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Lattice-Based Robust Distributed Source Coding
for Three Correlated Sources

Sorina Dumitrescu

Abstract—The problem of robust distributed source coding
for three correlated sources is studied in this work. A lattice-
based scheme is proposed and the analysis of its performance is
provided in the high resolution regime. Special attention is paid
to the degenerate case where the three sources are Gaussian and
identical. In this case, our scheme is shown to achieve within an
asymptotic gap of 0.069 bits in terms of rate per description from
the information-theoretic limit of quadratic symmetric Gaussian
multiple description coding with central and individual decoders,
when the side distortion and the ratio between the central and
side distortions both approach 0.

Index Terms— Correlated sources, distributed source coding,
lattice quantization, asymptotic performance analysis, high
resolution, multiple description coding.

I. INTRODUCTION

N DISTRIBUTED source coding (DSC), two or more

correlated sources are encoded separately and transmitted to
a common decoder. The fundamental information-theoretical
limits are characterized in [1] for the lossless case, and in [2]
for the lossy case assuming that all sources but one are directly
available at the decoder. The general version of the lossy DSC
problem was first treated by Berger [3] and Tung [4]. However,
in spite of significant efforts over the past few decades,
the conclusive solution has been determined only for certain
particular cases [5]-[10]. An important variant of the DSC
problem is known as the CEO (short for Chief Executive Offi-
cer) problem [11]. Oohama [12] and Prabhakaran et al. [13]
have characterized completely the rate-distortion region for the
CEO problem in the quadratic Gaussian case.

In the robust DSC (RDSC) problem, the channels con-
necting some of the encoders with the fusion center may
break down. The robust version was addressed in the CEO
scenario by Ishwar er al. [14] and Chen and Berger [15].
The development of practical schemes for RDSC was tackled
in [16]-[18], but only locally optimal solutions were proposed.

Manuscript received October 1, 2019; revised February 4, 2020; accepted
April 3, 2020. Date of publication April 13, 2020; date of current version
July 15, 2020. This work was supported in part by two NSERC Dis-
covery Grants. The associate editor coordinating the review of this arti-
cle and approving it for publication was C. Tian. (Corresponding author:
Sorina Dumitrescu.)

Sorina  Dumitrescu and Jun Chen are with the Department
of Electrical and Computer Engineering, McMaster  University,
Hamilton, ON L8S 4KI1, Canada (e-mail: sorina@mail.ece.mcmaster.ca;
junchen@mail.ece.mcmaster.ca).

Dania Elzouki was with the Department of Electrical and Computer
Engineering, McMaster University, Hamilton, ON L8S 4K1, Canada (e-mail:
elzoukda@mcmaster.ca).

Color versions of one or more of the figures in this article are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TCOMM.2020.2987565

, Senior Member, IEEE, Dania Elzouki, and Jun Chen

, Senior Member, IEEE

In this work, we present a structured lattice-based coding
scheme for the RDSC problem in the case of three correlated
sources with a central decoder and three individual decoders
(Figure 1). Note that lattices have been used in the previ-
ous works on the DSC problem [19]-[22]. A key technique
employed in lossy DSC problems is quantization followed by
binning. For this, Zamir et al. [19] proposed the use of nested
lattice codes, i.e., a pair of nested lattices, where the fine
lattice is utilized for quantization and the coarse lattice for
binning. This idea was largely adopted by the other works
as well. In addition, Krithivasan and Pradhan [21] considered
the variant of the lossy DSC problem where a linear function
of K Gaussian correlated sources is to be reconstructed at
the decoder. They use nested lattice codes with correlated
binning, i.e., where the different sources may use different fine
lattices, but the coarse lattice has to be common. Most of the
aforementioned works resort to dithered lattice quantization
and analyze the system performance as the dimension of
the lattices approaches oo. One exception is the work of
Servetto [20], which addresses the design of lattice-based
schemes for the Wyner-Ziv problem! and performs the analysis
as the rate approaches co and the correlation between sources
approaches 1.

The particular case of the RDSC problem where all sources
are identical is known as the multiple description (MD)
problem [23]-[31]. Lattices have been very popular in the
design of MD schemes [32]-[41], [41]-[43]. Most of the afore-
mentioned schemes ([32], [33], [35], [36], [38], [40]-[42]),
referred to as MDLVQs (short for MD lattice vector quan-
tizers), also rely on a pair of nested lattices and use as the
key mechanism the index assignment, which is an injective
mapping from the fine lattice to L-tuples of points from the
coarse lattice, where L is the number of desired descriptions.
More specifically, the source sequence is first quantized to
the closest lattice point A, in the fine lattice. This quantizer
is referred to as the central quantizer and the fine lattice is
called the central lattice. The output of the central quantizer
further undergoes the index assignment, generating the L-tuple
(a1(Ne), -+ ,ar(A.)) of points in the coarse lattice. For each
1 <1< L, ay(A.) represents the th description and is used for
reconstruction at the Ith side decoder. The central decoder is
able to recover A\, and outputs it as the reconstruction. In these
works, the asymptotic performance as the rate approaches co
for fixed lattice dimension is analyzed.

'The Wyner-Ziv problem refers to the lossy source coding problem with
side information available only at the decoder.
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To the best of our knowledge, the lattice-based design
for the RDSC problem was only addressed in our previous
work [44] for the case of two correlated sources. The per-
formance analysis of the scheme is derived for fixed lattice
dimension n in a high resolution regime. For the case where
the two sources are identical (which corresponds to the MD
framework), the analysis reveals that the proposed scheme can
achieve the information-theoretic limit of quadratic symmetric
MD coding, when the side distortion and the ratio between
the central and side distortions both go to 0, while n — oo.
In [44], a variant of the random coding scheme that Chen
and Berger [15] proposed for the robust CEO problem was
considered for comparison and it was proved that the sum-
rate of the Chen-Berger scheme with Gaussian codes is 0.5 bits
larger than the sum-rate of the lattice-based coding scheme in
the same asymptotic regime.

The scheme in [44] employs three nested lattices Ay C
Ay C A.. For i = 1,2, encoder i quantizes the source
sequence to the closest point A.; in A., and \.; is further
quantized to the closest point A; in A;,. Next, a mapping
Bi + Ay — Ay is applied and §;();) is sent to the decoder.
The point §;(\;) in the coarsest lattice will be used for
reconstruction at the side decoder . Encoder 7 also transmits
some additional information, via Slepian-Wolf coding,2 to be
used at the central decoder to jointly refine the reconstructions
of the two source sequences. Part of this supplementary
information is A.; — A;, which can be interpreted as a bin
index. Thus, the lattice A;;,, can be regarded as the counterpart
of the coarse lattice used for binning in the previous works
on lattice-based lossy DSC. It should be noted that in the
aforementioned works, the decoder is able to recover the finely
quantized points with high probability as the dimension n
of the lattice approaches oco. Since [44] is concerned with
fixed lattice dimension, some more information is transmitted
to enhance the performance at the central decoder. A novel
idea introduced in [44] is to use the knowledge about the
closeness of the input sequences to infer at each encoder
some information about the other sequence. Specifically, each
encoder operates under the assumption that the two sequences
are within some distance ro. Then, if A.; is too close to the
boundary of the Voronoi region of the lattice A;,, encoder
i concludes that the other sequence could be in a different
Voronoi region and sends some supplementary information
to help at the central decoder. In this way, when the input
sequences are indeed within the distance r¢ from each other,
the central decoder will output A, ; and A, as reconstructions.
Otherwise, the reconstructions will have essentially the same
quality as at the side decoders. Thus, the probability that the
input sequences are not within the distance rg influences the
system performance.

The mappings (; proposed in [44] are inspired by the
concept of index assignment employed in MDLVQ. However,
the requirements that the mappings 3; need to satisfy are
more difficult to meet in the scenario of non-identical sources.

2Slepian-Wolf coding refers to optimal distributed lossless compression of
correlated sources.
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For this reason and in order to facilitate the analysis of system
performance, linear mappings are used.

In this work we propose a lattice-based scheme for the
RDSC problem in the case of three correlated sources. The
proposed scheme can be regarded as an extension of the
framework of [44], but it is not a trivial one. One major
challenge when transitioning from two to three sources is the
design of the mappings (3;,7 = 1,2,3. To make the relevant
analysis tractable, it is important to ensure the linearity of
these mappings. This turns out to be much more complicated
than in the case of two sources because the constraints the
mappings need to satisfy are more complex. We tackle this
design problem® by introducing an additional lattice Ay such
that A, C Ay C A4y,. Moreover, the fact that the mappings 3;
are more complex than in the case of two sources is a reason
for added complexity at the encoder and at the central decoder.
Specifically, there are more situations where the encoders need
to transmit additional information for the purpose of helping
the central decoder make the correct decision. This also leads
to more cases to be addressed at the central decoder. It is
worth emphasizing that, because of this additional complexity,
some aspects in the proofs of the theoretical results have to be
handled differently than in [44]. We provide the performance
analysis of the proposed scheme under the high resolution
assumption. In the degenerate case where the three sources
are identical and Gaussian, our scheme is compared with the
MDLVQ of [35] in the asymptotic regime where both the side
distortion and the ratio between the central and side distortions
approach 0. The asymptotic analysis shows that our scheme
has only a small rate loss of 0.069 bits per description in
comparison with the MDLVQ of [35], when n — co. In view
of the fact (pointed out in [41]) that the MDLVQ of [35]
achieves the information-theoretical limit of the quadratic
symmetric Gaussian MDC problem with individual and central
decoders (derived in [25]) in the aforementioned asymptotic
regime as n — oo, we conclude that our scheme can achieve
within an asymptotic gap of 0.069 bits* from the fundamental
limit in terms of rate per description.

