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On the Sum Rate of Gaussian Multiterminal Source
Coding: New Proofs and Results
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Abstract—We show that the lower bound on the sum rate of
the direct and indirect Gaussian multiterminal source coding
problems can be derived in a unified manner by exploiting the
semidefinite partial order of the distortion covariance matrices
associated with the minimum mean squared error (MMSE)
estimation and the so-called reduced optimal linear estimation,
through which an intimate connection between the lower bound
and the Berger-Tung upper bound is revealed. We give a new proof
of the minimum sum rate of the indirect Gaussian multiterminal
source coding problem (i.e., the Gaussian CEO problem). For the
direct Gaussian multiterminal source coding problem, we derive
a general lower bound on the sum rate and establish a set of suffi-
cient conditions under which the lower bound coincides with the
Berger-Tung upper bound. We show that the sufficient conditions
are satisfied for a class of sources and distortion constraints; in
particular, they hold for arbitrary positive definite source co-
variance matrices in the high-resolution regime. In contrast with
the existing proofs, the new method does not rely on Shannon’s
entropy power inequality.

Index Terms—CEO problem, entropy power inequality, min-
imum mean squared error (MMSE), multiterminal source coding,
semidefinite programming.

I. INTRODUCTION

IRECT and indirect multiterminal source coding are two
fundamental problems in network information theory.
The indirect version, also known as the CEO problem
(see Fig. 1), was formulated in [2]. The quadratic Gaussian case
of the CEO problem, first studied by Viswanathan and Berger
[21], has received particular attention. Major progress on this
problem was made by Oohama in [6]. The rate-distortion re-
gion of the Gaussian CEO problem was completely character-
ized in [7] and [13]. The main technique developed in [6] and
later refined in [7] and [13] is the application of Shannon’s en-
tropy power inequality to relate various information quantities.
A short survey on the Gaussian CEO problem can be found in
[10].
Direct multiterminal source coding (see Fig. 2), which will
be referred to simply as multiterminal source coding, is a lossy
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extension of the Slepian-Wolf coding problem [16]. Significant
effort has been devoted to characterizing the rate-distortion re-
gion for this problem. The best inner bound, given in [1] and
[20], is often referred to as the Berger-Tung bound. For the
Gaussian two-terminal case, Wagner et al. [22], building upon
the work by Oohama [5], proved that the Berger-Tung inner
bound is tight. Notably, they derived the minimum sum rate of
the Gaussian two-terminal source coding problem by coupling
it to a Gaussian CEO problem, therefore, made an implicit use
of Shannon’s entropy power inequality.

There are several extensions [8], [9], [11], [12], [18], [19]
to the aforementioned results. In particular, Tavilder et al. ob-
served in [18] that Shannon’s entropy power inequality can be
partially replaced by the worst additive noise lemma by Diggavi
and Cover [4] in the derivation of the minimum sum rate of the
Gaussian CEO problem.

We shall present a new approach for deriving the lower bound
on the sum rate of the Gaussian multiterminal source coding
problems. The key ingredient is a simple fact about the semidefi-
nite partial order of the distortion covariance matrices associated
with the MMSE estimation and the so-called reduced optimal
linear estimation. Due to its estimation-theoretic nature, the new
approach does not require Shannon’s entropy power inequality.
In addition to its technical simplicity, the new approach is also
conceptually appealing in the sense that it makes the connec-
tion between the lower bound and the Berger-Tung upper bound
transparent. As a consequence, we are able to give an alternative
proof of the minimum sum rate of the Gaussian CEO problem.
The new approach also leads to a general lower bound on the
sum rate of the Gaussian multiterminal source coding problem.

The remainder of this paper is organized as follows. In
Section II, we introduce the MMSE estimation and the reduced
optimal linear estimation with an emphasis on the semidefinite
partial order of the distortion covariance matrices associated
with them. A new proof of the minimum sum rate of the
Gaussian CEO problem is given in Section III. In Section IV,
we derive a general lower bound on the sum rate of the Gaussian
multiterminal source coding problem and establish a set of
sufficient conditions under which the lower bound is tight. We
show that the sufficient conditions are satisfied for a class of
sources and distortion constraints; in particular, they hold for
arbitrary positive definite source covariance matrices in the
high-resolution regime. Section V contains some concluding
remarks.

We typically use uppercase letters for random variables and
boldfaced letters for matrices. There are a few exceptions, which
should be clear from the context. We use I, 0, and 1 to denote the
identity matrix, the all-zero matrix (not necessarily a square ma-
trix), and the all-one column vector, respectively. For simplicity,
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Fig. 1. Indirect multiterminal source coding (the CEO problem).
X 1 Rl X 1
Encoder 1 > —>
Xy Ry Xs
Encoder 2 > - >
Decoder
X, ¢ R X
Encoder ¢ »> —>
Fig. 2. Direct multiterminal source coding.
sometimes we write the row vector (Z(1),7Z(2),...,7Z(n)) as Lemma 1: For any random objects X and w, we have

Z™. Throughout this paper, we assume the logarithm function
is to base e.

II. PRELIMINARIES

Throughout this section, we assume that the random objects
are of mean zero.

Let X be an £ x n random matrix. Note that the covariance
matrix of X has totally (¢ x n)? elements. It turns out that the
following notion of reduced covariance matrix suffices for our
purpose. Specifically, we define the reduced covariance matrix
of X as

Sx = lE[XXT].
n

It is clear that 3x is an £ x /£ positive semidefinite matrix. Al-
ternatively, we can write

where X(4) is the ¢th column of X. Therefore, the reduced co-
variance matrix of X is given by averaging the covariance ma-
trices of the column vectors of X;; in particular, it coincides with
the conventional covariance matrix when X is a column vector.
More generally, we define

1
Txy = —E[XYT]
n

for any random matrices X and Y with the same column di-
mension 7.

The following lemma states a well-known fact about the
MMSE estimation (i.e., the conditional expectation) [17].

E[(X" — E[X" [&]) Y™ ()] = 0

where Y (w) is an arbitrary measurable function of w.

We use < (<) to denote positive semidefinite (definite) par-
tial ordering. Specifically, for two matrices A and B, A < (<
)B means B — A is positive semidefinite (definite). Note that
A(x) < B degradesto A < (<)Bif A and B are 1 x 1
matrices.

The following result is a simple consequence of Lemma 1.

Lemma 2: For any random object w and an ¢ x n random
matrix X, we have

YXEX|o] D XX-Y(w)

where Y (w) is an arbitrary £ x n matrix determined by w.

Define Dx |, = ¥x_E[x|w]- We shall refer to Dx ., as
the distortion covariance matrix of the MMSE estimation for X
given w.

