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Abstract—The multiple description (MD) problem has received
considerable attention as a model of information transmission
over unreliable channels. A general framework for designing
efficient MD quantization schemes is proposed in this paper. We
provide a systematic treatment of the El Gamal-Cover (EGC)
achievable MD rate-distortion region, and show it can be decom-
posed into a simplified-EGC (SEGC) region and a superimposed
refinement operation. Furthermore, any point in the SEGC region
can be achieved via a successive quantization scheme along with
quantization splitting. For the quadratic Gaussian case, the pro-
posed scheme has an intrinsic connection with the Gram-Schmidt
orthogonalization, which implies that the whole Gaussian MD
rate—distortion region is achievable with a sequential dithered lat-
tice-based quantization scheme as the dimension of the (optimal)
lattice quantizers becomes large. Moreover, this scheme is shown
to be universal for all independent and identically distributed
(i.i.d.) smooth sources with performance no worse than that for an
i.i.d. Gaussian source with the same variance and asymptotically
optimal at high resolution. A class of MD scalar quantizers in the
proposed general framework is also constructed and is illustrated
geometrically; the performance is analyzed in the high-resolution
regime, which exhibits a noticeable improvement over the existing
MD scalar quantization schemes.

Index Terms—Gram-Schmidt orthogonalization, lattice quanti-
zation, minimum mean-square error (MMSE), multiple descrip-
tions (MDs), quantization splitting.

I. INTRODUCTION

N the multiple description (MD) problem, the total available
bit rate is split between two channels and either channel may
be subject to failure. It is desired to allocate rate and coded rep-
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Fig. 1. Encoder and decoder diagram for MDs.

resentations between the two channels, such that if one channel
fails, an adequate reconstruction of the source is possible, but
if both channels are available, an improved reconstruction over
the single-channel reception results. The formal definition of the
MD problem is as follows (also see Fig. 1).

Let { X (¢)}2, be an independent and identically distributed
(i.i.d.} random process with X (¢) ~ p(x) for all ¢. Let d(-,-) :
X x X — [0, dmax] be a distortion measure.

Definition 1.1: The quintuple (Ry, Ry, D1, Do, D3) is called
achievable if for all € > 0, there exist, for n sufficiently large,
encoding functions
i=1,2

K2

£y Ci(n) log ‘Ci(")‘ <n(R;+e¢),
and decoding functions

gEn):CZ-(n)—>X", 1=1,2
g e x el — am

such that for X; = ¢{™ (f™(X)),i = 1,2, and for X5 =
9" (A7 (X), 137 (X))

R .
—E> d(X(t), Xi(t) < Di+e, =123
n

t=1

The MD rate-distortion region, denoted by Q, is the set of all
achievable quintuples.

In this paper, the encoding functions fl(") and fz(n) are re-
ferred to as encoder 1 and encoder 2, respectively. Similarly,
decoding functions g§")./ gé") and ggn) are referred to as decoder
1, decoder 2, and decoder 3, respectively. It should be empha-
sized that in a real system, encoders 1 and 2 are just two dif-
ferent encoding functions of a single encoder while decoders 1,
2, and 3 are different decoding functions of a single decoder.
Alternatively, in the MD literature decoders 1 and 2 are some-
times referred to as the side decoders because of their positions
in Fig. 1, while decoder 3 is referred to as the central decoder.

Early contributions to the MD problem can be found in
[1]-[4]. The first general result was El Gamal and Cover’s
achievable region.
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Definition 1.2 (El Gamal-Cover (EGC) Region): For random
variables U7, Us, and Usj jointly distributed with the generic
source variable X via conditional distribution p(uy, uz, us | ),
let
R(Uy,Uz,Us) = {(R1,R2) : R1 + Ry > I(X;Uy,Us,Us)

Let

Q(Uy,Us,Us)
= {(R1,R2,D1,D2,D3) : (R1, Ry) € R(U1,U5,U3),3X;
= g:(U;) with Ed(X, X;) < D;,i = 1,2,3}.

The EGC region! is then defined as

QrGc = conv U

p(uy,uz,us | x)

Q(U17 U27 U3)

where conv(S) denotes the convex hull of S for any set S in the
Euclidean space.

It was proved in [5] that Qrgc € Q. Ozarow [3] showed that
Orcc = Q for the quadratic Gaussian source. Ahlswede [6]
showed that the EGC region is also tight for the “no excess sum-
rate” case. Zhang and Berger [7] constructed a counterexample
for which Qrgc C Q. Further results can be found in [8]-[14].
The MD problem has also been generalized to the n-channel
case [15], [16], but even the quadratic Gaussian case is far from
being completely understood. The extension of the MD problem
to the distributed source coding scenario has been considered in
[17], [18], where the problem is again widely open.

Many practical methods exist for constructing MDs (see [19]
for an excellent review). Among them, the MD scalar quanti-
zation (MDSQ) proposed by Vaishampayan [20], [21] explic-
itly takes the quantization approach. The optimization of the
key component of this method, namely the index assignment,
turns out to be a difficult problem. Several heuristic methods
are provided in [20] to construct balanced index assignments,
which achieve a central and side distortion product 3.07 dB
away from the rate—distortion bound at high resolution [22]; this
granular distortion gap can be further reduced [23]. The problem
of design good index assignment was also tackled by other re-
searchers [24]-[27]. The MDSQ framework was later extended
to MD lattice vector quantization (MDLVQ) for balanced de-
scriptions in [28] and for the asymmetric case in [29]. The de-
sign relies heavily on the lattice/sublattice structure to facilitate
the construction of index assignments. The analysis on these
quantizers shows that the constructions are high-resolution op-
timal in asymptotically high dimensions.

More relevant to our work is [32], where Frank-Dayan and
Zamir proposed a class of MD schemes based on entropy-coded
dithered lattice quantizers (ECDQs). The system consists of two
independently dithered lattice quantizers as the two side quan-
tizers, with a possible third dithered lattice quantizer to provide
refinement information for the central decoder. It was found that
even with the quadratic Gaussian source, this system is only

IThe form of the EGC region here is slightly different from the one given in
[5], but it is straightforward to show that they are equivalent.
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optimal in asymptotically high dimensions for the degenerate
cases such as successive refinement and the “no excess mar-
ginal-rate” case, but not optimal in general. The difficulty lies in
generating dependent quantization errors of two side quantizers
to simulate the Gaussian MD test channel. Several possible im-
provements were provided in [32], but the problem remains un-
solved.

In this paper we provide a systematic treatment of the
EGC achievable MD rate-distortion region and show it can
be decomposed into a simplified-EGC (SEGC) region and a
superimposed refinement operation. Furthermore, any point in
the SEGC region can be achieved via a successive quantization
scheme along with quantization splitting. For the quadratic
Gaussian case, the MD rate—distortion region is the same as
the SEGC region, and the proposed scheme has an intrinsic
connection with the Gram—Schmidt orthogonalization method.
Thus, we use single-description ECDQs with independent
subtractive dithers as building blocks for this MD coding
scheme, by which the difficulty of generating dependent quan-
tization errors is circumvented. Analytical expressions for the
rate—distortion performance of this system are then derived for
general sources, and compared to the optimal rate regions at
both high and low lattice dimensions. The proposed scheme is
conceptually different from those in [32], and it can achieve the
whole Gaussian MD rate—distortion region as the dimension
of the (optimal) lattice quantizers becomes large, unlike the
method proposed in [32]. The scheme is further illustrated in
Section VI using an undithered scalar quantization system,
whose high resolution analysis shows promising performance.

The remainder of this paper is divided into six sections.
In Section II, ECDQ and the Gram-Schmidt orthogonaliza-
tion method are briefly reviewed and a connection between
the successive quantization scheme and the Gram—Schmidt
orthogonalization method is established. In Section III, we
present a systematic treatment of the EGC region and show
the sufficiency of a successive quantization scheme along with
quantization splitting. In Section IV, the quadratic Gaussian
case is considered in more depth. In Section V, the proposed
scheme based on ECDQ is shown to be universal for all i.i.d.
smooth sources with performance no worse than that for an
ii.d. Gaussian source with the same variance and asymptot-
ically optimal at high resolution. A scalar MD quantization
scheme in our framework is given in Section VI. Some further
extensions are suggested in Section VII, which also serves
as the conclusion. Throughout, we use boldfaced letters to
indicate (n-dimensional) vectors, capital letters for random
objects, and small letters for their realizations. For example, we
let X = (X(1),---,X(n))T and & = (z(1),---,z(n))T.

II. ENTROPY-CODED DITHERED QUANTIZATION AND
GRAM-SCHMIDT ORTHOGONALIZATION

In this section, we first give a brief review of ECDQ, and
then explain the difficulty of applying ECDQ directly to
the MD problem. As a method to resolve this difficulty, the
Gram—Schmidt orthogonalization is introduced and a connec-
tion between the sequential (dithered) quantization and the
Gram-Schmidt orthogonalization is established. The purpose
of this section is twofold: The first is to review related results
on ECDQ and the Gram—Schmidt orthogonalization and show
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Fig. 2. ECDQ and its equivalent additive-noise channel.

their connection, while the second is to explicate the intuition
that motivated this work.

A. Review of Entropy-Coded Dithered Quantization

Some basic definitions and properties of ECDQ from [32]
are quoted below. More detailed discussion and derivation can
be found in [37]-[40]. An n-dimensional lattice quantizer is
formed from a lattice L,,. The quantizer @, (-) maps each
vector £ € R™ into the lattice point I; € L,, that is nearest to .
The region of all n-vectors mapped into a lattice point l; € L,
is the Voronoi region

V(i) ={z e R" : |lz = L[| < |lz = 1;||,Vj # i}

The dither Z is an n-dimensional random vector, independent
of the source, and uniformly distributed over the basic cell Vj of
the lattice which is the Voronoi region of the lattice point 0. The
dither vector is assumed to be available to both the encoder and
the decoder. The normalized second moment (,, of the lattice
characterizes the second moment of the dither vector

1
~E|Z|? = G, V"
n

where V' denotes the volume of Vj. Both the entropy encoder
and the decoder are conditioned on the dither sample Z; further-
more, the entropy coder is assumed to be ideal. The lattice quan-
tizer with dither represents the source vector X by the vector
W = Q.(X + Z) — Z. The resulting properties of the ECDQ
are as follows.

1) The quantization error vector W — X is independent of X
and is distributed as —Z. In particular, the mean-squared
quantization error is given by the second moment of the
dither, independently of the source distribution, i.e.,

1 1
SE|W - X = ZE|1Z)? = G,V
n n
2) The coding rate of the ECDQ is equal to the mutual infor-
mation between the input and output of an additive noise

channel Y = X + N, where N, the channel’s noise, has
the same probability density function as —Z (see Fig. 2)

H(Qn(X + 2)|2) = I(X;Y) = h(Y) — h(N).
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3) For optimal lattice quantizers, i.e., lattice quantizers with
the minimal normalized second moment (7,,, the autocorre-
lation of the quantizer noise is “white,” i.e.,EZZ T—s2p,
where I, is the n X n identity matrix, o2 = GSLptVQ/" is
the second moment of the lattice, and

 Jy, llz)?dz
opt __ 0
G = 3 i
is the minimal normalized second moment of an n-dimen-
sional lattice.

