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Vector Gaussian Successive Refinement With
Degraded Side Information

Yinfei Xu™, Member, IEEE, Xuan Guang

and Jun Chen

Abstract— We investigate the problem of the successive refine-
ment for Wyner-Ziv coding with degraded side information
and obtain a complete characterization of the rate region for
the quadratic vector Gaussian case. The achievability part is
based on the evaluation of the Tian-Diggavi inner bound that
involves Gaussian auxiliary random vectors. For the converse
part, a matching outer bound is obtained with the aid of a new
extremal inequality. Herein, the proof of this extremal inequality
depends on the integration of the monotone path argument and
the doubling trick as well as information-estimation relations.

Index Terms— Extremal inequality, lossy source coding, mean
squared error, rate region, side information, successive refine-
ment, vector Gaussian source, Wyner-Ziv problem.

I. INTRODUCTION

HE research on network source coding can be traced back

to the seminal work by Slepian and Wolf [2], where they
considered, among other things, the problem of lossless source
coding with side information at the decoder. Wyner and Ziv [3]
studied the lossy source coding version of this problem (which
later bears their names) and characterized its information-
theoretic limit. Subsequently, the Wyner-Ziv problem was
extended in various ways (see, e.g., [4]-[8]). One particular
extension, known as successive refinement for Wyner-Ziv
coding with degraded side information, is as follows: A source
is encoded and decoded, in a successive manner, to meet
different distortion constraints with the aid of progressively
enhanced decoder side information. This extended Wyner-Ziv
problem was tackled by Steinberg and Merhav [9] for the
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two-stage case and by Tian and Diggavi [10] for the multi-
stage case. Specifically, the computable characterizations of
rate regions in the discrete memoryless setting (with a general
distortion measure) and in the scalar Gaussian setting (with the
quadratic error distortion measure) were obtained accordingly.

In this paper, we consider the same extended Wyner-Ziv
problem with a particular attention paid to the vector Gaussian
setting (under covariance distortion constraints). The heart of
the present paper is a new inequality regarding the optimal-
ity of the Gaussian solution to a certain extremal problem.
It is well known that extremal inequalities play an important
role in characterizing the fundamental limits of Gaussian
network source and channel coding problems. Indeed, they
are indispensable to the converse argument for the Gaussian
broadcast channel coding problem [11]-[20], the Gaussian
interference channel coding problem [21]-[23], the Gaussian
multi-terminal source coding problem [24]-[30], the secret key
generation problem [31], the Gaussian multiple description
problem [32]-[35], and others [36], [37].

Basic extremal inequalities that rely on the differential-
entropy-maximizing property of the Gaussian distribution can
only handle simple situations where the objective functional
can be greedily optimized. When there are two or more
conflicting terms, Shannon’s entropy power inequality is often
used to resolve the tension. However, the proportionality
condition on the relevant covariance matrices needed for the
tightness of the entropy power inequality is quite restrictive,
typically only satisfied in scalar source and channel coding
problems. As a consequence, more sophisticated extremal
inequalities are needed to deal with vector Gaussian sources
and channels. The proofs of such extremal inequalities,
as well as the proof of the entropy power inequality, are
often proved by invoking the monotone path argument or its
variants.

The conventional monotone path argument nevertheless
appears to have its own limitations. For example, it fails to
yield a tight outer bound on the capacity region of the two-user
vector Gaussian broadcast channel with private and common
messages. The desired result is eventually obtained by Geng
and Nair [38] through a different approach involving so-called
doubling trick. On the other hand, this approach obscures some
useful information regarding the optimal Gaussian solution.
Fortunately, this problem can be remedied via a systematic
integration of the monotone path argument and the doubling
trick, as shown by Wang and Chen [39] in their new proof
of Courtade’s extremal inequality [40]. In this work, we make
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Fig. 1.  Successive refinement for Wyner-Ziv coding with degraded side
information.

use of this integrated strategy, together with the properties
of the minimum mean square error (MMSE) and the Fisher
information, to establish a new extremal inequality, which
is further leveraged to characterize the rate region of the
aforementioned extended Wyner-Ziv problem in the vector
Gaussian source setting. It will be seen that the new extremal
inequality avoids the comparison of distortion matrices, and
thus is particularly handy when dealing with a large number
of covariance distortion constraints.

The rest of this paper is organized as follows. We present
the problem formulation and the main result in Section II.
Section III is devoted to proving a new extremal inequality,
which constitutes the main technical part of this paper. The
main result is proved in Section IV. We conclude the paper
in Section V. During the reviewing process, one anonymous
reviewer provided an alternative proof of our main result based
on the doubling/rotation method. With his/her kind permission,
we include the proof in Appendix D.

