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Vector Gaussian Multiterminal Source Coding

Jia Wang and Jun Chen, Member, IEEE

Abstract— We derive an outer bound of the rate region of
the vector Gaussian L-terminal CEO problem by establishing
a lower bound on each supporting hyperplane of the rate
region. To this end, we prove a new extremal inequality by
exploiting the connection between differential entropy and Fisher
information as well as some fundamental estimation-theoretic
inequalities. It is shown that the outer bound matches the
Berger-Tung inner bound in the high-resolution regime. We
then derive a lower bound on each supporting hyperplane of
the rate region of the direct vector Gaussian L-terminal source
coding problem by coupling it with the CEO problem through
a limiting argument. The tightness of this lower bound in the
high-resolution regime and the weak-dependence regime is also
proved.

Index Terms—Borsuk’s theorem, CEO problem, extremal
inequality, Fisher information, MMSE, multiterminal source
coding.

I. INTRODUCTION

HE CEO problem, also known as the indirect mul-

titerminal source coding problem, was introduced by
Berger, Zhang, and Viswanathan in [1]. A series of papers
were devoted to the scalar Gaussian version of the problem
[2]-[4], culminating in a complete characterization of the
rate region by Prabhakaran et al. [5] and Oohama [6] (see
also [7] for the solution to a generalized version of this
problem). However, the proof technique in [6] and [5] is not
completely suitable for the vector Gaussian case due to its
heavy reliance on the entropy power inequality. The reason is
that the proportionality condition (on the relevant covariance
matrices) for the tightness of the entropy power inequality
is not necessarily satisfied in the vector source setting, though
this technical issue can sometimes be resolved by invoking the
entropy power inequality in conjunction with an enhancement
argument [8] (see [9] for bounding the sum rate of the vector
Gaussian CEO problem via this approach).
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A new approach to the Gaussian CEO problem was pro-
posed in [10], which is directly applicable to the vector
case due to its estimation-theoretic nature. However, this
approach is only effective for bounding the sum rate part
of the rate region. In order to treat a general supporting
hyperplane of the rate region, one has to resolve the tension
among various information-theoretic quantities, which calls
for a certain extremal inequality. It turns out that in the two-
terminal case [11] the desired extremal inequality is essentially
a strengthened version of the Liu-Viswanath inequality [12].
Unfortunately, to handle the general L-terminal case, one has
to deal with a certain long Markov chain structure and the
extremal inequality needed for that purpose is significantly
different from the Liu-Viswanath inequality and its variants
(see [13] and [14]). Among other contributions of this paper,
we prove such an extremal inequality for the general vector
Gaussian L-terminal CEO problem, which yields a lower
bound on each supporting hyperplane of the rate region. It
is worth mentioning that this lower bound was also derived in
a recent independent work by Ekrem and Ulukus [15] through
a different method.

It is now well understood that indirect Gaussian multiter-
minal source coding is intimately connected with its direct
coding counterpart. Notably, this connection plays an impor-
tant role in the breakthrough result by Wagner, Tavildar, and
Viswanath [16] on the sum rate of the direct scalar Gaussian
two-terminal source coding problem, which, together with
Oohama’s earlier work [17], provides a complete character-
ization of the rate region of this problem. In fact, recent
rapid progress in direct Gaussian multiterminal source coding
[10], [18], [19] is achieved, to a large extent, through the
exploitation of this connection. Following this line of research
in this work we establish a lower bound on each supporting
hyperplane of the rate region of the direct vector Gaussian
L-terminal source coding problem by viewing it as a limiting
version of the vector Gaussian CEO problem.

It will be seen that our lower bounds for the vector Gaussian
L-terminal CEO problem and the direct vector Gaussian
L-terminal source coding problem closely resemble their cor-
responding Berger-Tung uppper bounds. However, the task of
deriving a matching condition turns out to be quite intricate.
Even in the two-terminal case [11], it requires a significant
amount of non-trivial matrix calculation. Furthermore, such
kind of brute-force calculation appears to be formidable, if
not impossible, in the general L-terminal case. In view of this
difficulty, we take a more conceptual approach in the present
paper. In particular, our proof of the tightness of the lower
bound for the direct vector Gaussian L-terminal source coding
problem is based on, among other things, Borsuk’s theorem
in nonlinear analysis.
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The remainder of this paper is organized as follows.
In Section II we derive an outer bound of the rate region of
the vector Gaussian L-terminal CEO problem by establishing a
lower bound on each supporting hyperplane of the rate region;
furthermore, it is shown that the outer bound coincides with
the Berger-Tung inner bound in the high-resolution regime.
We then, in Section III, derive a lower bound on each
supporting hyperplane of the rate region of the direct vector
Gaussian L-terminal source coding problem by coupling it
with the CEO problem through a limiting argument; the
tightness of this lower bound in the high-resolution regime
and the weak-dependence regime is also proved. A new
extremal inequality, which is the main technical ingredient
in the derivation of the lower bound for the vector Gaussian
CEO problem, is given in Section IV; the proof of this
extremal inequality relies on the connection between differen-
tial entropy and Fisher information as well as some fundamen-
tal estimation-theoretic inequalities. Section V concludes the
paper.

Throughout this paper, for any random object W and
m x n random matrix S we define Xg = %IE[SST] and
Zgw = Zs_g[sjw]; we assume the logarithm function is to
base e and define log™ x = max(log x, 0); we denote the m xm
identity matrix by L.

II. THE VECTOR GAUSSIAN L-TERMINAL
CEO PROBLEM

A. Problem Definition

Let Xp,Nj,...,Nz be mutually independent m x 1
Gaussian random vectors with mean zero and positive defi-
nite covariance matrices Xx,, XN, ..., N, respectively. Let
Xi =Xo+N;,i =1,...,L. We refer to Xp as the remote
source and X; as the noisy observation at Encoder i, i =
1,...,L.

Let {(Xo(r),Ni(t),...,NL(2),X1(1),..., X ()}2, be
i.i.d. copies of (Xo, Ny, ..., Nz, X1, ..., Xy). The rate region
of the vector Gaussian L-terminal CEO problem is defined as
follows.

Definition 1: A rate vector (Rjp,...,Ry) is said to be
achievable subject to distortion constraint D 1f for all suffi-
ciently large n, there exist encoding functions f R

{1,...,K;}, = 1,...,L, and decoding function g™
]_[1-1‘21{1, e, K,-} — Rmx” such that

1 .

_longfRz» l_17 9L9

n

Sxi_gg < D. )

where X = g™ (Wy,..., W) with W; = £ (XD), i =
1,..., L. The rate region R(D) is the closure of the set of all
achievable rate vectors subject to distortion constraint D.

Remark: Clearly, there is no loss of optimality in assuming
gW (Wi, ..., W) = E[X}|Wi, ..., W,]. Therefore, R(D) is
not affected if we replace (1) with Zxnwy,..w, = D.

Since R(D) is a (closed) convex set, it suffices to charac-
terize its supporting hyperplanes, i.e., to solve the following
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optimization problem

where o = (ay,...,ar) with o; > 0,7 = 1,..., L. Note
that one can obtain an outer bound (inner bound) of R(D)
by lower-bounding (upper-bounding) R(D, a). Without loss
of generality, we shall assume D > Xy and a1 > --- >
ar > 0, where Iy = Xx(x;,.,X,- It can be verified
that

L -1
-1 -1
EN:(EXO +> zN[) :
i=1

B. Lower and Upper Bounds

The following theorem, which is a generalization of
[11, Th. 2] from the two-terminal case to the L-terminal case,
provides a lower bound on R(D, a). The proof is relegated
to Appendix A. This result was also derived independently
by Ekrem and Ulukus [15] through a different method. The
main ingredient of our proof is a new extremal inequality (see
Theorem 11 in Section IV), which is of interest in its own
right.

Theorem 1: R(D,a) > R(D,a) for a with a; >
ar > 0, where

RD, a)
o | 2%, | L aj—1—0;
A . L 14Xol i— i
= min — log
Do,...D; 2 |D | +Z 2 |D| +Z
(L !
—1 L -1 L -1 -1
Dol | Zx, T2 5= N, —2j=i N, DiZy; |
subject to XN <X Dg < Xx,,
Dy < D,
0=<D;, <2\, i=1,...,L,

L
PR VDR

Remark: It is easy to see that if D < Xx,, then there is
no loss of optimality in choosing Dy = D and consequently
R(D, a) is given by the minimum value of the following
optimization problem

P
P) mlr})L

o |EX| o; L o o

aL | 0 ai i1 — 0

7 g, Z}z ; 2

1 1
+
S N TS S S B e e
[Zx, +2j=i IN; — 2j=i =N, DiZy |

subject to 0<D;<x2XN, i=1,...,L,

-D L

L

-1 -1 —1
2N DiTy = Iy
i=1
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Corollary 1: f a1 = --->ap > apq41 =---=ar =0

for some L’ < L, then R(D, o) > R'(D, ), where
1
_1 L 1
IDOIIZXO + Zj:L/-Fl ZNJ' |

’

ZN: | L a1 — 0
i—1 — &
D;| +Z 2

i=2

o
R(D,a) £ min —-log
L/

L/
O
+>. 5!
i=1
1 1

-1 L —1 L -1 —1
Dol 2y +3 7 Iy, 2 Iy, Dj2y; |
~1

+

-log

subject to XN <

Do <D
OfDiszp

L/

-1 -1
Z EN; D; EN; -
i=1

Proof: Since ap41 = --- = ar = 0, only the rates of
the first L’ encoders are relevant. To derive a lower bound on
R(D, a), we provide (Xz/11,...,Xy) directly to the first L’
encoders and the decoder. It can be shown that this problem
is equivalent to an L’-terminal CEO problem with X = Xy —
E[Xo|Xz/41, ..., X.] as the remote source and X{, + N;, i =
1,..., L, as noisy observations. Note that

A
™
z |
|
i~
SX

—1

L

Y —1

I, = | Zxy + D EN)
j=L'+1

Now one can readily deduce Corollary 1 from Theorem 1. ®

Remark: Note that if we evaluate R(D, a) for the case where
ay > --->ap >opy =---=or =0 for some L' < L,
then there is no loss of optimality in choosing D;/y| =--- =
D; = 0, which gives

1
RD,a) = mln —- log - -
..... D, 2 |1)0||2X01 +Z,L-—L/+1 Zy; |
5 i g | ZN | it =
l 11—
By R
1 1
log* Dol 13-115L vl 5L v Ip y-1
ol |Zx, +207i IN,—2j=i In; D 2y |
subject to N < Dg < Zx,,
Do <D,
0<D; <3N, i=1,...L,
L/
n— - 1
> oEpizy! < =g -pgl
i=1

It is easy to see that R(D,a) < R'(D, a). Therefore, Theo-
rem 1 in fact holds for all « with oy > --- > a; > 0.