Finally, we point out that [45] is a shortened conference
version of this work, which does not include the proofs of the
theoretical results.

The rest of this paper is divided into five sections.
In Section II, the notations and definitions used throughout
this work are introduced. Section III presents the main result,
i.e., the asymptotic analysis of the performance of the pro-
posed RDSC scheme. In Section IV, the comparison with
the MDLVQ scheme of [35] is performed when the three
sources are identical and Gaussian. Section V presents in
detail the operation of the proposed scheme. Lastly, Section VI
concludes the paper.

II. DEFINITIONS AND NOTATIONS

Consider three sources (X1, X2, X3) with joint probability
density function (pdf) fx, x,x,. They generate a jointly i.i.d.
random process (X1;, Xoi, X3:);cy. The marginal density

3See Remark 3 for more insights regarding our design.
4A possible explanation for this gap is provided in Remark 4.
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Fig. 1. Robust distributed source coding for three correlated sources.

function of each X; will be denoted by fx,, j = 1,2,3.
We aim to construct a robust distributed source coding system
as depicted in Figure 1. The system is comprised of three
encoders and four decoders. Encoder 7 has source X; as
its input, 7 = 1,2,3. Side decoder ¢ receives the message
transmitted by encoder 7, ¢ = 1,2,3. The central decoder
receives the messages from all three encoders. The squared
error is used as the distortion measure.

The following definitions will be used throughout the
work. Let Y be a discrete random variable with values
in the alphabet ) and with probability mass function py.
If 30, cypy(y)logy py(y) is finite, then the entropy of Y is
defined as H(Y) = =3 ), py (y)logy py(y). If X" € R"
is a continuous random vector with pdf fx~, and the quantity
Jgn fxcn(2™)logy fxn(x™)dz™ is finite, then the differential
entropy of X™ is h(X™) £ — [0, fxn(z")log, fxn(x™)dz".

We will use the notation ||z™|| for the Euclidian norm of
the row vector ™ € R". 0 denotes the all-zero vector in R".
For any set A C R", any a € R, and any 2" € R", let
" + A2 {2 +y"|y" € A} and aA £ {ay"|y" € A}. For
any measurable set A C R™, let v(.A) denote its volume, i.e.,
v(A) £ [, da™. Further, let B, £ {z" € R"[||z"|| < r}.

An n-dimensional lattice A C R™ is defined as follows

A2 {NeER\=2"-G,z2" € Z"},

where G is a non-singular n-by-n matrix with elements in R.
Each lattice A has an associated quantizer Q4 (-) which maps
each 2™ € R" to its closest lattice point, i.e.,

ny & in ||z — Al 1
Qa(z") argglelgllw [ (1

For each A € A, the set of all points which are assigned by
Qa to X forms the Voronoi cell (or region) Va(\) of X in A.
The ties in (1) are broken in a systematic manner so that the
following holds

VA(A) = A+ Va(0), VA € A.

For any A C R™, let A be the closure of A4, i.e., the union of
A and its boundary. Then one has

Va(A) = {z" e R"|||z" = A|| < ||z = X|| for every X € A}.
It is important to emphasize that, in view of our definition
of the Voronoi region, which agrees with [46], not every
point on the boundary of V() belongs to V;(\), therefore
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Va(A) # Va(N). Two disjoint subsets of R™ are said to be
adjacent if the intersection of their closures is not empty.
Additionally, define for any ™ € R",

2" mod A £ 2" — Qp(2™).

A fundamental cell of the lattice A is a bounded set Cy such
that the sets A + Cg, for all A € A, form a partition of R™.
We will denote by v, the volume of a fundamental cell of the
lattice A. Notice that vy = v(V4(0)).

An important notion related to quantization is the normal-
ized second moment of a measurable set A C R"™, which is

defined as 2
A
711/(./4)%+1

It is obvious that the normalized second moment is not
changed under the scaling operation. We will use the notation
G for the normalized second moment of the lattice A, which
is defined as

G(A

G = G(Va(0)).

For any set A C R", denote 7(A) £ sup,.c4||z"|. The
value 7y 2 7(V(0)) is called the covering radius of the
lattice A. The inscribed radius of the lattice A, denoted by 74,
is the radius of the largest open ball centered at 0 and included
in V4 (0).

Lattices (A1, Ao) are called nested if Ao C Ay, which means
that Ao is a sublattice of A;. The term fine lattice is used for
A1, while A, is referred to as the coarse lattice. The index of
Ao with respect to Ay is N(Ag: Ay) £ %

For any A1 € Aj, the set \; + As is said to be a coset
of Ao relative to A1. A set F C Ay is called a set of coset
representatives of Ao relative to A1 if the following equalities
are satisfied

AL = Uy er(M 4+ Ag), (A +A2) N (N +Ag) =0
for all Ay # N € F.

From the above relations it follows that every point A € A;
can be expressed in a unique manner as A = \; + Ao where
A1 € F and Ay € As. As proved in [46], if Cy is a fundamental
cell of A, then CoN Ay is a set of coset representatives of Ao
relative to A;. Furthermore, we denote Vj,.a, = Vi, (0)NA;
and Cp,.ny = Un eviya, Va, (A1)

Given a quantizer () on R™ and a random vector X € R",
let D(Q, X™) denote the expected distortion per sample, i.e.,
D(Q,X™) 2 1E[|| Q(x™) — X" ||2].

III. MAIN RESULTS

As we have already mentioned, the main contribution of
this work is the design of a lattice-based RDSC scheme for the
case of three correlated sources. This section presents the main
results regarding the performance analysis of the proposed
scheme, while the detailed description of the scheme will be
treated in Section V.

In the sequel, we assume that each of the three sources
has a continuous and bounded pdf with finite variance and
differential entropy. Without loss of generality we also assume
that each marginal pdf has mean O.
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A lattice robust distributed source code (LRDSC) of
dimension n is specified by a positive value ro and four
n-dimensional nested lattices Ay, C Ay C Ay C Ae C R™.
We will denote the LRDSC as £(70) — (As, Ag, Ain, Ac).
The central lattice A, will be used at the central decoder for
the reconstruction of each source, while the side lattice Ag
is used to reconstruct the sources at the side decoders. The
lattices A;;, and A are auxiliary lattices used in the operation
of the scheme. The intermediate lattice A;,, is constructed such
that the following condition

To + QFC S Tin (2)

is satisfied, where r;, is the inscribed radius of A;,, and 7.
is the covering radius of A.. The lattice Ay is defined as
Ay = coAyp, while Ay = 3coA s, where ¢ is a positive integer.
It follows that Ay = 3c3A;,. The lattice Ag/3 £ %AS is called
the fractional lattice. It is utilized during the operation of the
proposed scheme. Notice that Ay C Ag/3 C Ay.

For 7 = 1,2, 3, encoder 7 maps the source sequence ;' to
the nearest point A.; in the central lattice, which is further
mapped to the nearest point \; in A;,. A mapping 3; : Ay, —
A is next applied and (§;();) is transmitted. 3;()\;) will be
used as the reconstruction at the side decoder 7. In addi-
tion, encoder ¢ transmits some supplementary information to
be used at the central decoder to refine the reconstruction.
The LRDSC scheme is designed such that, when the input
sequences z7, x4, x4y are at distance at most ry from each
other, the central decoder is able to output the central lattice
points Ac 1, Ac2, A3 as reconstructions of the three sources,
respectively. If the aforementioned condition is violated, i.e., at
least two of the input sequences are at a distance larger than
ro, the quality of the reconstruction achieved at the central
decoder is essentially the same as at the corresponding side
decoder. Therefore, the following quantity plays an important
role in the analysis of the performance of the proposed scheme

PX1X2X3 (TO) £ P[Xln - X2n ¢ BTO or
X} — X7 ¢ By, or XP— XI ¢ B,]. (3)

As it will be apparent shortly, the value ry controls the trade-
off between the rate at the encoders and the fidelity of the
reconstruction obtained at the central decoder.