II. PROBLEM STATEMENT AND MAIN RESULT

Let X be a p x 1-dimensional random vector with mean
zero and covariance matrix Ky = 0. Moreover, let

Vi=X+N;, iell:L) (1)

where N, is a p x 1-dimensional random vector with mean
zero and covariance matrix K; > 0, ¢ € [1 : L]. It is assumed
that

Ky ~..-K;, 1>Kjp, 2)

and X, N; — N;11, @ € [1 : L], are mutually independent and
jointly Gaussian.! This assumption implies that

X—=>Y, =Y, _1—...2Y 3)

forms a Markov chain. Let (X (¢),Y;(t),i €
i.i.d. copies of (X,Y;,i € [1: L]).

The system model can be described as follows (see also
Fig. 1).

[1: L), be

'Here N L+1 is a null random vector with covariance matrix K1 = 0.
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« L encoding functions (¢\"™ i € [1: L)):

o™ s M e1:1], (4)

where ¢§”> maps the source sequence X" to the code-
word M;(X™), i€ [1: L].
e L decoding functions (go(n) i e[l:L]):

(”) H M(") « yn N Xn

J€[1+4]

where gagn) produces

Xr(Mj,j € [1

efl:L],

the source reconstruction
! i],Y") by using codewords
(Mj,j € [1:4]) and side information Y;”. In particular,
under covariance distortion constraints, there is no loss
of optimality in assuming that <pl(.") performs MMSE
estimation, i.e.,
XMy, 5 € [L:d], V") = E[X"[Mj, 5 € [1:4],Y]"].
Definition 1: A rate tuple (R;,7 € [1 : L]) is said to be
achievable subject to covariance distortion constraints (D; >
0,i € [1: L)) if there exists a sequence of encodmg functions

(d)z(n),i € [1: L]) and decoding functions (gpi R e[l:L])

such that

lim sup — log ‘M(n < R;, el: L], (6)
n—oo

lim sup = Z E [(

n—oo

x0) (x0)- %0 )] =D
el L. )

The rate region R*(D;,i € [1
of all such achievable rate tuples.

The following theorem states a computable characterization
of R*(D;,i € [1: L]), which is the main result of this paper.

Theorem 1: R*(D;,i € [1: L]) = R(Dy,i € [1: L]),
where R(D;,i € [1 : L]) is the convex hull of the set of
(R;,i € [1: L]) such that

: L)) is defined as the set

L |Ky'+ K{' + By

Ry >=1lo , 8
TR TR ®
i -1 -1
K K B
ZRj2_0g| 0__'_1 ! —_*—1 1|
j=1 2 |K0 +K1 |
3L g K+ KT 4 3, B
_ _ i1 )
=2 Ko+ K+ 35 By
ic[2:L], (9
for some (B;,i € [1: L]) satisfying
B;=0, ic[l:L], (10)
i
> B;=D;'-K;'-K;', ie[l:L. (1D

=1

The proof of Theorem 1 can be found in Section IV, and
it relies critically on the extremal inequality established in
Section III.
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III. AN EXTREMAL INEQUALITY

Theorem 2: Given piq > pg > -+ > pug, > 0, let (B},i €
[1: L]) be any positive semi-definite matrices such that

> B;=D;'-K;'-K;', iec[l:1L],

(12)
j=1
and
) -1
% K,'"+K;'+> B}
j=1
, -1
1
- % Ki'+ K L+ Bl =W, -0, 1A,
j=1

ie[l:L—1], (13)

-1

L
gy + K+ B;

5 =W, +Ap, (14)
j=1
B:\Ifizo, 1€ [1:[/]7
(15)

i
Ki'+K '+ B;—-D;'| A, =0, i€[l:1],
j=1
(16)
for some positive semi-definite matrices (¥;,7 € [1 : L]) and
(Ai,i € [1: L]). For any random objects (W;,i € [1 : L])
satisfying the Markov chain contraint

(Wiie[l: L) - X =Y, —->Y,1—...—=Y1 A7)
and the covariance distortion constraints
cov(X|Y;, Wy, j € [1:4]) = D, ie[l: L] (18)

the following extremal inequality holds:

L—1
Y (uah(YilWj,j € [L:]) = pirh(Yira|[ Wy, j € [1:4])

(e e h(XIWG € 15 4])
Lh(YLWyg € [1: L) — s h(XIW,. € [1: Z)
1

+

= =
|

v

Hit+1 -1 -1 : *
—ylog | K | K +Ki+1+z_:Bj

.
Il
-

j=1

n %bg K, (19)

Remark 1: For the special case L = 2, Ay = 0, and
p1 = po = 1, the extremal inequality (19) can be regarded as a
variant of [17, Theorem 5], the original proof of which relies
on the enhancement argument developed in [41]. However,
when L > 2, the enhancement argument appears to be inad-
equate for resolving the difficulty caused by the introduction
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of (¥;,i €[1:L])and (A;,i €[1:L]). We shall overcome
this difficulty via a judicious application of the monotone path
argument and the doubling trick.