One can obtain the following upper bound on R(D, ),
referred to as the Berger-Tung upper bound on R(D,a),
by evaluating the standard Berger-Tung inner bound of
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R(D) [21], [22]. This result is a straightforward generalization
of [11, Th. 3] from the two-terminal case to the L-terminal
case. The proof is omitted.

Theorem 2: R(D, a) < R(D, «), where

R(D, a)
ar . 1%l w=ai. |EN] <= ai—a
. L 0 i i i—1 ¢
= min —lo —
Dy, ..., L 2 Dy| +Z: 2 |D; | +Z 2
i=1 i=2
1 1
log™ Dol o +3, 5 - F 5y ;35
ol | X0+Zj:i N; —Z |
subject to XN < Dp < Xx,,
Dy <D,
0<D; <2y, i=1,...,L,
L
> 5y = 5y - g
i=1
Remark: 1t is easy to verify that
L
) _ aL 1 In.v-1
R(D,a)_DT% 5 L iog [12x,] |21 ZZ D, Iy,
o 1IN o —a
i i i—1 — &4
t2 e T2
i=1 i=2
DIED YD 1D N |
log I L 1 -1
|2X0 +ZJ =i E Zj:i EN_/ DJ EN_,"
subject to 0 < D; < Xy, i:l,...,L,
L
>oEmizy! <z -pl
i=1

C. Matching Conditions

It is easy to show that R(D,a) = R(D,a) in the scalar
case (i.e., m = 1), which recovers the well-known result in [5]
and [6]. Moreover, it is clear that R(D a) = R(D, a) if there
exists an optimal solution (Do, .. DL) to the minimization
problem associated with R(D, ) such that

Zif) Iy =

The followmg result provides a simple and explicit matching
condition for the vector case.
Theorem 3: R(D,a) = R(D, o) if D < (X' — gH7".
Proof: Note that D < (Eil — 21;11)—1 implies D < Xx,.
It is clear that R(D, ) = R(D, ) if there exists an optimal
solution (ﬁl, e, ﬁL) to (P) (see the remark after Theorem 1)

-1 N1
=y - Dyl

such that
L
s=I, w1 —1 —1
> Ebizy! =z -7 )
i=1
Let (D], ..., D7) be an optimal solution to (P). Define
f)lzle( ZE Dy )le
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and D; = D¥, i =2,..., L. Note that (2) is satisfied by this
constructed (D1, ..., D). Moreover, we have D} < D; and

DI <IN (EF' =D DN, < EN,, A3)

where (3) is due to D < (Eﬁl —
that (ﬁl, o ,ﬁL) must also be an optimal solution to (P).
This completes the proof. ]

Remark: Theorem 3 implies that the outer bound induced
by R(D, a) coincides with the Berger-Tung inner bound if D
satisfies the following condition

21;11)_1. One can readily see

D=y -zH i=1..L,

yielding a complete characterization of R(D) in the high-
resolution regime.
A stronger matching condition can be found for the special
case a =12 (1,..., 1), which corresponds to the sum rate.
Theorem 4.- RMD,1) = RO, 1) if 3" - LEJ' < D7,
i=1,

Proof It is clear that D < ZXx, if Xy - LIy 1 <
D', i = 1,..., L. Therefore, in light of the remark after
Theorem 1, E(D, 1) is given by the minimum value of (P)
with & = 1. Note that in this case (P) is a convex semidefinite
programming problem and its Lagrangian is given by

L(Dy,...,Dyr)
L
1 IEXO 1 N; |
= - — tr(IT; (D; — XN;
3log ) 212 |+i_zl(l(l N))
L
+1r (A (Z DTy - I+ D—l)),
i=1
whereAl'Il serey II7, A are positive semidefinite matrices. Note
that (Dy, ..., Dy) is an optimal solution to (P) if the following
KKT conditions are satisfied
Vp, LD1,...,Dr)|p 5 =0, i=1,...,L,
0<D; <3N, i=1,...,L,
L
—1R. v—1 -1 -1
> osbizy =< 2 -p 7,
i=1
Hi(ﬁl ZN[)_O’ l =1’ ’L’

It can be verified that

V, L(D1,....DL)|p :—%D + I + 2 AZY
l:l,...,
Now we choose
D, = %zNi(zgl -D YN, i=1,...,L,
; =0, i=1,...,L,
A= £(21;1 -p~H~ L

2
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It is easy to see that with such a choice the KKT conditions
are indeed satisfied. In particular, we have

., L, 4)
L
Z zg}ni zlgi‘ =3y -D7, (5)

where (4) is due to Zy' — ngf <DLi=1,...,L.
Note that (5) implies R(D,1) = R(D, 1), which completes
the proof. [ ]

III. THE DIRECT VECTOR GAUSSIAN L-TERMINAL
SOURCE CODING PROBLEM

A. Problem Definition

Let my,...,mr, and m be L + 1 positive integers with
m :Zi[‘:lm,-. Let no =0 and n; = le:lmi, i=1,...,L.
For any ny/ x nps matrix A = (a;x) with 1 < L' <L, we
denote its ith diagonal submatrix (@; k)n;_+1<j,k<n; DY (A)i,

i=1,...,L and call A a block diagonal matrix if
A = diag((A)1, ..., (A)r)
A, 0 - 0
s 0 :
: 0
0 - 0 (AL
Let X = (X, ..., XT)7 be an m x 1 Gaussian random vector

with mean zero and positive definite covariance matrix Xx,
where X; is an m; x 1 Gaussian random vector with mean
zero and positive definite covariance matrix Xx;, = (2x);, i =
1,..., L. Let {(X(), X1(), ..., X (2))}2, be ii.d. copies of
(X, X1, ..., Xy). The rate region of the direct vector Gaussian
L-terminal source coding problem is defined as follows.
Definition 2: A rate vector (Ry,...,Ry) is said to be
achievable subject to distortion constraint (Di,...,Dp) if
for all sufficiently large n, there exist encoding functions

S Rmn (1K), i =1,..., L, such that
1 .
—logK; <R;, i=1,...,L,
n
ZX?\Wl ..... w, = D;,, i=1,...,L,

where W, = fi(") (X"), i = 1,...,L. The rate region
R(Dy,...,Dr) is the closure of the set of all achievable rate
vectors subject to distortion constraint (Dy,...,Dyr).

Since R(Dy,...,Dz) is a (closed) convex set, it suffices
to characterize its supporting hyperplanes, i.e., to solve the
following optimization problem

L
RMD;,...,D,a) 2 inf o;R;,
(Rl,...,RL)eR(Dl,...,DL); o

where o = (aj,...,ar) with @; > 0, i = 1,...,L.

Note that one can obtain an outer bound (inner bound)
of R(Di,...,Dr) by lower-bounding (upper-bounding)
R(Dy, ...,Dr, a). Without loss of generality, we shall assume
D;>~0,i=1,...,L,and a; > --->ar > 0.
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B. Lower and Upper Bounds

Let Z(Xx) be the set of positive definite matrices such
that X 4 p ! is a block diagonal matrix for every Tz €
Z(Xx). It is easy to show that Z(Xx) is non-empty. We obtain
the following lower bound on R(D1,...,Dr, a), which is a
generalization of [11, Th. 5] from the two-terminal case to
the L-terminal case, by coupling the direct vector Gaussian
L-terminal source coding problem with the vector Gaussian
CEO problem through a limiting argument. The proof is given
in Appendix B.

Theorem 5: R(Dy,...,Dz,a) > RMDy,...,D;,Xz,0)
for a with oy > ---ay > 0 and Xz € Z(Zx), where

RDy,...,Dp, 2z, 0)
L

) 2 j 27

5 in 0!L1 | Zx + Z|+Zﬁlog| A

D,Ty,...I, 2 D+ 27| Py 2 |T;]

L = —1
i Y7(Xz —T;)7'2
+zaz1 10+|Z(Z i) Xz
P 2 D+ 27|
subject to 0 <D < Zx,
D) =D, i=1,....L,
0<T; <2z, i=1,...,L,
diag(Ty,...,T) < D'+ 2,H7!
with £z, = (' + ;) D i = 1,...,L, and [; =
diag(Xz,,..., 2z, Li,...,T1), i=2,...,L

One can treat the degenerate case o > --- > oy >
apyy = -+ = ar = 0 for some L' < L through
an argument similar to that for Corollary 1. Let X =
- EXi I Xp41,....X], i = 1,...,L, and X' =
((X )L X )TT. Let Z(Ex) be the set of positive

definite matrix Xz such that Ei,l + Ei,l is a block diagonal
matrix. The proof of the following corollary is omitted.
Corollary 2: If a; > > oap > opy] = =
ar = 0 for some L' < L, then R(Dy,.. DL,a) >
R'(Dy,...,D, 27, a) for Tz € Z(Zx), where
RDy,...,Dr, 27, 0)

12z
[T ]

ars
D,Ty,...T, 2

+Zat 1—

sub]ect to 0<D =< Zx,
D); < D;, i=1,...,L,

0 < 1“,-52Z;, i=1,...,L,
) =0 +2,H7!

| Zx' + 27/
D+ Z7/|

L/
o
+ Z EI log
i=1

ot |Zz(Zz — )12
D+ Xz

A

diag(T'y, . ..

with 7 = (Z¢' + 2, Vi =1,...,L, and T} =
diag(Zz..... 3z . Ti.....Tu)i=2,...,L

One can obtain the following upper bound on
RMDy,...,Dr,a), referred to as the Berger-Tung upper
bound on R(Dy,...,Dr,a), by evaluating the standard
Berger-Tung inner bound of R(Dy, ..., D) [21], [22]. This
result is a straightforward generalization of [11, Th. 6] from

5537

the two-terminal case to the L-terminal case. The proof is
omitted.