For an ¢ x n random matrix X and an m X n random matrix Y,
we denote the sth row of X and Y by X* and Y;", respectively.
The reduced optimal linear estimation of X given Y is B*Y,
where B* = (b7 ;) is an £ x m matrix specified by the solution
to the following optimization problem:

min

m
E || X7 =D biY)
(bi,j)EREX™ =

T

X Xln — Xm:bi7jyjn
=1
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Define f)X|Y = Yx_B+y. We shall refer to f)x‘y as the
distortion covariance matrix of the reduced optimal linear esti-
mation for X given Y. It is easy to verify that

B* = Xxy X
f)X\Y =3x - Exv Iy Z%v-

More generally, given random matrices Y1, Yo,..., Y with

dimensions m; X n,7 = 1,2, ..., k, we define
DX|Y17Y27---7YL» = DX|Y

where Y is a (Zle m;) X n random matrix constructed by

juxtaposing Y1,Yo,..., Y, ie.,
Y,

Y = .
Y

The following result is a direct consequence of Lemma 2. It
reveals the semidefinite partial order of the distortion covariance
matrices associated with the MMSE estimation and the reduced
optimal linear estimation.

Lemma 3: DX |Y j ﬁX |Y-

It will be seen that Lemma 3 induces the constraints in the
semidefinite programming bounds for the indirect and direct
Gaussian multiterminal source coding problems, which, in a
sense, provides a unified framework for proving the converse
theorem of both problems.

III. THE GAUSSIAN CEO PROBLEM

We shall first use the Gaussian CEO problem as a simple ex-
ample to illustrate the new method. Consider a remote Gaussian
source X with mean zero and positive variance 03. Let X; =
Xo+ N;,i=1,2,...,4, where N;,i = 1,2,...,/4, are zero-

mean Gaussian random variables with positive variances o2,

= 1,2,...,4, respectively. We assume X, Ny,..., Ny are
independent. It is known that X can be expressed as
Xo=Y+N
where
L 2
Y = E[Xo| X1, Xo,...,X/] = Z —JQV
(X1, Xo,..., X,) with variance =

and N is a zero-mean Gaussian random variable independent of

1 =1
2
“N:<?+§:ﬁ>

0 i=1 1

-1

Let {(Xo(t), X1(t), ..., Xe(t),Y(£), N(£))}2, be iid.

copies of (Xg, X1,...,X¢, Y, N

Definition 1: We say sum rate R is achievable with respect
to distortion constraint d if there exist £ encoding functions f; :
R™ — {1,2,...,M;},i=1,2,...,¢ such that

1 l
~> logM; <R
n =1

Dxyw, <d,
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where W, = (Wi, Wa, ..., W,)T with W; = fi(X1), i =
1,2,...,¢. The minimum sum rate R*(d) is the 1nﬁmum of all
achievable sum rates with respect to distortion constraint d.

Remark: 1t is clear that we can restrict our attention to d €
(o a3].
A. Lower Bound

Let f; : R — {1,2,...,M;},i=1,2,...,¢, be £ encoding
functions such that D xp|we < d. Define dy = DX‘? |w, and
d; = D\r I xpws 0= 1,2, ..., ¢. Without loss of generality,
weassumedOE(UN d]andd € (0,02 fori =1,2,...,L.

First we shall derive a lower bound on the sum rate and ex-
press it as a function of dy, dy, ..., d,. Specifically, we have

4

Z log M; > H(W_)
i—1

l
=I(Xg;We)+ > I(X[Wi | Xg)

i=1
—h(X{f)— (Xo' [ We)
+Z h(XT [ Xg) = h (X[ | Xg', Wi)

¢ o2
> S > 518,

where (1) follows from the fact that W; — X' —
(X', W;)jzi form a Markov chain for each 4.

Now we proceed to establish a connection between dy and
(d1,da,...,dy). To this end, we shall examine the following
two distortions: Dy | x» w, and Dyn | xp wp, where Wg' =
ELX7 | W],

1) Dy~ | X7 W Observe that

ey

Xy -

E[Y™| X3, W] =E

X 7WL]

2
:Z—];[E[XHXO, il

Furthermore, for i # j

E[(X7 - E[X7 | X5, W) (X) - E [X] | X5, W)

= E[(X7 —E[X]'| X3, X}, Wi, W;])
x (X} - Wj])T]

=0,

where the last equality follows from Lemma 1. Therefore,

we have
L 0_2 2
_ § : N .
DY" |X(7)1 7‘}‘,712 = ( 0-2 ) dZ‘

=1 g

E X} |5,

(@)

2) Dy~ | xpwy: Note that

JE[x
“E [oxp - )] =o,

- Wi) (X5 = W) = do,
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which implies
1 npmT] _ L n (T
#E[Xo (W) } :;E[Wo (We") } —00 do.
Since N™ is independent of W', we have

1 n T _ 1 -

—E [Y (W) } =—-E [Xo (W) } —00 do.

n n
Therefore, the reduced covariance matrix of X', Y™, and

W (by juxtaposing them into a 3 X n random matrix) is
given by

amﬂm%mff

2 2 2 2
og o5 —oyx 05 —do

_ 2 2 2 2 2
=|o5g—0ox o05—0% o5—do

- do 0'(2] - d() 0'(2] - do
Now it can be readily verified that
Dy |Xpwp = 0% — < 3)
By Lemma 2 and Lemma 3
Dy xpw, < Dynxpwy < Dy | X, Wy

which, in view of (2) and (3), implies that

4
1 1 d;
R D @

i=1

9

Therefore, we have

* A 0'(2) 0',»2
R*(d) = p ,111(1]17111, p 51 d_o + ZZ B IOgd—i (P1)
. 11 d;
SubJeCt to d_o S g — ; J_f
0<d;<o? i=1,2,...1L

B. Upper Bound

We shall proceed to derive a matching upper bound on R*(d).
Let Uy, Us, ..., U, be £ auxiliary random variables jointly dis-
tributed with the generic source variables X, X1, ..., X, such
that such that U; — X; — (Xo, X,;,U;,j # 1) form a Markov
chain for 7 = 1,2,...,¢. The well-known Berger-Tung upper
bound [1], [20] states that

R*(d) S I(X17X27 ‘e ,X(; U£>
,Ug). Now let U; =
, £, where c; is a constant and Z; is a

ifDX0|UL S d, where UL = (Ul,UQ,...
CZXZ—}-Z“L = 1,27...
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zero-mean unit-variance Gaussian random variable independent
of everything else. With a slight abuse of notation, we define
do = Dy0|Uﬁandd—DX|y0 ;i =1,2,..., 0 Ttis clear
that d; can take any value in (0, 02] 1=1,2,...,¢ In view of
the derivation that leads to (2) and (3), we must have

¢ o2\ 2
_ N
Dy | x, v, = E <—2> d;
; o;
=1 ?
4
~ _ 2 oN
DY|X0,U0 =0N — _d ,
0

where Uy = E[X( | U,]. By invoking the fact that Uy is a suf-
ficient statistic of U, for estimating (Xo,Y") and the fact that
linear MMSE estimation coincides with MMSE estimation for
joint Gaussian distributions, it can be shown that

