Lecture 7: Dualities in Multiuser Information Theory

Jun Chen

1 A Fundamental Function:

Definition 1.1. For any set of random variables {Z_1, Z_2, · · · , Z_M }, let

ψ(Z_1, · · · , Z_M ) =

M−1∑ i=1 I(Z_1, · · · , Z_i; Z_{i+1})

if M ≥ 2 and let ψ(Z_1, · · · , Z_M ) = 0 if M = 1.

The following consistency lemma shows that ψ(Z_1, · · · , Z_M ) is well-defined. Lemma 1.1. Let π be a permutation on I_M . The sum M−1∑ i=1 I(Z_{π(1)} , · · · , Z_{π(i)} ; Z_{π(i+1)} )

is invariant under π.

Proof. Since I(Z_{π(1)} , · · · , Z_{π(i)} ; Z_{π(i+1)} ) = H(Z_{π(1)} , · · · , Z_{π(i)} )+H(Z_{π(i+1)} )−H(Z_{π(1)} , · · · , Z_{π(i+1)} ), it follows that M−1∑ i=1 I(Z_{π(1)} , · · · , Z_{π(i)} ; Z_{π(i+1)} ) = M∑ i=1 H(Z_i) − H(Z_i, i ∈ I_M ),

which clearly does not dependent on π.

Remark: We choose

∑_{M−1}

i=1 I(Z_1, · · · , Z_i; Z_{i+1}) instead of

∑_M i=1 H(Z_i) − H(Z_i, i ∈ I_M ) as the definition of ψ(Z_1, · · · , Z_M ) because its connection with successive coding schemes is more transparent.

Theorem 1.1. Function ψ(·) has the following properties:

1. ψ(Z_i, i ∈ S) ≤ ψ(Z_i, i ∈ T ) if S ⊆ T .

2. ψ(Z_i, i ∈ S) + ψ(Z_i, i ∈ T ) ≤ ψ(Z_i, i ∈ S ∩ T ) + ψ(Z_i, i ∈ S ∪ T ).

Proof. Property 1 is obvious. So we only need to verify Property 2. For any S, T ⊆ I_M , suppose S = {i_1, · · · , i_j, i_{j+1}, · · · , i_k}, T = {i_{j+1}, · · · , i_k, i_{k+1}, · · · , i_l}, and S ∩ T = {i_{j+1}, · · · , i_k}. We

1 have

ψ(Z_i, i ∈ S) + ψ(Z_i, i ∈ T ) = k−1∑ m=1 I(Z_{i1} , · · · , Z_{im} ; Z_{im+1} ) + l−1∑

m=j+1

I(Z_{ij+1} , · · · , Z_{im} ; Z_{im+1} )

= k−1∑ m=1 I(Z_{i1} , · · · , Z_{im} ; Z_{im+1} ) + ψ(X, Z_i, i ∈ S ∩ T ) + l−1∑ m=k I(Z_{ij+1} , · · · , Z_{im} ; Z_{im+1} )

≤ k−1∑ m=1 I(Z_{i1} , · · · , Z_{im} ; Z_{im+1} ) + ψ(Z_i, i ∈ S ∩ T ) + l−1∑ m=k I(Z_{i1} , · · · , Z_{im} ; Z_{im+1} ) = ψ(Z_i, i ∈ S ∩ T ) + ψ(Z_i, i ∈ S ∪ T ), which completes the proof.

2 Polymatroid and Contra-polymatroid

2.1 Multiaccess Rate Region Let R_{MC} (X_i, i ∈ I_L) = { (R_1, · · · , R_L) : ∑ i∈A R_i ≤ I(X_A; Y |X_Ac ), ∀A ⊆ I_L } . Since I(X_A; Y |X_Ac ) = I(X_{IL} ; Y ) − I(X_Ac ; Y ) = I(X_{IL} ; Y ) − ψ(Y, X_i, i ∈ A^c), it follows that R_{MC} (X_i, i ∈ I_L) is a polymatroid.

Dominant Face:

D_{MC} (X_i, i ∈ I_L) = { (R_1, · · · , R_L) ∈ R_{MC} (X_i, i ∈ I_L) : L∑ i=1 R_i = I(X_{IL} ; Y ) } . Vertices: If π is a permutation on I_L, define the vector (R_1(π), · · · , R_L(π)) by R_{π(i)} (π) = I(X_{π(i)} ; Y |X_{π(i+1)} , · · · , X_{π(L)} ) = I(X_{π(i)} ; Y, X_{π(i+1)} , · · · , X_{π(L)} ), i = 1, · · · , L − 1, R_{π(L)} (π) = I(X_{π(L)} ; Y ).