Theorem 6: R(Dy, ...,
for £z € Z(Xx), where

Dy,a0) < RMDi,...,Dr, 2z, a)

ﬁ(D17"‘5DL9 EZ)a)
N . L, |EZx+ Zz|
oo 2 2Dtz +Z
L —1
aic1—ai |, 152(3z —T) 713
+ 6
; 2 D+ =z ©®
subject to 0 < D < Xy, 7
(D)l 5Dl7 iZl""9L9
Ofrlfzz,7 l:17'9L9 (8)
diag(Ty,...,T) =@ '+ =,H7L 9)

Remark: It can be verified that “log™” in (6) can be replaced
with “log”; moreover, (7) is implied by (8) and (9). We keep
the current form for the purpose of stressing the similarity
between R(D1,...,D;, Xz,a) and R(Dy,..., Dz, X7, a).

C. Matching Conditions

Unless specified otherwise, we assume a1 > -+ > ap > 0
in this subsection. The degenerate case where ay > --- >
ap > op 41 =---=ar =0 for some L' < L can be treated
analogously and is left to the interested reader.

Let D(Xx) be the set of positive definite matrices such that
D! — P Uis a positive semidefinite block diagonal matrix
for every D € D(Xx). Define

DDy,...

,Dr, £x) = {D: D € D(Zx), (D); =Dy,

i=1,...,L}.

The following two theorems provide a certain characterization
of DDy, ...,Dr, £x). The proofs are given in Appendices C
and D.

Theorem 7: The set D(Dy, ...
is nonempty.

Theorem 8: The set D(Dyq, ...
D; < ZXiHX_j}j;éi’ i=1,...,L.

Remark: The proof of Theorem 8 is based on Borsuk’s
theorem in nonlinear analysis. It will be seen that Theorem 8
plays an important role in our proof of the tightness of
RMDy,...,D;,2z,a)and R(Dy,...,Dz, Xz, a) in the high-
resolution regime and the weak-dependence regime.

Now we proceed to derive matching conditions for
RMDy,...,D;,%z,a) and R(Dy,...,D;, 27,a). Let F =
(F1,...,Fr) be a block diagonal matrix with (F); = I,
i = 1,...,L, where F; is an m x m; matrix, i =
1,..., L. The proof of the following lemma can be found in
Appendix E.

Lemma 1: If there exist D, Xz, I'y,..., Iy with D €
D(Dl, ey DL, Ex), EZ (S Z(Ex), and diag(l“l, ey FL) =
D! + po 1)_1 such that one can find a block diagonal

,Dr, Zx) is a singleton if it

,Dr, £x) is non-empty if
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matrix I satisfying

> ai(D+2z)"",
(DL — oy (D + 2z) " HD); = ;T + ;0T
i=1,...,L,
then R(Dy,...,D;, 2z, a) = R(Dy,...,D;, X7, a). Here
®; =0 and

i
0, = —Z(aj_l —aj)FiT(EZ — l:j)ilF,‘, i=2,...,L.
i=2

Remark: It can be verified that for D, Xz, I'y,..., T
with D € DDy,...,Dr,XZx), Xz € Z(Xx), and
diag(T'y,...,T7) =D + Eil)_l, we have

(D(T = a1(D + £2)"")D); = w; T +T;0;T;
<:>(DHD)1 =5, i=1,...,L, (10)

where E; = a1D; — () —0))T; +1;0;T;,i =1,..., L. Now
write D in the partitioned form

D D,
Dy D1
where D;; =D;,i =1,..., L. Note that
D1 ® Dy, DL ®Di,L
: =D=xD,
D, 1 ®Dpr i D..®Dp 1

where ® is the Kronecker product and * is the Khatri-Rao
product [23]. We can express (10) equivalently as

vec((IT)1) vec((E)1)
(D * D) : = : ,
vec((IT)) vec((E)r)

where vec(-) is the vec operator. Since D % D is invertible
(which is due to the fact that D is positive definite), it
follows that the block diagonal matrix II is determined by
the following equation

vec((IT)1) vec((E)1)

: =DxD)7! :
vec((IT)) vec((E)L)

We shall show that the condition specified in Lemma 1
is satisfied in the high-resolution regime (i.e., when
ID1]l, ..., ||Dr| are small) and the weak-dependence regime
(i.e, when || Xx —diag(Xx,, ..., £x, )|l is small), which leads
to the following two theorems. The proofs can be found in
Appendices F and G.

Theorem 9: For any Xz € Z(Xx), there exists a
p(Ex,Xz,a) > 0 such that if |D;|| < p(Zx, Xz,0a),
i = 1,...,L, then RMDy,...,D;, 2z, 0) = RDy,...,

DL, ZZ, OC).
Theorem 10: For any (Di,...,Dp) with 0 < D; <
Xx;,, i = 1,...,L, there exists a p(Zx,a) > 0 such

that if ||Xx — diag(Zx,,..., Zx,)l < o(Zx,a), then
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RMDy,...,D1, Xz,0) = Ry, ..
Y7 € Z(2x).

Remark: It can be seen from Theorems 9 and 10 that the
matching conditions here in general depend on a. This should
be contrasted with the CEO problem for which we have a
matching condition that is uniform over all o (see the remark

after Theorem 3).

.,Dr, Xz,a) for some

IV. AN EXTREMAL INEQUALITY

Let Xo,X2,...,X7,Np,...,N. be defined as in
Section II-A. For the purpose of subsequent analysis,
we define Y = E[XoXa,...,Xz], N = Xo — Y, and
N, = Xo — E[Xo|Xi], i = 2,...,L. Note that N is
independent of (X»,...,Xz), and N,- is independent of X;,
i =2,...,L. Moreover, it can be verified that

—1

L
-1 —1
ZN :(ZXO +ZZN:‘) >
i=2

L
—1
Y= IgIyX,
i=2
Tp = Cx + 07 i=2.. L

Let Upy,...,UL, V be  jointly distributed  with
(Xop, X2, ..., X) such that the joint distribution factors as

p(X0,X2, ..., XL, U2, ..., UL, D)
L
= p(xo. X2, ... x0)p) [ | pluilxi, v).
i=2
Let uj = (@j—ai+1)0i+1,i =1,...,L—1,and up = up—1+
oy, where a1 > ---ar >0and 6; €[0,1],i =2,..., L.

The main result of this section is the following extremal
inequality.

Theorem 11: If Xx,x,,v;,v <D; < XN; for some positive
definite matrix D;, i = 2, ..., L, and there exist matrices ﬁ,-
and O; with 0 < D; <D; and O; = 0, i =2,..., L, such
that

-1

i L L

1 —1 —1 -1 -1
NIRRT ISED I S
j=2 k=j k=j

I 40 =D, i=2,...,L, (D
O;D; —D)=0, i=2,...,L, (12)

then

L L L
i—1
Z;ﬂi_lh(xo|UiL, V) — _Zzlaih(x,wxo, Ui, V) > 223 #T
1= 1= 1=

-1
L

L
—1 —1 —1R —1
log [2me | Zy) + D Ey) — D Iy DIy
j=i j=i

L
—Z%logﬂneﬁil. (13)
i=2
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Remark: The lower bound in (13) is attained when
V is independent of (Xo,X2,...,Xz,Us,...,Ur), and
U, ..., UL are jointly Gaussian with (Xo, X3, ..., Xy) such
that Xx;x,,u; = ﬁ,-, i = 2,...,L. It is instructive to
note that (11) and (12) are actually the necessary conditions
for (132, cees ﬁL) to be an optimal solution to the following
minimization problem

L
. Hi—1
(Py)  min
D,..... DLi:Z;‘ 2

-1
L L
—1 ~1 —1f . v -1
log 2me | Ty, + E EN./, — E EN_,- D; EN_,-
Jj=i Jj=i

L
— Z % log |2neﬁi|
i=2

subjectto 0 <D; <D;, i=2,...,L.

Theorem 11 implies that (11) and (12) (together with the
conditions 0 < f),- <D;and O; > 0,i = 2,...,L) are
in fact sufficient to guarantee the optimality of (IA)z, e, ﬁL)
for (Py).

A. An Equivalent Version

Note that

h(XolUL, V)

= h(Xo, XU, V) — h(Xr1Xo0, UL, V)

=h(Xr|UL, V) +hXolXL, UL, V) — h(XL X0, UL, V)
=h(Xc|UL, V) + h(XolXr) — h(XL|Xo, UL, V) (14)
= h(X|UL, V) + h(NL) — h(XL[Xo, UL, V)
=hXp|UL,V)+ %log |27L’eZNL| —h(Xr1Xo, UL, V)

where (14) follows from the fact that Xo < X7 < (UL, V)
form a Markov chain. Therefore, we have

L L
D uicthXolUF, V) = D~ aih(Xi[Xo, Uy, V)
i=2 i=2
L—-1 L—1
= > withXolUF, V) = D" aih(Xi[Xo, Ui, V)
i=2 i=2
+ur—1h(Xo|Ur, V) — aph(X.[Xo, UL, V)
L-1 L—1
= > wi-thXolUF, V) = D" aih(Xi[Xo, Ui, V)
i=2 i=2
+ur—1h(Xp|UL, V) — urh(Xr1Xo, UL, V)
+ . g 2resg, . (15)

It is clear that

log|Z¢! + Z§) - zg‘f)ngLH —log|Dy|

L
= 10g|2§2 — I, DLEY |~ log Dy
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= log | 2N, Zg I, — Di| —log [Dr| — 2log |2, |
= log|2N, sz‘ N, D — Lyl - 2log| 2N, |
N—1 —1 —1
=log|D;" — ENL ZNL ZNL| — 10g|2NL|.
As a consequence,

HL—1

_ _ 1A — ar A
log |Z¢! + Iy — Ty DLIy! + - log Dz |

HL—1 . - - KL S
— log D! — ZNLIZNLZNL1|+710g|DL|

HL-1

10g|2NL|. (16)