Consider the following problem to motivate the general re-
sult. Suppose a quantization system is needed with input X;
and outputs (Xs,...,Xps) such that the quantization errors
X; — X1,2 = 2,...,M, are correlated with each other in a
certain predetermined way, but are uncorrelated with X;. Seem-
ingly, M — 1 quantizers may be used, each with X as the input
and X; as the output for some i,2 = 2,..., M. By property 1)
of ECDQ, if dithers are introduced, the quantization errors are
independent of the input of the quantizer. However, it is difficult
to make the quantization errors of these M — 1 quantizers cor-
related in the desired manner. One may expect it to be possible
to correlate the quantization errors by simply correlating the
dithers of different quantizers, but this turns out to be not true as
pointed out in [32]. Next, we present a solution to this problem
by exploiting the relationship between the Gram—Schmidt or-
thogonalization and sequential (dithered) quantization.

B. Gram—Schmidt Orthogonalization and Sequential Dithered
Quantization

In order to facilitate the treatment, the aforementioned
problem is reformulated in an equivalent form: Given X with
an arbitrary covariance matrix, construct a quantization system
with X as the input and ()N(g, X ) as the outputs such
that the covariance matrices of X} and X M are the same.

Let H, denote the set of all finite-variance, zero-mean, real
scalar random variables. It is well known [41], [42] that H
becomes a Hilbert space under the inner product mapping
(X,Y) = E(XY) : H, X Hy — R; the norm induced by this
inner product is thus || X||? = EX?2.

For XM = (X1,..., Xy)T with X; € Hyi=1,..., M,
the Gram—Schmidt orthogonalization can be used to construct
an orthogonal basis BM = (By,...,By)T for XM, Let
Kx denote the covariance matrix of (X1,...,X,,)7T and let
KXmX;n—l = [E[Xm<X17 . 7Xm,1)T], then

By =Xy (D
Bi=X, - K, 1 Xi™", i=2,... M. )

Here K;_; € R**(~1) is arow vector satisfying Ki 1K i =
K, Xt When Kle,'—l is invertible, K;_1 is uniquely given by
KX“\TIK;(;{]
mean-square error (MMSE) estimator of X; given X{_l, and
EB? is its corresponding linear MMSE estimation error. B

. The product K;_1 X{_ Vs the linear minimum
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is sometimes referred to as the innovation process [41]. In the
special case in which X{ are jointly Gaussian

1—1
Ki 1 X{'=E (X;|X{ ') =) E(Xi|By), i=2,....M
7j=1

and BM are zero-mean, independent, and jointly Gaussian.
Moreover, since X { is a deterministic function of B{ , it follows
that B}, is independent of X{, fori =1,..., M — 1.

We now show that one can construct a sequential quantization
system with X; as the input to generate a zero-mean random
vector X M — (X' 1, X 2yt X 2 [) whose covariance matrix is
also K x - Let XM be a zero-mean random vector with covari-

ance matrix K XM By (1) and (2), it is true that

X, =B 3)
X, =K1 X7+ B, i=2,...,M. 4)

Assume that B; # 0 fori = 2,...,
lattice quantizer with step size

A; = \/12EBZ,,,

Let the dither Z; ~ U(—A;/2,A;/2) be arandom variable uni-
formly distributed over the basic cell of Q; 1,7 =1,2,..., M —
1. Note: the second subscript n of @; , denotes the dimension
of the lattice quantizer; in this case n = 1, so it is a scalar quan-
tizer.

Let (X1, Z1,. .., Za—1) be independent. By the property of
ECDQ, we can construct X; as

M. Let Q;1(-) be ascalar

i=1,2,...,M—1.

X1 =X, (5)

Xi = Qi—l,l (Ki_lX{_l + Zi—l) - Zi—l
=K, 1 XiY4 N, i=2,....M (6)
where N; ~ U(A;/2,A;/2) with EN? = EB?,,i =

1,...,M — 1, and (X3, Ny,...,Nys) are independent. By
comparmg 3), (4) and (5), (6), it is straightforward to verify
that X and XM have the same covariance matrix. Note that
if B; = 0 for some 7, then X = K;_ 1X =1 and therefore no
quantization operation is needed to generate X; from X -1
The generalization of the correspondence between the Gram—
Schmidt orthogonalization and the sequential (dithered) quanti-
zation to the vector case is straightforward; see Appendix I.

III. SUCCESSIVE QUANTIZATION AND
QUANTIZATION SPLITTING

In the last section, it has been shown that Gram—Schmidt or-
thogonalization can be used to form any quantization noise cor-
relation structure. However, the rate constraints do not come into
the picture, and the quantization order is chosen in an arbitrary
fashion. These factors have to be determined in the specific con-
text. In this section, we provide an information-theoretic anal-
ysis of the EGC region and show it can be decomposed into a
simplified-EGC (SEGC) region and a superimposed refinement
operation. Furthermore, any rate pair in the SEGC region can
be achieved via a successive quantization scheme along with
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quantization splitting. In this way, we associate each rate pair in
the SEGC region with a natural quantization order. We will see
in Section IV that in the Gaussian MD case, the Gram—Schmidt
orthogonalization procedure generates sufficient statistics along
this quantization order and therefore has the property of rate
preservation.

We focus on discrete memoryless source and bounded dis-
tortion measure. The results can be generalized to the quadratic
Gaussian case, using the technique in [61].

A. An Information-Theoretic Analysis of the EGC Region
Rewrite R (U, Us, Us) in the following form:

R(Ul U2 Ug) = {(Rl,Rz) : R1 +R2 > I(XUl,UQ)
+I(U1,U2)+I(X U3|U1,U2) R >I(X U) 1 =1, 2}

Without loss of generality, assume that X — Us — (Uy,Us)
form a Markov chain since otherwise Us can be replaced by
Us = (U1, Us, Us) without affecting the rate and distortion
constraints. Therefore, Uz can be viewed as a fine description
of X and (U;,U;) as coarse descriptions of X. The term
I(X;Us | Uy, Us) is the rate used for the superimposed refine-
ment from the pair of coarse descriptions (Uy,Us) to the fine
description Us; in general, this refinement rate is split between
the two channels. Since description refinement schemes have
been studied extensively in the multiresolution or layered
source coding scenario and are well understood, this operation
can be separated from other parts of the EGC scheme.

Definition 3.1 (SEGC Region): For random variables U; and
U, jointly distributed with the generic source variable X via
conditional distribution p(uy,us | z), let

R(Uy,Us) = {(R1, Ry) : Ry + Ry > I(X; Uy, Us)
+1(Uy;Us), Ry > I(X;U;),i = 1,2}
Let
Q(Uy,Us)
= {(R1, Ry, D1, D5, D3) : (Ry, Ry) € R(Uy,Us),3X;
= g1(U1), Xa = g2(U2), X3 = g3(U1, Us)
with Ed(X, X;) < D;,i = 1,2,3}.

The SEGC region is defined as

Q(U1,U»)
p(u1,uz | @)
The SEGC region first appeared in [1] and was attributed to
El Gamal and Cover. It was shown in [7] that Osgac € Qrac.-
Using the identity

9sEac = conv

I(A;BC)=1(A;B)+ I(A;C)+ I(B;C|A) — I(B; C)

R(Uy,Us) can be written as

R(Ul,UQ) = {(Rl Rz) : Rl + RQ > I(XUl) + I(XUQ)
F (UL Us | X), R; > I(X;U;),i = 1,2}
The typical shape of R(U;, Us) is shown in Fig. 3.

It is noteworthy that R(U;, Us) resembles Marton’s achiev-
able region [43] for a two-user broadcast channel. This is not
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Fig. 3. The shape of R(Uy,Us).

surprising since the proof of the EGC theorem relies heavily
on the results in [44] which were originally for a simplified
proof of Marton’s coding theorem for the discrete memoryless
broadcast channel.? Since the corner points of Marton’s region
can be achieved via a relatively simple coding scheme due to
Gel’fand and Pinsker [46], which for the Gaussian case becomes
Costa’s dirty paper coding [47], it is natural to conjecture that
simple quantization schemes may exist for the corner points of
R (U1, Us). This conjecture turns out to be correct as will be
shown later.

Since I(Uy;U|X) > 0, the sum-rate constraint in
R(U1,Us) is always effective. Thus

{(RhRg)lRl—f—RQ :I(X,Ul)—i—I(X,UQ)
+I(U1;U2|X),R,; ZI(X,UJ,ZZ 1,2}

will be called the dominant face of R(Uy,Us). Any rate pair
inside R(U;, Us) is inferior to some rate pair on the dominant
face in terms of compression efficiency. Hence, in searching for
the optimal scheme, attention can be restricted to rate pairs on
the dominant face without loss of generality. The dominant face
of R(U, Us) has two vertices V; and Va. Let (R1(V;), R2(V;))
denote the coordinates of vertex V;,7 = 1,2, then

Vi Ry(Vh) =I(X;Uh), Ry(Vi) = I(X,Uy; Us)
Vo : Ry(Va) = I(X,Uz; Uy), Ra(Va) = I(X; Us).

The expressions of these two vertices directly lead to the fol-
lowing successive quantization scheme. By symmetry, we shall
only consider V;.

B. Successive Quantization Scheme

For vertex V7, the successive quantization coding scheme suf-
fices, which can also be understood as a special case of the

2The resemblance between R(U;, U,) and Marton’s region has a deeper
reason. See [45] for a detailed discussion.
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coding scheme in [5]. It is outlined below because the quan-
tization splitting scheme in the next subsection will utilize this
idea.

1) Codebook Generation: Encoder 1 independently generates
2rll(XsUn+al codewords Up(j) ~ [[p(w1). Encoder
2 independently generates 2"[/(X:UnsUz2)+e] codewords
Us(k) ~ [Tp(uz).

2) Encoding Procedure: Given X, encoder 1 finds the code-
word U (j*) which is strongly typical with X. Then en-
coder 2 finds the codeword Uz (k*) which is strongly typ-
ical with X and U;(5*). Index j* is transmitted through
channel 1 and index k™ is transmitted through channel 2.

3) Reconstruction: Decoder 1 reconstructs X; with X (t) =
91(U1(5*,1)). Decoder 2 reconstructs Xo with X,(t) =
92(Us(k*, t)). Decoder 3 reconstructs X3 with X3(t) =
93(U1(5*,t), Ua(k*,t)). Here, Uy (j*,t) and U (k*, t) are
the ¢th entries of U;(j*) and Uy (k*), respectively, t =
1,2,...,n.

For this scheme, encoder 1 does the encoding first and then en-
coder 2 follows. The main complexity of this scheme resides in
encoder 2, since it needs to construct a codebook that covers the
(X,U1)-space instead of just the X-space. Observe that, if a
function f(X,U;) = V can be found such that V' is a sufficient
statistic for estimation Uy from (X, Uy), i.e., (X,U;) =V —
U, form a Markov chain,3 then

I(X,U;Uz) = I(V; Us).

The importance of this observation is that encoder 2 then only
needs to construct a codebook that covers the V-space instead
of the (X, U+ )-space. This is because the Markov lemma [48]
implies that if U is jointly typical with V, then Uj is jointly
typical with (X,U;) with high probability. This observation
turns out to be crucial for the quadratic Gaussian case.