In order to assess the performance of the LRDSC L(mro)
we assume that m sequences x}' are input into each encoder
i, one at a time. The corresponding m outputs will be further
compressed losslessly. The rates and distortions of the LRDSC
L£(™70) are defined in the limit of m going to oc. The rate of
encoder i, i = 1,2,3, is denoted by R;(£(™70)). For each
i = 1,2, 3, the reconstruction distortion of source X; at the
side decoder i, referred to as side distortion, is denoted by
ds (L)), while the reconstruction distortion at the central
decoder is dm(ﬁ(”vm)) and is referred to as central distortion.
Finally, we denote d,(L£(™70)) £ 8 dsa(emro)

For simplifying the lattice-related notation, we will utilize
in the rest of the manuscript only the subscripts ¢, in, f, s/3,
s, instead of A¢, Ajn, Ay, A /35 Ay, respectively. For instance,
we will use v, instead of va_. Let K £ N(Ay, : A.) = Hin

c
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and M = N(Ag: Ayy,) = o
that M = 3"c3".

The performance of the proposed lattice-based scheme is
evaluated for fixed dimension n and fixed K, as v, v, and
vs approach 0, while M — oo and vVMv, — 0. Thus,
we will consider some fixed lattices Ao and A;, o and the
scale factors 6 and cg such that

Ac = 9Ac,0; Azn = 9Ain,07 (4)
As = 3¢0Mino, Af = cofAino. (5

Since Ag = 3c3 A4y, it follows

The asymptotic regime we consider in this work is defined by
the following relations

0 — 0, co— o0, 089—>0. (6)

The following theorem, whose proof is deferred to Appen-
dix B, evaluates the distortions and rates for the proposed
scheme, in the limit of (6).

Theorem 1: Let (X1, X2, X3) be a fixed triple of correlated
sources such that each pdf fx,, ¢« = 1,2,3, is continuous
and bounded with finite variance and differential entropy.
Additionally, consider a fixed integer » > 0 and a family
of LRDSCs L(™70) = (Ag, Ay, Ain, A.) satisfying (4), (5)
and (6). For i = 1,2,3, let U; = Q.(X!) mod A;,,. Then in
the asymptotic regime specified by (6),

4, (L) = SGMVE (1 4+ o(1), ™
2 (n,r0) 1 2.1 2
G.vd (1+0(1)) qui(ﬁ "o ) < 3_717DX1X2X3 (TO)HlM” v
+Gwr (L 4o(1), i=123,  ®
1 1
Ri(LM70)) = h(X;) — o logy (vs) + 3—nH(U17 Uz, Us)
to(l), i=1,23 ©

where k; is a positive constant. Additionally, in each of
relations (7)-(9), the term hidden in the little-o notation can
be upperbounded by a function which approaches 0 under (6)
and does not depend on the joint pdf fx, x,x,.

Remark 1: We would like to point out that the condition
that the marginal pdfs be bounded is needed only for the proof
of relations (9). It is also important to note that this condition
is only mildly restrictive since the pdfs which are relevant in
practice are likely to fulfill it. For instance, any continuous pdf
[x satisfying lim ;| fx (2) = 0 is necessarily bounded.

Clearly, Theorem 1 implies that when Px,x,x,(70) 2is
sufficiently small, the central distortion is dominated by G .vZ" .
This result is stated next.

Corollary 1: Let fx be a continuous and bounded pdf with
finite variance and differential entropy. Additionally, consider
a fixed integer n > 0, and a family of LRDSCs L£("70) =
(As, Ay, Ain, Ac) satisfying (4), (5) and (6). Each LRDSC is
applied to a triple of correlated sources (X7, X2, X3) with
marginal pdfs equal to fx, satisfying the inequality

n

€
Px, x.x5(10) < e

where 1(%1)16 = 0. It follows that, in the limit of (6),

dei(L70)) = chc%(l +0(1)), i =1,2,3,
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where the term hidden in the little-o notation can be upper-
bounded by a function which approaches 0 under (6) and
depends on the joint pdf fx, x, x, only through Px, x, x, (70).

IV. COMPARISON WITH MDLVQ

In this section we consider the case when all three sources
are identical and Gaussian, which corresponds to the multiple
description scenario. We compare the performance of the
proposed coding scheme at high resolution with that of the
MDLVQ of [35]. We will use the performance analysis of
the MDLVQ of [35] derived in [41]. Note that the authors
of [41] also proved that the MDLVQ of [35] approaches
the fundamental limit of the quadratic symmetric Gaussian
multiple description problem when only the reconstructions
based on individual descriptions and all descriptions are of
interest (derived in [25]) at high resolution, as the vector
dimension approaches infinity.

Note that the limits (6) are equivalent to d; — 0 and g—i —
0, where d. = d.1 = deo = de3 and dg = %
Clearly, U; = Uy = Us since we assume that all three sources
are identical. Then relations (9) become

1 1
—h(Xi) + —logy vy — —H(U;) ) =0,
<R ( )+nog21/ i (U)) 0

(10)

lim
d,—0, ;L —0

where we use R; instead of R;(L£("70)).
It can be shown as in [44] that lim H(U;) = log, K, for
6

1 =1,2,3. Plugging in (10), we obtain that

lim
ds—0,9¢—0

1 1
i—h(X;) + = logy vs — —log, K | =0,
<R (Xi) + —logy vs — - log, > 0

(1)

for ¢+ = 1,2,3. Consider now an n-dimensional MDLVQ as
in [35]. Let Rp;p denote the rate of each description and
let ds psp denote the side distortion. For comparison we will
assume that the central lattice used in the MDLVQ is the same
lattice A as in our scheme. This implies that d. pp = de.
Additionally, we also assume that d yp = d,. Let \S,, denote
the n-dimensional ball of radius 1, let 7, be the volume of the
Voronoi region of the side lattice used in the MDLVQ, and let
K = l”/% According to [41], when ds — 0 and j—: — 0, one
has

2 -3 2
ds nip = 3—§1r<’3c;(sgn)yg (1+o0(1)), (12)
2
1
lim (R]\,{D — h(Xl) + — 10g2 175) = 0. (13)
dsﬂo,gfﬁo n

Using the latter relation, together with K = ”V ,(11)and (13),
one obtains

lim
ds—0, Z—Z —0

3
1 1% 1
R —R;)=— log <TS) =< 1.
(Rarp ) 3ndsﬁo,%ﬁo 2< Vs ) Vin

lim
R i (14)
Using (7), (12), M = V”— and K = ’;— leads to

ds  2G, (E)gi "1+ 0(1)
dsup V3G(S20) \\Vs/) vin ] 1+0(1)
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TABLE I

THE GAP IN (15) FOR SEVERAL VALUES OF n. FOR EACH n, THE LATTICE
As Is THE OPTIMAL n-DIMENSIONAL LATTICE FOR QUANTIZATION
REPORTED IN [48]

% IOgQ (\/ggc('i2n)>
—0.0914
—0.1012
—0.1090
—0.1094
—0.1126
—0.1110
—0.1095
—0.1048

~ —0.1074
~ —0.1030
~ —0.0944

N = =
NSRS EEN NI

Letting ds prp = ds further yields

1
3 n
. I/S I/C
lim — ] — =
d.—0,42 0\ \Vs ) Vin 2G,

The above relation, combined with (14), implies that

lim (RJWD —Ri) = 110g2 (%) (15)

dbﬁo,j—zao 3 2Gs

It was shown in [47] that there is a sequence of lattices A,
such that lim,, . G(A,) = ﬁ = lim,, 0o G(Sa2,,). Based

on this result and (15), it follows that, for i = 1,2, 3,

1 3
m T (Rao— RBi) = Sog, Y3 ~ —0.0692
n=00 4 —0,9¢ -0 3 2

(16)

Remark 2: A possible reason for the gap in (16) is dis-
cussed in Remark 4 in the following section. Interestingly,
the value achieved in (15) for n = 1 is —0.0914, which is
already very close to the asymptotical value reached when
n — oco. However, the absolute value of the quantity in (15)
is not a decreasing function of n as can be seen from Table I.

V. DESCRIPTION OF THE PROPOSED LRDSC SCHEME

In this section, we provide a detailed description of the
LRDSC scheme.

A. Preliminaries

The following lemma, made possible by condition (2), is
crucial for the subsequent development. Its proof is similar to
the proof of Lemma 1 in [44] and therefore it is omitted.

Lemma 1: For i,j € {1,2,3}, if 27 — a7 € B,,, then

||Qc(x;b) — Qc(a})]| < rin,
[Qin(Qec(z})) — Qin(Qe(xi"))|| < 3Tin.