In view of (15) and (16), one can readily show that
(13) &
L-1 L-1
> wicth(XolUL, V) = D aih(XiXo, Ui, V)
i=2 i=2
L—1

i—1
L h(Xe UL, V) = uh(Xe (X0, Ur, V) = 3 52
=2
L L -
~1 ~1 —1R v-1
log [2me | Zy) + > =y — D Iy DIy
j=i j=i
L—1
a; A
— >~ log|2zeD;|
£
i=2
HL-1 A—1 -1 —1\—1
+E L tog [2re®! - 25/ 2y, T3
—%logﬂneﬁ“. (17)

Taking the gradient of both sides of the equation in (16) with
respect to Dy, yields

HL-1 g1 (¢-1 -1 -1 1y o1 ALad

~Etrg) (Zxy + 3N - INDLER)) IR+ 5Dp
HL-1x8-1 (R-1 -1 S lasn , HLa—d
= -0 (D) - 5y g, 5y)) B+ 5D

which implies that

L L L
-1 -1 § -1 2 —1Q -1
: / Hj-1 z"NL z:X() + ENk - z:Nk Dk ENk
j=2 k=j k=

I8 4+ 0L =a D}’
-1

L—1 L L
1 [ v-1 -1 —1f, v—1
& E ,u]p]ENL ZXO + E ZNk — E ZNkaZNk
j=2 k=j k=j
o+ ) S0 ) JRL Shul SIS ket at) ) ot
N, THL-1V W N. “N; “Ng L

+0, = u. D} (18)

In view of (17) and (18), we can restate Theorem 11 in the
following equivalent form.

Theorem 12: If Xx,x,,v;,v < D; < Xn; for some positive
definite matrix D;, i = 2,..., L, and there exist matrices
f),- and O; with 0 < f),- <D;jand O; > 0,i =2,...,L,
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such that

i L L

R 1 TN
2 Mj-1EN | 2x, T E :sz - 2 ‘,ZNk Dy Xy,
= k=) k=

I 40 =D, i=2,. L1,

L—1 L L
IR 1 C1fR, w1
21 Eng | Ixp 20 Iy 20 I DeTy
Jj=2 k=j k=j
1 N -1/l
In, Fu-Dp (D = 2y 25, ZN,) T Dy

+0, =ﬂL1A)71,
0;(D; —D) =0, i=2,..

(20)

L, 21

then
L-1 L-1
D nicth(XolUF, V) = > aih(XilXo, Ui, V)
i=2 i=2

Hi—1
2

L—1

tur 1h(Xp|UL, V) — prh(Xp X0, UL, V) = D
i=2

-1

L L
-1 —1
-2 Iy Dy
j=i

log|2me [ 2y + D Iy
j=i
L=l
— Z — log |27 eD;|
— 7
i=2
HL—1
2
—%log|27relA)L|.

+

log 2re®; - =) 25, 53D 7|

B. Fisher Information, Differential Entropy,
and Conditional Expectation

We shall prove Theorem 12 by exploiting the connection
between Fisher information, differential entropy, and condi-
tional expectation. For any random object W and m x 1 random
vector S, we define the conditional Fisher information matrix
of S given W as

J(SIW) = ElpSIW)p" SIW)],
where the conditional score function p(-|-) is defined as
p(slw) = Vglog p(s|w).

The following result is the conditional version of the mul-
tivariate de Bruijn’s Identity [24, (51)].

Lemma 2 (Conditional De Bruijn’s Identity): For
satisfying tr(Zgjw) < 00,

S, W)

%h(HS + VIN|W) = %tr(J(HS + VIN|W)),

where H is a deterministic matrix, and N is a random vector,
independent of (S, W), with independent standard Gaussian
entries.

The following two inequalities are straightforward exten-
sions of their unconditional counterparts (see [25] for their
proofs).
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Lemma 3 (Conditional  Fisher  Information  Matrix
Inequality): Let Si,...,Sk be m x 1 random vectors
conditionally independent given W. For any m x m matrices
Ay, ..., Ak satisfying Ay + -+ Ag =1,

K
JS1+ - +SkIW) = D AJS WAL
i=1

Lemma 4 (Conditional Cramer-Rao Inequality): For (S, W)
satisfying Xgjw > 0,

JSIW) = Iy
The following result is the conditional version of
[24, (57)].
Lemma 5: For any k x m deterministic matrix H and &k x 1
random vector N, independent of (S, W), with independent
standard Gaussian entries,

JWHS +N|W) =L — fHZS|ﬁHS+N,WHT'

C. Proof of Theorem 12
The proof is based on a monotone path argument [12], [26].
Define
Dx v, = O = 25 25, )7

L L
a —1 —1 —1R —1
Dy, = | Zx, +> N - ZEN_; D,y ,
j=i Jj=i
i=2,...,L—1,

’L_la

A

DY|U[L = DXolU;L -2 i=2,...

A

i—1 L
—1 —11; —1
DY|X0,U[L = 2y Z ZN_/ + Z ZN_/ D; ZN./‘ X%
=2 j=i

i=2,...,L—-1.

Now we introduce some auxiliary random objects.
! A vdi ! / v/ v/
Let XZ""’XI‘.’XL’NZ""’NL—Z’YZ’ ....,YL_1 be
zero-mean Gaussian random vectors, independent of
X0, X2,..., Xz, Uz, ..., UL, V), with
Sy =D, i=2,...,L,

X, = Dx,u,,
Sn = SN, i=2,..

2&‘/ YlU[L’ i :2,...
1

We assume X3, ..

dent. Define

X} ,N,,...,N} _, are mutually indepen-

i—1 L
/ —1ny/ —1~/
Y, = 54 ZzNij+ZEijj ,
j=2 j=i
i=2,...,L—1.

It can be verified that

A

ZY{ZDY|X0U»L’ i=2,...,L—1.
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Note that
L-1 L-1
D uicth(XolUF, V) = " aih(XilXo, Ui, V)
i=2 i=2

+ur—1h(Xp|UL, V) — urh(Xp|Xo, UL, V)

L—1 L—1
= > with(Y|UL, V) = D" picth(Y[Xo, UF, V)
i=2

i=2
L—1
- Z aih(Xi|Xo, Ui, V) + pr—1hXp|Ur, V)
i=2
L—1
—urhXr|Xo, UL, V) + D uic1h(®).
i=2
For A € [0, 1], define
L—1
hi= > wicth(¥i U, V)
i=2
L—1
= > uisth(Yi;Xo, UL, V)
i=2
L—1
= > aih(Xi.21Xo, Ui, V)
i=2
+ur1h(Xp 21UL, V) — pth(Xp,11Xo, UL, V)
L—1
+ > uic1h(®N),
i=2

where

X, =vVAXi+vV1-IX}, i=2,...,L,
X, = IXp +V1-X],
Yi,=vVIY+VT=Y,, i=2,...,L—1,

Yi,=vViY+VT=AY,, i=2,....L—1.
It can be readily seen that
Ll L
hilio = 2 =5~ log2zeDy,yu| = > = log |2z eDi|
i=2 i=2
M1 - Ir N
+ > log |27 eDx, v, | — N log |2z eDy |,
L—1 L—1
hilimy = D wicthXolUL, V) = D~ aih(Xi[Xo, Ui, V)

i=2 i=2
+ur—1hXp|UL, V) = uth(XpXo, Ur, V).
Therefore, one just need to prove that
dh,
>
di —
for 2 € (0, 1). It can be shown by invoking Lemma 2 that

dh; S i - o L
i—
- Ij_l /121‘;1 (m —tr (IA)Y‘XO,U’_LJ(YI',MXO, ut, V)))

0 (22)
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_ Lii % (m —tr (IA),'J(Xi,MXO» Ui, V)))
i=2

+ﬂ2L,;l (m —tr (ﬁxL\ULJ(XL>ﬂ|UL’ V)))
_/21_/1{ (m —tr (ﬁLJ(XL,i|X0’ UL, V)))

for 4 € (0, 1). Define

L—1
1 1
= E it (BiD;XOJUiLJ(Yi,/llXO» UiL7V)D;XOJUiL)
=2

L—-1

= aitr (DI Xis[Xo, Ui, V)
i=2

+up—itr (IA)XL\ULJ(XL,MUL, V))

—ILtLtr (ﬁLJ(XL,/lIXO) UL) V)))

AL AL
fi,/l = —Ir ((Bi + Im)D%|XO’U[J(Yi,/1|XO, U,'La V)Dszgxojui)

Fr (lA)Y‘ULJ(SN(i,ilUiL, V)) L i=2,..,L—1,
where
1 1
N2 —1I —-1Hz
B; = DY\XO,U,.L X% DXoIU;L X DY\XO,U,.L’
i=2,...,L—-1.
Note that

dh, | L -1

A

= _ﬁ(m;ai + i+ gﬂilfi,i)
i= i=

for 1 € (0, 1). As a consequence, for the purpose of proving
(22), it suffices to establish the following two lemmas.

Lemma 6: For A € (0, 1),

L—1 L
Z ui—1tr(B;) —m Zai — f1>0.
i=2 i=2

Lemma 7: For 4 € (0, 1),
tr(B;) + fi2 <0, i=2,...

D. Proof of Lemma 6
Note that

J(Yi,1Xo, UE, V)

L
=J | Vi EREIN X VT -z

j=2

i—1 L

—1Inr/ —lv/ L
>IN+ D EX || X0, US Y
j=2 j=i

-1
Z3IN, IR
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i—1
IS zNzg_}(\/Ix,- + V1 —IN)| Xo, UL, V

j=2

i—1
y—ly_ N—1
. Z ZNIN, Ix | Dy, U
j=2
L
N—1 R bt § 2 W ot R0
D3 o > (zN ) D N

=i
IR IR XalX0, U, V) TR IR 1D, E1) 3
N1

~DY‘X05U’_L (23)

i—1

i—1

. . .