We point out that the successive coding structure associated
with the corner points of R(Uy,Usz) is not a special case in
network information theory. Besides its resemblance to the
successive Gel’fand—Pinsker coding structure associated with
the corner points of the Marton’s region previously mentioned,
other noteworthy examples include the successive decoding
structure associated with the corner points of the Slepian—Wolf
region [49] (and more generally, the Berger—Tung region [48],
[50], [51]) and the corner points of the capacity region of the
memoryless multiaccess channel [52], [53].

C. Successive Quantization Scheme With Quantization
Splitting

To achieve an arbitrary rate pair on the dominant face of
R (U1, Us), a straightforward method is to timeshare the coding
schemes that achieve the two vertices. However, such a scheme
generally requires four different quantizers, which is not desir-
able. Instead, the scheme based on quantization splitting intro-
duced below needs only three quantizers. Before presenting this
coding scheme, we shall first prove the following theorem.

3Such a function f(-,-) always exists provided |V| > |X||Uf].
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Theorem 3.1: For any rate pair (R, Ry) on the dominant
face of R(Uy,Us), there exists a random variable U} with
(X,U;1) — Uy — Uj forming a Markov chain such that

Ry = I(X,U3;Uy)

Ry = I(X;U3) + I(X, U3 U2 | Uy).
The apparent symmetric claim by switching the role of U; and
U, also holds.

Before proceeding to prove this theorem, we make the fol-
lowing remarks.
o Since (X,U;) — Uy — U} form a Markov chain, if
U}, is independent of Us, then it must be independent of
(X, U1, Us) altogether.# Then in this case

R1:I(X;U1), RZZI(X,Ul;UQ)
which are the coordinates of V.
* At the other extreme, letting U, be U, gives

Ry =I(X,Uy;Uy), Ro=1I(X;Uy)

which are the coordinates of V5.

Proof: Since the desired Uj has the property that
(X,U;) — Uy — U} form a Markov chain, we only need to
specify the distribution of U} conditioned on Us.

Construct a class of transition probabilities’ p.(u? | ug) pa-
rameterized by e such that I(U; U3) varies continuously from 0
to H(U-) as e changes from 0 to 1. It remains to show that

Ri+ Ry = I(X;Uy) + I[(X;Us) + [(Uy; U | X).
This is indeed true since

Ri+ Ry = I(X,Uy; Ur) + I(X;U3) + I(X, Ur; Uz | Uy)
= I(X, U U + I(X:U3) + I(X: U | U3)
+I(Uy; U2 | X, U3)
= I(X,Us,Uy; Uy) + 1(X;Us, Uj)

© [(X, Uy UL) + I(X; Uy)

= I(X;Ur) + [(X;U2) + I(Uy; Uz | X),

where (a) follows from the fact that (X, U;) — Uy — U} form
a Markov chain, and this completes the proof. O

The successive quantization scheme with quantization split-

ting is outlined as follows.

1) Codebook Generation: Encoder 1 independently generates
about 2"I(XU2:UN+] codewords Uy (i) ~ [Ip(u1).
Encoder 2 independently generates about 271/ (X:Uz)+¢]
codewords U’(j) ~ ] p(ub). For each codeword U;(j),
encoder 2 independently generates 27/ (X:U1:U2 [Us)+e;]
codewords Us(j, k) ~ [, p(u2|Us(4,t)). Here Us(34,t)
is the tth entry of U, ()

2) Encoding Procedure: Given X, encoder 2 finds the code-
word Uj(5*) such that Ujy(5*) is strongly typical with
X. Then encoder 1 finds the codeword U;(i*) such

4This is because I(X, Uy, Us; Uj) = I(Us; UL) = 0.

SThere are many ways to construct such a class of transition probabilities.
For example, we can let po(u) | u2) = p(ub), pi(ub|uz) = 6(uz, uh), and
set pe(ub |uz) = (1 — €)po(ub | ua) + ep1(uly | us). Here 8(uo, ul) = 1if
us = ul, and = 0 otherwise.
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that U (i*) is strongly typical with X and Us(5*). Fi-
nally, encoder 2 finds the codeword Us(j*, k*) such that
U, (5*, k*) is strongly typical with X, U1 (i*) and U, (5*).
Index ¢* is transmitted through channel 1. Indices j* and
k* are transmitted through channel 2. .

3) Reconstruction: Decoder 1 reconstructs X 1 with
X1(t) = g1(U1(i*,t)). Decoder 2 reconstructs X with
X5(t) = g2(Us(§*, k*,t)). Decoder 3 reconstructs X3
with X3(t) = gs(Uy(i*,t), Ua(5*, k*, t)). Here Uy (i*, t)
is the tth entry of Uy (i*) and Us(5*, k*, t) is the tth entry
of Uy(j*,k*),t =1,2,...,n.

This approach is a natural generalization of the successive quan-
tization scheme for the vertices of R(U;, Us). U can be viewed
as a coarse description of X and U, as a fine description of
X. The idea of introducing an auxiliary coarse description to
convert a joint coding scheme to a successive coding scheme
has been widely used in the distributed source coding problems
[54]-[56]. Similar ideas have also found application in multiac-
cess communications [57]-[60].

IV. THE GAUSSIAN MD REGION

In this section, we apply the general results in the pre-
ceding section to the quadratic Gaussian case. The Gaussian
MD rate—distortion region is first analyzed to show that
Qrgc = 9Qsgge in this case. Then, by incorporating the
Gram-Schmidt orthogonalization with successive quantization
and quantization splitting, a coding scheme that achieves the
whole Gaussian MD region is presented. The rates and distor-
tions are derived explicitly for the Gaussian source, and they
will be used to bound the corresponding rates and distortions
in the next section when ECDQs are utilized for more general
sources. To facilitate reading, the linear estimation coefficients
and statistics of the innovation process are collected in Ap-
pendix II.

A. An Analysis of the Gaussian MD Region

Let {X%(¢)}52, be an i.i.d. Gaussian process with X “ () ~
N(0,0%) for all ¢. Let d(-,-) be the squared error distortion
measure. For the quadratic Gaussian case, the MD rate—dis-
tortion region was characterized in [3], [5], [62]. Namely,
(R1, Ry, D1, Do, D3) € Q if and only if

1 o2
R; > = log == =12

1 21
R+ Ry > —log IX 4 2 log4)(D1, Do, D3)
2 Ds 2

where the expression of ¢(D1, Ds, D3) is given at the top of
the following page.

The case D3 < D + Dy — 0% and the case D3 >
(1/D1 + 1/Dy — 1/0%)~! are degenerate. It is easy
to verify that for any (Ry,Rs,D;1,D3,D3) € Q with
D3 < D1+ Dy — (7%-, there exist D7 < D, D3 < Dj such
that (Ry, Re, D}, D3, D3) € Q and D3 = D} + D3 — o%.
Similarly, for any (Ry,Rs,D1,D2,D3) € Q with
D3 > (1/D1 +1/Dy — 1/a%)~!, there exist D} = (1/D1 +
1/D2 — 1/0"2\7)_1 < Dj3 such that (Rl,R27D1,D27D§) € Q.
Hence, without loss of optimality, we shall only consider the
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1
Ug(Dg
DDy’

7

/l/)(D17D27D3) =
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D3<D1+D2—O’§(

—1
D 1 1 1
3>(L1 D2 Gé{)

0.W.

(0% ~ Ds)* ~ [V(e% ~ D (0% ~ Do) — /(D1 ~ Da)(D> ~ D)

case (1/D1+1/Dy — 1/0%)™1 > D3 > Dy + Dy — 0%, for
which D1, D5, and D3 all are effective.
Following the approach in [5], let

Ui=X“+To+ T @)
Uy=X+To+ T (8)

where (T1,T5),To, X are zero-mean, jointly Gaussian
and independent, and E(T1T2) = —oqo1,. Let )A(LG =
E(XC|U;) = a;U; (i = 1,2), and X§ = E(XC | U, U,) =
01U + (B2Us (see Appendix II for «;, G;,2 = 1,2). In this
case, the achievable rates and distortions can be computed
analytically.

Set E(XC — X&) = D;,i = 1,2,3; then

Dso2
2 _ 30X
or, = 702( D, O]
D;o% Dso2
2 i0x 30% )
or; 0% —D; 0% —Ds’ ! ’ (10)

After further computation, it can be verified that
RE (U, Uy)

£ {(R,Ry) : Ry + Ry > I(XY;Uy) + (X%, Uy)
+I(U1; U | X€), Ry > I(XC:U;),i = 1,2}

><K\D

1 o

= {(Rl,Rz) Ry + Ry > - log
D3

2

—_
Nl\')

1
+ 510g¢(D17D2;D3)7R1: > —log(;, 0= 1;2}-

Hence, for the quadratic Gaussian case

Q = Orac = 9skEcc

and there is no need to introduce Us (more precisely, Us can be
written as a deterministic function of U; and Us).

We can see that for fixed (D1, D2, D3), U% (i =0,1,2)
are uniquely determined by (9) and (10), and consequently
R (Uy, Us) is given by (11). Since only the optimal MD coding

scheme is of interest, the sum-rate R; + Rs should be mini-
mized with respect to the distortion constraints (D1, D, D3),
i.e., (R1, Ry) must be on the dominant face of RY(Uy, Us).
Thus, for fixed (D1, D2, D3)

1 2 1
Ry + Ry = —IOgU—X'i'ElOgT/)(Dl,Dz-,D:s)- (12)

2 D3

B. Successive Quantization for Gaussian Source

If we view Uy, Us as two different quantizations of X G and
let U; — X% and U, — X be their corresponding quantization
errors, then (13) follows, as shown at the bottom of the page,
where the inequality is strict unless D3 = (1/D1 + 1/Dy —
1/0%)~1. The existence of negative correlation between the
quantization errors is the main difficulty in designing optimal
MD quantization schemes. To circumvent it, U; and Us can be
represented in a different form by using the Gram—Schmidt or-
thogonalization. It yields that

B; = X¢
By =U, — E(U, | X% =U; — X¢
B3 = Ug —E(U2|XG,U1) = UQ —alXG — (l2U1

and expressions for a,as, EB3, and EB3 are given in Ap-
pendix II.

Now consider the quantization scheme for vertex Vi€ of
RE(Uy,Us). Ry (V) is given by

Ri(VE)=1(X%Uy) = (X9 X9+ Bs). (14
Since Uy = E(Uy | X, Uy) + B3, where Bs is independent of
(XY, Uy), it follows that (X<, Uy) — E(Uy | X9, Uy) — Uy
form a Markov chain. Clearly, E(Us | X%, Uy) — (X9, U;) —
U, also form a Markov chain since E(Us | X9, U;) is a deter-
ministic function of (X, U, ). These two Markov relationships
imply that I(X %, Uy; Uy) = I(E(Uy | X9, Uy); Us), and thus

Ry(VE) = I(XC, U Uy)
= I(E(Us | XC,Uy); Uo)
:I(alXG+a2U1;a1XG+a2U1 +B3). (15)

E[(Uy — X)(U> — X9)]

2
=01, — 01,01,

E[(To + T1)(To + T»)]

- Dga?Y
- agf — Ds O'g(

D10§( _ D3U§( D2U§( _ Dgag(
—D1 O'g(—Dg, O'g(—DQ 012\7—D3

<0

13)
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Fig. 4. MD quantization scheme for V,%.

