this case.
o hi(ok, ak+1, Ok, Ok+1) < 0 and hi(ak, k+1, Ok,
Ok+1) > 0: We must have hk(ak,ak+1,51§n),51§r_?1) <0
and ﬁk (ak, ag+1, 5,5"), (3,51)1) > 0 for all sufficiently
large n, which, together with the fact that O™, oMy ey
for every n, implies
A, ,1}

3 hi (o, a1, 5,(("), 5;(('_’21)

hi(ag, ak+1, 5,(("), 5;(('_’21)

9,5") = min {

for all sufficiently large n. Hence,

{_ flk(ak,ak+1,5k,5k+1)/1 /1}

Or = lim 0" = min ,
k hi (o, akq1, Ok, Ok1)

n—oo

which satisfies (73). _
o hilok, ax+1, Ok, Gk+1) = O and hilok, 041,

Ok, Ok1) > 0: In this case hk(ak,akg,él(("),&,(('_’gl) >0

for all sufficiently large n. Recall that (@™, 5™) e V

for every n. Therefore, when n is sufficiently large, we

must have

A, ,1}

hi (o, g1, 5;(("), 5;((1)1)

hi (o, Ok+15 5;(("), 5;((1)1)

9,5") = min {—
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if hy(a, ak+1,(5,(("), 5,(('_’21) < 0, and 6,5") = A if ;> 0. As a consequence, we have
(n) s(n) y _ : :
hi 0k, Ok+1, [ 5k+1) = 0. This, together with the fact w(a,d) = max min
that (00,0:,07):3>00>0;>0,>0 (5;,0,)€[0,di1x[0,d,]
lim 50 5 — g % Jog (M)
nLH;O ko, a1, s k+1) =y 2 20; + 16 — 0;6;

i () <)
nll)nolohk(akaak+195k 95](_1,_1) > 09

implies 8 = /. Hence, (73) is satisfied in this case.
o hi(ok, @k+1, 0k, k1) = hi(ak, ak+1, %, ok+1) = 0:
This case is trivial.
This proves (@, d) € V, which further implies that )V is a closed
set. Therefore, it follows from Lemma 4 that U NV # @J; as a
consequence, there exists (0%, 9*) such that (32) and (33) are
satisfied.

Now consider the case a1 > ... > ar > 0. Let (8%, 0*) be
an arbitrary saddle point solution. It is clear that w(a, 8%, 0*) €
(—00, 00). Therefore, we must have (6%, 6*) € U N'V. Define
Q* = (5*,5;", .. .,GNZ), where 6 = 05 and

9}?—1» 9:1?—1 <0
o = Of_y, 6f >0 and dy =1

or otherwise
for k = 1,...,L; note that by construction we have
03‘ >0f = ... > 0] and 9,2‘71 = 9,2‘ whenever d; = A,
k = 1,..., L. Moreover, define é* = (9],...,07), where
o} = Jf and
Tk Tk *

5 O oy <5,€+1

k+1 dp,1» otherwise
for k =1,..., L — 1; note that by construction we have ST >

> 5}“. It can be shown that (Q*, 5*) is also a saddle-point
solution (see the counterpart in the proof of Theorem 2).
Finally consider the case a1 > ... > ar > 0. If | <6
for some k, then it follows by (75) that J; = 0. We shall
show that it is impossible to have 6 > 0 and J; = 0 at the
same time. Indeed, if 6 > 0 and J; = 0, then, according
to (73), we must have 5,’("“ = 0 (and a;y = ag+1), which,
in view of (75), further implies 67 < 6", | (and consequently
0,:‘ > 0); now a simple induction yields §; > 0 and 67 =0,
leading to a contradiction with (72). Therefore, we must have
05 = 0f > ... > 0;. This completes the proof of Theorem 6.