- DY\XO,UiL Z IRIN; 25 | J Z IR IN; N
j=2 j=2

i—1
-1 A A
. Z Iy EN./‘ 2% DY|X0,U[L + DY|X0,U[L
j=2
L
2 (EN 5, D Iy Ix J(ER 2R X X0, Uj. V)
j=i
y=Ip.v=1v_.) . H-!
- TgIRD; 3 ZN) DYl o
i—1
— N—1 . -1 B A
= Dyixo.ut pIR IN; IX | Dyixg o
j=2
L
. i,
Dyix,, 0t Z (EN IN, DjIX; X0, Uj, V)
Jj=i

N -1 -
D23/ 3) D
where (23) is due to Lemma 3. Therefore,

1 1
N2 . L N2
tr (BIDleo’U[LJ(Yl,AXO, u-, V)DYlXO’U[L)

=

N

~
[|
)

A —1
tr (ZN Dyt In, ZN)

+

M=

tr (D 35 Dy e Zx DI X;41%0, U, 1))

J=1

i=2,...,L—1,
which implies

L-1i-1

-1 —1
fi= D> wiertr (S5 Dyyur 25 2R

i=2 j=2
L-1 L
+ Z z Hi—1tr (f)j Eijlf)xolUiL Eij_lf)j
i=2 j=i
I(X;41X0, Uj, V)
L—1

= atr (DI (Xis X0, Ui, V)

i=2
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+up—itr (ﬁxL|ULJ(5~(L,A|UL, V))

—ppte (DLIXL11Xo, UL, V)

L-1i-1

-1 —1
= > > winte (25 Dy IR 2x)

i=2 j=2
L—-1L-1
C e e
+ 27 > winatr (D29 Dy 2 T3 D,
i=2 j=i
I(X;41X0, U}, V)
L—1
—+tr ((z ui—1Dp, EIGLIDX()lU[L EIGLIDL — ,ULDL)

i=2

-J(Xi,21X0, UL, V))

L1
- > ajtr (f)iJ(Xi,MXO, Ui, V))
i=2
+uptr (ﬁxL|ULJ(XL,A|UL, V))
L-1i-1
= z Z'ui_ltr (zilDXo\U,vL Ei} EN)
i=2 j=2 '

L—1 i
N w11 —17) 3
+ 2t 201D 2R Dy s 21D — i
i=2 j=2

L—-1
‘HLI‘((Z ,ui,llA)L zizf)XolU[L 21;21,\)14 — ﬂLﬁL)
i=2

* J(XL,/”XO’ UL’ V))

+uprt (B, 0, IR 10U, V). 24)

We first bound the second term in (24). Note that

i

A 1A _1A A
Z,uj_lD,' EN- DXO\U.L EN- D,‘ - a,-D,-
i i J !
]:

1
=D Zﬂj_lzlgilnxowf Iy — @D | D
j=2
= —D,;0,D;
0, i=2,...,L—1, (25)

A

where (25) is due to (19); moreover, we have

J(X;,21Xo, Ui, V)
= AExXovn,v + (1 = HD)7! (26)
= (AD; + (1 — A)D;)~!
= D; + A(D; —D;)~!
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. < (A 1 . -1
-1 -1 (-1 -1 -1
=D, —D; (Di + I(Di -D)) ) D,
=D; ' —2(D; + 2(D; — D))" (D; - D)HD; !,
i=2,...,L—1,
where (26) follows from Lemma 4. Therefore,

i
A 1A 1A A
tr Z,uj_lD,' EN; DXO\UJ-L EN,' D; — a;D;
j=2

'J(Xi,/”XOa Ui) V)
l
<tr Z'uj*lDi zileXolU«L ZﬁilDi —o; D;
j=2 ’
(O = 2D; + 2(D; = D)) D — D)D)
i
=1tr Z wj—1D; zlgilDX()lUf Zi[l —a;il,
Jj=2 '

i
A 1A N
—Atr Z'uj*lDi ZN,- DX0|UjL ZN,- D; — a;D;
j=2

-(D; + A(D; — D))" 1(D; — f)i)f)i_l

1
ar (i =) | D pj zlgi‘DXO‘UjL Iy, — D!
j=2

D;(D; + A(D; —D;))~!

i
N -1 —1
=tr Z wj—1D; ZN,' DXOIU/L ZN; —oil,
j=2 '

+Atr ((D,‘ — ﬁ,‘)O,‘ﬁ,‘ (ﬁ, + A(D; — f)i))_l) 27)
i
= {r Zzlujflf)i ZIG,-I lA)X0|UjL Ziil —oily |,
j:
i=2,...,L—1, (28)
where (27) and (28) are due to (19) and (21),
respectively.

Next we bound the last two terms in (24). Define

Dp; = XX,1X0.X;,,UL.V>
DL’A = z:XLIXL,A,UL,V'
We have

I -1
1 -1
D, = (EXLXOaUlnv T mDL )

5543

R —1
= (DLI + mDLl) s (29)
where the first “<” follows from the fact that its right-
hand side is the error covariance matrix incurred by the
linear MMSE estimator of X from (E[X/ |Xo, UL, V1, XL,1)
(which is a function of (Xo, Xr,1, UL, V)). Moreover, it is
shown in Appendix H that

. 1 -1
-1 -1 -1
DL’,1 > (DL,/l — —1 -y ZNL ZNL ZNL) . (30)

Note that

J(Xz,:1Xo, UL, V)

1

=J(\/1—AAZ

_1

D
L Bix, 4D X, |X D,’
-J T_°L L+D;°X;|Xo,UL,V D,

ALY A1
. DLZ)DL2 31)

1 1
X X0,/ 125D, 2 X +D, 2X, ULV
1 A, A Al A

-1
= mDL - WDL DL,;LDL N (32)
where (31) follows from Lemma 5; similarly, we have
JX. UL, V)
- Lot pl B, by
T2 XU T = )2 Xelun AR UL
As a consequence,
L—1
tr ((z ui—1Dy, EIGLlDXO\U,.L EIGLIDL — #LDL)
i=2
J(Xp,21Xo, Uy, V))
+up—itr (ﬁxL|ULJ(5~(L,A|UL, V))
1 L—1
= T itr (Z ui—1Dp, EiszolUiL EIGLI — OCLIm)
i=2
1 L—1
—1; -1 A—1
_mtr ((z Hi—1 ENLDXO\U,-L ENL — HLDL )
i=2

D+ ﬂL—llA);(iWLIN)L,A)

L—1

1 A 1A 1

< 11— itr(,gz ﬂi—lDL ENLDX0|UiL ENL — OCLIm)
i=
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A L—1i-1
- —1A —1
(11— 1) = ZZM—M(EN Dy ut 2x; EN)
=2
L

i
L—1 =2 j=
tr ((Z Hi—1 ZIGQDX0|U[L ZIGLI — ﬂLDLl)DL,i

2
1L—
i=2

1
2
i=2

1
a -1\ —1
it (D 5 =8 Dy 2 3R )

N1 1 1 1 N =2 =
+ 'uL_lD;(L\UL (DZ,A -7 — 2y ENL EEL) R L—1
+Z,Uz 1tr (DLZ DXO‘ULZNL) —mZal
(33) i—
where (33) is due to (30). Now consider the following opti- - ! 1A -
mization problem = Z pi-1tr Z 23 Dxgut 2n; &
L1 L L
.  e—1R -1 _ . A1 , . A
im
j=i i=2
- - 1 1 N L-1 L
+urDx) (DLI' — T XN, ZN, =N ) 1R 1
LiUL A1) LN = Z,u,-_ltr (EN DXO‘U’_L EN DYIXo,U,»L) — mZai
PR i=2 i=2
subject to 0 <Dy ; =< (DL1 + mDLl) , (34) L—1 L

= z pi—1tr(B;) —m zai,
where the second “<” in (34) is due to (29). We show in i=2 i=2
Appendix I that the minimum value of (P,) is given by which proves Lemma 6.

L—1
(1= MDtr (Z ,ul-,llA)L zﬁif)xowﬁ ZIQLI — aLIm)~ (35) E. Proof of Lemma 7
i=2 Define

In view of (33) and (35), we have Dy,; = ZY\XO Yy, by, i= 2,...,L—1,
L—1 5 .
N A A N Dy, =2yv. pyry, 1=2,...,L—1.
tr ((Z lui—lDLzNLlDXolUL ENLlDL - ﬂLDL) i YIYi .UV
i=2 ' Following steps similar to those in Appendix H, one can show
that
J(Xr,21Xo, UL,V)) Ny o\
) g Dy, <0;, = (D Y.i.) + ?,121(1 ) s
pte (Bx, 0, JXe 21Uz, V) i=2...,L—1. (7
(Iil " LA . Moreover, it can be verified (cf. the derivation of (32)) that
wi—1Dg N Dy ULEN, — orl (36)
= L XolO T J(Yii[Xo, UE, V)
1 4 A
Substituting (28) and (36) into (24) yields = mD;IIXo uL ~ ﬁD;\Xo ULDY,I AD;‘X uL>
L—1i-1 i=2,...,L—1, (38
fr=22 ni ltr( < Dy, IN; I ) JYi UL V)
i=2 j=2 1 A A _
, = —1 — j_DY|U;L - ( —)QDY‘ULDYI/LD UL’
+Ztr Zﬂ, 1D 28 Dy 1 2! — il i=2...,L—1 (39)
i=2
L1 In view of (37)-(39), we have
“(z Hi-1DL EIGLIDXOIU,»L EIGLI - aLI’") fir = —Ltr(B-) _ #
i=2 T T a =y
Sh> 1 1 Dy D2 (B +1L)DL Dy, D
=> > pi-tr (EN Dy vt 2N; EN) Yot Byt Iy xg,ul Yo YiXo, ut
i=2 j=2 ' 1 A .
o1 S——1_itr(Bi)—7(l_i)2gi,A, i=2,...,L—1,
+Zzﬂ,-_1tr(f)-z*‘f) Lz*‘)
e JEN; T XolU” ©N; where
J i

|
R R i =tr (D Do -D_ 2 B, +1 D_ 0; ),
+ > imatr (D2 Dy e Iy ) —m > s ( Dy =Dy, g B+ Dy
i ' i i=2,...,L—1.
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Therefore, in order to prove Lemma 7, one just need to show
that

gi,=>—(1—-Hu®), i=2,...,L—-1.

