Chapter 1: Communications with Digital Signals

Problem 1.1. Determine the range of permissible cutoff frequencies for
the ideal lowpass filter used to reconstruct the signal

x(t) = 10 cos(6007t) cos*(16007t)
which is sampled at 4000 samples per second. Sketch X (w) and X (w).

Solution:  g(t) = 10cos(6007t) cos?(16007t)
= 10 cos(6007t)[5 + 3 cos(32007t)]
= 5c0s(6007t) 4 2.5 cos(38007t) + 2.5 cos(26007t)

Sampling frequency = 4000Hz, i.e. spectrum repeats every 4000Hz. The
replica of the spectrum are shown dashdotted in Fig. 1.1. The range of the
cutoff frequency of the ideal LPF is 1900Hz < f. < 2100Hz.

Note : cos?0 = Z[1 + cos 20)]
1
cos B cos ¢ = 5[ cos(f + @) + cos(0 — ¢)]
X(f)
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Fig. 1.1 Signal spectrum and its replica



Problem 1.2. Consider a signal f(t) having a probability density function

Ke Il —4<f<4
p(f) = .
0 otherwise

a) Find K.
b) Determine the step—size A if there are four quantization levels.
c) Calculate the variance of the quantization error when there are four

quantization levels. Do not assume that p(f) is constant over each level.

Solution:

a) /oo p(f)df = /44 Ke Mldf = 2K/04 Keldf =2K(1—e %) =1

—0o0

1
- K=—"—"-—~0.51
2(1 —e™)

b) The step—size A = 8/4 = 2, (quantization levels are f; = =3, fo =

_17 f3 = 17 f4 = 3)
c) Total variance of the quantization error is equal to the sum of the

variance of quantization error at each step of quantization, i.e.

fi+%

Ele?] = XL, 2 (f = frPp(f)df
= 2 = (=3)Pp(HdSf + [2(f = (=1))p(f)df+
+Jo (f = D?p(N)df + 5 (f = 3)°p(f)df
= 2K [J(f —1)%eTdf +2K [, (f —3)%fdf

= 2K(1—-5e%) +2K(e? —5e %)
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Problem 1.3. A signal f(t) is bandlimited and is ideally sampled at a
sampling period T such that there is no aliasing error. Each of the ideal
samples is then quantized to a step—size A. The resulting signal can be

written as

z(t) = i f(nTy)o(t — nTy) + i eno(t — nTy)

n=—oo n=—oo

where f(nT}) are the original unquantized sample values and e,, is the quan-
tization noise associated with the sample at nTs. Assuming that {e,} is a
set of independent random variables, show that the power spectral density of
the quantization noise is a constant (white noise) within the frequency range

of —F <w < 7. Also assume that there are many levels of quantization.

Solution:

The noise process is given by

where e,, is a random variable.
We will approach the problem by considering a finite sequence instead of an

infinite sequence, i.e. let

N-1

er(t) = > e,0(t —nTy)

n=0

where N is a finite number. This finite length sequence is shown in Fig. 3.1.
Now imagine a periodic sequence of impulses with period T such that each
impulse is of strength ey. This sequence is shown in Fig 3.2.

The periodic sequence is designated po(t) and can be expressed as a Fourier

series

po(t) = eo(t) i (t—kT) = e i aor exp(jk2nt/T) = e i apr exp(jkAwt)

k=—o0 k=—o0 k=—o0
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Fig. 3.1 Quantization noise sequence
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Fig. 3.2 Periodic impulses sequence

where Aw = 27/T. The power of the periodic sequence is given by
T/2 T/2
T/T/2 D, =7 /T/2 €0 Z 0k exp(jkAwt)] dt = e k;oomok]
But

T/2 1
ok = 7 /T/2 )exp(—jkAwt)dt = T for all k&,

Thus F, is a staircase function increasing by a step of for every Aw (Fig.