Dy | x,,u: = Dy |x,,0, = Dy | x0,00-

Therefore, we have

¢

1 d;
=>-> - ®)
ON i=1 o;

which implies dy > o3% if we restrict d; in (0,02],

i=1,2... .0

Note that
I(Xy, X,..., X3 Ur)

= I(Xo, X1, Xo,..., Xy Ur)
= I(Xo;Uz) + > I(Xi;Ui | Xo)

i=1

= h(XO) —h(Xo|U¢)

+Z (X | Xo) —

1 0(2) ¢ o2
= _—log 20 E}lt
2%%+H o8

Therefore, we have

h(Xi | Xo,U;))

where
—* A . 1 ol 1 o? ,
R (d) = Zlog =2 Zlog £ (P
(d) 40T 2 08 dy +; 2 8 d; (F1)
. 1 1 d;
subject to d_o = g — Zz:; a_f
0<d; <o}, i=1,2,...,1L

It can be seen that the minimization problem associated with
R*(d) is almost identical with the one associated with R*(d)

__9

except that “<” in (4) is replaced by in (5). Since % log Z—g
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is a strictly monotone decreasing function of dy, it follows that
any optimal solution (d§, d3, ..., d;) to (P1) must satisfy

(6)

Therefore, (P;) and (P/) are equivalent. As a consequence, we
have

= R*(d).

IV. THE GAUSSIAN MULTITERMINAL SOURCE
CODING PROBLEM

Now we shall apply the new method to the Gaussian multi-
terminal source coding problem, which is still largely an open
problem. Let (X1, X»,...,X,)T be a Gaussian source with
mean zero and positive definite covariance matrix Xx. For the
reason which will be clear later, we shall augment the prob-
ability space by introducing additional random variables. Let
N(Xx) be the set of positive definite covariance matrices X
such that 33" + B! is a diagonal matrix. Note that N(Zx)
is nonempty since (A — B3')~! € N(Zx) for any positive
definite diagonal matrix A with sufficiently large diagonal en-
tries. Let (N1, Na, ..., N¢)T be a Gaussian random vector with
mean zero and covariance matrix ¥y € N(Xx). We assume

(N1, Nao,...,Ng)T is independent of (X1, X»,...,X,)T and
define (YhYQ.’ N 7Yg)T = (X1+N17X2—|—N2., AN 7Xg+Ng)T.
Note that Xj, X»,...,X, are independent conditioned

on (Y1,Ys,... .Y[)T. This follows from the fact that
(X1, Xo,...,X,)7T is jointly Gaussian with (Y7,Ys,...,Y,)T
and the fact that the distortion covariance matrix of the
lincar MMSE estimation for (Xp,Xo,...,X,)T given
(V1,Ya,..., V)T is (Ex* + E=g')~", which is a diagonal
matrix. Intuitively, one may view (Y1, Ya,...,Y,)T as aremote
source. However, it should be noted that due to its vector nature,
(Y1,Ys,...,Y,)T is different from the remote source in the
standard scalar Gaussian CEO problem.

Let {(X1(t), Xa(t), ..., Xe(t)T, (Y1(2), Ya(t), - - -,
Ye(0)T, (N1 (1), Na(t). ..., Ne(£)™)}i2; be iid. copies of
(X1, Xor oo, X)T, (Y1, Yoy oo Yo)T (N1, No, .., No)T).

Definition 2: We say sum rate R is achievable with respect
to distortion constraint d = (dy,ds,...,d¢)T if there exist ¢
encoding functions f; : R™ — {1,2,... . M;},i =1,2,...,¢,
such that

1 4
~> logM; <R
ni:l

Dxnw, <d;, i=1,2

g Ly ey

l

)

where W, = (Wi, Wa, ..., W,)T with W; = fi(X"), i =
1,2,...,¢. The minimum sum rate R*(d) is the infimum of all
achievable sum rates with respect to distortion constraint d.

Remark: It is clear that we can restrict our attention to the
distortion constraints satisfying d; € (0,(73(1_]7 1=1,2,....,4,

where crg(? is the 7th diagonal entry of ¥x.
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A. Lower Bound

Let f; R* — {1,2,...,M;}, ¢ = 1,2,...,4,be £
encoding functions such that D X7 |VVL < d;i= 1 2 A
We shall denote ((Xl) J(XT . (X”) ) )
(V)T (V)T o (YT,

(NPT, (N (N")T) by X, Y, and N, respectively.
Deﬁne a? = DXn v, ¢ = 1,2, L Itis easy to see that
0%,02,...,0% are the diagonal entries of (%' + X')~?

Moreover define D = Dx|w, and v; = DXHY’V[V
i = 1,2,...,¢. Note that D and ;, ¢« = 1,2,...,¢, satisfy

0 <D < ¥x, diﬂ' < d;, and y; € (O,J?],Z’ =1,2,...,¢,
where d; ; is the 7th diagonal entry of D.

First we shall derive a lower bound on the sum rate and ex-
press it as a function of D, 4, ..., .. Specifically, we have

4
Z log M; > H(W;)

T iy
¢
= I(Y;We) + Y 1(X]5Wi|Y) @)
= Y) - WY W)
+Z (X 1Y) = h(XF Y, Wi))
n b by n 2
> g log Lt PO
where (7) follows from the fact that W; — X — Y —

(X7, W;)jzi form a Markov chain for each 4.

Now we proceed to establish a connection between D and
(V1,725 - -, v¢). To this end, we shall examine the following
two dlstort10n covariance matrices: Dx |y w, and ]jx Y, W>
where W = E[X | W,].

1) DX | Y, W, : Note that

DX?|Y7VVL :DX"II‘Y"/‘//I_ = Yi, L:l?/f

Moreover, for i # j
ELX2 Y, We)) (X

E[(xr - E[X; 1Y, we))"]

= E (X7 —E[X7| Y, W)
(X7 -
E [(X
(

n
ij—

x (X7 —E X7 1Y W)

E [X}L|Y7Wj])T}

where the last equality follows from Lemma 1. Therefore,

we have
0 7 .
Dx |y w, = : = diag(v1,v2, - -5 7e)-
0 0 Ye
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2) f)x |y,w: Note that ®)

LE[(X - W)(X - W)] = D,

n

1
“E[(X -W)WT] =0,
n
which implies
1 T 1 T
—E[XW'] = —-E[WW"]=Xx —D.
n n
Since N is independent of W, we have

1 1
—E[YWT] = ZE[XWT] = =x - D.
n n
Therefore, the reduced covariance matrix of X, Y, and W

(by juxtaposing them into a 3¢ X n random matrix) is given
by

3x 3x 3x—-D
¥x Sx+3n 2x-D
3x—-D Xx-D 3X3Xx-D

E(XT ,YT ,WT )T ==

Now it can be readily verified that
Dxjyw =D + 357" ©)
By Lemma 2 and Lemma 3, we have

Dx|yw, 2 Dx|y.w = f)X|Y,W
which, in view of (8) and (9), implies that

diag(v1,72,-..,7) = (D™ + 25" (10)