Now consider the following convex optimization problem

(P3) min g, i=2,...,L-1
Dy, ;>0
Note that
-1 51 ~—3
Vby,,; 84 = Dy =Dy, 0iaDy
1

, N~ 2 2 !

(B; + 10Dy 10Dy

i=2,...,L—1.

. n—1 -1 _ -1
By leveraging the fact that DY|UZ»L + ZN = DY\XO, Ut and
! L1
2 . 2
DY|X0,UiL (Bl + Im)DYIXO,UiL
—1
_ B! -1 oyl -1
- DY\XO,UiL (DYXO,UiL ZN ) Y[Xo,UL>
i=2,...,L—1,
one can readily verify that
Vs il - . =0, i=2,...,L—-1
Dy, 84 Dy, =(1-2)Dy 1

Therefore, the minimum value of (P3) is attained at I~)Y,,-, L=
(1 - A)DY‘UL, i =2,...,L —1. A direct evaluation shows
that ’

gi’i|l~)v,;,,1:(1—i)f)Y|UL =—(1 - Hu(B)),

i=2,...,L—1,

which completes the proof.

V. CONCLUSION

A new extremal inequality is established and is leveraged
to derive a lower bound on each supporting hyperplane of the
rate region of the vector Gaussian CEO problem. We have
also derived a lower bound on each supporting hyperplane
of the rate region of the direct vector Gaussian multiterminal
source coding problem by coupling it with the CEO problem
through a limiting argument. The tightness of our lower
bounds is established under certain conditions. It is expected
that combining our techniques with those recently developed
in [30] might lead to improved lower bounds.

APPENDIX A
PROOF OF THEOREM 1
Let £ : Rmxn — (1,..., 2R} i = 1,...,L, be L
encoding functions such that EX,’.’\WI _____ w, =< D, where W; =
fl.(")(Xl’.’), i=1,...,L. It follows from [20, Th. 1] that

> Ri = I(Xo: {UibieallUi)iga. T)
ieA
+>°1(Xi; UilXo, W, T), #C AC{l,...,L},
ieA
D= Zx,ut.r
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for some (Uy,...,Ur, W, T) whose joint distribution with

(Xo, X1, ..., X)) factors as
p(XO,X],...,XL,M],...,ML,U),I)
L
= p(xo, x1, ..., x)p(w, ) [ | pluilxi, w, 1).
i=1
Define Dg = ZXOlU{‘:T and D; = Xx;x,.u,w,r, I =
1,..., L. Clearly,
N <Dy = Xx,, (40)
Do <D, (41)
0<D;<3N, i=1,...,L. (42)

Moreover, it can be shown via an estimation-theoretic argu-
ment (see the derivation of [10, (4)] and [11, (9)]) that

L
—1 —1 -1 —1
>ormizy! = 2yt - gt 43)
i=1
Note that
L L i—1 L
zaiRi = Z(ai—l — o) ZR,' +ar z R;
i=1 i=2 j=1 i=1
L .
> > (a1 — al-)(l(x(); ui ok T

i=2
i—1
+ > I1(X;: Uj X0, W, T))

j=1

L
+ar (I(Xo; UHIT) + > 1(Xi; UilXo, W, T))
i=1
L .
= > (a1 —a)I(Xo; Uj ' UL, T)
i=2
L
+ > oI (Xi; UilXo, W, T) + a I (Xo; UL |T)
i=1
L .
D (ai1 — a6l Xo; U UE, T)
i=2
L
+ > @il (Xi; Uil Xo, W, T) + a1 (Xo; ULIT),
i=1

v

(44)
where 6; € [0,1],i =2,..., L. It is easy to verify that
. 1
I(Xo; U U, T) 2 h(Xol U, W, T) — - log [27eDy),
i=2,...,L, (45
. 1. =N
I(Xl ) Ul IXO’ W’ T) 2 ~ log ) (46)
2 Dy |
1
I(X;; UilXo, W, T) = 3 log [2m e 2N, |
_h(XIIXO’ Ul" W’ T)a l = 29 ceey L’
47)
1 [ Zx,]
1(Xo; UFIT) > ~log . (48)
: 2°° Dy|
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To specify (6>, ...,60L), we consider the following optimiza-

tion problem

S |2N A
A i ; i—
- / 22? |D/ +z
1
10g+ —1 L —1 L —1ny v—1
|D0||EX0 + Zj:i ZN./ - Zj:i Z:N_/. Dj ZN_,- |
subjectto 0 <D; <D;, i=2,...,L

For any optimal solution D, .. .,ﬁL) to this minimization
problem, we must have ﬁ,- = 0,i = 2,...,L; moreover, it
can be shown (see [27, Proposition 3.3.11, p. 327]) that there
exist 0F € [0,1] and O; > 0,i =2,..., L, such that

i
2_(@j-1 = a0 Ex;

j=2

Zx, +Zz

-1

21;[1 +0; = (Z,‘lA)i_l,

Zz DkE

i=2,...,L, (49
O;D; —D)=0, i=2,...,L, (50)
L L
. 2 ) = 9*
> Giop Tl 3 (e
i=2 D i=2
! (51
og — — T — =17.
Dol Zx, + 3 En) — 2 EnD N
Substituting (45)-(48) into (44) and setting 6; = 6F, i =
2,...,L, gives
L L
(-1 — ;)0
Za,-R,- > —Z%logﬂneD(ﬂ
= i=2
L
+%0 |2N1|+zﬁlo Rresn|
5 g Dy | - ) g N;
ar |EX0|
+—1o
2 %Dy
L
+ D (ai1 — a6 h(Xo|UF, W, T)
i=2
L
— > aih(Xi|Xo, Ui, W, T). (52)
i=2

In view of (49) and (50), it follows from Theorem 11 that

L
D (@it —a)0FhXo|UL, W, T)
i=2
L
= > aih(Xi[Xo, Ui, W, T)
i=2

L
(@ti—1 — a;)0f

> E - -~ 7

o 2
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—1

L
—1RQ —1
DR 11D
j=i

L
log [2ze | Iy + > Iy
j=i

L ai A
—2710g|27teD,-|.

(53)
i—2
Combining (52) and (53) yields
I1Zx,] a1 IZN; |
o > —log —lo
Z”—z IDy| oy
L L
a; |ZN; | (ai—1 —a;)0
+ ) —log——+
235 T4
1
g — — —.
Dol Zx, + 27 Bx, — Xji Ty, D 2|
(54)

In view of (40)-(43), (51), and (54), we obtain the following
lower bound

L
zaiRl
i=1
ar |Zx,| | a1

> min — log
Dy,...D1,D},... D, 2 Do 2

L
L
l
22 5 lo

L
a1 — o
|D/| Z 2
-log™

N
2Dy |

i=2
1

Dol Zx, + X7 2y,

L -1 —1
— 2= I D; ;|

subject to XN < Dp < Xx,,
Do <D,
0 < Di 5 Z:Nia

L

-1 -1
Z ZNi D; ZNi
i=1

0<D! <D,

1

i=1,...,L,

IA

- —1
_DO s

i=2,...,L.

It is clear that this lower bound is equivalent to R(D, ), which
completes the proof.

APPENDIX B
PROOF OF THEOREM 5

Let £ : Rm>xn — (1, 2R} i = 1,...,L, be L
encoding functions such that ZX"|W1 w, <Dj,i=1,...,L,
where W; = f(”)(X”) i = . L. Denote Zxnw,,...w,
by D. Let Z be a Gaussian random vector, independent of X,
with mean zero and covariance matrix Xz € Z(Xx). Define
Xo =EX|X+Z]and Z; = X; —E[X;|X+Z],i=1,...,L
Clearly, )~(0 is independent of (Zy,...,Zy). It is also easy to
verify that

Xo = Ex(Ex + 22) ' (X + Z),

g, = Ix(Ex + 2z) ' Ix
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Moreover, it  follows from  the definition of
Z(¥x) that Zip,...,Z; are mutually independent
and

diag(2z,, ..., 2z,) = (' + 2, )7L

We shall derive a lower bound on Z,L: 1 @i R; by coupling
the direct vector Gaussian L-terminal source coding problem
with the CEO problem. Let N; be an m x 1 Gaussian
random vector with mean zero and covariance matrix ZN R
i = 1,...,L. We assume that Xg is a block dlagonal
matrix w1th (Zx )i = Xz, and (Zx )j = Bln; for j # i;
moreover, Xo, N1, .. NL are mutually 1ndependent Define
X; =Xo+N;,i=1,..., L. Consider the CEO problem with
Xo as the remote source and X], .. XL as noisy observations.
It can be readily seen that lel a;R; is lower-bounded by
R(D, a) associated with this CEO problem for all # > 0,
where

D=3Ix(Ex + 2z) "D+ Zz)(Tx + Zz) ' Ix

Therefore, we have

L
> aiR; = ~m111 ¢Mdi,....DL, p)
i=1 Dy,....DL
subject to 051<2N i=1,...,L, (55)
L
Z 2% = 5( Z
(56)
where
éDy,...,D1, p)
aLl |ZX0| L ail | Ni|+ZL:ai—1 a;j
= — 10 = — 10 =
2 %Tp TE2 B TE&T 2
i=1 =2
. 1

S — L -1 L Iy pe——
IDIIzg) +Xjm 55 = X I D3

Define I'; = (f),-),-, i =1,..., L. Note that (55) implies

0<Ti<%z, i=1,... L. (57)

In view of the definition of E, and the fact that £ 'D; = <

-1 17 v -1 ' !
ENi , it 1is easX to show that ENi D; EN;
formly (over D;) to A; as f — oo, where A; is
a block diagonal matrix with (A;); = EZiIF,- Ez_[l and
(A)); = 0for j #i,i = 1,...,L. As a consequence,
ziL=1 Z;Di 2; converges uniformly (over Dy, ..., D) to
(¢! + = hdiag(Ty, ..., T) (2" + 2" as g — oco. It
can also be verified that

L
-1 -1 _ -1
To+ le i -D
i=
1

L —
=2 Cx+ 2 g 2D+ 5

—ICEx + 2D+ 22) (Ex + 7)) By

converges uni-
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=S (Ex + 2 (Ex + 22) ' (Bx + 22) By

-1 -1 L—1

2 CEx + 2D+ 22) 7' (Ex + Tz) =y
= (25" + 2, %2(Ex + 22) ' 22(2g + 271

—1 —1,, L—1

~(x' + 27220 + T2) 7' 225 + 27
= (35 + 27 (Cz(Ex + T2) 5z + (55 + 270!