3.3). The power spectral density of the impulse sequence is given by (see
Fig. 3.4)

Now consider a similar sequence of impulses each of strength e; but occurring
at t = kT + T, (Fig. 3.5).
It can similarly be expressed as a Fourier series such that

pt)=e Y St—kT —T,) =€ > ayexp(jkAwt—jAUT)

k=—o00 k=—o00



w=kA w

Fig. 3.3 Power of periodic sequence

Spo®)

22
2r[e0IT

-~ AW 0

Fig. 3.4 Power spectral density of the impulse sequence

Again ay, = 1/T.
Now imagine a periodic sequence ér(t) of period T, such that the impulses
inside each period have strengths eg, eq,...,eny_1. In other words, imagine

the sequence in Fig. 3.1 to repeat itself every T' = N'T, then this periodic

e1 e1 e1

-T+Ts Ts T+Ts

Fig. 3.5 Impulses sequence



sequence can be written as

N—-1 N—-1 o)
er(t) = Z pa(t) = en Z g exp(JkAwt — jAwnTy)
n=0 n=0 k=—o00
N-—1 e 00
= Tn exp(—jAwnTy) > exp(jkAwt) (1)
n=0 k=—o00

But ér(t) is a periodic function, therefore it can be expressed as a Fourier
series, i.e.
ér(t) = Y apexp(jkAwt) (2)
k=—o00
Comparing (1) and (2), we see that

N-1

en ,
ar = ?exp(—]AwnTs) (3)
n=0

The power spectral density of ép(t) is

Ser(w) =21 > |ag)*d(w — kAw)
k=—o00
The power spectral density of ér(t) associated with the interval is Sz, (kAw)
such that the power falling within the frequency range (kAw—22) to (kAw+
Aw

T) 18

|a,]> = aray

But a is a random variable since e,, is a random variable. Their relationship
is given by Eq. (3). Hence we have to consider the average power falling

within the frequency range (kAw — £2) to (kAw + £2) such that

> E{Ser (kAw)Aw} = E{agaj}

= E{ fyz_ol[%"exp(—jAwnTs)] N_l[%mexp(—jAmes)]}

m=0



But Ele,e,,] = 0 for m # n since e,,, e, are independent and zero mean,

— LE{S;, (kAw)Aw) = B{AYND e = & 2N B(e)

n=0

1 N—1/A%2\ _ 1 A2
= 5 2n0(73) = =N

Now, T'= NT, and Aw = 2x/T
1 A2
—  E{S,(kAw)} = ——

Finally, we let T — oo, such that kAw — w and we have

i.e. the noise is white.



Problem 1.4. The signal in Problem 1.3 has probability density uniformly

distributed between +V. It is quantized into M discrete values, i.e.

—(M_ 1)A, - (M_ L 1>A,...,0,A,2A,..., (M_ 1>A
2 2 2

Find the signal to quantization noise ratio.

Solution:

The ideal sampled signal (without quantization) is given by

fs(t> = io: f(nTs>5(t - nTs)

n=—oo

We are given that f(nT}) is a random variable evenly distributed between
+V and —V (Fig. 4.1).

This sampled sequence is very similar to the noise sequence considered in
Problem 1.3, except that f(nTs) has a much larger range than e,. More
precisely, the range for f(nTy) is from —%A to —|—%A, while the range for

e, is from —% to +%.

> > [«

M1
-\ ZA

Fig. 4.1 Quantization levels (M levels in total)

Hence we can draw the conclusion that the power spectral density for this



sampled signal is given by

1 (MA)? 1 M2A?
SfS(w)_i 12 _i 12

To recover the signal we pass this sequence through a lowpass filter of band-
width w. = w,s/2 = 7/Ts (Nyquist rate is assumed) so that the signal power
at the output of the filter is

1 /T 1 M3?A2
Jo S0 = 755

s

% —7/Ts
The noise power at the output of the filter is

1w/t 1 A2
= So(w)dw = ==
o /_W/TS wW)dw = 7575

— i
N,

q

_ M2 — 22N

output

where N is the number of bits used to represent the M levels of quantization.