Further, we will define three labeling functions
Gi + Ny — Ag, for ¢ = 1,2,3. Specifically, for any
A € A, define

Bi(N) £ 3cods + As, B2(N) 2 33ty + s,

Bs(N) & 37 — 3cody — 3ckity + s, (17)
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(d)

a) Illustration of the lattices Ag, Ay 3, Ay and Ajy,. The value of cg is 3. The small dots, the medium dots and the big dots are points in Ajp, Ay,

and A, respectively. The crosses are points in A /3 \ As. The point A, marked with a plus sign, is in A;,,. The points Af, A /3 and As satisfy Ay = Qr(N),
As/3 = Qqy3(Af) and As = Qs(As/3). The small hexagon is the boundary of Vy(Ay). The big hexagon is the boundary of Vi(As). The middle-sized
hexagon is the boundary of V /3(\s/3). b) Magnified portion illustrating the vectors @y = A — Ap, Ay = Ay — Ag/3 and 7= Ag/3 — As.

where
ay 2 Amod Ay = A —Qf(N),
Xf £ Qf(A) mod AS/?, = Qf(/\) - Qs/d(Qf(/\))7

T2 Qy/3(Qs(N)) mod Ay
= Qs/S(Qf()\)) - QS(QG/B(Qf()‘)))v
As 2 Qs(Quys(Qr(N))-

Figures 2(a) and 2(b) illustrate a point A along with Q(\),
Qs/3(Qr(N), Qs(Qs/3(Qr(A))), @y, Ap and 7.

Note that the above definitions of @f, A¢, 7 and As imply
that oy € VAf;A Ay € VAS/3:Af, TE VAs:As/s’ As € Ag and

in?

A=+ Ap+ 7+ \s. (18)

In the sequel we will consider the following simplified nota-
tion: 7 £ Vashyss L2 VA, s:n, and F £ VA;:A,,- Then
|T| = N(As : Agy3) = 3", |L] = N(Agy3 : Ay) = ¢ and
|F| = N(Ay : Ajy) = cf. Further, denote

UL T+ s +iylreT iy € F €L}

19)

Then U is a set of coset representatives of A relative to Ay,.
It follows that || = N(As : Ajp) = M and

Ain = | J (A +AY).
AeU

The definition of the mappings 3; implies that they obey the
shift-invariance property, i.e.,

BiA+Xs) = Bi(\) + As, VA€ Ajp, VA, € Ay, i=1,2,3.

(20)

Based on the shift-invariance property the following equalities
are obtained, for ¢ = 1, 2, 3, [44, Eq. (40), (41)],

B (As) = B7H0) + As, VA € A,
B H0) = {A = B:;(N)|A e U}

21
(22)

Remark 3: The design of the mappings 3;,7 = 1,2, 3, was
partly inspired by the index assignment used in the MDLVQ
literature. More specifically, we borrowed from the work on
MDLVQ the requirement that the mappings be shift-invariant,
which boils down to defining 3;(\) as the sum of Ay and a
function of A — \;. The second aspect inspired from the prior
work on MDLVQ is the condition

Br(A) + B2(A) + B3(N) = Qs/3(Q(N)),

which is adapted from the requirement imposed in [35] that
ai(A) +az(A) +az(A) = Qg/3(N). On the other hand, unlike
the MDLVQ literature, we also impose the linearity condition
for the following reasons: 1) to make it easier to verify that
the finest lattice points Ac 1, Ac,2, Ac,3 can be recovered at
the central decoder; 2) to simplify the performance analysis.
A pleasant byproduct of the linearity is that structured decod-
ing rules can be used, as we will see in the next subsection.

Note that linear mappings were also used in [44] for the
case of two sources, but it was not straightforward to extend
the construction of [44] to three sources, while ensuring that
the central decoder recovers the finest lattice points when the
input sequences are within the distance ry from one another.
We decided to introduce the additional lattice Ay, which
enables the decomposition (18). Having this decomposition,
our choices for (3; and (32 seemed natural, while (3 was
determined based on (23).

Remark 4: The proof of relation (7) reveals that while
ds1 and dg o are roughly equal, ds 3 is about twice larger.
If ds 3 could be brought down to the value of d, ;, then the
constant %Gs in equation (7) would be replaced by gGS,
which would lead to the disappearance of the gap in (16).
The reason why d, 3 is twice larger than d; is that the
variables ;\f and s used to define the mappings 3; are
independent, thus the magnitude of 3coX 7+ 3ctuiy essentially
equals the sum of the magnitudes of the two terms, which

(23)
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Fig. 3. The set W(\y) is the region between the two hexagons in the figure.

implies that [|8:(0) + BVl = (BN + 180 for
A € U. Thus, to avoid the gap in (16), while maintaining
the condition (23), B1()\) and [2(\) have to be defined such
that [|31(A) + B2V = [1BL(A) || ~ [|B2(A)]l, for A € U. One
possible solution is to let F2(\) — A;/3 be a fixed suitable
transformation of (31 (\) — A3, where A\;/3 = Q/3(Qf(N)).
However, it remains to be established if such a definition can
guarantee the recovery at the central decoder of the finest
lattice points Ac 1, Ac2, Ac,;3 When the input sequences are
within the distance ry from one another. This line of inquiry
will be pursued in future work.

B. LRDSC Operation

The following discussion highlights the rationale underlying
the proposed scheme. Let us denote \; = Qin(Q.(2F)), for
1 =1,2,3. The proposed scheme is developed in such a way
that side decoder i is able to reconstruct 3;(); ), and the central
decoder reconstructs \.; = Q.(z}), for i = 1,2,3, when
the source sequences are close enough in Euclidian distance,
ie, 2} —a} € By, for all i,j € {1,2,3}. Nevertheless, for
the central decoder to reach this objective some supplementary
information has to be conveyed in addition to 51 (A1), B2(A2)
and (3(A3). The amount of this supplementary information
is decreased when A1, Ao and A3 are all in the same Voronoi
region of Ay. Encoder ¢ cannot identify all the situations when
this happens since it only knows the sequence x', but not the
other two source sequences. However, in view of Lemma 1,
if \i € V¢(As) and the distance from J; to the boundary of
V¢(Ay) is not smaller than 37, then encoder i concludes that
the other sequences are also in Vy(Ay) when 27 — 27 € By,
for all 4,5 € {1,2,3}. Thus, we define the set

w £ U,\feAfW(/\f), where
W(Ap) = Vi(Ap) \ (A +1V5(0)),

forn £ 1— 3T— as shown in Figure 3. According to Lemma 1,
if A, ¢ W, then Aj,j € {1,2,3}\ {i}, belongs to the same
Voronoi region of Ay as \;, ie., Qp(N\) = Qr();), when
zi —a € By,

On the other hand, when Q ¢(\;) # @ f( ), it is important
to determine if Q(\;) and Qf(\;) are in the same Voronoi
cell of A, 3 or not. Let us define, for A /3 € Ay,

(24)

Vis(As3) 2 UrseVe s (a)nay Vi(Ar). (25)

The above definition implies that a point A € A;, has
Qs/3(Qr(N) = Ay if and only if X € V,/3(A53).
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If\ €V, /3(Xs/3) and the distance from A; to the boundary of
Vv, /3(Xs/3) is not smaller than 37, then encoder ¢ determines
that, for any other j, A; also belongs to V, J: 3(/\5 /3)- Therefore,
we define S(\;/3) as the set of points in Vs/g( s/3) such
that the distance to the boundary of V, /3(As/3) is smaller
than 37;,. Further, let S £ Uy ea.,,S(As/3). Note that
S C W. According to Lemma 1, if \; ¢ S, then for any
Nivj € {1,2,31\ {ih Qu/s(Q5(\)) = Quys(Qr(Ay)), when
zi — x} € By,. Next we describe in detail how the encoder
and decoder proceed. The encoder operation is illustrated
in Figure 4.

Encoder: For i = 1,2,3, encoder i proceeds as follows.
The source sequence ' is first mapped to the nearest point
in the central lattice, A ; £ Qc(z]"). Further, \. ; is quantized
to the nearest point in Aj,, A\i = Qin(Aei). Let u; =
Aci mod Ay, and As; = B;(\i). Then the encoder outputs
)\371‘, u;, a;, where a; = 1 if \; € W and a; = 0
otherwise. In addition, if a; = 1, the encoder also outputs
S\f,i £ Qr(A;) mod Ay 3 and b;, where b; = 1if \; € S
and b; = 0 otherwise. Moreover, if b; = 1, the encoder also
transmits 7; £ Qs/3(Qf(Ai)) mod A,. The first output, A ;,
will be utilized at the side decoder 7. For this reason, it is
compressed with an entropy encoder before being transmitted.
Differently, u;, us and ug are employed at the central decoder
only. Consequently, they can be compressed with a Slepian-
Wolf encoder. Lastly, a;, b;, A t,; and 7; are needed only at the
central decoder. Therefore, they also can be compressed with a
Slepian-Wolf encoder. Nevertheless, we prefer to use entropy
encoding for a;, b; and fixed length codes for 7; and A f,i to
simplify the analysis, since, as we will see shortly, the rate
overhead is negligible asymptotically.

Decoder: Side decoder ¢, for ¢« = 1, 2, 3, outputs the recon-
struction 7 ; = )\871. The central decoder restores all three val-
ues As.1, )\372 and A, 3, and additionally, w1, ug, us, a1, az, as
and by, ba, bs, if applicable. The decoder first verifies whether
the following inequality is satisfied

[IAs;i — As i1l < 2(5 + 2¢0)7s + 3Fin, (26)

for all 4,5 € {1,2,3}. If condition (26) is violated for at
least one pair (7,7) then the central decoder concludes that
x;l —a ¢ B,,, and reconstructs source i using A, i.e.,
0.2 Ny, fori=1,2,3.