_ _ L—1
~2zD+ 27) 2 + 20 + TIm

= (' + 2, 0Ez - 220+ 22) 22 + 2D
L—1
+Tlm
_ o R . L-1
Z(ZX1+ZZI)(D 1"‘EZI) 1(le-i-zzl)‘i‘ B L.

Therefore, (56) implies that

diag(T'y,...,Tr) < D'+ 2, H7" + A, (58)

where A(f) is a positive definite matrix that does not depend
on (Dy,...,D;), and A(p) tends to 0 as f — oo. Similarly,
it can be shown that

1 L —1 L -5 .y -1
Zf(g + Zj:i ZN/ B Zj=i Z:N/ DJ Z:N/
< (55" + 37 - T+ BB (sg' + 271,

where B;(f) is a positive definite matrix that does not
depend on (Dy,...,Dy), and B;(f) tends to 0 as f — oo,
i = 2,...,L. Moreover, in view of the fact that |2N,~| =

(IT; A" 22,1 and [D;] < ([T A™)ITil, we have

; 2% | ; 7.
O b L N L /L N R
2 |D; | 2 [T

Now one can readily verify that

¢MD1,...,Dr, B) > o[T1,...,TL,B), (59)
where
go(Fla""rL’ﬁ)
L
ar, [Zx + Zz| a; 27,
= —log ———— — log ——
2 D+ Xz| Py 2 T

ot 122(Zz — Ti + Bi(B)~ 12z|
D+ Zz|

+Zaz 1—

Combining (57), (58), and (59) gives

R; > Iy,...
Zl:a, pmin o1, ..,

1
subjectto 0 <X I'; < X7,

diag(T'y, ...

'y, p)

i=1,...,L,
T < 2 7T AR).
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Note that this lower bound is valid for all § > 0, and, as
S — oo, it converges to

: L, |1Zx+ Zz|
— 1o
G5
—1
+zai—1 —a + |2Z(2Z—Fi) 2zl
i=2 2 ID + Xz
subjectto 0=<TI;=<xZXz, i=1,...,L,
diag(Ty,...,T) <M '+ =, H7"
The proof is complete in view of the fact that 0 < D =
Zxowy,..,w, = Ex and D) = Zxmw,,w, X Di, i =
1,...,L.
APPENDIX C

PROOF OF THEOREM 7

The following lemma [10, Lemma 10] is needed for the
proof of Theorem 7.

Lemma 8: Let A be a positive definite matrix. For any
diagonal matrix S, if A4S is positive definite and the diagonal
entries of (A +S)~! — A~! are equal to zero, then S = 0.

If there exist non-identical D,D € DDy, ..., D, 2x),
then one can find a non-zero block diagonal matrix A =
diag(A1, ..., Az) such that D = (D' + A)~L. Let the
eigenvalue decomposition of A; be given by A; = U; A,-UiT ,
where U; is a unitary matrix and A; is a diagonal matrix,
i = 1,...,L. Note that A = UAU7, where U =
diag(Uy, ... UL) and A = diag(Ay,...,AL). Let B =
U'DU and B = UTDU. Slnce D); = D), i = 1, L,
it follows that (B~! + A)~1); = (B),, i =1,. L, and
consequently the diagonal entries of (B~! + A)~ 1B are
equal to zero. This leads to a contradiction with Lemma §
since B > 0 and A # 0.

APPENDIX D
PROOF OF THEOREM 8

Let Q € R" be an open, bounded, convex set that is
symmetric with respect to its center xo (i.e., xo +y € Q if
and only if xg — y € Q) and let cl(QQ) denote the closure of
Q. Then Borsuk’s theorem [28, Theorem 2.1] (see also [29])
can be stated as follows.

Theorem 13: Assume that f : cl(Q) — R” is continuous
and that for all xo + y € 8Q, the topological boundary of Q,
we have f(xo+ y) # Af(xo — y) for all A > 0. Then f has
a zero in cl(Q).

We first Con51der the case D; < Ex X;}jzio i = 1,..., L.
i

Let X; = 2X and D; = z 2D 21 2 where X; =

EX”{Xj,#,,i = 1,...,L. Define X = (XI,....,XHT,

It is clear that D(Dl, ...,Dr, ¥x) is non-empty if and
only if D(ﬁl,.. DL, X) is non-empty. Note that D <
2X|{X} =L,,i=1,...,L.

Let C denote the set of all symmetric m; x m; matrices C;
such that pL,, £C; = 0,i =1,..., L, where f is a positive
number. Let Q; = fI; +C;j, i = 1,...,L, and Q = Q| x

- x Q. Now we proceed to show that DD,,...,D;, 23)
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is non-empty. To this end, it suffices to prove that, when f is
sufficiently large, the function

f(A)2(K;—Dy,...,K, —Dyp)

has a zero in cl(Q), where K; = ((Z))E1 + A Y, i =
1,...,L.

Note that for any A = diag(Ay,..., Ar) € cl(Q), we can
write A; = pl,, + C;, where C; is an m; x m; symmetric
matrix satisfying pL,, £C; = 0,i = 1,..., L. Suppose the
eigenvalue decomposition of C; is given by C; = U,-A,-UiT ,
where U; is a unitary matrix and A; = diag(d; 1, ..., im;)s
i =1,..., L. Without loss of generality, we assume |Aj| =
| 8L, + C1| =0 for A € 6Q, and further assume that J1,1 =
—p. Let A = diag(A1, ..., A¢), where Ai = =ply, —Ci,i =
1,..., L. Moreover, let K, = (' A YL i =1,

We shall show that when £ is su’fﬁmently large, there is no
positive 4 such that f(A) = Af(A). Note that

Kl = (Im1 + Al)ila
K; < (2; +Ap~L
Let E| = I, + Aj and E,

I, + A1)~ =Ui @, +ED~1UT,
(x5 + AT =U(ET +E)TUT,

= pL,, — A1. We have

where £ = UlT EXIUl' IfK, —-D; = /1(I~(1 — f)l) for some

positive 1, then we must have

Ui(I,, +E)~ 10T —

< AUIET +E) U - Dy,
which further implies
(Im1 + El)il - U{f)lUl
< MET+EYT —UTDUY). (60)

Note that that the first diagonal entry of UTD1U1 is in the
interval [d1 _min> d1 maX] where d1 ,min (d1 max) 18 the smallest
(largest) eigenvalue o~fD1 Slnce 0< D1 < ZXlI(Xj)j# L.,
it follows that 0 < di,min < di,max < 1. Moreover, in view
of the fact that d1,; = —f, it can be readily shown that the
first diagonal entry of (Im1 +E;)~! equals one while the first
diagonal entry of (2 +E1) !'is less than 1 (which tends to
zero as f/ — o0). Consequently, the first dlagonal entry of the
left-hand side of (60) is positive while the first diagonal entry
of the right-hand side of (60) is negative when f is sufficiently
large, which leads to a contradiction. This completes the proof
for the case Di < Xx,x;},.» i = 1,..., L.

Now consider the general case D; < Zx;X;}j> | =
l,...,L. Define Dj(k) = D; — 4L, i = 1,...,L. We
assume k > k*, where k* is chosen such that D;(k*) > 0,
i = 1,...,L. Since D;(k) < EX:‘HXj}j;&i’ i=1,...,L, it
follows that there exists a positive semidefinite block diagonal
matrix A(k) = diag(Aj(k), ..., Ap(k)) such that ((Z,}1 +
A(k)) B = D;k), i =1,...,L. Note that 0 < A;(k) <
D~ (k*) Xl, i=1,..., L. Since {A(k)} is defined over a
compact set, it must contaln a converging subsequence. Denote
the limit of this converging subsequence by A*. It can be
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readily shown that A* is a positive semidefinite block diagonal
matrix satisfying (2" + A1) = Dy, i = 1,..., L.
Therefore, D(Dy, ..., Dy, £x) is non-empty.

APPENDIX E
PROOF OF LEMMA 1

Consider the following convex semidefinite program-
ming problem (which is essentially a relaxed version
of the minimization problem associated with R(Dj,...,
Dy, a))

L
ai | Xz,]
+ — log -
z] 2 T

i=

o | Zx + Xzl
D+ Zz|

lo

|22(Zz — Ti) 12|

L
o1 — O
+D 5 log
i=2

D+ Xz
subject to 0 < D,
E,DE, < F,D;F/, i=1,...,L,
0<TIy, i=1,...,L,
diag(T'y,...,T) < D' +2,H7"
where E; is a block diagonal matrix with (E;); = I, and
(E;)j =0for j #i,i=1,..., L. Its Lagrangian is given by
X+ X Lai |3z
LD,Ty,....T) = %L log 7”])":2;" +>° % log I|r?||

i=

L = -1
a1 —a; |Xz(Xz —T')™' 27|
e

L
+ Ztr(Hi(EiDEi —F.D;F7))
i=1
i (A (diag(Fl, T - '+ zil)—l)) ,

where Iy, ..., 1, A are positive semidefinite matrices. Note
that (D, '}, ..., L) is an optimal solution to (P) if it satisfies
the following KKT conditions

VpL(MD,Ty,....,T1)lp_p =0, 61)
Vr,.L(D,Fl,...,FL)|F’_:f’_ =0, i=1,...,L, (62)
0=<D, (63)
E,DE; <FD,¥', i=1,...,L, (64)
0<Iy, i=1,...,L, (65)
IL(EDE;, —F,D;F/)=0, i=1,...,L, (66)
A (diag(fl, S Y ) L 2;1)—1) —0.  (67)

It can be verified that
Vo (AD" + 2;H7")
—p ' + ZZ*I)*]A(D” + EZ*I)”D”.
Furthermore, in view of the fact that
—1

~.