Problem 1.5. A signal f(t) is not strictly bandlimited. We bandlimit f(¢)
and then sample it. Due to bandlimiting, distortion occurs even without
quantization.
a) Show that the noise power due to the bandlimiting distortion is given
by
Np = = /OO St(w)dw

T Jwm

where Sf(w) is the power spectral density of f(t) and wy,, is the cut—off
frequency of the bandlimting filter.

b) If Sf(w) = Age™l«/«0l find Np.

c) If the bandlimted signal f(t¢) is sampled at the Nyquist rate and quan-
tized to a step-size A, find the total output signal-to-noise power, i.e. find
So/(Np + N,) assuming that the power spectral density of the quantization

noise is a constant within —7/Ts <w < 7/Ts. (See problem 1.3)

Solution:

a) Let the noise power due to the distortion of filtering be Np, then
N—l/OOS()d 1/wm5()d
D—27r 7oofww o ﬂumfww

_ ;ﬂ [ [ spwdw+ [ sf(w)dw] . | Sr(w)dw

0o Wm,

b) Given that S¢(w) = Age~lw/wol

1 foo 1
= ND = — Aoe"”/‘”odw = —Aowoe*‘”’"/‘”o
T

™ Jwm

c¢) Let the signal which has been bandlimited to w,, be fg(t). This ban-
dlimited signal already consists of a distortion noise np(t) the power of which

is Np. Thus we can write

f(t) = f(t) +np(t)

10



The power spectral density of this bandlimited signal is

Age 1@/wol for  —w,, <w < w,
SfB( ) - {

0 elsewhere

The bandlimited signal fg(t) is then sampled at the Nyquist rate, i.e.
ws =21/ Ts = 2wy,

Because of sampling, the power spectral density repeats at every w,, and

scaled by =7, i.e.,

Staw) = 3 2055, (w = nw,)

where fp,(t) is the bandlimited signal sampled at w,. Fig. 5.1 illustrates this
fact.

s, W)
B
/\AO\‘

_(A)m 0 [ w

s, W)
Bs
2 LPF

AOITS /

0, 0 O w

Fig. 5.1 Power spectral density of fz(t) and fps(t)

Suppose we do not quantize this sampled bandlimited signal. To recover this
signal we use a LPF having cutoff frequency at w,,. Hence the output signal

power is y 1

1 Wm 0 1 Wm
N 0 —lw/wol g, = — 29 —w/w
o) Tsze Oldw = 77 /0 e ““’dw

So

11



Since the signal has been bandlimited before, hence this output signal power
is the power of the distorted signal. We can never recover the true signal
at the output even if there were no quantization because part of the signal
has been filtered off. Hence, we have to regard S, as the signal power at the

output.
. From Problem 1.3, quantization noise at the output of the filter is

1 /ﬂ/Ts 1A> 1A
T ol T, 12 T T2 12

Hence output signal to quantization noise ratio is

S, 124,

N, A2

wo[l — e’w’"/wo]

Note: Np has already been taken into account since we chose S, to be the

output signal power.

12



Problem 1.6. A compressor has the characteristic f, = C(f) where f is
the input signal and f, is the compressed signal. Thus, is no compression is
employed, f, = f.

a) Show that as a result of compression, a uniform step—size of A volts
in the output f, results in nonuniform quantization, i.e. varying step—size
of the input f. Do this by dividing f, into 8 equal quantization steps.

b) Show that the variance of the quantization error is now

Ele?] = fﬁ“(f f1)? ()df+ff2“<f f2)2p(f)df

e [ = s

where fl fmm and f8+_ fmaxa fz 7f1+1_1—+1
c) If there are a large number of quantlzatlon levels, show that
A dC(f)
A; = , where C'(f;) = ——=
o) =73
Hint: Note ﬁ’}o ~ C'(f)

d) If p(f) is approximately constant throughout each step, show that

E[e?] becomes

L (A3p(f) + A%p(f) 1+ + Adp(fe)

Ele?] ~ D

(&
e) Using the result of ¢), show that if there are many quantization levels,

By = [ 2] L & e )