Although the preceding expressions are all of single-letter type,
it does not mean that symbol-by-symbol operations can achieve
the optimal bound. Instead, when interpreting these informa-
tion-theoretic results, one should think of a system that operates
on long blocks.

Intuitively speaking (see Fig. 4), (14) and (15) suggest the
following quantization scheme. Encoder 1 quantizes at rate
R1(V€) with input X¢ and output U;. The quantization error
isB,=U; - X G, which is a zero-mean Gaussian vector with
covariance matrix E B21,,. Encoder 2 quantizes at rate Ry (V%)
with input a; X G4 aoU; and output U,. The quantization
error B; = Uy — a; X% — ayU, is a zero-mean Gaussian
vector with covariance matrix EB31,,.

Remarks:

1) U; (or Us) is not a deterministic function of X @ (or
a1XG + asUy), and for classical quantizers the quan-
tization noise is generally not Gaussian. Thus, strictly
speaking, the “noise-adding” components in Fig. 4 are not
quantizers in the traditional sense. We nevertheless refer
to them as quantizers® in this section for simplicity.

2) From Fig. 4, it is obvious that the MD quantization for
V¢ is essentially the Gram—Schmidt orthogonalization
of (X%,U,,U,). As previously shown in Section II, the
Gram—-Schmidt orthogonalization can be simulated by
sequential (dithered) quantization. The formal description
and analysis of this quantization scheme in the context of
MDs for general sources will be given in Section V.

C. Successive Quantization With Quantization Splitting for
Gaussian Source

Now we study the quantization scheme for an arbitrary rate
pair (R§', RY) on the dominant face of R (U, Us). Note that

OThis slight abuse of the word “quantizer” can be justified in the context of
ECDQ (as we will show in the next section) since the quantization noise of the
optimal lattice quantizer is indeed asymptotically Gaussian; furthermore, the
quantization noise is indeed independent of the input for ECDQ [38].
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since the rate sum R + RS is given by (12), (R{, RS) only
has one degree of freedom.

Let U} = X G + Ty + Ty + T, where T3 is zero-mean,
Gaussian, and independent of (X%, Ty, T1,T3). It is easy to
verify that (X% U;) — Us — Ul form a Markov chain.
Applying the Gram-Schmidt orthogonalization algorithm to
(XY, UL, Uy), we have (with expressions for by, bo, [EB% and
EB? in Appendix II)

B =X

By = Uy —E(Uy| X%) = Uy — XC

By =U; —E(Uy | X%, Up) = Uy — b, X% = byU3.
Since Uy = E(U; | X%, US) + Bs, where Bj is independent

of (XY, U}), it follows that
(X, U3) = E(U, | X€,U3) — U,
form a Markov chain. Clearly
E(U, | XC,U3}) — (XC,U3}) — Uy

also form a Markov chain because E(U; | X, U}) is deter-
mined by (X%, U}). Thus, we have

I(XC UL U = I(E(UL | X9, US); Uy)
and this gives
R§ = llog (0% + o, + %) (0%0 +of, + 0%3)

2
2 oT,

(o1, + om,)2 + 0%, (0% +0%,)

Hence, o% is uniquely determined by (16) at the bottom of the
page. R can also be readily computed in terms of ch b=
0,1,2,3 and o2, and it can be shown straightforwardly that as
U% varies from 0 to 0o, all the rate pairs on the dominant face
of RY(Uy, Us) can be achieved.
For a specific rate pair (R, RS'), we have

RY = (X%, Uy Un) = I(E(U, | XC, U3); Uh)
b1 XG4 boUs; b1 X & + boUb + Bs)
X ; U2) + I(XG7 Ula Uz | U2)

G XG4+ By) + I(XC,Uy; Uy | UY).

|| Il
-~

I(x
(
(
(X a7
To remove the conditioning term U} in I(X Y, Uy; Uy | US), we
apply the Gram-Schmidt procedure to (Uj, X, Uy, Usy).

It yields (with expressions for b;,2 = 3,...,8 and
EB?,j = 2,3,4 in Appendix II)

By =U,
By =X —E(X%|By) = XY —b3B,;
BgZUl— [E(U1|BQ):U1—b4Bl—b5B2

E(U, | By) -
3

By=U; =Y E(Uy|B;) = Uy — bgBy — b7 By — b Bs.

i=1

2 2 52R¢
2 Oy (UT1+UT2) 2=

O'T3 =

~ (03, + %) (0% + 0%, +oh)

2 2 2
ox t o7, + o

- 16
_ 22R1C' (0'%0 + a'%]) ( )
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Now write

(X%, Uy; Uz | Ug)
= I(b3B1 + Ba,byB1 + b5By + B3; b By
+b7Bs + by By + By | By)
= I(B3,bsB; + Bs; b7 By + by By + By | By)
= I(B3,b5B3 + B3; b7 B + bs By + By)

where the last step follows from the fact that B is independent
of (B, B3, B4) The independence of B, and (B2 Bg) implies
that (BQ7 b5BQ + B3) — b7BQ + bng, — b7BQ + bSBg + B4
form a Markov chain. This observation, along with the fact that
bz By + bgBs is a deterministic function of (B, bsBs + B3),
yields

I(BQ, b5BQ + Bg; b7BQ + bng, + B4)

= I(b7Bz + bng; b7Bg + bng + B4) (18)

Now substitute B, and Bs in (18) with corresponding linear
combinations of X¢ Uy, and Uy, and define b7 = by, b5 =
b27b§ = b7 bs bg b4 = bg b-— = bgb bg — bgb7 — b4bg, and
b¢ = b, it follows that

R§ = I(by XY + byUb; Uy)
= I(b*XC + b3UL: b X + b3US + Bs), (19)
RS = I(X%, X% 4 By) + I(b3XY + 03U, + biUL; b5 X
+b3Ur + biUS + By)
= (X% U}) + I(b5XC + b3U; + biUy; Up — bEUS)
(20)

where the last step follows from the observation that b:By +
bng + B4 = U2 — bgUé

Intuitively speaking, (19) and (20) suggest the following op-
timal MD quantization system (also see Fig. 5): Encoder 1 quan-
tizes at rate R{' with input b; X ¢ 4 bsU’, and output Uy. The
quantization error B3 U,-viX-b5U '2 is Gaussian with co-
variance matrix [EB3I Encoder 2 consists of two quantlzers
The rate of the first quantizer is R2 1-Its 1nput and output are X¢
and U, respectively. Its quantization error B, = U,-X ¢
Gaussian with covariance matrix [EBZI The second quantlzer
is of rate R2 5. It has input b*X + b3U; + bU, and output
U, — biU,. Tts quantlzatlon error B, is Gaussian with covari-
ance matrix E B} 1,,. The sum-rate of these two quantizers is the
rate of encoder 2, which is R§'. Here RS’} = I(X%;U}), and
RS, = RS — RS,

Remarks:
1) U, is revealed to decoder 1 and decoder 3. U’ and U, —
biU., are revealed to decoder 2 and decoder 3. Decoder 1

. G
constructs X; = a3U;. Decoder 2 first constructs Us

using U}, and U, —bi U, and then constructs X;; = aU,.
Decoder 3 also first constructs U, then constructs X3 =
(U1 + B2Us. Tt is clear what decoders 2 and 3 want is
Uy, not U, or U — biU,. Furthermore, the construction
of U, can be moved to the encoder part. That is, encoder
2 can directly construct U, with U ’2 and Uy — b U’Q; then,
only U, needs to be revealed to decoder 2 and decoder 3.

5205

Fig. 5. MD quantization scheme for (R, RS).

2) That By is independent of (X UL, U,) and (Bz,Bg) is
a deterministic function of (X, Uy, U}) implies that By
is independent of (Bs, B3).

3) The MD quantization scheme for (R, RS') essentially
consists of two Gram—Schmidt procedures, one operating
on (X U}, Uy) and the other on (U, X Uy, Us>). The
formal description and analysis of this scheme from the
perspective of dithered quantization is left to Section V.

D. Discussion of Special Cases

Next we consider three cases for which the MD quantizers
have some special properties.

1) The case D3 = (1/Dy+1/Dy—1/0% )" For this case,
we have

(Br (Vi) Re (V7)) = (B (V57) . B2 (V57))
ok 1, 0%
B <_1 %D, 51 D—2>

which is referred to as the case of no excess marginal rate. Since
the dominant face of R“ (U, Us) degenerates to a single point,
the quantization splitting becomes unnecessary. Moreover, we
have E(U; — X9)(Uy — X¢) = 0, i.e., two quantization errors
are uncorrelated (and thus independent since (X%, Uy, Us)
are jointly Gaussian) in this case. This further implies that
U, — X% — U, form a Markov chain. Due to this fact, the
Gram-Schmidt othogonalization for (X%, U;,Us,) becomes
particularly simple

By = X€©
=U, -E(U,|X)=U; -
By =U, —E(U2| X,Uy) = E(U| X9) = U, — X,

Thus, the successive quantization scheme degenerates into the
conventional separate quantization scheme [32], which in fact
suffices for this special case. See Fig 6.

2) The case D3 = D1 + Dy — 0% For this case, we have

=Ry (VE) + Ry (VF) = 10 X

R, (V1G) + Ry (VIG) D3

which corresponds to the case of no excess sum-rate. Since
D3 = D1 + Dz — U%— 1mplles 0'%— — Dl = Dz — D3 and
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Fig. 6. Special case: D3 = (1/D1 +1/D> —1/0% )7 .

— Dy = Dy — D3, we get (21) at the bottom of the page.
Since U; and Us are jointly Gaussian, (21) implies U; and U,
are independent. This is consistent with the result in [6] although
only discrete memoryless sources were addressed there. The in-
terpretation of (21) is that the outputs of the two encoders (quan-
tizers) should be independent. This is intuitively clear because
otherwise these two outputs can be further compressed to reduce
the sum-rate but still achieve distortion D3 for the joint descrip-
tion. B121t that would violate the rate distortion theorem, since
1 log is the minimum D3-admissible rate for the quadratic
Gauss1an case.