Therefore, we have obtained the following lower bound.
Theorem 1: For any ¥n € N(Xx), we have R*(d) >
R*(d, 2N), where

l ‘|2X+EN|

diag(y1,7v2, -, 7¢)

<MD 1+3)
0<D=<Xx

di; <dj, i=1,2,...10
0<v <of, i=1,2,...,1

subject to

B. Upper Bound

Now we proceed to derive an upper bound on R*(d). We
shall denote (X7i,...,X,)? and (Yi,...,Y,)T by X, and
Y, respectively. Let Uy, Us,..., Uy be ¢ auxiliary random
variables jointly distributed with X, and Y, such that such
that U; — X; — (Y, X;,U;,j # i) form a Markov chain for
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1 = 1,2,..., 4. For the Gaussian multiterminal source coding
problem, the Berger-Tung upper bound [1], [20] states that

R*(d) S I(XL; UL)

if Dy,jy, < di, i« = 1,2,...,f, where U =
(U1,Us,...,Up)™. Now let U be generated by X, through
parallelled Gaussian test channels, ie., U; = ¢X; + Z;,
i = 1,2,...,¢, where ¢; € [0,00) is a constant and Z;

is a zero-mean unit-variance Gaussian random variable
independent of everything else. With a slight abuse of

notation, we define D = Dy, |y, and v = Dy, v, v,»
i =1,2,...,£ Itis clear that ; can take any value in (0, 07],
i = 1,2,...,f. Moreover, Dx, |y, < d; is equivalent to

dii < dj,i=1,2,...,4 In view of the derivation that leads
to (8) and (9), we must have

Dx, v, v, = diag(vi, 72, .-, 7)
DXL |Ye,U: = (D_l + Eil)_l
where U, = E[X.|U¢]. R

By invoking the fact that U is a sufficient statistic of U for
estimating (X, Y. ) and the fact that linear MMSE estimation
coincides with MMSE estimation for joint Gaussian distribu-
tions, it can be readily shown that

DXE |)IL,U£ = DXC I”C:UL = DXL IS’li:UE.

Therefore, we have

diag(v1,72,-..,7) = (D™ + 25" ™" (11)
It is clear that D must satisfy 0 < D < 3x if we restrict y; in
0,02, =1,2,...,4

Note that

I(XL;UL) = I(YL,XL;UL)

¢
=I1(Yz;Uz) + Yy I(X3;Ui | Ye)

= }L(Yg) — }L(YZTlUC)
¢
+ 3 (W(Xi | Ye) = h(X: | Y2, Uy))
i=1
= llog 7|EX + S| + 1zﬂ:log 0—‘2
Vi

2 |D + 2N| 2 =

Therefore, we have obtained the following upper bound.

_ Theorem 2: For any In € N(Xx), we have R*(d) <
R*(d, ¥n), where

_ . 1 |EX + EN|
“(d, D) L jog 12X+ 2n|
R*(d, 3n) D,%,rririlf,lz,...,z 9 %8 D + ¥n]|
¢
1 O'iz ,
+ 5 ;_1 log ? (P3)
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subject to  diag(y1,v2,.--,7¢)

=D +3g)
0<D<3¥x
dii<di i=1,2,... 10

0<~<o?, i=1,2,...,10

Remark: It is worth noting that R*(d, ¥) does not depend
on Yy if we restrict ¥ in N(Xx). This is because
Zx|
D]

1
I(X;Ug) =h(Xe) = MXe|Ug) = §1Og

and the construction of U, implies that D can be any positive
definite matrix with the properties that0 < D < ¥x,d; ; < d;,
and D1 — E)_cl is a positive semidefinite diagonal matrix; as a
consequence, we can write R*(d, X) alternatively as

R*(d,En) = ngn% log ||§]:)X||
subject to 0 <D =< Xx
dii<d;, i=1,2,...1
D e D(2x),

where D(3x ) is the set of positive definite matrices D such that
D! - E)—Cl is a positive semidefinite diagonal matrix.

It can be seen that (P2) and (PY) are almost identical except
that “<” in (10) is replaced by “="in (11). Therefore, we im-
mediately obtain the following result.

Corollary 1: 1f there exists 3y € N(Zx) such that an op-
timal solution (D, 1,72, ...,7¢) to (P2) satisfies

’

. _ _ -1
diag(y1,72,..-,7) = (D' + B5') (12)

then we have

|Ex|
ID|

_ 1
R*(d) = B*(d, Bn) = R*(d, Bn) = 5 log

C. On the Tightness of the Lower and Upper Bounds

In the sequel we shall establish a set of sufficient conditions
under which (12) in Corollary 1 can be verified analytically.

Define D(CL Ex) = {D S D(Ex) : di,z’ = d;,i =
1,2,...,¢}. Note that D(d, ¥x) is nonempty if and only if
di = Dx,|v., 1 = 1,2,...,¢, for some U, generated by
X through parallelled Gaussian test channels. Although it is
easy to compute the resulting distortions given the parallelled
Gaussian test channels, the reverse direction turns out to be
much more difficult. As a consequence, it is a nontrivial task
to verify whether D(d, ¥x) is empty or not for a given d.
Fortunately, the following result indicates that D(d, ¥x) is
always nonempty in the high-resolution regime (i.e., when the
entries of d are sufficiently small).

Theorem 3: The set D(d,X¥x) is nonempty if d; <
DXil(Xj)j;éi7Z‘ = 1,2,...,[.

Proof: See Appendix A. ]
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Theorem 3: The set D(d, ¥x ) is a singleton if it is nonempty.

Proof: See Appendix B. |
Lemma 4: If for some D € D(d, ¥x) and ¥n € N(Zx),
there exists a diagonal matrix IT = diag(my, 7o, ..., ) such

that D(IT — (D + Xn)~!)D is a positive semidefinite matrix
with its diagonal entries the same as those of (D~ + Z5')~1,
then we have

1 3]

R*(d) = R*(d,EN) = R*(d,=N) = 5 108 D[

Remark:

1) D(IT-(D+XnN)~!)D is positive semidefinite if and only
if IT — (D + ¥N) 7! is positive semidefinite. Moreover,
if IT — (D + Xn) ! is positive semidefinite, then IT is
positive definite.

2) It follows by the Woodbury matrix identity that

~

D'+ ) '=D-D(D+3N)7'D.

Therefore, the diagonal entries of D(IT— (D + Xn)~1)D
are the same as those of (D! 4+ X ')~ if and only if the
diagonal entries of DIID are the same as those of D, i.e.,

14
Zdzﬂrj :diﬂ'v 7 = 1727...76. (13)
j=1

Since d; ; = d; for all i if D € D(d, ¥x), we can write
(13) compactly as

(DeD)r=d

where © is the Hadamard product and
w = (m,m2,...,m)T. In view of the fact that the
Hadamard product of two positive definite matrices is also
positive definite, we have

= (DoD)'d.

Note that IT is uniquely determined by D and does not de-
pend on X. However, IT — (D + X)) ! is not guaran-
teed to be positive semidefinite. Therefore, if possible, we
should choose XN € N(Xx) such that IT — (D + ) !
is positive semidefinite.