[C"(fi)]? T 12 fumin [C'(f)]?

df

Solution:
a) See Fig 6.1.
b) From Fig. 6.1,

8 A %
= [ wranag
k=1“JkT 2"

13



T fout

omax

Compression
fo=C(f;)

fimin fy b f L 4 o
A b, > fs fe f7 fs fimax
A
v
f
omin

Fig. 6.1 f,y versus fi,

c) If there are a large number of quantization levels, then A is small,

A _Af _dfo s
Ak B Afin Jin=Fk B dfin fin="rr ¢ (fm) fin="rk
A
— AT
d)
T
Z/ Ty pnan k=18
But, p(f) ~ p(fx) within the interval f; — % <fF< fut %
T
— Z/kf_ (F = FPp(P)Af
8 Tk 8 AS
= Zp<fk)/ AL (f — fk) df = Zl—gp(fk)
k=1 fe—=* =1

14



e) For small A,

15




Problem 1.7. Find the mean—square quantization error when a signal,
f(t), with probability density as shown in Fig. 7.1 is (a) quantized normally,

and (b) compressed according to

C(f) = /I f[sin f
Assume 4 bit quantization.
A
P(f)
1.5
0. 44(1+f) 0.44(1-f)
> F1/3 «
-1 0 0.25 1 f
Fig. 7.1 p(f)

Solution:

a) There are 4 bits = 8 levels of quantization on each side (—1 and 1)
of the axis.
Since fimax = 1 and fini = —1 (from p.d.f. diagram), therefore, each level of
quantization is % wide, i.e. fr— fr_1 = % = 0.125, i.e. A = 0.125, therefore,
fi=-0.9375, fo = —0.8125, f3 = —0.6875, - -- fi5 = 0.8125, f15 = 0.9375.

Similar to part a) of Problem 1.6, we have

Z/““ (F = KNS

Substituting p(f) into the different parts of the expression, you should be

able to obtain the mean—square error.

16



1 2 3 4 5 6 7 9 10 11 12 13 14 f15 16 imax

Flg 7.2 fout VErsus fin

The detailed solution is very tedious, you can just skip it.
b) Use results in part e) of Problem 1.6 for approximate mean—square

eITror.

17



Problem 1.8. Assume logarithmic companding with C'(f) giving by

log(1 + | f|/ fmax)
log(1 + 1)

where p is a constant known as the compression parameter. Find the mean

sgn(f)

C(f) - fmax

square quantization error.

Assume signal to be uniformly probable between =+ fi..

Solution:
Assuming the signal has a pdf uniformly distributed =+ fi,.y, then

1
2fmax

p(f) =

Using part e) of 1.6,

/fmax zfmax _ Al fmax af
12 fmax |C7(f 12 Jo  [C'(f)]?

log(1 4 p)
fomax fmax {g(l‘i‘ﬂ)

fomin = _fomax
A= (fomax - fomin)/M - 21};‘\;&)(

where M is the number of quantization levels.

C

| = i

i
C'(f) =
log(1 + ) (1 + f1f / fmax)
= Ele?] o & [fm J. log (1 )(;{“ I/ fmax)® ¢

= dww L e og2(1 4 1) (1+ puf [ fruax) A f

= eflog(l+ )21+ p+ 4]

18



Problem 1.9. Given an audio waveform

f(t) = 3sin(500t) + 4 sin(1000t) + 4 sin(1500¢)
find the signal to quantization noise ratio if this is coded using delta modu-
lation.

Solution:
Signal is f(t) = 3sin(500¢) + 4 sin(1000t) + 4 sin(1500¢)

Therefore signal power is

S 2

= 20.5

In delta modulation, the sampling period is flexible, the smaller is the sam-
pling period, the smaller is the quantization error. The maximum sampling

period is at Nyquist rate, i.e.
Temax = 7/1500.