Then (R_1(π), · · · , R_L(π)) is a vertex of R_{MC} (X_i, i ∈ I_L) for every permutation π. 2.2 Berger-Tung Region Let R_{BT} (W_i, i ∈ I_L) = { (R_1, · · · , R_L) : ∑ i∈A R_i ≥ I(Y_A; W_A|W_Ac ), ∀A ⊆ I_L } .

Since I(Y_A; W_A|W_Ac ) = ∑ i∈A I(Y_i; W_i) − ψ(W_i, i ∈ I_L) + ψ(W_i, i ∈ A^c),

it follows that R_{BT} (W_i, i ∈ I_L) is a contra-polymatroid.

Dominant Face:

D_{BT} (W_i, i ∈ I_L) = { (R_1, · · · , R_L) ∈ R_{BT} (W_i, i ∈ I_L) : L∑ i=1 R_i = I(Y_{IL} ; W_{IL} ) } . Vertices: If π is a permutation on I_L, define the vector (R_1(π), · · · , R_L(π)) by R_{π(i)} (π) = I(Y_{π(i)} ; W_{π(i)} |W_{π(i+1)} , · · · , W_{π(L)} ) = I(Y_{π(i)} ; W_{π(i)} ) − I(W_{π(i)} ; W_{π(i+1)} , · · · , W_{π(L)} ), i = 1, · · · , L − 1, R_{π(L)} (π) = I(Y_{π(L)} ; W_{π(L)} ).

Then (R_1(π), · · · , R_L(π)) is a vertex of R_{BT} (W_i, i ∈ I_L) for every permutation π.

2.3 EGC Region Let R_{MD}(U_i, i ∈ I_L) = { (R_1, · · · , R_L) : ∑ i∈A R_i ≥ ψ(X, U_i, i ∈ A), ∀A ⊆ I_L } . Clearly, R_{MD}(U_i, i ∈ I_L) is a contra-polymatroid.

Dominant Face:

D_{MD}(U_i, i ∈ I_L) = { (R_1, · · · , R_L) ∈ R_{MD}(U_i, i ∈ I_L) : L∑ i=1 R_i = ψ(X, U_i, i ∈ I_L) } . Vertices: If π is a permutation on I_L, define the vector (R_1(π), · · · , R_L(π)) by R_{π(1)} (π) = I(X; U_{π(1)} ), R_{π(i)} (π) = I(X, U_{π(1)} , · · · , U_{π(i−1)} ; U_{π(i)} ), i = 2, · · · , L.

Then (R_1(π), · · · , R_L(π)) is a vertex of R_{MD}(U_i, i ∈ I_L) for every permutation π.

2.4 Marton’s Region Let R_{BC} (V_i, i ∈ I_L) = { (R_1, · · · , R_L) ∈ R^L_+ : ∑ i∈A R_i ≤ ∑ i∈A I(V_i; Y_i) − ψ(V_i, i ∈ A), ∀A ⊆ I_L } . R_{BC} (V_i, i ∈ I_L) is a polymatroid if I(V_i; Y_i) − I(V_i; V_{{i}}c ) ≥ 0 for all i.

Dominant Face:

D_{BC} (V_i, i ∈ I_L) =

(R_1, · · · , R_L) ∈ R_{MD}(U_i, i ∈ I_L) : L∑ i=1 R_i = ∑ i∈I_L

I(V_i; Y_i) − ψ(V_i, i ∈ I_L) .

Vertices: If π is a permutation on I_L, define the vector (R_1(π), · · · , R_L(π)) by R_{π(1)} (π) = I(V_{π(1)} ; Y_{π(1)} ), R_{π(i)} (π) = I(V_{π(i)} ; Y_{π(i)} ) − I(V_{π(1)} , · · · , V_{π(i−1)} ; V_{π(i)} ), i = 2, · · · , L.

Then (R_1(π), · · · , R_L(π)) is a vertex of R_{BC} (U_i, i ∈ I_L) for every permutation π.