APPENDIX H
PROOF OF COROLLARY 9

It follows from Theorem 6 that
o,d) =max min w(a,l,d),
y(a, d) ,n, (2, 0,9)

where the maximization is taken over those € such that
,1290:...:91-_129[-:...: j_lzgj:...:

i AG; + A0 — 0;0;
+a—]10g(—l+ J lj)
2 i@j"ﬁ‘i&j—@jéj
max ai (i@o + Ad; — Hodi)
(00,0,,0;):4>00>0;>0;>0 2 A0 + Ad; — 0;d;
+ﬁ10 (ﬂﬂi-i-idj—@idj)
2 /1(9j+/1dj—(9jdj

/12
T 90,41 2 A0; + Ad; — Qidi)
o i@i-i-ﬂ.dj—@idj
% (—)
+ og id;
One can readily verify the following statements by invoking
Lemma 7 in Appendix G.
. ;l(ai, aj, d;, dj) <0 (ie, ai(i — dl')dj > Otj(ﬂ. — dj)di).'
We have

a;
= max —log(

Hmax ﬂlog (l—2>
1€[0,4] 2 AG; + Ad; — 6,d;
(A
. 2
- % log (ﬂﬂi + illdi — Gidl’)
n %10};(/1@ —}-ﬂdj —(9,'dj>

Ad,
()

. h(a,-,aj,d,-,dj)—i—ﬁ(a,-,aj,d,-,dj) >0 (ie, aj(A—d;) <
a;(A —d;j)): We have

6;=0

max ﬂ10 (L>
6;€[0,4] 2 & A0; + Ad; — 6;d;
o AO; +Ad; — 0;d;
2 oo (2222 )
+5 tog ( id; )
a; /12
= —1 _
2 8 <j~9i + Ad; —Hidi)

N %log (/19,- + /;il]j_ (9,-dj) -
o)

. /E(a,', aj, d;, dj) > 0 and h(a,-, oj, d;, dj)-{-
h(ai,aj, di, dj) < O(i.e., ai(i—di)dj < aj(/l—dj)di
and o; (A —d;) > aj(A —d;)): We have

max 2o (1—2)
neoo 2 B\G0 ¥ id;, — 0,d;
aj A0; + Adj — 0id;
2 qoe (2227 T %)
+5 Tog ( 7, )

a; 12
= —1 T v
2 Og(w' +/1d,-—<9Td,-)
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—|—aj lo
> g

(w* + Ad; —euj)
Id; :
where
h(ai, o, di,d})
h(ai,aj,d;, d;)
—a;i (A — d,‘)dj + (Zj/I(/l — dj)d,'
(a; —aj)(A—d)(A—d))

It can be verified that

0f = — A

o; 22 aj 0T+ ad; —0%d;
Zt = | J J
2 Og(/wwzdi—mdi)Jr 2 Og( Id; )
ai (ai —a;)(4 —d))
—1
Og[ Oti(di —dj) ]
aj aj/l(d,‘ —dj)
— 1 .
5 Og[(a,- —a)G —d,-)dj]

This completes the proof of Corollary 9.

APPENDIX I
PROOF OF THEOREM 9

We shall treat the three cases separately. It will be seen that
Case 3) is the most non-trivial one whereas the other two are
simple consequences of Corollary 11.

1) In view of Corollary 11, we must have
R(d) > R¢x(de,dr) and consequently Ry x(de,dy) =
ﬁlog % for all k > {. Note that R¢x(de,dr) =

A

2%, log i if and only if

(G =555

2) In view of Corollary 11 (or Corollary 12), we must have
R(d) > Rk, 1(dk,dL) and consequently Ry 1 (dk,dL) =
Llog () for all k < L. Note that Ri,r(di,dr) =

}1og () if and only if

L—k
d <—d——l
L kk k P

ie.,

k L—k
dp > —d — .
k= 7dL + 7
3) For any integer k € (¢, L), it follows from Corollary 10
that R(d) > w(a*,d), where d = (di,...,dr) with
de =de, dy =dy,dp =dp, and dpy = A, k' ¢ {€, k, L}.
By Theorem 6, we have

y(a*,d) =max min w(a*,0,9),
3eD(d)

where the maximization is taken over those @ such that
1>0=- =01 >0 = =0 >0 =---=
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011 >0 > 0. As a consequence, we have

y(a*, d)
= max
(00,0¢,0k,01.):4>00>07 >0, =01, >0

min
(0¢,0%,0L)€[0,d]x[0,dk]1x[0,d ]
L 1 (i@o + Adp — 005()
ABp + Ao¢ — Orop
+_ (/1(9{ + Ao —955]()
AO + A0 — OOk
+11 (i@k+i5L—0k5L)
A0 + Ao — 010,
= max
(00,0¢,0k,01.):4>00>07 >0, =01, >0
L (i@o + Adp — eodg)
AOp + Ady — O¢dp
+ L 1 (/1(9[+/1dk—95dk)
AO + Ady — Ordy
+11 (i@k—i-idL—@de)
A0 + Adp —0rdr