Now the slope of the signal is

d
d{ = 3 x 500 cos(500t) 4+ 4 x 1000 cos(1000t) + 4 x 1500 cos(1500¢)
The maximum slope is
df
n =3 x 500 + 4 x 1000 + 4 x 1500 = 11500

To ensure no overloading, we have

A>g

T, = dt

. ie. A > 115007,

max

where A is the quantization step—size. Using the result in Problem 1.4, the

quantization noise power is

N — A2w,, T, B (11500T8)2(1500TS)
- o6 N o

19



At Nyquist rate,

3

N
N, =11 11 1 —__/(67) = 96.69
3 = 11500 x 11500 x 1500 x = /(67)

Therefore,

S 205
2 =2 _6.74dB
N,  96.69

This value is unacceptable.
Suppose, we increase the sampling rate 32 times, then T, = 7/(32 x 1500),
we have

N, = 11500 x 11500 x 1500 x Gl X L /(6m) = 2.95 x 107°
= _— _— Tmw) = .
7 1500% 323
At this sampling rate

S 20.5
T —3842dB
N, 2.95x 1073

which is acceptable.

20



Problem 1.10. Prove Eq. (1.18) in textbook.

Solution:

s,

S,

Fig. 10.1 Signal spectrum

1 > Jwt 1 W Jwt
s1(t) —/ Si(w)e dw:%/_we dw =

:277' —00

]

™

1 oo .
so(t) = 5 /OO So(w)e’ dw

But S5(w) is an even function. Therefore,

so(t) = 2[5 [57 So(w) cos(wt)dw]

— L[V 8, (w) cos(wt)dw + L [BY Sy(w) cos(wt)dw
Let w = W — X in the first integral and w = W + X in the second integral,
then

s2(t) = [V So(W — A)cos(W — MtdA + L[5V So(W + N) cos(W + A)tdA

= 2| [V [Sa(W = X) cos(W — M)t + So(W + \) cos(W + A)t]dA

21



But S(w) has odd symmetry about W, i.e. So(WW — X) = —=So(W + N),

therefore,
so(t) = % [/OW So(W + X)[cos(W + A\t — cos(W — /\)t]d)\]

Now,
cos(W + A)t — cos(W — \)t = —2sin(Wt) sin(At)

Therefore, o
1
So(t) = — { — 2sin Wt/ So(W + A) sin )\td)\}
0

™

& w
W [MQIS/ So(W + w) sin wtdw}
Wt 0

™

22



Problem 1.11. A computer output is a train of binary symbols at 56Kbit /sec.
Raised—cosine spectral shaping with W /W = 0.3 is used prior to baseband
transmission.

a) Determine the minimum bandwidth required.

b) Repeat if two successive digits are combined into one pulse with four

possible amplitudes.

Solution:

-W 0 W W+W 1

o

Fig. 11.1

a) Bit period T} = m, therefore,

T 1

W~ 56 x 10°
Total bandwidth = W + 0.3W = 1.3,
As W =7 x 56 x 103,
Therefore, total bandwidth= 1.37 x 56 x 103 = 228.7Krad /sec.
b) If two pulses are combined into one, the symbol rate is halved. There-
fore,

lperiodis: Ty, =2 X ———
symbol period is : T} X 6 % 10°

23



7 X 56 x 10°
2
The total bandwidth= 1.3W = 114.35Krad /sec.

24



Problem 1.12. Consider the raised-cosine spectrum of Fig.

textbook. Assume linear phase shift,
O(w) = —wty

Show that the impulse response signal is given by

s(t) = Ksin Wt cos Wit
o Wt L1 - (2Wit/n)?

Solution:
L0 1/2+(1/2)cos[m(|ol-W+W )/(2W,)]
w
0 W-W, W W+W,
w
0 w
S,(w)
| | 0
0 WW+W
| "y
S, (WHW,
‘ o L12+(12)cos[m(er+ W, )/(2W,)]
w
0 W,
Fig. 12.1

From Eq. (1.19) in textbook,

B KsinWt
T Wt

s(t) {1 — 2t /OW1 So(w + W) Sin(wt)dw]

But over the integration interval,

1 1
Sg(w+W):§+§cos [;M(W+W_W+Wl)]

25

1.19(a) in



2 2 2W;
Therefore,
s(t) = %sirlly";’t 1 — 2tf —smwt—i— —smwtcos[ (w—l-Wl)]dw}
_ -
in W W- . - - . .