Now consider the following time-sharing scheme Construct
an optimal rate—distortion codebook of rate 3 log B that can
achieve distortion D3. Encoder 1 uses this codebook a fraction
v (0 < 4 < 1) of the time and encoder 2 uses this codebook
the remaining 1 — v fraction of the time. For this scheme, the
resulting rates and distortions are given by Ry = 7 log ‘;—*

2
Ry =17 log 55, D1 =7D3+(1—)0%, D2 = (1-7) Ds+y0%,
and Dj3. Conversely, for any fixed D7 and D3 with D} 4+ D3 =
o3 + Ds, there exists a v* € [0, 1] such that Dy = v*Ds +
(1—-7%)o%, —2 (1 —~*)Ds + 7 o3 Tzhe associated rates
are R; = glog %; and R2 = log? B - So, this specific
time-sharing scheme can achieve any point on the dominant face
of the rate region for the special case D3 = D1 + Dy — % (see
Fig. 7). Specifically, for the symmetric case where D} = D3 =

Ry = Ylog 7*

3(D3+ 0%), wehave v* = £ and Ry =
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Ry
I
! achievable with timesharing
|
2 |

l Ox |L____ L ___

5 log Be | =
| N
I N
1 N

1 Ix 1 ok
5 log & 5log 55 Ry
Fig. 7. Special case: D3 = Dy + Dy — 0%.

3) The symmetric case D1 = D- £ Dj5: The symmetric
case is of particular practical importance. Moreover, many pre-
viously derived expressions take simpler forms if D; = Ds.
Specifically, we have

2
D30'4\— A 2

=05 .
2 T12
ox — D3 12

2
o2 — g2 Dyyox
™ T YTy o2

—Dqo

The coordinates of V¢ and V& become
2
-
Dyy’
D12 (0'\ D3)
4D3 (0% — D12) (D12 — D3)’

Ry (VE) = Ry (VE) = L1og

2

1
Ry (V) = Ry (V57) = §log
The expressions for R{' and R§ can be simplified to the ex-
pression shown at the bottom of the following page. To keep the

rates equal, i.e., RS = RS, it must be true that
2 2 2 2 2
4O.To 0Ty, + oy (UTO + 0T12)
_ 2 2 2
- 20To 0Ty, (JTO + [ + 0T3)
2
- UT12) (UTS

<~ (O'T0 2UTOUT12) =0.

If aT, 75 0T,y then

(22)

2 _
or, = 207,07y, -

D30’X

2 DQO'%( D3U§(
—D1 O'g(—D3 O'g(—Dz O'g(—Dg,

— D3)(D2 — Ds)

|E(U1U2) = 0'3( + 0'%0 — O’T1 O'T2
_ 027 4 230x D3O’Y Dlag(
X 0\, D3 agf

D302 §.(D
=o% + 30x ok (Ds

=03 |0 -

Dso? ot

Rt S

D1) (0% — Do) (0% — D3)°

21
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If o, = ory,. then
Ry (V) = Ry (V) = Rf = RY
=R (V2G) =R, (VzG) )

ie., (R{, RY) is not a function of 0%, .

Voi, € RT

V. OPTIMAL MD QUANTIZATION SYSTEM

In the MD quantization scheme for the quadratic Gaussian
case outlined in the preceding section, only the second-order sta-
tistics are needed and the resulting quantization system naturally
consists mainly of linear operations. In this section, we develop
this system in the context of the entropy coded dithered (lattice)
quantization (ECDQ) for general sources with the squared error
distortion measure. The proposed system may not be optimal
for general sources; however, if all the underlying second-order
statistics are kept identical with those of the quadratic Gaussian
case, then the resulting distortions will also be the same. Fur-
thermore, since among all the i.i.d. sources with the same vari-
ance, the Gaussian source has the highest differential entropy,
the rates of the quantizers can be upper-bounded by the rates
in the quadratic Gaussian case. At high resolution, we prove a
stronger result in Section V-C that the proposed MD quantiza-
tion system is asymptotically optimal for all i.i.d. sources that
have finite differential entropy.

In the sequel, we discuss the MD quantization schemes in
an order that parallels the development in the preceding section.
The source { X (¢)}72, is assumed to be an i.i.d. random process
(not necessarily Gaussian) with EX (¢) = 0 and EX?(¢) = 0%
for all ¢.

A. Successive Quantization Using ECDQ

Consider the MD quantization system depicted in Fig. 8§,
which corresponds to the Gaussian MD coding scheme for
VE. Let Q1,,(+) and Q2. (- ) denote optimal n-dimensional
lattice quantizers. Let Z; and Z5 be n-dimensional random
vectors which are statistically independent and each is uni-
formly distributed over the basic cell of the associated lattice
quantizer. The lattices have a “white” quantization noise co-
variance matrix of the form Jizln = [EZiZ?, where 01»2 is the
second moment of the lattice quantizer Q; ,,( - ), = 1,2; more
specifically, let 07 = EB3,03 = EB2, where EB2 and EB2
are given by (38) and (39), respectively. Furthermore, let

Wi=Q1.(X+21)-Z,
Wy =Qon(a1 X +aWi+2Z5)—2Z,
where a; and ay are given by (28) and (29), respectively.
Theorem 5.1: The first- and second-order statistics of

(X,W1,W,) are the same as the first- and second-order
statistics of (X<, Uy, U) in Section IV.
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Fig. 8. Successive quantization.

Remark: The first-order statistics of (X, W3, W3) and
(XY,U,,U,) are all zero, so we focus on the second-order
statistics. The same is true for the other random variables in
this section.

Proof: The theorem follows directly from the correspon-
dence between the Gram—Schmidt orthogonalization and the se-
quential (dithered) quantization established in Section II, and
it is straightforward by comparing Figs. 4 and 8. Essentially,
X, Z, and Z, serve as the innovations that generate the first-
and second-order statistics of the whole system. O

By Theorem 5.1,

1 1

“E|X — a;W,||” = ~EIX® —o,Ui|> =Dy, i=1,2
n n

2 2

1 1

E|X =) AW|P = —E|XE =Y GU° = Ds.
i=1 i=1

Let N; be an n-dimensional random vector distributed as
—Z;,i=1,2,3. By property 2) of the ECDQ, the rate R of the
quantizer Q1 ,( - ) can be computed and bounded as follows:

H(Q1n(X +Z1)|Z,)
=I(X;X+N,)
= }L(X +N1) - h<N1)7
%h(Wﬂ - %h(Nl)

“A(U) - Th(NY)

<

1. EB?
-3 log Gﬁpt

%log [27re (0§( + [EB%)]

Ry (V) + %log (2meGoP*)

where the inequality follows from Theorem 5.1 and the fact that
for a given covariance matrix, the joint Gaussian distribution

RY

(0% + 0%, +0%,,) (9F, + o7, +07,)

2 2 2 2 2
40’TO or, T or, (UTO + UTIZ)

[40'%00-%12 + 0—%3 (0-%0 + 0%12)] (Jg( + J%O + 0-%12) .

1
2
1
2 40%0 0%12

(0%, + 0%, +0%.)
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maximizes the differential entropy. Similarly, the rate Rs of the
quantizer Q,,( - ) can be computed and bounded as follows:

H(Q2n(a1X 4+ acW1 + Z3) | Z5)

= I(alX + G2W1§ (l1X + a2W1 + Ng)
= h(CLlX + a2W1 + Nz) — h(Nz)

1 1
= ;}L(WQ) — E}L(Nl)
1 1
< = — —h(N
< ~hUz) = —h(N1)
1 1 E B2
= 5 log [2me (0% + 0%, +0%,)] - 5 log G;,;;

=Ry (V) + %log (2meGoPY) .

Since GP* — 5L asn — oo, we have Ry < Ry(V®) and

Ry < Ry(VE) as n — oo.

Remark: As suggested by Zamir [64] and an anonymous re-
viewer, since a1 X + aaW1 = X + aoN;, we can view the
input of Q2 (- ) as a linear combination of source X and the
quantization error of ECDQ1. Now it becomes transparent that
Wi, — X and W5 — X are negatively correlated since

E[(W,—X)(Wy—X)"]=E[N1(aysN1+N5)T|=a,E[N;NT]
and ax < 0 by (13) and (29).

B. Successive Quantization With Quantization Splitting Using
ECDQ

Now we proceed to construct the MD quantization system
using ECDQ in a manner which corresponds to that for the
Gaussian MD quantization scheme for an arbitrary rate pair
(RS, RS).

LetQ7 ,,(-), @3 ,,(-),and Q3 (- ) denote optimal n-dimen-
sional lattice quantizers. Let Z75, Z5, and Z7 be n-dimensional
random vectors which are statistically independent and each is
uniformly distributed over the basic cell of the associated lat-
tice quantizer. The lattices have a “white” quantization noise
covariance matrix of the form o*21,, = EZ}Z:", where o*? is
the second moment of the lattice quantizer Q7 ,,(-),i = 1,2,3;
more specifically, let 02 = EBZ,032 = EB?, and 03> =
E B3, where EB3,EB2 and EB? are given by (40), (41), and
(42), respectively. Define

W= Qi (X +2)) - Z;
Wi = Q5,5 X + bW, + 23) — Z3
A= Qs (03X + bW, + bWy + Z3) - Z
W= A+ bW,
The system diagram is shown in Fig. 9.

Theorem 5.2~:/ The first- and second-order statistics of
(X, W,,W,, W, A) equal the first- and second-order statis-
tics of (X, Uy, Us,U%, Uy — bU%) in Section IV.

Proof: By comparing Figs. 5 and 9, it is clear that
the theorem follows from the correspondence between the
Gram-Schmidt orthogonalization and the sequential (dithered)
quantization. The following one-to-one correspondences
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b3 Qi
v _ v
—=(xX)=(P)—EcpQ2 W =X,
b b5 B
X A7/
ECDQI Y24 = QL — X,

(—={+)~ECDQ3 — X,
e "

bs

Fig. 9. Successive quantization with quantization splitting.

should be emphasized: B, and —Z}, Bs and —Z}, B, and
-Z5.X,Z7,Z5, and Z; are the innovations that generate the
first- and second-order statistics of the whole system. O

It follows from Theorem 5.2 that
1

LENX - aWil? = JEIXC — a2 = D i=1,2
n n

1 2 * 2 ?
“E|IX - Wl = —E || X% - Ul = Ds.

- ;ﬂ - ;ﬁ 5

Let N} be an n-dimensional random vector distributed as
—Z!,i = 1,2,3. By property 2) of the ECDQ, we bound the
rate Ry of Q2.,,(-) (conditioned on Z3) as follows:

R =t
n
= I(bIX + B3 Wo; b1 X + bW + N3)
1 X * 1 *
= —h(b1X + bW, + N3) — ~h(N3)

= Sh(W1) - h(N3)

—— ®M *
H(Q5, (01X + bW, +257) | Z5)

1 1
< Eh(Ul) - Eh(N2)

1 2 2 2 1 E? opt
= 5log [2me (0% + 07, +07,)] — EIOgB_?’ Gopt

1
= R{ + 5108 (2meGoPY) (23)

where the inequality follows from Theorem 5.2 and the fact that
for a given covariance matrix, the joint Gaussian distribution
maximizes the differential entropy.

Similarly, the sum-rate of Q7 ,,(-) (conditioned on Z7) and
Q3% ,,(+) (conditioned on Z3) can be upper-bounded as follows:

1 % %

Ry = ~H(Qi (X +27)|2})
1 T T * *
+ S H(Q3, (03X + bW + bW, + Z5) | Z3)

1 1
= —-h(X + N) - —h(N7}
nh( 1) nh( 1)

1 - n . I
+ —h(3X + W + W, + N3) - —h(N3)

- %h(ﬁ’;) - %h(N’{) + %h(A) - %h(NS)
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< %h(U’) - %h(N*) _h(UQ —beUs) — %h(N;)
@ Lh(Us) - b
%h(b7Bz + bsBs + By) — %h(NZ)
= %log [27re (J_%( + J%O + 0%2 + U:Qrg)] - %log Eon%t
+ %log [2me (WREB2 + b3EB? + EB?)] — ! 7 log Eﬁi
= RS + log (2meG2P) (24

where (a) follows from the Gram—Schmidt orthogonalization of
Ué, XG, Ui, and Us.