L 1 ( 22 )
= max — 10 —_—
(0r,01):420,>0> 0 20 g AOr + Ady — Opdy

L AOr + Ady — O¢d
+ L ( e + Adk — O k)
2k A0k + Ady — Ordy
1 Abr + Adp — 6dy,
-1 .
*3 Og( Jdy )

Now consider the following optimization problems:

——1 ABr + Ady — Opd
o8 2 0g(A0; + Adr — Opdy)
+ﬁ log(A0¢ + Ady — Ocdy.), (78)
——1 AO; + Ady — 6id
eklg[%xu o 0g (A0 + Ady — Okdy)
1
+§ log(A0 + AdL — OrdL). (79
First note that the condition Ldg — —5/1 < dp <
( d€ L=L-1)~1 together with the assumption that

dgE(() A] anddL € (0, 2], implies 0 < dp < d¢ < 4,
h(a[,aL,dg,dL) > 0, and h(aé,,aL,dg,dL) —i—h(ag,
aj,de,dy) < 0, which further implies 0F e ©, 1),
where

h(a}, a%,de,dr)

of = T 7L 7]
h(ay, a7, de,dL)
_ —LA(A —dp)dp +€A(A —dp)de
B (L =64 —dp)(A—dp)
Now define

h(ak, af, de, dy)
h(a},of, de,dy)
h(at, at, di,dr)
h(af,af,dy,dr)

O(dy) = —

O(dy) = —
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It is easy to verify that

—kA(A —dp)dy + €A — di)dy

0(dy) = ,

(k = O) (A —de)(A — dy)
—LA(A —dp)dr + ki(A —dp)dy

(L —d)(h—dr)
moreover, 6(dy) is a strictly decreasing function and
6(dy) is a strictly increasing function for dy € (0, 4).
Note that

0(dy) =

—LA(A — dg)dp, + kA(% — dp)dy

W) = G —d) G —dp)
_ —LiG— du)dg + K20~ du)ds
(L =K —do) i —dy)
i,
T l—dy
— 0(dy),
k20— dg)dy, + 020 — dp)de
L) = T HG—dnG —dp)
_ —KAG = dody + 20— dpdy
k=00 —d)G —do)
iy
T l—dp
=0(dy).

Therefore, the equation 6(dy) = 6(dy) has a unique
solution for dy € (d¢, dr), which is given by

«  Lk—0O —dp)dy + €(L —k)(A—dp)de

K™ k(L =64 — L(k — €)d; — €(L — k)dy,
It is clear that ﬁ(a}‘, al,de,df) > 0 and
h(ay,ajy,df,dL) > 0. Moreover, it can be verified that

0(dy) = 0(d}) =0" € (0, 2).

Therefore, there exists an € € (0, d;] such that

h(a}, af, de, di) > 0,
h(af, o}, dy,dL) > 0,

0 < 0(dy) <0(dy) < 2 (80)

for any di € (dff — €, dy). It follows from Lemma 7 in
Appendix G that 6; = 6(dy) is the unique maximizer of
(78) and 6; = 0 (dy) is the unique maximizer of (79) for
any di € (d —€, d[}), which, together with (80), implies

y(a*, d) =

L | ( 22 )
— 10
2 08 A0(dy) + Ade — 6(di)d
L o (Ae(dk) + Ady — 9(dk)dk)
2k S \AB(dy) + Ady — O(dy)dy
1 20(dy) + Ady — 6(dy)d
+—1og( (@) MLL @ L)

> L lo ( 22 )
20 #\707 1 id, — 074,
L 207 + Ady — 0% dy
1 . .
T Og(w' +/1dk—9'dk)
1 20T + 2dp —0td;
1
*3 Og( dy )

= R¢,1(d¢, L)

for any di € (d — €,d). Therefore, if R(d) =
Re¢,1(de, dy), then we must have di > dj.

This completes the proof of Theorem 9.
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