= T L] 5" [sin(w(t o+ ) + 5) + sin(w(t — g) - 5))dw

= WsnWy cosWt+ ol ) 51| -|- ¢ st ai) 5] Wl}

- T Wt 1 t+2W1 0 2 t‘m 0

T Wt 21+2Wt 21 W

_ WsinWt cos Wlt _ lcosWit 1 CosW1t:|

us 2_1 us 1 s
_ WsinWi cos Wit (2W1t) *5(1*2W1t)*§(1+2vv1t)
T Wt 1t 1— p)

(zv%)

s 2

_ WsinWt 2W1t)
= cos Wit| +————=
T Wt 1 { (2W1t)2:|

W sin Wt cos Wit
T Wt (2l
™

26



Problem 1.13. Consider a sequence of pulse samples z(kT) which is
assumed to have finite energy. The correlation matrix of this sequence is
defined as

b, = E[xkxg]

where z{ is the transpose of 3, and

2(KT,)

xu(t) = :L‘(]CTS'— Ty)

w(kT, — NT, + T,)

Show that the matrix ®,, is positive semi—definite, i.e. w'®,,w > 0 for

any non—zero vector w.

Solution:
d,, = E[xx} |
Therefore,
wid,,w = Ew xx;w] = E[(w'x;)(x; w)]
Now,
N-1
w'xp = > wyr(kTy—nTy) = y(kTy), ( which is the kth sample of the output)
n=0
Also,
N-1
x,w =Y x(kTs — nTy)w, = y(kT})
n=0
Therefore,

wid,,w = E[y*(kT,)] > 0

That is @, is positive semi—definite.

27



Problem 1.14. Some radio systems suffer from multipath distortion which
is caused by the existence of more than one propagation path between the
transmitter and the receiver. Consider a channel the output of which, in

response to a signal s(t), is defined by
l'(t) = Kls(t — tl) + KQS(t — tg)

where K and K, are constants, and ¢; and ¢, represent transmission delays.
It is proposed to use the 3—tap—delay— line filter(Fig. 14.1) to equalize the
multipath distortion produced by this channel.

a) Evaluate the transfer function of the channel.

b) Evaluate Wy, Wi and W in terms of K, Ks, tjand t9, assuming that
Ky <« Ky and ty > t.

Solution:

Del ayT s Del ayT s

a) The channel output is
.Z'(t) = Kls(t — tl) + KQS(t — tg)

28



Taking the Fourier transform, we have
X(w) = KiS(w)e ™" + KyS(w)e "
Hence the transfer function of the channel is
He(w) = = Kie 7" 4+ Ky(w)e /"
b) Ideally, the equalizer should be designed so that
Ho(w) Holw) = Koe

where Ky and ty are constants.

Now for the tap—delay line equalizer, the transfer function is
H5<(,(J) = WO —+ Wle_ije + WQe—jQLuTS
= Wo[l + %e‘j‘”Ts + %e—jQwTs

For the ideal equalizer,

H (w) = KOeithO/HC(w)

= Koe 9 /[K1e " 4 Ky(w)e 7¥k]
_ (KU/K1>e_jW(to_tl) (4)
- 1+ (KQ/Kl)e_j‘”(tQ_tl)

Using the binomial expansion with % <1,

, Ky _. K ;
H, (w) ~ (KO/Kl)e_]“(tO_tl)[l _ 2eiwlta=ty) 4 (J)2e—a2w(tz—t1) +..] (5)
L K K

with a 3—tap transversal delay line equalizer, we equate H.(w) to H.,(w) in
Eq. (4) and (5). Therefore,

K
to—t1 =0
Ky W
KW



(Bayr_ I
K,/ W,
T, =1ty — 1

Choosing Ky = K, we find that the tap weights are,

K, 33)2
‘/ ‘/ = ]_ [/ |/ = —— |/ ‘/ = —_—
o= T K, 7 (Aa

30



Problem 1.15. In order to prevent detection error from propagating in the
duobinary signalling scheme, we employ the precoding method shown in Fig.
15.1.