Remark 2: The doubling trick and the monotone path
argument are two widely used approaches for establishing
Gaussian extremal inequalities. Inspired by the change mea-
sure argument in the proof of Costa’s entropy power inequality
by Watanabe and Oohama [31] and the monotone path proof
of Courtade’s strong entropy power inequality in [39], we pro-
pose an integrated approach, which appears to be more flexible
and informative. Specifically, it will be seen that the doubling
trick yields a novel monotone path construction, which enables
us to leverage the standard perturbation techniques [26], [42]
to prove the optimality of the Gaussian solution.

For notational simplicity, we define

i
AT'EKG Y B, dell:L] (20)
j=1

The proof of Theorem 2 is divided into four steps.

A. Constructing the Monotone Path

We first construct 3L zero-mean Gaussian random vectors
G G G G <G oG
Xy, L XE Y, Y Yy Y,

which are independent of (X;,Y;, W;,i € [1 : L]). Specifi-
cally, they are defined as follows.

1): Let X¢, W&, i € [2 : L], be mutually indepen-
dent Gaussian random vectors with covariance matrices Ay,

A;_1— A, i €[2: L], respectively. We define

X=X, +wWg,, ie[l:L-1]. Q1)
It is easy to see that
XE~N(0,A), ic[l:L) (22)

2): Let N¥ — Nf,, i € [1 : L], be mutually inde-
pendent Gaussian random vectors with covariance matrices

K, — K1, i € [1 : L], respectively.? We assume that

(NE,i € [1 : L+ 1]) is independent of (XZ,i € [1 : L]).
Define
v =XF+NE iell:L] (23)
Y¢=X¢ +NE ie[2:L+1]. (24)
It is clear that
Y ~N(0,A+K;), die[l:L] (25)
YE~N(O0,A 1 +K;), ie€[2:L+1] (26)

Using the covariance preserved transform (see, e.g., [43]),
we define

Xin=/1-7X+AXE, diel:L], 27)
Yiy =/1=2Yi+AYE,  ie[l:1], (28)
Vin =V1=7Yi+AYY, ie2:L+1],° (29

2Here NEJrl is a null random vector with covariance matrix K1 = 0.
SHere Y11 = X and Y41, = X1 -
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Y, =VaYi—V1-9YE, el (30)
for any v € (0,1).
Consider the following function:
L—1
9(7) =7 (b (Vi Y75y Wy € [151)
i=1

- lffiJrlh(}}iJrl,'yD/z Y0 W aj € [ ])
— (i = iR Y77, W € [1:1]))
+ uph(Yoa Y7, Wy,j € [1: L))

— ph(Xp Y7 Wi j €1 L]). 31)

Notice that g(0) coincides with the left-hand side of (19)
while g(1) coincides with the right-hand side of (19). There-
fore, it suffices to show that g(v) decreases monotonically
along the path parameterized by v, i.e.,

d
— <
dvg(v) <0,

Remark 3: The construction of random variable pairs
(Yiq,Y7,), @ € [1 @ L], is inspired by the doubling trick
in [38]. Indeed we have (Y -, Y/ ) (Y;, —Y%) wheny =0
and (Y;,,Y;") = (YE, V) when v =1, Wthh implies that
Y, is 1ndependent of Y; , at the starting and ending points
of the path. However, different from the doubling trick which
only focuses on the tensorization properties at some special
points, we consider a continuously parameterized tensorization
process, which makes it possible to reveal the convex-like
property of the associated optimization problem. The proposed
perturbation method is also different from that in [26], [42] as
it works in the product probability space instead of the original
space. A similar construction can be found in [39].