Igelmark: Since tlle,: decoders only need to know Wy =A+
bsW , instead of W, and A separately, we can actually fur-
ther reduce Ry to L H(W, | Z5,Z5, Z3). Since GSP* — 51— as
n — 00, it follows from (23) and (24) that R; < R1 , Ry < RG
asn — oo.

The preceding results imply that for general i.i.d. sources,
under the same distortion constraints, the rates required by
our scheme are upper-bounded by the rates required for the
quadratic Gaussian case. This further implies our scheme can
achieve the whole Gaussian MD rate—distortion region as the
dimension of the (optimal) lattice quantizers becomes large.

C. Optimality and an Upper Bound on the Coding Rates

Define Qo such that (Ry, Ro, D1, Do, D3) € Qoy if and
only if

1. Py
R,;ZilogD—“;, i=1,2
Ri+R >110»—X+110»¢(D D5, D3)
1 2_2 ng 9 g 1, /2, V3

where we have the expression of ¢(D1, Dy, D3) at the bottom
of the page, and Py = 2%"(X) /2re is the entropy power of X.
It was shown by Zamir [11] that for i.i.d. sources with finite dif-
ferential entropy, Qo is an outer bound of the MD rate—distor-
tion region and is asymptotically tight at high resolution (i.e.,
Dy,D5, D3 — 0 along a straight line). Again we only need
consider the case D1 + Dy — Px < D3 < ( ——%)’1.
At high resolution, we can write

1
ilogﬁl’(Dl;DmDs)
Px
(VD1 — D3 + /D> — D3)?
where o(1) — 0as Dy, Dy, D3 — 0.

The following theorem says our scheme is asymptotically op-
timal at high resolution for general smooth i.i.d. sources.

1
= 510g +o(1)
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Theorem 5.3: As D1, D5, and D3 approach zero along a
straight line, the region

1. Py 1
Bi 2 5 los D)j + 5 log(2meGiP) +o(1), i=1.2
1 Px 1 Px
Ry + Ry > - log— + =1
1+ 2_20gD3+2Og(\/D1—D3+\/D2—D3)2

3
+3 log(2meGoPY) + o(1)

is achievable using optimal n-dimensional lattice quantizers via
successive quantization with quantization splitting.
Proof: See Appendix III. O

Remark:

1) As D1,D5, D3 — 0 and n — o0, the above region con-
verges to the outer bound and thus is asymptotically tight.

2) The sum-rate redundancy of our MD quantization scheme
(i.e., successive quantization with quantization splitting) is
at most three times the redundancy of an optimal n-dimen-
sional lattice quantizer in the high-resolution regime. It is
easy to see from (23) and (24) that for the Gaussian source,
this is true at all resolutions Specifically, for scalar quan-
tizers, we have GOPt = 12, and thus the redundancy is
3 5 log % This actually overestimates the sum-rate redun-
dancy of our scheme in certain cases. It will be shown in
the next section that for the scalar case, the redundancy is
approximately twice the redundancy of a scalar quantizer
at high resolution.

3) If the successive quantization with quantization splitting is
replaced by time-sharing the quantization schemes for two
vertices, then since vertex only requires two quantization
operations, it can be shown that the redundancy of the time-
sharing approach is at most twice the redundancy of an
optimal n-dimensional lattice quantizer.

The following theorem gives a single-letter upper bound on
the rates of our scheme at all resolutions as the dimension of the
optimal lattices becomes large.

Theorem 5.4: There exists a sequence of lattice dimensions
N1, N2y e v ey Ny - -+ (M, — 00 @S M — 00) such that

lim sup L[h(X +N7) -

m—oo Mm

<h (X + N{)

h(N7)]
— h (NY)
lim sup —— (53 X + bW + N3) —

m—oo Tm

< h (X +b3NT + N§7) — h (N5)

h(N5)]

1, D3<D1+D2—PX
Px D3 1\t
, Dy> (L +4 -4
$(D1, D, Dy) = { DiD; s> (B + 3~ )
(Px — D3)?
0.W.
(Px — D3)? — [\/(Px — D1)(Px — D3) — /(D1 — D3)(Dy — Ds)]?
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and
lim sup RS [h (b§X + bZW? + bEW; + N;) - h(NZ)]

m—oo Mm

< (b5 4 BEDE A+ BEBS + b X
+ (b3bs + bE)NT + NS + N§') — h (NS

where
N{' ~ N(0,EB3), N{’ ~ N(0,EB3), N ~ N (0,EB})
and the generic source variable X are all independent.

Remark: This theorem implies that as the dimension of the
optimal lattices goes to infinity, the rates required by our scheme
can be upper-bounded as

Ry < h (X +b3NT + N57) — h (N5),
Ry < h (X + NY') — h(NY)
+ b ((b% + b3b% + b3b; + b5) X
+(b3b; + bE)NET + bN§ + N§') — h (N§).

By comparing the above two expressions with (19) and (20), we
can see that if X is not Gaussian, then B; < R, Ry < RS.

Proof: See Appendix IV. O

VI. A SCALAR QUANTIZATION SCHEME

In this section, we give a geometric interpretation of our MD
quantization scheme when undithered scalar quantization is
used in the proposed framework. This interpretation serves as
a bridge between the information-theoretic description of the
coding scheme 7 and the practical quantization operation. Fur-
thermore, it facilitates a high-resolution analysis, which offers
a performance comparison between the proposed quantization
scheme and existing MD quantization techniques.

A. The Geometric Interpretation

A classical scalar quantizer can be modeled to be composed
of three components [63].

1) The lossy encoder is a mapping ¢ : R — Z, where the
index set Z is usually taken as a collection of consecu-
tive integers. Commonly, this lossy encoder is alternatively
specified by a partition of R, i.e., the boundary points of
the partition segments.

2) The lossy decoder is a mapping ¢~ : 7T — R’, where
R’ C R is the reproduction codebook.

3) The lossless encoder v : T — C is an invertible mapping
into a collection C of variable-length binary vectors. This is
essentially the entropy coding of the quantization indices.

The successive quantization coding scheme in Fig. 8 is re-

drawn in terms of quantization encoder and decoder in Fig. 10.
The lossless encoder 7 is not essential in this interpretation and
is thus omitted. The lossy decoders in the receiver are mappings
' T — RyL,g Ty — Rb,and g3 i Ty x Ty — RS,
respectively.

7Although the ECDQ-based MD scheme considered in the preceding section
is certainly of practical value, we mainly use it as an analytical tool to establish
the optimality of our scheme. In practice, it is more desirable to have an MD
scheme based on undithered quantization.
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R
9O g O
* 1

q, () N =
X ) y 4 O
a; :
x 5, Oy O
---------- Encoder  Decoder

Fig. 10. Coding scheme using successive quantization in terms of quantization
encoder and decoder.

4

y

y=4;'(q,(x)

CONCY)
X r, )fjﬂ

ax+a,y=s;,

=y

ax+a,y=s,

Fig. 11. The geometric interpretation of the partitions using successive quan-
tization.

a o
. ! q 1() .
X 4O
9. 0% O

oo

Encoder R, Decoder

Fig. 12. Coding scheme using quantization splitting in terms of quantization
encoder and decoder.

For simplicity, assume the lossy encoders ¢, and g; generate
uniform partitions of R, respectively, while the lossy decoder ¢!
takes the center points of the partition cells of ¢, as the reproduc-
tion codebook. Function y = ¢ (g, (7)) is piecewise constant.
A linear combination of z and y is then formed as s = a1z + a»y,
which is mapped by ¢, to a quantization index ¢, (s). Consider a
partition cell 7, given by (s;, $;+1], in the lossy encoder gp.

InFig. 11, this partition cell is represented on the (z, y) plane.
For operating points on the dominant face of the SEGC region, it
is always true that 0%0 < op 01,, Wwhich implies a2 < 0 [from
(29)], and thusthe slope of theline a1z + asy = s; is always posi-
tive. Itisclearthat, given ¢, (s) = i, 2 canfall only into the several
segments highlighted by the thicker lines in Fig. 11, i.e., into the
set Cy(i) = {z : a1x + a2q.(q; *(z)) € (si,8i+1]}- The infor-
mationregarding x is thusrevealed to the lossy decoder g5 ! Inthe
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A A
y y y
y=4;'(¢.(x) y=4;'(q, () ) axtay=si f y=4;'(4.(x)
C.HNC.() C.)NC.()) ‘
X, Jch+1 x J ij+1 x J )f/+1
D) x v x )N x
ax+a,y=s;, ax+a,y =s;, E ax+a,y=s;,
ax+a,y=s, ax+a,y=s, Aax+ayy=s,
(a) (b) (c)
Fig. 13. Several special cases of the partition formed using successive quantization. (a) ¢; = 2,a> = —1, and the stepsize of ¢, is the same as that of ¢;. (b)
a1 = 2,a> = —1, but the stepsize of g, is much larger than that of ¢,. (c) When the stepsize of ¢, is much larger than that of ¢,, by slightly varying @, and a-,

the two side distortions can be made equal.

lossy encoder q,, the information is revealed to the lossy decoder
q1 !in the traditional manner that, when index j is specified, zisin
the jthcell, whichis (z;, z;41]; denoteitas C,(5) = (z;, zj41]-
Jointly, the lossy decoder g5 ! has the information that z is in the
intersection of the two sets as Cs(7) N Cx(J).

The successive quantization with quantization splitting
scheme in Fig. 9 is redrawn in Fig. 12. It can be observed
that q,,q; ! and g, play roles similar to those in Fig. 10. Let
s = bix + b3q; ' (qa(x)) and define

Cs(j) = {w : bz + 505 ' (a(2)) € (55, 55411}

where (s;,s;4+1] is the jth partition cell in the lossy encoder gj.

Notice the index ¢ = (4, %.) has two components, one is the
output of g,, and the other is that of ¢.. The lossy encoder g. and
the lossy decoders g5 ! and qs ! always have the exact output
from q,, which in effect confines the source to a finite range.
Thus, we need to consider only the case for a fixed ¢, (z) value.
It is obvious that when ¢, () = g is fixed, g, (i) = v;,. Con-
sider the linear combination of r = b3z + b3t + biq, 1(q. (7)),
where ¢ = ¢; '(gy(s)). It is similar to the linear combination
of s = bjx + b3y, but with the additional constant term by, ,
when ¢ is given. It can be shown that this constant term in fact
removes the conditional mean such that E(r | ¢.(z) = i9) = 0,
and the lossy encoder ¢, is merely a partition of an interval near
zero. Thus, with g,(z) = i given, gs, q; ! and ¢, essentially
adopt the same roles as ¢4, q; ' and gy, respectively, in Fig. 10.
This implies that a similar geometric interpretation again holds
for the additional components in Fig. 12, since b} = bg < 0 and

5 = bz — bsbg > 0. Define

CET(iaviC) = {.T HEARS (xiavxia-l-l]vT € (Ticvric-l-l]}

where (z;,,2;,+1] is the i,th partition cell in the lossy en-
coder ¢, and (r;_,r; 1] is the i.th partition cell in the lossy
encoder ¢.. Given the index pair (7,j) = (%a,%c,J), the joint
lossy decoder g3 * is provided with information that z € C,,(j)N
Czr(iav Lc)

B. High-Resolution Analysis of Several Special Cases

In what follows, the high-resolution performance of the
proposed coding scheme using scalar quantization is analyzed

under several special conditions. Of particular interest is the
balanced case, where Ry = Rs = R and two side distortions
are equal, D1 = D-. For the sake of simplicity, we focus on the
zero-mean Gaussian source. For this case, it can be shown [22]
that the central and side distortion product remains bounded by
a constant at fixed rate, which is D3D; > $0227*F, indepen-
dent of the tradeoff between them. For the sake of simplicity,
we focus on the zero-mean Gaussian source.