L
FiZ7,F[ + > FBOF, j=2,... L,
1 k=j

P =

w-
Il
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we have
v, (Z,L-:z(aj—l —aj)log|Zz — 1:jl) = 0,
i=1,...,L,
where ®; = 0 and
0; =" s(aj1 —a)F (22— T))7'F;,
i=2,...,L.
Therefore, (61) and (62) can be rewritten as
L
D(ZEiHiEi —a1(D+ Zz)l)D
i=1
=O '+ H'Ad ! +2h7, (68)
AN =o' +0;, i=1,... L (69)

Now pick D and Tz with D € DDy, ..., D;, Ix) and 3z €
Z(Xx). Since D!+ Ez_l is a block diagonal matrix, we can
find fl, e, fL such that

diag(Ty,...,[)=O® ' +x,H7" (70)

Note that our choice of (f), T, fL) satisfies (63)-(67).
Furthermore, (68) and (69) are satisfied if and only if there
exists a block diagonal matrix IT such that

> oD+ 2z)7",
O — a1 (D + 2z) D) = o; [ + 10,17,
i=1,...,L.

It is clear that if our choice of (f), fl e fL) is an optimal
solution to (f’), then it is also an optimal solution to the
minimization problem associated with R(Dy, ..., Dz, £z, a).
Therefore, one can readily complete the proof by noticing that
(70) implies R(Dy, ..., Dz, 2z,a) = RDy,...,Dy, 27, a).

APPENDIX F
PROOF OF THEOREM 9
In view of Theorems 7 and 8, it can be readily shown that
when ||Dq]|, ..., ||IDr| are sufficiently small, there exists a
unique element D € D(Dy, ..., Dz, £x) such that D < Zx.

Let G be a positive definite block diagonal matrix defined as
G=D"'- E;l)_l. It can be verified that
D=G2(I, — A)GZ,
where
Ay - AL
1 1
A=| © | =676G+32x)'G?
Ap1 -+ AL
with A;; = (A);, i = 1,..., L. It is clear that D, G, and A
all tend to 0 as |D;|| = 0,i=1,...,L.
Now choose an arbitrary Xz from Z(Xx) and let I'; =
(D' 4+ 2, i=1,..., L. Note that
(DIID); = E;

< (Ln — AHT, — A));

I
@
L
m
@



5550

where H is a block diagonal matrix defined as H = G2IIG?.
Let B = (Bi,j) with Bi,i =@n—-A)y,i =1,...,L, and

B, j = —A fori # j. We can express (71) equivalently as
_1 -1
vee(()) [ vee((G)E1(G) )
B«B)| = 3
H “1g -3
vec((H)L) vec((G); 2 EL(G), ?)

Clearly, BxB — I, as |[D;|| - 0, i = 1,..., L, where
g=>k, m?. Note that
_1 _1 1 1
(G), ’E1(G), > = a1(G), ’Di(G), *
= a1(G"IDG 1),
a1 Iy —A)

and
@7 =)
— 016, DiG)? — (a1 — a)(G) *TH(G).
-~ i(a,,l —a)(©), Ty (37 - T)) 'R, (G); ?
j=2
- al(Gf%DG*%)f — (a1 — a)Q;
- Zl:(a,,l — a)QUG)IF! (32— T)'Fi(G); 2 Q;
= 0!1(12:i A)i — (a1 —a;)Qi

=S @1 - QG (52 - T) R (G)FQ,

j=2
i=2,...,L,
where
Q = (©);'1(G),?
= (G I +3;H)76),
= (Mn - A" +6G23Z'6H7Y,,  i=2,.. L.

Since 0 < T; < (2" + 2,171 < 2z, it follows that

2, < C-T) T < (Ez - (" + 2D,

i=2,...,L.
Now one can readily show that
(G)i‘%ai((;)i‘% — aily;,, i=1,...,L,
and consequently
H — diag(aiLy,, ..., 0rLn,)

as D]l — 0,i=1,...,L. Let S = GZX;'GZ. We have

G (11— ay (D + £2) G2
=H-a @, —A+SH™!
=H-01(S—S(@, —A)~'+95)7!S)

— diag(aiLn,, ..., arly,)
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as |D;|| = 0,i =1,..., L. Therefore, IT — a;(D + Zz7)~!
must be positive definite when |Dq],...,||Dr]| are suffi-
ciently small, which completes the proof.

APPENDIX G
PROOF OF THEOREM 10

Throughout the proof we assume that Xx,,..., Xx, are
fixed. In view of Theorems 7 and 8§, it can be readily shown
that when || Zx — diag(Xx,, ..., £x, )|l is sufficiently small,
there exists a unique element D € D(Dy,..., D, x). We
choose f such that f > 0 and (a; — ;) <aj, i =1,..., L.
Let

Tz = (Bdiag(Zx), ..., Zx) — ZxH 7"
Note that
1
p—1
as || Zx — diag(Xx,,..., 2x,)|l = 0, which, together with
the fact that E;l + Ez_l = pdiag(Zx,,..., £x,), implies
Xz € Z(Zx) when || Xx—diag(Zx,, ..., Zx, )| is sufficiently
small. Let I; = (D~! + Eil)_l)i, i=1,...,L. Itis easy
to see that

Y7 — diag(2x,, ..., 2x,)

D — diag(Dy,...,Dy),

N> O+ -DeghH™ i=1...L
@,‘—)
1 1 1y—1 -
_(al—a,-) (ﬁle_(D; +(ﬂ_1)2§z )) B
i=2,...,L,

as || Zx — diag(Zx,, ..
Ei = aD; — (a1 — Oti)(Di_1 + (B - 1)2);1)_1
—(a1 =)D + (B - DEgH™!

., 2x, )|l = 0. Therefore, we have

1 B L —1
: (ﬁzxi -+ B -1IH 1)
;7 + (- DrgH!
= aiD; — (a1 —a)D; ' + (B - D)™
—(a1 — (Zi)(ﬁ(l)i_l + (B - l)E;{l)
CIx, D7+ (B - DEgh
-1
— ;7 (8- 1)2,5))
= aiD; — (a1 —a)D; + (B - 1ZgH™!
1 -1
—(a1 — a;) (—ﬁ — lDi_IEX’Di_I +Di_1)
=oD;, i=2,...,L,

as || Xx — diag(Xx,,..., 2x; )|l — 0. Also note that E; =
o1D1. Now one can readily show that

I — diag(alDl_l, e, aLDzl)
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and consequently
M—a;(D+ Zz)”"
— diag(aiD1 — a1(8 — D((B — DD + Zx,) ',
oo oDy —o(B— D((B— DD+ 2x,)7)
as | Zx — diag(Xx,, ..

@D —ai1(f — (B — 1)D; + x,) !
= ;D7 —ai(f - 1)(FD) !
_a— (i —a)f

0, i=1,...,L,

it follows that IT — a; (D + Xz)~! is positive definite when
| £x —diag(XZx,, ..., Xx, )| is sufficiently small, which com-
pletes the proof.

., 2x; )| = 0. Since

APPENDIX H
PROOF OF (30)

Without loss of generality, we assume X, = X +
M, where M is a Gaussian random vector, indepepdent of
(Xo, Xz, X}, U, V), with covariance matrix Xy = Dx, |, —
D; . Note that

Xy, = EXp X0, X2 ]+ A
= VX + VT = 2E[X, X, ]+ A
= ViXp +V1-2D.Dy! , X] + A
A 1 -1
= \/IDL ZNL ZNL ZNLXL
+(@, —DL I Ig, INOXL + A,
where A~ is a Gaussian random vector, independent of
(X0, Xz, Xr,5, UL, V), with covariance matrix Xp = (I —
| —1Q 1 -1 A1
31013 ENL ENL ENLDL. Dﬂeﬁne A = ﬁENL ENL N, DAL
It is clear that 5 = 1522y, Zgl TN, . We have
L

XX UL = ZXL\XL,/".,XL,1>UL,V

= ZXL|XL+A/,XM,UL,V’
Now consider the linear MMSE estimator of X; from
Xy + A, IE[XLl)N(L,i, Uyr, V1), which is a function of (X +
A/,)N(L,i, Up, V). It can be verified that the resulting error
covariance matrix is (l~)z,1i + ZZ,‘)’I. As a consequence,
Ex X0y < O +23H 7 (72)

To bound Dy, ; in terms of Xx,x, ;v,,v. we consider the
linear MMSE estimator of Xz, from (Xo, E[Xz|Xz,4, UL, V1).
It can be shown that the error covariance matrix incurred by
this estimator is

—1
—1 —1 -1
(ZXL|XL,,1,UL,V + ZNL ZNL ZNL) ’
Therefore, we have
—1
-1 -1 -1
D = (ZXL\XL,;.,UL,V + ENL ZNL ZNL) :
Combining (72) and (73) gives

(73)

IA

~ -1
Dy, (D[,‘A + I3+ 280 2R, 21;2)

- 1 -1
—1 -1 -1
(DL,/l + 1= 2"NL ZNL 2"NL) 4

which completes the proof of (30).
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APPENDIX I
PROOF OF (35)

We shall show that ]A)L, 2 (1 —xl)f)L is an optimal solution
to (P2), from which (35) follows immediately. Since (P;) is a
convex semidefinite programming problem, it suffices to verify
the KKT conditions. Clearly, IA)LJ satisfies the constraints
in (34); therefore, one just need to show that there exists a
positive semidefinite matrix A such that

-1
B b 4D (D7 - =1) Py
urLy HL-1 L, L, l—j.._‘ X UL

5 L—1 —1H -1
B= Zi=2 Wi—1 ENLDX0|UiL ENL’
- -1
=2\, ZNL N, -
According to (74),
A=-B+uD;" — Dy 'Dx, 0, D},

which, together with (20), implies that A = O > 0. As a
consequence, it suffices to show

. Ao\ !
(o)) (DM - (DL‘ + mDLl) ) =0. (75

Note that
. oA N\
-1 -1
DL,;L_(DL +mDL )
—(1—2) (f)L —((1 - D, + mzl)—l)

= (1= 2) (D = DL((1 = Dy + D) "D,

= (1-2)((1 =)D+ D, — D) (1 — HD,
+/1DL)_1IA)L

A~ A =1 .
— (1— %MD, —Dy) ((1 — D + /IDL) D,. (76)
Combining (21) and (76) proves (75).
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