Proof: See Appendix C. ]

The following result shows that in the high-resolution regime,
the desired II always exists.

Theorem 5: There exists an € > 0 such that if ||d|| < ¢, then
Zx|

1
= —log

R*(d) 5 D

for D € D(d, ¥x).

Remark: It was shown in [25] that the Berger-Tung upper
bound is asymptotically tight in the high-resolution regime
for general sources. Our result indicates that if the source is
Gaussian with a positive definite covariance matrix, then the
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Berger-Tung upper bound is tight when the distortion constraint
is set below a certain threshold.

Proof: See Appendix D.
Now we shall impose some constraints so that (P3) and (P%)
can be solved explicitly.

Lemma 5: 1If there exist D € D(d, ¥x) and En € N(Zx)
satisfying the following properties:

1) D + ¥y is a diagonal matrix,

2) there exists a positive semidefinite diagonal matrix A such
that the diagonal entries of DAD are the same as those of
(D~ + 3~

then we have

R*(d) = R*(d, =n) = R*(d, Sn) = %mg ||2]3)x||.

Proof: If D + Xy is a diagonal matrix, then the existence
of a diagonal matrix IT such that D(IT — (D + En)~!)Disa
positive semidefinite matrix with the diagonal entries the same
as those of (D~ 4+ B")~! is equivalent to the existence of a
positive semidefinite diagonal matrix A such that the diagonal
entries of DAD are the same as those of (D~ + X ')~!. The
proof is complete by invoking Lemma 4. ]

The following result was first derived in [22] by cou-
pling the Gaussian two-terminal source coding problem to a
Gaussian CEO problem. Here we give an alternative proof
using Lemma 5.

Theorem 6: For Xx of the form

_(1 »r
2X_<p 1)

with p € (0,1), we have

R*(d) = %log (—(12;152) <1 +/1+ 73’)?;3)22))

if max(dy, ds) < min(1, p? min(dy,ds) + 1 — p?).

Remark: It is easy to show that R*(d) =
—21log(min(dq,d)) if the condition max(di,ds) <
min(1, p? min(dy,ds) 4+ 1 — p?) is not satisfied.

Proof: Tt can be shown that D(d, ¥x) is nonempty if
max(dy,dy) < min(1, p? min(dy, ds) + 1 — p?); specifically,
we have

0/ dids

_ d1
D_<0m 0 )eD(d,EX)

where

V(= p?)? +4p%dydy — (1 - p?)
2p\/d1ds )

Note that D € D(d, £x) implies that D~ — 3" is a positive
semidefinite diagonal matrix.

0=
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Now we choose

s dy —0+/d1ds
N=\ —0did> do '

It can be verified that

2d; 0
D+EN:< 0 2d2>

2
Dl4ml= < a=67)d; 0 >
N 0 2 __ |
a=nd;

Since both E)_cl —DlandD 1+ Egrl are diagonal matrices,
it follows that ¥y € N(Xx).

Let A be a diagonal matrix such that the diagonal entries of
DAD are the same as those of (D~ +35')~!. We must have

1-6> 0
A _ 2(1+02)d1
- 0 1—6> .
201675

It is easy to see that A is positive semidefinite. The proof is
complete by invoking Lemma 5. ]

Note that D~ + 2! is a diagonal matrix if D € D(d, £x)
and ¥n € N(Xx). Moreover, Lemma 5 requires that D +
Y is also a diagonal matrix. Although this is possible in the
two-terminal case as shown in the proof of Theorem 6, the ex-
istence of such kind of matrices is not obvious when ¢ > 2. The
following result shows that this kind of matrices do exist; how-
ever, they must satisfy certain structural constraints.

Lemma 6: For a positive definite matrix D that cannot be
converted to a block diagonal matrix (with more than one block)
via permutation,! if there exists a positive definite matrix 3
such that both D + ¥ and D1 + Eﬁl are diagonal matrices,
then D can be written as

D = A>Udiag(r: (1+ X)L (1+A"H)"HUTAZ  (14)
for some positive definite diagonal matrix A, unitary matrix U,
positive number A, and integer r € [0, £]. Here we use diag(r :
a,b) to denote a diagonal matrix such that the first » diagonal
entries are equal to a and the rest of diagonal entries are equal
to b.

Conversely, if D can be written in the form of (14), then there
exists a positive definite matrix X such that both D 4+ 3 and
D! + X! are diagonal matrices.

Proof: See Appendix E. ]

Theorem 7: If there exists D € D(d, ¥x) satisfying the
following properties:
1) D can be written as

D = Az Udiag(r: (1+A)~%, (1 4+ A" "HUTA?

IThat is to say, there does not exist a permutation matrix P such that
PXxP”" is a block diagonal matrix. Note that if D € D(Xx) and D can
be converted to a block diagonal matrix via permutation, then Xx itself can
also be converted to a block diagonal matrix via permutation. This implies that
the source contains several groups of independent components, which can be
treated separately.
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for some positive definite diagonal matrix A, unitary ma-
trix U, positive number A, and integer r € [0, /],

2) there exists a positive semidefinite diagonal matrix A such
that the diagonal entries of

Udiag(r: (1 + A7 (1+ A7)~ Hu”
AUdiag(r: (1+ X))~ 1+ 2" H~Hu?

are all equal to one,
then we have

Proof: See Appendix F. ]

Now we proceed to characterize R*(d) for ¥x with certain
special structures. First we need the following result, which is
known as the Sherman-Morrison formula.

Lemma 7: Let ¥ = A + aup®’, where a € R,
r = (Ml?“??"'hul)T’ and A = diag(§17527"'7§[) with
6; #0,1=1,2,...,£. We have

S =A1 4+ w7 (15)
if 1+ aZfZl p26; # 0, where
b a
=_ - -
L+aX mid!
and v = (v1,v0,...,00)7 withy; = ;67 i = 1,2,... L.

Furthermore, the determinant of ¥ is given by

(16)

14 14
1% = (1+GZM?571> 14
i=1 i=1

Consider Xx of the form

Yx = Ax + aaT, (17)

where Ax = diag(6x,1,0%x,2,--.,0x,) is a positive definite

diagonal matrix and @ = (a1, s, . .., )T is a column vector.

It follows by (15) in Lemma 7 that
2)—(1 _ A)—(l _ ﬂﬂT
where ﬂ = (/Bla ﬁ?? s 7/BZ)T with

Q;

5X,1¢\/1 + Z§:1 %2'6)_(,1]'

i i=1,2,...,L

ForD € D(d, Xx), since D=1 — 2;(1 is a positive semidefinite

diagonal matrix, it follows that we can write D! in the form of

D' = ALt -Bp" (18)
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where Ap = diag(ép,1,9D,2,--.,0D,¢) is a positive definite
diagonal matrix.
Similarly, for 3x of the form

Yx = Ax —aa’, (19)
we have

X' = A +BB)"

where B8’ = (61, 85, ..., 8,)T with

i=1,2,...,L

)

Bl = i
D s 1- Y a2t
X, j=1"3"X,j

Note that B is well defined since by (16) and (19), we must have
1- Z?:l a?éilj € (0,1]. For D € D(d, ¥x), we can write
D~ in the form of

D™ = Ap +4(8)"

where Ap = diag(ép,1,0p,2,...,0D,¢) is a positive definite
diagonal matrix.