If inequality (26) holds for all pairs (i, ), then the central
decoder assumes that 2} — z7' € B,,, for all pairs (4, j). For
each ¢+ = 1,2,3, it computes an estlmate of \;, denoted by
)\l, and outputs the reconstruction £}, = )\ + u;. For this the
following are calculated first

S\C = Qin (u2 - Ug).
(27

S\QéQm(ul UQ), S\béan(ul —U3),

Next the decoder proceeds to compute /\ based on the values
of ai, a2 and as, and of )\f 1,)\f2,/\f 3,b1,bg,bg, T1, T2
and 73 (where applicable), in accordance with the following
cases.
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Output: 4, ,,u,,a,
2 Output: 4, ,,u,,a;,b, and
g Qm l > /1/ P Q/(/lz)mOd As/3
-1 7,=0,,(0,(4))mod A
x; A —Q Sk >
» Qc l il-
ul
VanY >
U i

A, ,u,,a,,b and

5,02

A/ .= Q/, (A)mod A,

Output :

Fig. 4. Diagram illustrating the operation of encoder ¢, for ¢ = 1,2, 3. Iy and Is denote the indicator functions of the sets WV and S, respectively.

1) If a1 =0 or as = 0 or ag = 0 the decoder evaluates

N 1 ~
Aijs = 31+ A2 + Ao + 3cgAe),  (28)
= 5\5/3 mod Ag, 5\5 £ Qs(j\s/3)7 (29)
~ 1 ~
Ar 2 —(Ne1 — A, 30
f 300( 5,1 s) (30)
. 1 <
uf 2 £ 3—0(2)(/\3,2 - /\3)7 (3D
;\2 éj\s—l-f'—l-;\f—i—@ﬁ% (32)
M2 N — Ay A3 2+ A (33)

2) Ifa; =az =az = 1and \f; = A\fo = \s3 the decoder
operates as in case 1.

3) If a1 = as = a3 = 1, S\fyl,j\fyg,j\fyg are not all equal
and b; = 0 for at least one 7 € {1, 2,3}, then the decoder

computes
. 1 B
Asj3 2 3 ()\s,l + As2+ As3+3co(l —co)Ars
+32(A g2+ Ae) — 3c0Xf,1), (34)
Ao 2 Qu(Ayy3), 72 Ay3 mod A, (35)
1
Uf3 = (/\ + 37 — 3CQ)\f 3 — Ag 3) (36)
3(:0
XgéAs+%+Xfl+af3, (37)
PYIETD PRSI PRI PRy O (38)

4) If a1 = ay = ao = 1 and by = by = by = 1, then the

decoder computes

5\81 £ /\s,l - 3605\1”,1; 5\82 = ;\sl - QS(TQ — 7—1); (39)
. 1 <

dpo = F(AS’Q - Asn), (40)
a2 XN, + 70+ Apo + iy, 41
)\1 )\2 /\a; )\3 )\2 + /\ . 42)

Remark 5: Tt is worth pointing out that the proposed RDSC
scheme has significant differences versus the scheme of [44].
The main difference stems from the use of the additional lattice
A in the proposed design for three sources. As a consequence,

more cases have to be considered at each encoder. More
specifically, in [44] there are only two cases at each encoder
(distinguished by one binary variable), while in the proposed
work there are three cases at each encoder (distinguished by
two binary variables). This also leads to the increase of the
number of cases to be handled at the decoder from three in [44]
to four in the proposed scheme.

The following result essentially states that, if the three input
sequences are at a distance of at most ry of one another, then
the central decoder is able to refine the reconstructions to their
most finely quantized representations, i.e., using the central
lattice. The proof of the result can be found in Appendix A.

Proposition 1: Let =" € R", A.; 2 Q.(xh),
i £ Qin()\c,i)» Us Né )\c,i mod A, As )i £ (/\ )
ﬁf’ = )\ mod Af, >\f,i = Qf( )mod Ag/g, Ti =
Qs/d(Qf( ;) mod Ay, and A, £ Qs(Q,/3(Qf(N;)) for
i = 1,2,3. Then when xj — ax} € By, for
i,7 € {1,2,3}, Slepian-Wolf decoding of uj, ug and us is
successful, and ¢ is sufficiently large, we have Z7;, = A,
fori=1,2,3.

VI. CONCLUSION

This work proposes a lattice-based coding scheme for
robust distributed source coding for three correlated sources.
We derive the expressions of the rates and distortions, for
fixed lattice dimension, when the distortions at the individual
decoders and the ratio between the distortions at the central
and individual decoders approach 0. It is additionally shown
that, when the sources are identical and Gaussian, the asymp-
totic performance of our scheme is very close to the theoretical
bound of the quadratic symmetric Gaussian multiple descrip-
tion problem with central and individual decoders, with a gap
of 0.069 bits in terms of rate per description. The proposed
scheme can be extended in a straightforward manner to the
case where the number of sources is greater than three.

APPENDIX A
PROOF OF PROPOSITION 1

We first need the following lemma.
Lemma 2: The following relation holds for i = 1,2, 3,

7(3;,71(0)) < (54 2c0)7s. (43)
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Proof: Notice that equation (22) implies that
(5 1(0) < 7(U) + (5 U)).

From (19) one obtains that 7(U) < #(7) + 7(L) + 7(F).
Since 7 C V4(0), L C V,/3(0) and F C Vy(0), it further
follows that 7(U) < 75 4+ 753 + 7y < 275 In addition,
the definition of 3; implies that 7(3;(U)) < 37(7)+3coT(L)+
3¢3F(F) < 3Fs + 3coTs3 + 3ciry. Combining the above
discussion with (44), Te3 = %FS, and 7y = %FS leads
to (43). [ |

Proof of Proposition 1: Let us assume that z7/ —z;" € By,
for all i,5 € {1,2,3}. Let us also assume that the Slepian-
Wolf decoder used at the central decoder recovers uq, us and
ug correctly. We will first prove that condition (26) is fulfilled.
Let us fix arbitrary ¢ # j,4,j € {1,2,3}. Notice that the shift
invariant property (20) of (i, combined with equality (22),
implies that [|A— B4 (\)|| < 7(8, ' (0)) forall k € {1,2,3} and
A € A;y,. This observation, together with the triangle inequality
and Lemma 1, leads to || As i —As ;|| < || Asi—Nal|+ ]| A=A ][+
IA; — Xssll < 27(B71(0)) + 37, which together with (43)
gives (26).

Using Lemma 1 and the fact that ., = Ap+ug, k= 1,2, 3,
we obtain that 7, > || Aci — Aejl| = [Jui —u; — (Aj — X)),
which, together with the fact that A\; — A\; € A;,,, implies that
u; —u; € Vin(Aj — Ni), ie, Aj — Ay = Qin(u; — uj). This
further implies that ;\a, 5\;,, 5\0 computed in (27) satisfy the
equalities

(44)

Xa=A =AM, == A, Ae =Xz — Ao (45)
According to (18), we have
Ni= Ao, + 7+ Api g, i=1,2,3. (46)

Moreover, since As; = 3;(\;), for i = 1,2, 3, one obtains that

Asi = 3corp1 + Asys (47)
>\s,2 = 3C(Q)ﬁf,2 + >\827 (48)
As3 = 373 — 3coAf3 — 3C2Us 3 + sy (49)

Adding the three equations above, side by side, leads to

AS,l + AS,Q + AS,B = Asl + )\32 + )\33 + 373

+ 360(5\1071 — 5\f73) + 3(3(2)(71]072 - ﬂﬁg). (50)

Recall that @y; = A; — Qy(\;), for all i, which together
with (45) yields ﬂﬁg - ’llf73 = A + Qf()\g) - Qf(/\g).
Suppose now that case 1 holds. Based on Lemma 1, it follows
that Q (A1) = Qr(N2) = Qy(A3). This further implies that
’&ﬁg — ﬂﬁg = —)\C, /\f71 = /\f72 = )\f73, T1 = T2 = T3 and
Asi = As, = Asy. Then relation (50) leads to Ag 1 + g2 +
As3 = 3(Asy +71) — 30(2)5\5. The above equality, together
with (28), implies that ;\5/3 = As; + 71. Combining this with
(29) leads to 7 = 71 = 79 = 73 and 5\5 =Xs; = A5y = Ass-
Now invoking (30), (31), (47) and (48), one further obtains
5\f = S\fJ = S\f’Q = 5\f}3 and Uy o = 9. Employing further
equations (32) and (46) leads to 5\2 = Ao, which together with
(33) and (45) implies that \; = \;, for i = 1,2, 3.