We first form the sequence
ax = Tp D ag—1

where & represents the modulo—2 sum. Then we obtain the duobinary se-

quence ¥y such that
Yp = + ap—1 = (T D ap_1) + ap_1

since ay =0 or 1, y = 0,1 or 2.

a) Find the values of x; when y, = 0, 1 or 2. Hence obtain a decoding
rule at the receiver for x;.

b) If the sequence xj is (0 0 1 1 0 1 0), find the corresponding sequence
ag, Yr, and Xj.

¢) Now, assuming an error is made in one of the values of the received se-
quence 1, verify that the sequence X, has only one error in the corresponding

position and that the error does not propagate.

Solution:

By a, Y =0, T,

Duobinary Op. f——»

Delay Ts

Fig. 15.1 Precoding method
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Let xp be either 0 or 1, then
ap = T D ap—1

means that ay = 0 or 1, hence

0 ifak:(), ak_1:0
Yy =14 1 ifa,=1, a_1 =0 or a, =0, ap_1 =1
2 ifakzl, ak_lzl
a)
Case 1: y, =2
Since yr = ap + ap—1 = (ar—1 ® Tp) + ap—1
ar—1 =1
Jo =2 = k—1
Q1 Pxr=1=2,=0
Case 2: y, =0
= ap_1=0and a, =0
=1, =0
Case 3: yp, =1
= either

(1) ar—1=1 = a.=0 = x,=1
(2) ar—1=0 = a=1 = x,=1
Hence for
0 = 0
Y = T =
2
and for
Thus to find %, we put X = yx mod — 2, i.e., X = y in binary without

carry.
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T, 0 0 1 1010

a T 01100

yr(no error) 2 2 1 1210

T =y mod — 2 0 0 1 1010

Y. (with one error) 2 l(error) 1 1 2 1 0

T, =1y, mod —2 0 I(error) 1 1 0 1 0
- -

no propagation

Notice that this precoding scheme resulted in no error propagation. That is

error was just limited to one single bit.
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Problem 1.16. Show, by using the Shifting Theorem, that Eq. (1.49) in
the text book represents the transfer function of the pulse addition network

in the duobinary scheme.

5(t) SO ),
ot 1} H@
T T

Fis 161

2Tscos(w TS/2)=|H(u))|

/‘;

(p(oo):—ooTS/Z
Fig. 16.2

Solution:
hi(t) = d(t) + 6(t — Ts)
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Therefore,

Hy(w) = [Z (e dt = [ (t)e 7 dt + [, 6(t — Ty)e 7 "dt

[e.9]

— 1 +e—ijs

And,

Ts — S w S o

HQ(CU) — Ts Ts

0 w| > 7

Therefore,
(14 e 79T T, = 2T, cos(¥Lx)e=1wTs/2 —7 <

H(w) = Hy(w)Hy(w) = .
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Problem 1.17. Show that in the word synchronization scheme as shown
in Fig. 1.26 in the textbook, if each word has n bits excluding the sync bit,
and if M of the sync bits are summed together, the probability of having a

synchronization error is given by P, =1 — [1 — (1/2M)]™.

Solution:

Let P. = P(correct word sync) =1— P,

P. = P(The 1st bit in each of the M data frames is not equal to 1) x P(The
2nd bit in each of the M data frames is not equal to 1) x --- P(The nth bit
in each of the M data frames is not equal to 1).

Assuming the received bits to be independent and identically distributed,
therefore P. = P"(The 1st bit in each of the M data frames is not equal to
1), but the probability of occurrence of a specific state in a binary M —bit
register= 7. Thus the probability that this specific state (of all 1's) does

not occur=1— QLM Thus,

Equivalently,
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