Note that for (X1, Xo, ..., X¢)T with covariance matrix Xx
of the form (17), one can write X; = a; Xo + 5x,i)2i, ] =
1,2,...,¢, where Xy, X,,..., X, are independent zero-mean
unit-variance Gaussian random variables. However, this inter-
pretation does not apply to Xx of the form (19) in general.

Now we are ready to state the following result.

Theorem 8:
1) For Xx of the form of (17), we have
1 |Ex]
R*(d) = = log ——
(d) = 5 log D

if there exists D € D(d, ¥x) such that

202 2
vi(vF — vF)
1 It =1,2,...¢ 20
+Z 1+2’02 4 y Sy ) ( )
j=1 J
where
B
v; = Z[D"i , 1=1,2,...,¢
V1= S B
2) For Xx of the form of (19), we have
1. |[Zx]
R*(d) = = log ——
(d) =5 log D
if there exists D € D(d, ¥x) such that
L 20 ()2 "2
(v5)* ()" = (v3)*)
1 J J : >0 =1,2,..., /
2 1—2(v;)z = "7 0%
7j=1
2D
1-2()2>0, i=1,2,....¢ (22)
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where

/ /316]32
Uy = 7 )
1+ S5m0,

i=1,2,...,L

Remark: The conditions (20), (21), and (22) in Theorem 8 are
not always satisfied. Consider the following example. For ¥x of

the form (17), set Ax = Iand @ = (a1, g, ..., ap) withay =
cce=ap 1 =land ay = \/E.Wehaveﬂ: (,81,/327...7,85),
where By = -+ = i1 = H% and 3, = e% Now let

D = (AI_)1 — BB")~1, where Ap = diag(ép.ép,-..,0p)
with ép = £ 7d€,Z)T'

741~ Furthermore, let d = (d11,d22,...
It is clear that D € D(d, ¥x). Note that v; = ,/%, i=
1,...,4—1,and v, = 4 /“_Ll. Therefore, we have

2 -1)
A+ 1)(20+ 1)

which converges to —oo as £ — oo.
Proof: See Appendix G. [ |
Corollary 2: For Xx of the form

1 p ... p
/) 1 ... p
Yx =1 . )
p p ... 1

with p € (-2, 1) andd = (d,d, ..., d)" with d € (0,1], we
have

L, (L=p) 7 1= p+Lp)

R*(d) = 3 og df(1—6)1(1 — 0 + 16)

where

0= P
L+ w(1=p)(L=p+Lp)

with x being the unique nonnegative solution to

L—p
1+ k(1 —p)

p _
<1+ 1—p+ﬂ(1—p)(1—p+€p)> -

Remark: The case p € (0,1) was first solved in [22].
Proof: Consider D of the form
D! =3 4+ &I
where k > 0. It is clear that D € D(Xx). It can be verified that

__Ll=p
1+ k(1—)p)
P T
x [T+ 11).
( L—p+r(1=p)(1—p+Lp)
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Note that for each d € (0, 1], there exists a unique £ > 0 such
that d; ; = d for all 7. Moreover, we have

—p) 1= p+4p)
A1 = 6)—1(1 =0+ 8)

x| _1 (1
=21
D] ~ 2%

1

—1

9 %8
where

0= P
L+ k(1 —p)(L-p+ep)

Since ¥x can be written in the form of (17) when p € [0,1)
and in the form of (19) when p € (—ﬁ, 0), the proof can be
readily completed by verifying that the conditions in Theorem
8 are satisfied. |

V. CONCLUSION

A unified method for deriving the lower bound on the sum rate
of the direct and indirect Gaussian multiterminal source coding
problems is presented. In contrast with the existing proofs, the
estimation-theoretic nature of this new method allows us to cir-
cumvent Shannon’s entropy power inequality. Note that the ap-
plication of this method is not restricted to scalar sources studied
in this work. Indeed, it is not hard to see that the new method
is equally suitable for vector Gaussian sources. In fact, the ad-
vantage of the new method becomes more evident in the vector
case since in that setting Shannon’s entropy power inequality
either yields suboptimal bounds or requires the enhancement
technique introduced in [23].

APPENDIX A
PROOF OF THEOREM 3

We need the following result from [14], [15], which is a gen-
eralization of the well-known intermediate value theorem.

Lemma 8: If ¢1,¢o,..., ¢ are continuous in an /-dimen-
sional rectangle {c = (c1,c2,...,¢0)T :a; < ¢ < biyi =
1,...,4} £ | and satisfy the following conditions:

1) ¢i(c) <Oforeachc elwithe;, =a;,i=1,2,...,¢,

2) ¢i(c) > 0foreachc € | withe; = b;,1=1,2,...,4,
then there exists at least one point ¢* € [ such that ¢;(c*) = 0
for all 3.

Now we proceed to prove Theorem 3. Let U, be generated
by X through parallelled Gaussian test channels, i.e., U; =
¢iXi+ Ziy i = 1,2,...,¢, where ¢; € [0,00) and Z; is a
zero-mean unit-variance Gaussian random variable independent
of everything else. Define

¢i(c) =d; — Dy, [(Uj)jzio

It is clear that ¢1, ¢, . ..
set

i=1,2,...,L

, ¢¢ are continuous functions of c. We

ai:07 i:1727...7£

0% —d;
bi= | =5 i=1,2,....L
UXidi
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Note that
¢i(c) <di = Dx,|(x;),., <0

if¢; = a; and d; < Dx,|(x;);,:-% = 1,2,...,{. Moreover,
we have

$i(c) > d;i =Dx, |y, =0

if ¢; = b;, i = 1,2,...,£. The proof is complete by invoking
Lemma 8.

APPENDIX B
PROOF OF THEOREM 4

The following lemma is easy to verify.

Lemma 9: Let S = diag(s1,s2,...,8¢) and s =
(s1,82,...,8¢)%. For any ¢ x ¢ matrices A and B, we

(_LASB)L’7 = ((A@BT)S)L 1= 12,£

where (ASB);; is the i4th diagonal entry of ASB,
((A ® BT)s); is the ith entry of (A ® BT)s, and © is
the Hadamard product.

Theorem 4 is a simple consequence of the following result.

Lemma 10: Let A be an £ x /¢ positive definite matrix. For
any ¢ x £ diagonal matrix S, if A 4+ S is positive definite and
((A+S)™");;=(A"");, foralli, then S = 0.