Assume now that a; = as = ag = 1. Consider arbitrary
i # 4, 14,5 € {1,2,3}. Recall that, according to Lemma 1,
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[IAi = Ajll < 7in. Since Ay = coAip, for ¢y sufficiently
large, r;, is smaller than the smallest distance between non-
adjacent Voronoi regions of Ay. This implies that A; and
A; are either in the same or in adjacent Voronoi regions
of Aj. Notice that Qs(\y) = 5\f7k + 7k + A, for any
k € {1,2,3}. Then, if A\;; = As;, it follows that Q(\;) —
Qr(Nj) = Ti+ A5, =75 — As; € Agy3 = coAy. This implies
that Qf()\;) and Qf()\;) cannot be adjacent points of Aj.
Therefore, it only remains the possibility that they are equal.
This leads to 7; + A5, = 7; + A5, and further to 7, = 7;
and As; = As;. Thus, the proof of case 2 carries on as
in case 1.

Suppose now that case 3 holds. The fact that b; = 0
and Lemma 1 imply that Q, /(Q(M)) = Qu/s(Q(A2)) =
Qs/3(Qf(A3)), leading to Ay, = Ay, = Ay and 73 = 75 =
73. Combining this with (46) and (45), one further obtains
Upo—Ufp3 = —5\5 — S\fyg + 5\f3 Plugging thjs in (50) yi~elds
2\371 +)\§72 +)\s73 = 3(/\‘;\3 —I—Tg) +3CO()\f71 — )\f73) —36(2)(/\C+
A2 — A f3) The above equation, together with (34), leads
to 5\3/3 = As; + 73. Combining this with (35) gives that
7 =73 and 5\3 = Ag3. Equations (36) and (49) further lead to
if, = Ug,. This in conjunction with (37) and (46) implies
5\3 = A3. Now one can readily invoke (45) to show that
N =\ fori=1,2,3.

In order to address case 4, we need the following result.

Assertion 1: 1f N\;/3 € Ag/3 and V,/3(As/3) is adjacent to
V9/3(0)’ then >‘s/3 € ‘/;(O)

Proof: Let \;;3 € A3, then 3\ 3 € Ag. Since
Vs/3(Xs/3) and V; /5(0) are adjacent, it follows that Vi (3),/3)
and V,(0) are adjacent. Then MT/‘”’ is on the boundary of
V5(0). The point A /3 is in the interior of the segment
connecting 0 and ~=2/2. Therefore, A, /3 is in the interior of
V%(0). This concludes the proof of Assertion 1.

Now assume that case 4 holds. It can be easily verified that
Qs/3(Qr(Ni)) = T + A, for any i = 1,2,3. Then, based
on definition (25), it follows that \; € f/'s/g(n + As;), for
i=1,2,3. Since Ag/3 = c2A;n, for ¢y sufficiently large, r;,
is smaller than the smallest distance between non-adjacent sets
‘75/3(/\5/3). According to Lemma 1, one has ||A; — Az < 7in,
therefore V, /3(T1+ s, ) and V. /3(T2+ A, ) are either identical
or adjacent. This implies that V; 3(As, +71) and V; /3( s, +72)
are either identical or adjacent, and further that V 5(\s, +
T2) — (Xs; +71)) and V;/3(0) are either identical or adjacent.
Using Assertion 1 one obtains that A\g, + 72 — (A5, + 71) €
Vs(0), leading to 0 = Qs(N\s, — Asy + T2 —T1) = A, —
As; + Qs(m2 —11), i.e., Qs(2 — 1) = A, — Ag,. Combining
the above with (39) and (47) implies that 5\31 = s, and
5\32 = As,. Using further (40) and (48) leads to 4y, = ty,.
Based on (41) and (46), the equality 5\2 = \o follows. By addi-
tionally exploiting (42) and (45), one can establish relations
5\1‘ = \;, for ¢« = 1,2, 3. With these observations, the proof is
complete. |

APPENDIX B
PROOF OF THEOREM 1

The following lemma will be used extensively.
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Lemma 3: Let S; and Sy be two finite subsets of R™. Then
> 2 [ A S [S1[S2 7 (S1)7(S2).

A1ES] A2€S2 . . .
Based on the Cauchy-Schwarz inequality, one obtains

Yool Yo > el

A1EST A2€S2 A1EST A2ES2

S Y #S)S)

A1E€S1 A2E€S2
|S1[S2[7(S1)7(S2).

IA

A. Proof of Relation (7)

For each A\, € A, and i = 1,2,3, let A;(\,) =
{aplar, = A} Next, for every A € Ay, let M()) =
Ux.eVin(W)na. Ve(Ae). Then A;(As) = U/\EB O )M( ). Tt is
obvious that M(\) = A + M(0) for all A € A. Combining
the above with equality (21) leads to

Ai() = A;(0) + A,

Clearly, one has d ;(£"0)) = D(Q4,, X]"), where Q 4, is
the quantizer mapping every source sequence z! € A;(\y)
to Ag, for Ay € A;. Now let us fix i. The rest of the proof
will be divided in two %Jarts Part 1 shows that, assuming the

VA, € As. 51)

existence of hm G(A one has
D X ;(0
lim (Q*“; ) i G(Airf)). (52)
(6) v (6) cd

In Part 2 we evaluate 1ién %gm)).

Part 1: This proof is (si)milar to Part 1 of the proof of relation
(23) in [44, Appendix C], which in turn employs ideas from the
proof of [49, Lemma 1], but with some differences in the form
of the expressions involved. Therefore, we will only mention
the main steps, but provide the intermediate expressions in
detail. The key idea of the proof is that, in the limit of (6),
the pdf fx» can be approximated by a density function which
is uniform over every set A;(\s). Specifically, let ¢ = (6, cg)
and define the density function f. : R"™ — [0, 00) as follows.

For each \, € A, and z" € A;()\,), let
ny_ PIXT € Ai(As)] 1 /
- ") = i _ . ) gy
=000~ A o) Fxp (y™)dy
(53)

Let X7 denote the random variable with pdf f.. The following
relation follows along the same lines as (72) in [44],

(QAMX.?) -

— D(Qu X7
coVs”
e 2
< TAOD [ 1) - fp o, (5

e

Further, since 4;(0) =
7(A; (0)) < #(B;(0))

T
7s = 3c307in0 and 7(M(O

Uxeg; (0)(A + M(0)), we have
(M(0)). Combining this with (43),
)) < T’Ln + rc é 27Azn = 297'”10
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9¢30Tin0, for co large enough, which

gives 7(A;(0)) <
= (3c20)"Vin,o implies that

together with v

7(A; (0 9c3 07, 3Ty
’I“( 12)) < CoUTin,0 . 7”11,,0 (55)
Covs' 3039’/[;: 0 Vino

as relations (6) hold. Further, relations (54) and (55) lead to
1(ig1 Lo ID(Qa,, X2)—D(Q.a,, X*)| = 0 as in [44, Proof of

cg v

(77)]. Finally, the equality D(Q.,, XZ) = G(.Ai(O))l/;%
follows as in [44, relations (78)]. The above two relations
prove the claim.

Part 2: Recall that A;(0) = UAEBJI(O)(A + M(0)) =
Uxeu (A — Bi(A) + M(0)), where we have used relation (22).
It can be readily verified that M(0) is a fundamental cell of
Ain. Thus, one has v(M(0)) = v;,. The next equality follows
as in [44, Appendix C],

[t = e dan
A;(0) M(0)

7

T
+22/ o a"dx", X — Bi(N))

e
Tz,
+VmZH)‘ Bi(A H2
e
T3,;
Recall that v(A;(0)) = vs = Mv;,. Then
G(A;(0)) _ T T,
c? TLC(Q)(MI/m)H_% nc%(Mz/m)l‘*‘%

T3,

__Bi (56
nc%(Mym)”%

We first show that the first two terms in the right hand side
of (56) go to 0 in the limit of (6). The proof is also similar
to the counterpart in [44, Appendix C]. Let us start with the
first term. Notice that fM(O) ]2 da™ < (F(M(0)))vin <
4927227%0%”. Combining this with || = M and v;;, = 0" 4y, 0,

we have
2-2
Ty - 4M6 Tin,0Vin
2 1+2 — 2 1+2
ned(Mvg,)t e ned(Mvg,)tta
4r'm 0

= 72 — 0 as (6) holds.
neg M v, o

(57)

Further, it follows by the Cauchy-Schwarz inequality that

Ty 11<2 / ™ ldz™ 3 1A - (A
M(0 el

Combining the above with fM(o) |z ||dz™ < F(M(0))vin, <

OFin 0Vin, ZAeMH/\ — Bi(\)|| < M#(B;*(0)), relation (43)
and 75, = 300977”1 0, one can readily show that, for sufficiently
large co, |Toi| < 36c¢360%v;, M72, o- The above relation,
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together with M = (3¢3)", implies
Ty 360(3)92VmM7*2
2 =
nC(Q)(MVin)1+ﬂ' anM +3 V?,n92 znO
4771‘271 0
= ——— — 0 as (6) holds. (58)
TLC%I/"L 0
T3 i

Let us evaluate now . From now on the similarity with the
proof in [44] breaks down due to the more complex definition
of the mappings 3; in the current work. We will discuss
separately the cases © = 1, ¢ = 2 and ¢ = 3. Recall that
U2{r+i +Uf|7' € T,iy € F,\; € L}. Notice that,
if A € U, then QS(QS/g(Qf( ))) = 0. Then A\; = 0 in (17).
Using now (17) and (18), one obtains that

T <
=Y 1A= 3coAs]?