1) High-Resolution Analysis for Successive Quantization:
Consider using the quantization method depicted in Fig. 10 to
construct two descriptions, such that D; = D, with possibly
unbalanced rates. For the case o2 >> D; and Dy > D3 at high
rate, it is clear that 02 > 07, = 07, > o7, . Thus, a; =~ 2 and
az =~ —1 [from (28), (29)], which suggests that the slope of the
line a1z + asy = s; should be approximately 2 in this case.

Next we consider the three cases depicted in Fig. 13. In Fig.
13(a), a1 = 2,a2 = —1 are chosen. By properly choosing the
thresholds and the stepsize, a symmetric (between the two de-
scriptions) partition can be formed. Cells C.( - ) and cells Cs( -)
both are intervals, with bins staggered by half the stepsize. This
in effect gives the staggered index assignment of [66], [23]. By
using this partition, the central distortion is reduced to 1/4 of
the side distortions. Though in this case the condition D¢ > D3
does not hold, choosing a1 = 2, a2 = —1 indeed generates two
balanced descriptions. The high-resolution performance of the
partition in Fig. 13(a) is straightforward, being given by

2me

12

1
D1:D2%—A2N

~ 2—2R1 2
1270 7

xr

where the second equality is true when entropy coding is as-
sumed, and D3 ~ 1D, (also see [65]).

In Fig. 13(b), the stepsize in g, which is denoted by Ay, is
chosen to be much smaller than that of ¢,, which is denoted as
A,; however, a; = 2 and ay = —1 are kept unchanged. In this
case, the partition by g, is still uniform, and the performance of
(I1_1 is given by

1
Dy~ —A2x
12

2me

12

272R1 0_2

a x*
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This differs from the previous case in that most of the cells
C,(7) are no longer intervals, but rather the union of two non-
contiguous intervals, when A, > Ay; for a small portion of
the C cells, each of them can consist of three noncontiguous
intervals, but when A, > Ay, this portion is negligible and
will be omitted in the discussion which follows. Furthermore,
cell C,(4) approximately consists of two length-A, /2 intervals
whose midpoints are %Aa apart. The distortion achieved by
using this partition in the lossy decoder ¢s is Dy = (%Aa)2 =
%Dl. Intuitively, this says that the average distance of the points
in the cell Cs(7) from its reproduction codeword is approxi-
mately %Aa, which is obviously true given the geometric struc-
ture of the cell C,(4). Note that D; and D5 are not of equal
value.

The rate of the second description is less straightforward, but
consider the joint partition revealed to g, ! This partition is al-
most uniform, while the rate of the output of ¢, after entropy
coding is one bit less than that when the same partition is used
in a classical quantizer, because each cell C(%) consists of two
local intervals instead of one as in the classical quantizer. Thus,

l)3 ~ iA% ~ E2_2(R2+1)02 —

D)

2me
2—2R2 2.
12 T Oz

(25)

It follows that an achievable high-resolution operating point
using scalar quantization is given by D; = 2E£272Fig2
Dy = %D1D3 = %2721{203.

In order to make D; = D, when A, > /A, the values
of as can be varied slightly. First, let A, be fixed such that
Di(~ $5A2 ~ 2522721 52) and Ry are then both fixed. It is
clear with stepsize Ay, fixed, as as decreases from —1, the distor-
tion Dy increases. A simple calculation shows that when as =
—4/3, Dy > Dy; thus, the desired value of as isin (—4/3, —1),
and we find this value to be as = —1.0445. The detailed calcu-
lation is relegated to Appendix V. By using such a value, it can
be shown that an achievable high-resolution operating point is
by Dy = Dy ~ 25£272F152 and D3 ~ 0.8974 - 2227 2R 52,
The rates R; and R, are usually not equal.

2) Balanced Descriptions Using Quantization Splitting: As
previously pointed out, in the quantization splitting coding
scheme 0%3 should be chosen to be 207,01, when balanced
descriptions are required; then o7, > og, implies cr%1 >
U%S > 0%0. It follows that b} ~ 2, b5 =—1,b5~2,b] ~ —1, and
b: ~ 3. We make the following remarks assuming these values.

* The conditional expectation E(r|q.(z) = 1) is ap-

proximately zero, which implies only the case in which
a7 1((g(z))) = 0 needs to be considered. This is obvious
from the geometric structure given in Fig. 13(b) and the
values of b*s.

* The partition formed by ¢. does not improve the distortion
D, over q,. This is because the slope of the line b3z +
bit + biy;, = r; on the (z,t) plane is given in such a
way that it almost aligns with the function ¢ = f(z). In
such a case, the cell Cy,.(i,, ) consists of segments from
almost every cell Cs(j) for which Cs(j) N {z : q.(x) =
ia} # (. Intuitively, it is similar to letting the slope of
a1x + a2y = s; have a slope of 1 in Fig. 13(b), such that
the distortion Dy does not improve much over o2 in the
successive quantization case.
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With these two remarks, consider constructing balanced de-
scriptions using scalar quantization for R, = R as follows.
Chose b = 2 and b5 = —1.0445 such that, without the
lossy encoder ¢, the distortions D; and D» are made equal.
Denote the entropy rate of ¢, as Ry, and that of ¢, as Rs. Let
by = 2,b5 = —1, but bf = 2.9555 such that E(r|g.(z) = 7)
is approximately zero. By doing this, b5x + bjt + biy,, = r;
on the (z,t)-plane aligns with the function ¢ = f(z), and
thus the remaining rate Ry — R, is used by g. to improve
D3, but D and D, are not further improved. Since ¢, and g,
are both operating on high resolution, assuming 2y — Rj, is
also high, then g. partitions each € C;(j) N Cyppr (44, i) into
2R1—Ria yniform segments, thus improving D3 by a factor of
9—2(R1—Ria)

Using this construction, we can achieve a balanced high-res-
olution operating point of (Ry, Ry, D1, D1, D3) without time-
sharing, where

2me
Dy = EQ_ZRlan
and

2
Dy = 0.8974 - 2702 9 =2(R~Ru),
48

Thus, when crg > Dy = Dy > D3, the central and side dis-
tortion product is 2.596 dB away from the information-theoretic
distortion product; in fact, for any sources with a smooth prob-
ability density function (pdf), this quantizer can achieve a gran-
ular distortion 2.596 away from the Shannon outer bound which
is tight at high resolution. This is a better upper bound than the
best known upper bound of the granular distortion using scalar
quantization, which is 2.67 dB away from the information-the-
oretic distortion product [23], which was previously derived in
[23] using MDSQ [20], [21] with systematic optimization of
quantization thresholds.

Though we only considered scalar quantizers in this section,
the extension of the coding schemes to undithered vector quan-
tization is straightforward. It can be seen that in Figs. 10 and 12,
the encoders do not need to introduce the index assignment com-
ponent, which is the key component in the MDSQ and MDLVQ
framework [20], [28], and thus, we circumvent the difficulty of
designing the optimal index assignment. It is also worth men-
tioning that even when the distortions and rates are balanced,
the proposed quantization system is not completely symmetric;
this is quite different from MDSQ, and the effect of such asym-
metry on practical image/video coding system is unknown.

VII. CONCLUSION

We proposed a lattice quantization scheme which can achieve
the whole Gaussian MD rate—distortion region. The proposed
scheme is universal in the sense that it only needs the informa-
tion of the first- and second-order statistics of the source; fur-
thermore, the scheme is asymptotically optimal for all smooth
sources at high resolution.

Our results, along with a recent work by Erez and Zamir
[68], consolidate the link between MMSE estimation and lat-
tice coding (quantization), or in a more general sense, the con-
nection between Wiener and Shannon theories as illuminated by
Forney [69], [70].
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Although the linear MMSE structure is optimal in achieving
the Gaussian MD rate—distortion region as the dimension of the
(optimal) lattice quantizers goes to infinity, it is not optimal
for finite-dimensional lattice quantizers since the distribution of
quantization errors is no longer Gaussian. Using nonlinear struc-
ture to exploit the higher order statistics may result in better
performance. We also want to point out that many other stan-
dard quantizers can be easily incorporated in our framework, al-
though in this paper, to facilitate the theoretic analysis, we have
mainly focused on the lattice quantizers.

APPENDIX 1
GRAM-SCHMIDT ORTHOGONALIZATION FOR
RANDOM VECTORS

Let H, denote the set of all n-dimensional 8 finite-covari-
ance-matrix, zero-mean, real random (column) vectors. H.,, be-
comes a Hilbert space under the inner product mapping

(X,Y)=E(XY"): H, x H, — R™*".
For XM =(X1,Xo,.... X2)T with X; € H,,i=1,..., M,
the Gram—Schmidt orthogonalization proceeds as follows:

B, =X,

B, =X, - K, X\™', i=2..M
where f(i_l € R™*(i=1)n i a matrix satisfying Ki_lei—l =
K X, xi-1 When K xi-1 is invertible, we have K ,L-_ll

K X, xi K ;q-l_l. Here K xi is the covariance matrix of
(X1,...,X:)7 and
Ky xi-1 = EX:(Xy,..., X 1)"]

Again, a sequential quantization system can be constructed
with X; as the input to generate a zero-mean random
vector X iu = (X1,...,Xn)T whose covariance matrix
is also Kxau. Assume Kp, = EB;B] is nonsingular for
i=2,...,M.Let Q;,(-) be an n-dimensional lattice quan-
tizer, 7 = 1,2,...,L — 1. The dither Z; is an n-dimensional

’

random vector, uniformly distributed over the basic cell of
Qin,t =1,2,...,M — 1. Suppose (X1,Z1,...,Zp_1) are
independent, and [EZl-ZZ-T =Kp,,i=1,2,..., M. Define

X=X, (26)
Xi=Qiin (f(z'—ﬁzll_l + Zi—l) -Ziy, i=2,...,M.
(27

It is easy to show that X i\/[ and X i\/[ have the same covariance
matrix.

Suppose Kp, is singular for some 4, say Kp, is of rank
k with k < n. For this type of degenerate case, the quan-
tization operation should be carried out in the nonsingular
subspace of Kp.. Let Kg, = UAUT be the eigenvalue
decomposition of Kpg,. Without loss of generality, assume
A = diag{A1,...,A,0,...,0}, where \; < 0 for all
i = 1,2,...,k. Define A, = diag{A1,...,Ax}. Now re-
place the m-dimensional quantizer Q;_1 ,(-) in (27) by a
k-dimensional quantizer Qi—1,k(-) and replace the dither
Z;_1 by a dither Z;_; which is a k-dimensional random

8This condition is introduced just for the purpose of simplifying the notations.
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vector, uniformly distributed over the basic cell of Q;_; j with
~ ~T
[EZi,lzi_l = Aj. Let

N i1 N
(Xilie = Qi1 k ([UTKi—lxl L . + Zz’—l) —Z;1

and we have
(Xl n
. i1
[UTKHX1 ]

X, =U
k+1,n

P |
where [UTK,;_1X; 1 is a column vector containing the
_ b ol e el
first k entries of U K;_1 X, and [U'K,_1 X, lit1n
is a column vector that contains the remaining entries of
PO
UTK171X1 .