Proof: Suppose there exists a nonzero diagonal matrix S
such that A + S is positive definite and ((A + S)~1);; =
(A1), for all i. First consider the case where S is nonsin-
gular. Since

(A+S)_l :A—l _A—l(A—l+S—l)—1A—1

it follows that

(AT'AT 4+ 87HTTATY) =0, i=1,2,....0 (23)
In view of the fact that
(A=' 48 H)"1 =8 _S(A+8S)7'S
we have
A—I(A—l + S—l)—lA—l
=ASA 1A IS(A+S)1sA . (24
Substituting (24) into (23) yields
(A'SA 1), = (A'S(A +8)'SA ™),
i=1,2,....0. (25)

It follows by Lemma 9 that
(A‘lsA_l),;,i
= (A7 0 A7)
(AT'S(A +S)7'SA™Y);;
= (Ao (AT'S(A +8)1))s)i.
Therefore, we can write (25) alternatively as

A to(AT-—AIS(A+S) H)s=0
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which can be further written as
(AT'o(A+S)™Hs=0

due to the fact that A" — A='S(A +S)™' = (A +S)~".
Since the Hadamard product of two positive definite matrices is
also positive definite, we must have s = 0, which results in a
contradiction.

Now consider the case where S is singular. Without loss of

generality, we shall write S = diag(sy,...,$,,0,...,0), where
si # 0,1 = 1,...,r. Moreover, we write A in a partitioned
form
Ain Agp
A= , ,
<A1T72 Az

where Ay ; is an 7 X r submatrix. Let S = diag(s1,...,
Note that

Sr).

& -1
_ Ai1+S A
A S 1: 1,1 1,2>
( + ) < A{,Q A212
_((A+8) =
o * *

(8
# #
where A = A — A1,2A2_7%Af2- Therefore, we have ((A +

S)~1)ii = (A1), foralli. It can be readily shown that S = 0
by invoking the previous argument. ]

Now we proceed to prove Theorem 4. If there exist noniden-
tical D1, D2 € D(d, ¥x), then one can find a nonzero diagonal
matrix S such that the diagonal entries of D; = (D; ' 4+ S)~!
are the same as those of D, which is contradictory with Lemma
10. The proof is complete.

APPENDIX C
PROOF OF LEMMA 4

Consider the following convex semidefinite programming
problem?

min

¢
Doyii=12,..0 log |[D +%n | - Zlog% (RP>)

=1

subject to  diag(y1,72,---,v) < (D' + 27!

0<D
di; <d;, 1=1,2,...,¢
0<~, 1=1,2,....¢

which is essentially a relaxed version of (P3). Note that the
constraint d; ; < d; can be written as E;DE; < d;E;, where E;

2To see the convexity of the function diag(y1,v2,..-,7e) —
(D' +3")"" in the first constraint, one can write (D~ + X ")~! =
YN — En(D 4 X)Xy and invoke the fact that (D 4+ X)) ! is matrix
convex in D [3].
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is an all-zero matrix except that the ¢th diagonal entry is equal
to one. The Lagrangian of (RP5) is given by

=—log|D+ Xn|— Zlog'yi
i=1
+ tr (A (diag(717727 e 77@) - (Dil + 21:11)_1))
‘
T Ztr(HiEiDEi)

i=1

where A, II;,II5, ... II, are positive semidefinite matrices.
Therefore, (D, 1,72, .. .,7¢) is an optimal solution to (RP5)

if it satisfies the following KKT conditions [24]:

Vo L(Dyy1,y2, 0 000ve) = i=1,2,...,¢
0<D

E.DE; < d,;E;, i=1,2,...,(

0<n, i=1,2,....¢

. _ _1y -1
A(dlag(’yl,’yz,...,w)— (D 1+2N1) ) =0
IL(E,DE; — ;E;) =0, i=1,2,...,°.

These KKT conditions can be rewritten as

D (i: E,ILE;, — (D + EN)_1> D

=1

=D+ A ) (26)
vi=AL, =12, (27)
0<D (28)
E.DE; < 4E; i=12,..1( (29)
0<7, i=1,2,...1 (30)
A(diag(y1,72,---,7) = (DM +B) ™) =0 3D
IL(E,DE; - 4E;) =0, i=12,...¢ (32)

where J; ; is the ¢th diagonal entry of A.

Itis easy to see that D1 + 21;1 is a positive definite diagonal
matrix if D € D(d,¥x) and N € N(Xx). Therefore, the
conditions (28)—(32) are automatically satisfied if we choose D
from D(d, ¥x) and set

diag(y1,72.--..v) = (D™ + E;Il)_l .
Furthermore, it is easy to see that Zle E,ILE; is a di-
agonal matrix. As a consequence, the existence of positive
semidefinite matrices A, II;,II,,... II, that satisfy (26)
and (27) is equivalent to the existence of a diagonal matrix
IT = diag(my, 7o, ..., m¢) such that D(IT — (D + =)~ 1)D
is a positive semidefinite matrix with the diagonal entries the
same as those of (D~! + X !)~".
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Note that given Xn € N(Xx), the map-
plng diag(’Yl?vQ?"'?ry[) = (D_l + 21:]'1)_1
induces a one-to-one correspondence between
(717727“-77[) € (070%] X (070%] X (0/0—(?] and

D € D(Xx). Therefore, our choice of (D,~v1,va,...,v)
guarantees that the conditions D =< Xx and 7; < 01»2,
1 = 1,2,...,¢, are satisfied. As a consequence, if
is also an optimal solution to (P2). The proof is complete by
invoking Corollary 1.

APPENDIX D
PROOF OF THEOREM 5

First note that Theorem 3 implies that D(d, 3Xx ) is nonempty
when ||d|| is sufficiently small. Now we choose D € D(d, ¥x),
¥n € N(Zx) and set

A=D -z )7

It is clear that A is a positive definite diagonal matrix and we
have A — 0 as ||d|| — 0. Using the Woodbury matrix identity,
it can be readily verified that

where
A=(a,)2A7(A+32x)"AT.

Note that we have A — 0 as ||d|| — 0.

In view of Lemma 4 and its remark, we need to find a diagonal
matrix IT such that IT — (D + Xn)~? is positive semidefinite
and the diagonal entries of DIID are the same as those of D.
Let = diag(é1,&2,...,&) & AIIAZ. It is easy to see
that the diagonal entries of DIID are the same as those of D
if and only if the diagonal entries of (I — A)E(I — A) are the
same as those of I — A.. To obtain &, we need to solve the linear
equations

l
(1—2@1'71')&—{—20,?’]-5]':1—ai7i./ 1=1,2,...,¢
j=1

which can be written compactly as
(I-A)o(I-A)f=1-a

where £ = (fl,fg, ce ,f/)T and a = (al,l, a2,2,.-.,0¢ [)T.
Since (I— A)®(I—-A)—Tand1l—a— 1as|d| — 0,it
follows that & — 1 as ||d|| — 0. Therefore, II—(D+Xn) ! =
A-3EA"2 — (D + X))~ ! is positive definite when ||d|| is
sufficiently small. The proof is complete.
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APPENDIX E
PROOF OF LEMMA 6

Suppose both A and B are diagonal matrices, where

A2D+ 3=y
B2D!'+3

It is clear that A and B are positive definite. Let D’ =
A" ZDA 2 and 3 = A" z2XNA 2. We have
D'+3¥y=1
(D)~ + (ZR)"' = A’BA>.