Vin  \eu
= > (I = 3e) I + llagl? + 1712)
A€U
+ 3 (201-8c0) (A, 7 +2(1=3e0) (g, g +2(7, )
xeu
=22 D =3P+ D> D lay I
TETS\feﬁﬁfE]: TETS\feﬁﬂfef
=22 2 Il
TET;\feﬁﬁfef
+2(1=3c0) Y Y D (i, Ap)
TET NjeLufeF
2(1=3c0) > > > (Ap7)
T€T S ;eLis€F
23, >0 > (anT) (59)
TET}\fEL‘,ﬂfE]:
Consider the following quantities:
X X P > X llagl?
TGT)\fEL‘,ﬁfE]: A TET)\fEEﬂ‘fe]:
T, = S 2 s T3 = 2 2 ;
ncg M v neg My
(60)
ISR S OYY (A
N TET/\feLUfE}' A TET)\fE£UJ'E.F
T, = 2 ) T5 = 5 2 )
nea Moy ncg Mty
(61)
> X (AT > > X (upT)
A TGTS\feL‘,ﬁfE]: A TGTS\feL‘,ﬁfE]:
T6 = . 2 ’ 7= . 2
neg My ncg My
(62)
Relation (59) leads to
Lz = (1= 3¢0)*To + Ts + Ty + 2(1 — 3¢0)T5
ncd(Mvi, )t =

—|—2(1 — 3CQ)T6 + 215, (63)

The following relations will be used extensively M = 3ncgn

_ 2 _
Vi = CQVins Vsjz = C"Win, Vs = 3"C3"in, |T| = 3",
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— — — 2 —
L] = cf, |F| = c§, Ty = cobTino and 753 = cgbFin0,
Ts = 3¢30Tin0, Vin = 0"Vin,0. Based on Lemma 7 in [44],
one obtains

nM 2
T2 =T 2 (G(CAVJ Af)cél/m - Gf)c(z)yi%)
9nMcO
1 1
= 9_0(2) G(CA5/3:Af) - %Gf ; (64)
nM 2 2
T3 =—"" — (G(CAf A )COVEL — GinVﬂL)
9nMcOV n
1 1
- 9_03 G(CAf!Am) - %G'Ln ) (65)
nM 2 2
Ty = 2 (9G(CAS:AS/3)03V{% - Gs/3cé’/iz)
InMcSv,
1 1
= % G(CASiAs/s) - §Gs/d : (66)

Note that scaling preserves the normalized second moment.
Therefore, one has Gs = G /3 = G . This result, in conjunc-
tion with Lemma 8 in [44], implies that

lgglG(CA Af) —hmG(CAf ) —hmG(CA Ai‘/3) GS.
(67)

7(L) <753 and

Nin

s/3°

Further, Lemma 3, together with 7#(F) < 7,
7(T) < 75, leads to

>3 X Hag Al

TE€T A eL isEF

|T5| < T3
ncg Mty
Mr 7, 72,
< —— LB - _ms (68)
ncg Mt z/i" 9ncoz/m 0
E,FZ ~Efl@fﬂl
TET NreLufc
|T6| < : —=
ncg M v
M7, )57 72
< By = —o, (69)
negM' v 3ncdy; im0
E,FZ ~Efl@fJ)l
T7€T \,eLurc
|T7| < z
n02M1+w Vn
< M’I“f'r: _ Fan oz (70)
neg Mt z/i" 3ncoz/m 0
Based on relations (65)-(70), one obtains that
lim T3 = lim T4 = lim 2(1 - 3CO)T5
(6) (6) (6)
=lim 2(1 — 3¢p)Ts = lim 277 = 0. (71)
(6) (6)

Further, relation (64) implies that 1(151)1(1 —3c0)*Ty = Gs.
Combining the above relation with (63) and (71) gives

I T3
1m
1

—— =G,.
(6) n02M1+nl/ At

(72)
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Ta -
Let us evaluate now —*2.

= IIA = 3cgag

AeU

_Z(v&wm+wwww)
AeU

+ 3 (2007 + 201 = 3ed) (g Ap)
AeU

+ (1= 3c) iy, 7).
The above equality, together with (60)-(62), leads to
T30

0 o 2\2m o 2
ncg(Mym)lJr% =T+ (1 300) Ts+ Ty + 2(1 3CO)T5

+2T +2(1 — 3¢2)Ty.  (73)
Using (65) and (67), one obtains
1(1?)1(1 —3c2)Ts = G,. (74)
From (64) and (66)-(70) it follows that
limTs = lim Ty = lim2(1 — 300)T5
(6) (6) (6)
= lim Ts = lim 2(1 — 3¢2)T7 = 0. (75)
(6) (6)
Relations (73)-(75) imply that
T
lim —>2 =@, (76)
(6) anMlJr 7 1/7+1
Let us evaluate now %
T35 _ 3 5 2 112
== IAN =37 + 3coA s + 3cpiy|
Vin  \eu
= > (10 + 3eo) X1 + 11+ Bed)ig |2 + 127
e
+3 ( — 41+ 3c0) (Mg, 7))
xeu
+2(1 + 3co) (1 + 3¢g)(tiyg, Af))
— 4(1+ 3cd) (@g, 7))).
Invoking (60)-(62) yields
T35 2 242
— = (1+3¢y)*To+ (1 4+ 3¢)“T:
ne2(Mug, )5 ( o) T2+ ( 0)"Ts
+ 4Ty + 2(1 + 3co) (1 + 3¢3)Ts
—4(1 4 3¢0)Ts — 4(1 +3c2)Tr.  (T7)
It follows by (64), (65) and (67) that
1(131(1 +3¢0)°Ty = 1(151(1 +3¢2)°Ts = G.. (78)
Further, according to (66), (69) and (70) one has
lim Ty = lim(1 + 3¢o)Ts = lim(1 + 3¢2)Ty = 0. (79
T g 3o = g1+ 3T =0 0
Next we prove that
(30)

1(1%1(1 +3c)(1 + 3¢3)T5 = 0.
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For this, we need first to introduce more notation. Let Fj
denote the set of points which are in F and on the boundary
of V¢(0) and let £y denote the set of points which are in £
and on the boundary of V3(0). Moreover, let M;, = |F3| and
Ny = |Ly|. Note that F \ F, is symmetric about the origin.
Thus, 35 cr\7, tf = 0. Likewise, 35 o, Ay = 0. Then
based on the linearity of the scalar product, it follows that

Do D lap A=) Y Y fap )

TGTS\feL‘,ﬁfE]: TET;\feﬁbﬁfE]:b

Thus, one obtains

YD D lap )| =

TeT Xfeﬁ ufeF

YD D (apAy)

TETS\fe[jb ay€Fp

YoX D> Kap Ayl

TETS\fE»Cb ayEFy
< 3"NyMyry7s3,

IN

where the last inequality follows according to Lemma 3. Using
further 7y = cofFin,0 and 73 = c§07in,0 leads to

1+ 3co)(1 4 3c2)72 4 3"N, M,
|(1+3CO)(1+3C(2))T5| < ( 0)( 0) in,0 b b

z .
3ncp ¢
9”% znO 00

(81)

Clearly, the first factor on the right hand side of the above

relation is bounded. Next we will show that % — 0 and
0
ﬁ? — 0 as (6) holds, which, together with (81), implies (80).
For this, note first that ]va = Jl\fb—;f
0 s

N £ Uj\feﬁbe(S\f). It can be easily verified that

N C ¢1Vq/3(0) \ $2V5/3(0),
where ¢ = 1+ =

Now denote

. and ¢ = 1 — —/ This implies that

/
Nyvy = v(N) < (o7 — ¢5)vs/3. Now let us show that
l(i(IsI)l(d)? — ¢) = 0. Note that
(6F = ¢5) = (61— $2) (87" + & 2o +--- + 657 )
< (¢1 — do)nepy

Since d);l*l — 1 as (6) holds, it is sufficient to show that
(¢1 — ¢2) — 0 as (6) holds. We have

r r 20¢oTin 2

Gr—p =1+ —L —14 L = Tl _ 2 (gy)
Ts/3 Tss3  C50Tin0 co

as (6) holds. We conclude that l(m)n M — . Similarly, it can be

shown that l(m)n M, — l(mgl Mf,’; = 0. Consequently, relation
6) ©o 6
(80) is valid. Relations (77)-(80) imply that
153

lim

— = 2@,.
(6) n02M1+ Vn+1

(83)

Finally, relations (56)-(58), (72), (76) and (83) lead to
lim EHA10) — 3y EA20) — @ and lim €42 @) = 2@
©). ©) T e 9 >
which concludes Part 2. Combining Part 1 and Part 2 leads
to (7).
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B. Proof of Relations (8)

Denote A; sup = supx L cR™
following result will be needed

Lemma 4: There is some constant x; such that for cg
sufficiently large, one has

will, fori =1,2,3. The

A ,8Up < 51001/5 , 1=1,2,3.