APPENDIX 11
LINEAR ESTIMATOR COEFFICIENTS AND STATISTICS OF THE
INNOVATION PROCESS

2
Ox

=X =12
0% + 07, +o7,
2
O’XO'T OT. .
[))'i - : 22 2 ) 1= 17 2
or, (or, +om,) (0% +0%,)
ay = 40%1 R (28)
' of +o3,
4y T ZOTOT: (29)
T 0% 402,
2 2
by = JT22+ UT32+JT12(7T2 (30)
or,ton,tor,
by T ZITIT: (31)
0-%0 +O—%2 +0—%3
2
ag
by = X 32
2= oL oL 1ok, o
b= X FTOR—omOT! (33)
ok +toz, +of, +o7,
py = 0T om0y (34)
0F, +of, +o7,
by X T 01+, 35
6— "3 2 2 2 (35)
JX+O'TO —I—UT2 —l—aT3
2
a.
by = 1 (36)

=3 2 2
01, tor, o7,
2 2
_ UTS (UTO —0T UT?)
bs = 2 2, 92 (2 2 @7
JTO (UTl + o, ) + UT3 (JTO + UTl )

EB%:J%O-{—U%I (38)
o2 (o L toT, 2
[EB%:M (39)
oT, o1,
[EB% = 0’%0 —1—0%2 +O’%3 (40)
2 2, 2 2 2
[EB?%:C"TO (o1, +o1,)" +o7, (0T0+UT1) @n

2 2 2
or,tor, tor,
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EBZ — U‘%( (0-%0 +0%2 +O-%3)
? é+ﬁ+%ﬁ%
[EB% 03«0 (JTI +0T2) +U%3 (U’% + 0%1)
UTO +UT2 +‘7T3
_ o2 +U +o _ _
EB}=—3 (75 ot +or,) —b2EB3 — b}EB3

Ux+UTO+UT2+UT3
2 2 2 2
_ oz, (0% + o3, +01,)
o2 402 402 402
X To T2 T3
2 4
_ 9x9T,
2 2 2 2 2 2 2
(0% +0%, +07, +01,) (03, +07, +07,)

O'rf—llwg (0'%0 _UTlaTZ)Z

2 -
[0-%0 (UTI + UT2) + 0-%3 (0—%0 + 0-%1 ) } (0—%0 + O-%f_) + 0—%3)
(42)

APPENDIX III
PROOF OF THEOREM 5.3

It is easy to Ver1fy that as Dl, Dy, D3 — 0 along a straight
7o o7, oT;

11ne wehaveDL;’ — 1,—31 — 1, and =5 — L
i =1,2. Let
D
or € [O,M <D—3(\/D1 — D3+ /Dy — D3) + Dzﬂ
1
where M is a fixed large number. Clearly, 0%3 — 0 as

D 1 D 2, D 3 = 0.
For the MD quantization scheme shown in Fig. 9, we have

1 * * *1ir *M *
Rl:gH(an(th +Wy+Z57)| Z5)
1 . w1 X
:ﬁh(X +b3;N7 + N3) — ﬁh(NQ)

1, EB2

B log G%pt

1 * *
:Eh(X + 03N+ N3) —
1 * * *
RZ:EH(QLn(X +2Z1)1Z7)

1 - -
= H(Q3, (65X + bW, + bW, + Z5) | Z3)

1 1
nh( + 1) nh( 1)
1 L e o Ly
+~h(B5X + bW + W, + N3) — —h(N)
1 1
<—h(X +N3})— —h(N?
=% ( + 1) n ( 1)
1, = A R Lo ar
+Eh(b7Bz + bsB3 + B4) - ﬁh(NB)
1 w1 EB2
:Eh(x +N7) - 510g GoPt
1 _ _ _ 1. EB?
+§ log [27re (b%EB;+b§EB§+EBi)] ) log G’(’)Lpé}c'
Since
1
Lh(X + N7) = h(X) +o(1)
n
and

1 * *
“h(X + B3N} + N3) = h(X) + 0(1)
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as D1, Do, D3 — 0 along a straight line, it follows that

1. EB2
5 gﬁpi‘i‘o(l)

11 Px (D2 +0%,)

= log

2 Ds3(v/D1 — D3 + /Dy — D3)? +UT D,

+ %log (2meGoPY) + o(1),

1 [EB2
Ry < h(X) = 5105 ot
1 _ _
+ 5 log [2me (VWEB3 + b3EB3 + EBJ)]
1 EB?

-3 log GOpt
1, Px
=5 ls 5 ey

Ds(v/Dy — D3 + /Dy — D3)? + UT D,
D3(vDy — D3 + /Dy — Ds3)?
+ log (2meGoP") + o(1).

2 1 0(1)

+11
—lo
5108

So we have
Pt
D3+ /Dy — D3)?
3
+ 3 log (2meGoP*) + o(1).

1
R+ Ry < —1

Ds(vV' D1 —

When J%a = 0, there is no quantization splitting and the quan-
tizer Q3 ,,(-) can be removed. In this case, we have

R 11 Px D,
1 = 7 log
2 7 D3(v/Dy — D3+ /Dy — D3)?

+ % log (2meGyP*) + o(1),

1 Py 1
Ry = logD_): + 5 log (2meGiP*) + o(1),

When (7%3 = [D—g(\/Dl D3 + \/D2 — D3)2 + DQ], we
have
1 P 1
Ry = -~ log == + > log (2meG5,) + (M) + o(1),
2 D1 2 ’
1 PxD;
Ry = =log 5
2 D3(\/D1 D3 + /Dy — Ds)
+ log (2meGOP') — (M) + o(1)

where ¢(M) — 0 as M — oo. Therefore, the region

1
5 log (2mreGoP) + e(M) + o(1)
1
3 log (2meGoP") + o(1)
P2
—log X 5
2 7 D3(VD1 = D3 + VD> — D3)
3
+ 5 log (2meGoP*) + o(1)

Ry

v

1. Py
i}

5% T
1
2

Ry

v

D
Px
log —=
ogD2—|—

R+ Ry

v

is achievable.
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By symmetry, the region

Ry

v

1. Py 1 )
3 log D, + 3 log (2meGoP*) + o(1)

Px 1
log — + - log (2meGoPY) + e(M) + o(1)

Dy 2
1 P2
Ri+Ry>=1lo X
! 2= 2 gDB(\/Dl — D3+ /Dy — D3)?

+ g log (2meGPP") + o(1)

R,

v

1
2

is achievable via the other form of quantization splitting. The
desired result follows by combining these two regions and
choosing M large enough.

APPENDIX IV
PROOF OF THEOREM 5.4

We shall only give a heuristic argument here. The rigorous
proof is similar to that of Theorem 3 in [38] and thus is omitted.

It is well known that the distribution of the quantization noise
converges to a white Gaussian distribution in the divergence
sense as the dimension of the optimal lattice becomes large [38].
So we can approximate N7 by N&, where N is a zero-mean
Gaussian vector with the same covariance as that of N, i =
1,2, 3. Therefore, for large n, we have

1 A T
“h(X +N7) = ~h(N7)
~ L Gy _ 1, NG
~ —h(X + NY) = ~h(NY)
=h (X +N7) —h(Nf),
~ 1
h (X + W, + N3) = —h(N3)
1 1
= “h(X +BN7 + N3) = ~h(N;)
1 e G 1 G
Eh(X+b2N1 +N2) —Eh(Nz)
h(X + 03N + N§') — h (N§)

Q

and

1 n - N1
“h (b;X W+ W, + N3) ~ —h(N)

n
1
= —h (b5 + bibj + bsbi + b3)X

* * AT* * 1 *
+ (b3b3 +b5) Ny + b3N5 + N3) — Eh(N3)
1
~ (b5 + bib; + B30 + 53) X
1
+ (4365 +b3) NY +biNS + N ) — ~h (NY)

= h((b} + b5 +b5bE +b2) X
+ (b3b% + bE) N + b NS + N§7) — h (NS) .

APPENDIX V
THE CALCULATION OF SCALAR OPERATING POINT USING
SUCCESSIVE QUANTIZATION

Observe in Fig. 13(c) that the value as is slightly different
from —1, such that a portion of the Cy cells consist of three

length-%Ab intervals which are approximately —5*A, apart
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(denote the set of this first class of cells as C?), while the other
C; cells consist of only two length—%Ab intervals which are
also —52 A, apart (denote the set of this second class of cells
as C”)); the ratio between the Lebesgue measure of these two
sets is a function of ag, which is approximately _ﬂgi’;? . Here
we again ignore the cells C'; whose constituent segments are
at the border of g, partition cells, which is a negligible portion
when A, > A;. The average distortion for each first class cell
C; is approximately %( —5> A,)?, while the average distortion
for each second class cell Cy is approximately (3 - =$2A,)2.

Thus, the distortion Dy can be approximated as

2 —a 2 1 —a 2
Dz%(—g — 3(12) . g <TAQ> +(4 + 3(12) <§TAG>

1
5as+4)a3A,>.

=76 ( (43)

Notice that —3 — 3az + 4 + 3az = 1; thus, (—3 — 3ag) is the
probability of a random Cj cell being a first class cell. Letting

Dy = Dy, = %Aaz, we can solve for ao; the only real so-
lution to this equation is as = —1.0445. The distortion D3 is

approximately %(%Ab)Q, by using an almost uniform partition
of stepsize %Ab. To approximate the entropy rate for ¢, con-
sider the rate contribution from the first class C; cells, namely

Ry=— Y p(a'() 35 los, <p(q2_1(i>)gAb>

Cs(i)ec,
3
(3 + 3asz) log, <§Ab)

- > p(e'®) gAb logy (p (22 (1))

C,s(iec!

Q

(44)

where p(z) is the pdf of the source. Similarly, the rate contribu-
tion from the second class C, cells is

/1
RZ

> pla'@) ;Ab log, <p (a3 (1)) %m)

C.(iecr

2
—(4 + 3a2) log, <§Ab>

Q

N 2 1,
= Y (e 0) G0 ogs (p (37 (1)) . @49)
c(i)ecy
Thus, the rate Ry can be approximated as
3
~ —logy(Ap) + (34 3az) log, <§>
Z1,4y 3 1,
- > (i) 5w logs (p (a5 (3))
cs(i)ec!,
N 2 1,
= Y (e 0) G0 0ss (p(037(0)) - (46)
C(i)ecy

When ¢, (-) is high resolution, p(gy'(i)) is approximately
equal to p(x), for any 2 € C,(7), and thus equal to p(q5 * (4, -)).
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Using this approximation and taking %Ab as oz, the last two
terms in (46) can be approximated by an integral, which is in
fact h(p), the differential entropy of the source. It follows that

3
oy (80) + (3-+ 3aa)logs (5 ) + b))

X

where h(p) = 5 log(2mec?) for the Gaussian source. Thus,

1 /1 2 o2rea?
Dy~ — (=A,) ~08974. L2928
12 \2 48
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