3 Sufficient Statistics and Gram-Schmidt Orthogonalization

3.1 Gaussian Multiaccess Channel Channel Model: Y = X_1 + · · · + X_L.

R_{π(L)} (π) = I(X_{π(L)} ; Y ) = I(X_{π(L)} ; E(X_{π(L)} |Y )) R_{π(i)} (π) = I(X_{π(i)} ; Y, X_{π(i+1)} , · · · , X_{π(L)} )

= I(X_{π(i)} ; E(X_{π(i)} |Y, X_{π(i+1)} , · · · , X_{π(L)} )) = I(X_{π(i)} ; E(X_{π(i)} |Y − X_{π(i+1)} − · · · − X_{π(L)} )), i = L − 1, · · · , 1.

3.2 Gaussian CEO Problem

R_{π(L)} (π) = I(Y_{π(L)} ; W_{π(L)} ), R_{π(i)} (π) = I(Y_{π(i)} ; W_{π(i)} |W_{π(i+1)} , · · · , W_{π(L)} )

= I(Y_{π(i)} ; W_{π(i)} ) − I(W_{π(i)} ; W_{π(i+1)} , · · · , W_{π(L)} ) = I(Y_{π(i)} ; W_{π(i)} ) − I(W_{π(i)} ; E(W_{π(i)} |W_{π(i+1)} , · · · , W_{π(L)} )), i = L − 1, · · · , 1.

3.3 Gaussian Multiple Description Problem

R_{π(1)} (π) = I(X; U_{π(1)} ), R_{π(i)} (π) = I(X, U_{π(1)} , · · · , U_{π(i−1)} ; U_{π(i)} )

= I(E(U_{π(i)} |X, U_{π(1)} , · · · , U_{π(i−1)} ); U_{π(i)} ), i = 2, · · · , L.

3.4 Gaussian Broadcast Channel

R_{π(1)} (π) = I(V_{π(1)} ; Y_{π(1)} ), R_{π(i)} (π) = I(V_{π(i)} ; Y_{π(i)} ) − I(V_{π(1)} , · · · , V_{π(i−1)} ; V_{π(i)} ) = I(V_{π(i)} ; Y_{π(i)} ) − I(E(V_{π(i)} |V_{π(1)} , · · · , V_{π(i−1)} ); V_{π(i)} ), i = 2, · · · , L.

References

[1] C. E. Shannon, “Coding theorems for a discrete source with a fidelity criterion,” IRE Nat.

Conv. Rec., pp. 142C163, Mar. 1959.

[2] J. K. Su, J. J. Eggers and B. Girod, “Illustration of the duality between channel coding and rate distortion with side information,” in Proc. Asilomar Conf. Signals, Systems, Computers, Pacific Grove, CA, Nov. 2000.

[3] T. M. Cover and M. Chiang, “Duality between channel capacity and rate distortion with two-sided state information,” IEEE Trans. Inform. Th., vol. 48(6), pp. 1629-1638, June 2002.

[4] B. Chen and G.Wornell, “The duality between information embedding and source coding with side information and some applications,” IEEE Trans. Inform. Th., vol. 49(5), pp. 1159-1180, May 2003.

[5] S. S. Pradhan, J. Chou, and K. Ramchandran, “Duality between source coding and channel coding and its extension to the side information case,” IEEE Trans. Inform. Th., vol. 49(5), pp. 1181-1203, May 2003.

[6] H. Wang and P. Viswanath, “Fixed binning schemes for channel and source coding problems:

an operational duality,” IEEE Trans. Inform. Th., submitted for publication.

[7] P. Viswanath and D. N. C. Tse, “Sum capacity of the vector Gaussian broadcast channel and uplink-downlink duality,” IEEE Trans. Inform. Theory, vol. 49, pp. 1912-1921, Aug. 2003.

[8] S. Vishwanath, N. Jindal, and A. Goldsmith, “Duality, achievable rates and sum-rate capacity of Gaussian MIMO broadcast channels,” IEEE Trans. Inform. Theory, vol. 49, no. 10, pp. 2658-2668, Oct. 2003.

[9] W. Yu and J. M. Cioffi, “Sum capacity of Gaussian vector broadcast channels,” IEEE Trans.

Inform. Theory, vol. 50, pp. 1875-1892, Sept. 2004.

[10] P. Viswanath, “Sum rate of a class of Gaussian multiterminal source coding problems,” Advances in Network Information Theory (P. Gupta, G. Kramer and A. Wijngaarden editors), DIMACS, American Mathematical Society, Providence, RI, pp. 43-60, 2004.

[11] W. Yu, “Duality and the value of cooperation in distributive source and channel coding problems,” in Proc. 41st Annu. Allerton Conf. Communication, Control, and Computing, Allerton House, Monticello, IL, Oct. 2003.