Assume that ¢y > 5. According to equation (43), for
i =1,2,3, one has

7(8;1(0)) < 3c,Ts.

Let 7' € R™ and consider the notation in Proposition 1. Using
the fact that \.; = A\; + u; and the triangle inequality, one
obtains

(84)

[l =

j"c,iH = HJ?? - )‘C’i +ui + A — Aci”
< N2gi = Acill + [lwall + [[A — 22,
< Te+ Tin + A — 22,

<t |\ — & (85)

ci”'

If condition (26) is violated, then i:fn = A, leading to
[Ai = 22l = X — Asall < 7(8;7°(0)) < 3 cofis.
By combining this with (85), one further obtains that
lz} — 22,1l < (Bco + 1)7s < deofs.

Consider now the situation when condition (26) is obeyed
and case 1 is in effect, i.e., ap = 0oraz = 0oraz = 0.
Recall that 7. ; = Ai+u;, where )\; is evaluated by the decoder.
Then

1% = &2l < 1A = Nall + [lul] < A = Adll + 7. (86)

Let us consider ¢ = 2. Using (32) and the triangle inequality
then invoking (30) and (31), one obtains

A2 = Aol < [[Aa = Al + 171 + A7)l + 1ag2]
é H>\2 - )\5,2” + H)\S,Q - )\5” + ||’7'H

1 < 1 <
— || As1 — As — || As,2 — As]|-
+ 3 e =Ml + gz = Al

Applying further || A2 — A 2| < F(b’;l(O)) < 3coTs, ||T|| < 7ss
%Slandﬁglleadsto
0

X2 = Aall < 3cofs + [ As1 — As|l + 2| Xs2 — Asll. - (87)

The relation 5\3 = 5\5 s3 — T (from (29)), together with the
triangle inequality, implies

g = Asll < Mss = Asgall + IFI < 1y = Asysll + 7,
(88)
for j = 1,2,3. Combining (28) with the triangle inequality
yields
- 1 1 .
IXs = Asyall < 5lIAs 1 = As2ll + 5l1As1 = Asall + ol Acl-
(89)

According to (26), one has ||As1 —
Plugging this in (89) leads to

ASJH < 660773 + 3771'71»

st — Asssll < dcoTs + 2Fin + Bl Ac!- (90)

4101

Now we will derive an upper bound for ||\.||. Note that
Ae = Qinluz — uz) =
Then

(U;Q — U3) — (UQ — ’U,g) mod Qin-

el < Nzl + l[us]| + [ (us —us) mod Qin(ur—us)|| < 37in.

On
Plugging (91) in (90), then (90) in (88) and using the fact that
Ts = 3C3Tn gives

[As1 — As|| < deoFs + 27in + 27, < 5eofs. (92)

Similarly, one obtains ||As2 — As| < 5cors. Plugging the
previous inequality and (92) in (87) yields || A2 —Az2|| < 18c¢o7s.
By combining the above inequality with (85) and (86), we have

||zt — ‘%21” <75+ 18cors + Tin < 19coTs,

for ¢y sufficiently large. The proof for the rest of the cases
proceeds similarly. |
Let us denote by P, gw the probability of failure of the
Slepian-Wolf decoder. According to Proposition 1 we obtain
that, for i = 1, 2, 3,
D(Qc, X;") < dC,i(ﬁ(an))
< (Pxy X3 (10) + Pe,sw) A 4y
+D(Q., X]).

According to [1], the value of P, sw can be decreased
arbitrarily by enlarging the block size used by the Slepian-
Wolf encoder. Leveraging the fact that A, ,,, is bounded,
we conclude that the effect on the distortion of the Slepian-
Wolf decoding failure can also be diminished arbitrarily.
Combining this observation with (93) and with Lemma 4,

it follows that, as the block size of the Slepian-Wolf coder
goes to oo, the following holds

D(Q., X") < dcyi(ﬁ(n,ro))
< PX1X2X3 (7‘0)/@1601/5 +D(Q07Xn) (94)
ACCO21‘diI‘1g to Lemma 1 in [49], one has D(Q.,X]") =

Gevd (1 + o(1)) in the limit of (6). Plugging this result in
(94) leads to (8).

93)

C. Proof of Relations (9)

_Let us first denote Pi & PQin(Q(X) € W] and
Bi £ PlQin(Qu(XT) € SIQin(Qu(XT) € W], where W
and S are defined in Section V-B. Additionally, for 0 < z < 1,
let Hy(z) & —zlog, z — (1 — 2)logy(1 — 2). Further, note
that the rate needed to transmit 3;(\;) is L H(Q.,(X[")). The
rate needed for a; is —H b (77 ), while the rate for encoding A fi
equals 1P; log, |£]| = P;log, co. Since b is transmitted only
when a; = 1, the rate needed for b; is ’P Hb(P ). The rate
used for encoding 7; equals %751'751' log2 |T| = P;Pilog, 3.
Finally, the rate used for encoding wui,us and us with a
Slepian-Wolf coder, i.e., %H (Uy,Us,Us), is equally divided
among the three encoders. It follows that

RA(L) =~ (H(Qa, (X])) + 5 H (U1, U, Us) + Hi(P)

+75iHb(75i)) + Pi(logy o + P logy 3).  (95)
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Since l(m)n 7(A;(0)) = 0, as proved in Part 1 of the proof of
6

relation (7), we can use Lemma 2 from [49] (proved by Csiszar
in [51]) and the fact that (.A4;(0)) = v, to obtain that

lim + (H (Q, (X]")) + log,(vs)) = h(Xy).

6
6 n ©0)

Lemma 5, proved next, states that 1(1(15151(751- log, ) = 0.

This implies that l(iér)l P =0 = l(iéI)l P, and further that

1(%1)1 Hy(P;) = 0 = 1(1(151)1 H,(P;). The above considerations,

together with equalities (95) and (96), imply relations (9).
Lemma 5: For i = 1,2,3, one has 1(131(731- log, ¢o) = 0.

Let us fix 7. Denote

W(p) £ {a} € R : Qin(Qe(al)) € W(Af)}
and W £ U)\fEAfW()\f). Thus, P; = P[X? € W]. A moment
of thought reveals that

W) € (Ap +mV5(0)\ (Af +12V£(0)),
where 7 £ 1 + Zintle and gy £ 7 — —’7"”;;;”“ =1- —4’7";1;”“.
The above relation implies that

vOV(Ap)) < (1 =13y
Since fx, has finite variance, it follows that E[||X"|] € R.
Let p1(co) = E[|| X7||](logy co)?. Markov’s inequality implies

that P[|| X7 > p1(co)] < m. It follows that

o7)

Pi <PIX] € WN By, ()] + PIX] ¢ By (co)] -

T T

Since Ty < m, in order to prove the lemma it is suffi-
2

cient to show that 1(in)1(T1 log, ¢o) = 0. For this, let us denote
6

By £ sup{fx,(z™)|z™ € R™)}, which is finite since fx, is
bounded. Note that if 2’ € B, (¢, then Qf(Qin(Qc(27))) €

(3

By, (co)» Where pa(co) £ p1(co) + e + Tip + g Then one has

Ty <
)\fEAfﬂB

B Ixr (z")dz"
ateoy © VAS)
2(co

< Y Bw(W()

)\fEAfﬂB
>, v

AreAsNB

p2(co)

(a)

< Bo(nt' —3)
p2(co)
< Bo(nl — 2 )V(B/)g(co)+Ff)a

where (a) is obtained using (97), while (b) holds since

(98)

Ux\fEAfﬂsz(%)Vf(/\f) - Bp2(co)+Ff. Further,
(7 —n5) = (m—n2) (" +nf Pna4n 23+ +ny )
< (m = m2)nnp (99)
1 and

Relations (98) and (99), together with 1(%1)1771 =

I/(Bl)2(00)+,:f) = v(B1)(p2(co) + 7¢)", imply that, in order
to conclude the proof, it is enough to prove that

lim((n1 — n2)(p2(co) +75)" logy o) = 0. (100)

(6)
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A

Let 7 = 7, + T4y, + 277. Then
(m —n2)(p2(co) +7¢)" logy co

50Tin,0+207¢ 0 5 \n
= TM(E[HX?H]UO& co)’+7) " logy co

1
n

571‘”704-2776’0 " (log CO)QJrTlL _logyco, 1
= o | B[ X7 2= +7(—2=)

in,0 Cg Co
Using further the relations l(in)lf =0, 1(111)1(1%6#000)l =0 and
6 6
o 1
1(1(1%1 M = 0, (100) follows. This completes the proof
of Lemma 5. u
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