Now let Z = (D’)~! — I. Note that

7= (I— A—%ENA—%)_I .|

=A*D'A7 -1
=AD" !'—(D+XIN)” )A%
—AD™' (D' +325') T DAY,

which implies that Z is positive definite. Moreover, we have

Z+Z' = (D) I+ (D) -1
— ()" < — D) -
— (D)7 4 (Sy) 7 -2t
=C (33)
where C = A2BAz — 2L is a diagonal matrix. Let Z =

VAVT be the eigenvalue decomposition of Z, where V is a
unitary matrix and A = diag(A1, g, ..., A7) is a positive defi-
nite diagonal matrix. It follows by (33) that

VIA+ A HvT =C.
Since the eigenvalues of a diagonal matrix are its diagonal en-
tries, there must exist a permutation matrix P such that P7 (A +
A~1)P = C. Therefore, we have

1)(VI)T

PYV is a unitary matrix. Denote A + A~}
, tue). It follows by (34) that

V/(A+ A~ =A+A, (34)
where V' = (v ’J)
by dlag(ulv M2y
vl = vl i = 1,2, L (35)
Now partition {1,2,...,¢} into disjoint equivalent classes
Ay,As,...,Ax such that 2 € A, and 5 € A for some k if
and only 1f pi = ;. In view of (35), we must have v; 4 =0if
1 € A, and j € A with k& # k/. As a consequence, if K > 2,
then D can be converted to a block diagonal matrix (with more
than one block) via permutation, which is impossible under
our assumption. Therefore, {1,2,...,¢} contains only one
equivalent class, which implies A + A~ = I for some z. So
we have \; = A or \; = A~1, where )\ is a solution to

A+ A t=

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 56, NO. 8, AUGUST 2010

It is clear that we need p > 2 in order for A to be positive. Let Q
be a permutation matrix such that A = Qdiag(r : A, \"1) Q7.
We have

D=A:D'A:
=A(I+Z)7'A"
= A3(I+VAVT) 1Az
= A3(I+ VQdiag(r : \,A")QTVT) 1A%
= A7 Udiag(r: (14+ )~ (1+1x")"HUTAz,

where U = VQ is a unitary matrix.
Conversely, if D can be written in the form of (14), then we
can choose
N = A2 Udiag(r HUTA>.

1+ ATHTH (40T

It is clear that D and X are positive definite. Moreover, it can
be verified that both D + £y and D! + B! are diagonal
matrices. The proof is complete.

APPENDIX F
PROOF OF THEOREM 7

In view of Lemma 6, if D satisfies Property 1), then there
exists a positive definite matrix 3 such that both D + 3 and
D!+ E;Il are diagonal matrices. Indeed, setting

N = A Udiag(r: (1+ A" )™, (14 A)"HUTA>
we can verify that
D+3¥n=A
D'+ l=2+2+A"HA™!

and both of them are diagonal matrices. Moreover, E)_(l -D!
is a diagonal matrix due to the fact that D € D(d, ¥x). As a
consequence, X5 + 35 is also a diagonal matrix since it can
be written as

B +3IN = (B D7)+ (DT R

Therefore, we have ¥ € N(Xx).

In view of Lemma 5, we just need to find a positive semidefi-
nite diagonal matrix A such that the diagonal entries of DAD
are the same as those of (D~! + X ')~!. Note that

DAD = A>Udiag(r : (1+ A)™"

(1+ A" HUTAz2

AA?Udiag(r: (14 A)™"

(1+ A" HUTAz2
D 14+25) = @2+A+ A1) 1A

Therefore, after scaling, it suffices to find a positive semidefinite
diagonal matrix A such that the diagonal entries of

C(1+ N+ ATHThHut
AUdiag(r: (14+ X))~

Udiag(r
L1+ A7) T

are all equal to one. The proof is complete.
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APPENDIX G
PROOF OF THEOREM 8

Here we only prove Part 1) since Part 2) is similar.
We shall show that D can be written in the form of (14) with
r = 1. It suffices to show that D! can be written as

D' = A :Udiag(l: 1+ A, 1+ A"HUTA™Z  (36)
for some positive definite diagonal matrix A =
diag(a1,as,...,ar), unitary matrix U = (u;;), and
positive number .

Note that

A~:Udiag(1: 1+ X\, 1+ A" HUTA—2
=([1+ATHAT = (AT = N)my”

where = (n1,72,...,m¢)T is the first column of A :U.In

view of (18), we can set
(1+A"HA T = At
VATl =Ap=p.

As a consequence, we have

1
o Pibp i i
,r]Z \/m7 b ?

Since U has to be a unitary matrix, we must have

4
E 2 _
’U,,i71 =1
i=1

1
2
U1 = a;

H

which implies

14

A=1-> Bbp,.

i=1

In view of (16) and (18), one can readily show that A € (0, 1].3
Since the right-hand side (RHS) of (36) depends on U only
through its first column, our construction shows that D! can
indeed be written in the form of (36).

Now by Theorem 7, it suffices to have a positive semidefinite
diagonal matrix A such that the diagonal entries of

Udiag(1: (1+ X)L a+2"H HuouT
AUdiag(1: (1+ X))~ a4+ 2"HHu?
are all equal to one. Note that
Udiag(1: (1+ X)L a+2"H HuouT
=1+ 2T+ v

where v = (v1,v2,...,v,)T with

1
ﬂi ]2311'

1
\/1 — 1 P56p,
i=1,2,...,0

)\71—111,2’1 =

>

v; =

3If A = 1, then U can be an arbitary unitary matrix. Note that A = 1 if and
only if av; = 0 for all 2.
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Therefore, we just need to have a positive semidefinite diagonal
matrix A = diag(d1, s, ..., 6¢) such that the diagonal entries

of I+ vvT)A(I+ vvT) are all equal to one, i.e., the solution
8 = (61,02,...,60)7T to the linear equations

4
(L+207)8; +v7 Y w36 =1, i=12... ¢

j=1

(37

satisfies 6; > 0,7 =1,2,...,£. Note that (37) can be rewritten
as

(®+¢Me=1

where ® = diag(1 + 2v?,1 + 2v3,...,1 + 2v?) and ( =
(v}, v3,...,v2)T It follows by (15) in Lemma 7 that

§=(®+¢¢M™

1
—1 ! INT
= @ - ¢ o4 C (C ) 1
J
1 + Zj=1 1+21)§
h CI _ ( 1/% 115 v?, )T A
where = (15207 T42077 -+ - T2z - AAS @ consequence,
we have ¢ VR(R—v?)
A B
1 + Zj:l 1+21,]2 .
6i: 5 121,27...75.

‘ vl
(1+207) (1 +2 -1 m)

It is clear that §; > 0 if and only if

The proof is complete.
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