€ (0,1). (32)

B. Derivative of g(v)

In this step, we utilize a vector generalization of [-MMSE
relationship from [44]. First rewrite (31) as

L—1

9(7) = 32 (wih (Vi Vi Wy 5 € [124])

=1

- ﬂi+1h(}7i+1,7ﬂ}/;j<7|wjaj € [1 : Z])

= (Wi = pis1)( X, Y5 (W55 € [1: Z']))
+prh(Yey, YE Wy, 5 € [1: L])

— prh( X5, Y7 LWy, € [L: L]). (33)
In view of (28) and (30), it can be verified that
h (Yo Yio | Wg € [1:4])
= h (VI=AY: + VAYE, VY - VI Y E| W,
jel:i) (34)
:h(Yi,YiG j,jeu;z’]), el:L). (35)

Since Y; and YiG do not depend on ~, it follows that

%h (Y;'aY;'G j.J €[1: Z']) =0,

ell:L]l. (36)
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Moreover, as shown in Appendices B and C,

dih(Xw,Y* Wj,je[lzz’])
- ﬁ o {(A7 + K
(J(X Yz*V,Wj,je[lzi]) —A;l)}, el L]
(37)

d - » . )
ah (Yi"rl/)’?Yi,'y‘ij] € [1 : Z])

- gy e{ (ar ek
((A;l—kK;}l) z+1J( 14| Vi, Wy, g €1 ])
Ko (AT +KL) A7 (A +Ki+1)A;1)},
el:L-1]. (38)

—@ar )

Combining (35), (36), (37), and (38) gives

-2(1- v)%g(v)

L—1
= Ztr{</~‘i+1 (AT KT e A7+ Ki;ll)_l)
=1

((A;1 +K;+11) z+1J( i1,y [ ZD

Kin (A7 +KL) — A7 (A + K¢+1)A¢_1)}
+Lz:1tr{(u

=1

(7 (Xia|v migenaa) —at)}
+tr{p (AL + KL)

(J (XLN’YL*W, W;,jell: L]) - A;l)} .

Hence, for the purpose of proving (32), it suffices to show
that (39) is greater than or equal to 0.

Y, Wi,

2,777

—pi) (AT H KT

(39)

C. Lower Bound of (39)

In this step, we establish a lower bound of (39) with
the Karush-Kuhn-Tucker (KKT) conditions in (13) and (14)
properly incorporated.

Define Li(v), L2(v) and L3(7), as shown in (40a)—(40c),
at the bottom of the next page. We aim to show

—-2(1 —7)%9(7) > Li(7y) + L2(7v) + Ls(7)- (41)

First notice that the covariance matrix of random vector

(AN )

VAN; — yT=7NF
is given by
K; 0
( 0 K‘). 42)
So \/WNiH + ANE, is independent of
VAN — \/1—'yNz which, together with (30), implies
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that /T —=Ni41 + /YN, is independent of Y, as well.
For i € [1: L — 1], we have

Vit = Xipy + VI - ANip1 + 7 th (43)

In view of the fact that \/1 — yN;4; + \/_ i1 is indepen-
dent of X ., the Fisher information inequality (see Lemma 5
in Appendix A) can be invoked to show

(A7 + Ky K (Vi
Kip (A7 +K) —A7
=(I+A7'Ki)
I (K4 V= ANes +VANG |V, W € 1:4])
(Kip A7 '+ 1) - AT K A7 = AT (44)

Vi Wi € [1:1])
(A + K1) A

< T (Xin |V, Wyng € [1:4))
FATK 1T (,/1 T AN + ﬁNﬁl) KA
—ATTK AT A (45)
=J( Y Wy et i])—A;l. (46)
Since K; > K1, it follows that
(A7 K) T (A R KS) T =00 @)
Therefore,
—2(1-7)Lg(r)
N 790
L—1

(]

e (i (A7 K)o (A7 K1) )

~.

Il
—_—

A7+ KY) z+1J< i1y
Kip (A7 4 KGY) - A7 A+ Kin) A7)}
—tr {ML(AZI + KDY (J (XLN‘YL*N, W,.jell: L])

-ar))

i { W, — Wi+ Ay) ((Ai_l +Ki_+11) K

Yy W,je[lzi])

7,77

(48)

J( z+1,'yY W,jE[ ]) KiJrl (A;1+K:Jr11)

i,

- A7 (A; +Ki+1)Ai_1)}

Ftr {(\IIL +AL) (J (YLHW‘YL*W, W, jell: L])

-ar)} (49)
L—-1
tr{ (U; — W) ( (A7 + K Kin
i=1
T (Viro| Vit Wi € [121)) Ko (A7 + Ki2Y)

~ AT (A K A7)}
+tr{‘I’L (J (?LJFI"}/‘nyfyywjaj efl: L]) - AZl)}
+Ztr{ ( (AT'+ K Y) K
J (Yi—i-l,’y Y, Wy, el i]) Kin (A7 + K3
A7 (A +Ki+1)Ai_1)}
~tr {\1:1 ((A;1 + Ky Ky (YQ,V‘Y;;, Wl)

(50)

K (A7 1 K3Y) - A7 (A Ko A )

+Ztr{

J (Y;'Jrl,'y Y;W’Wj’j S [1 : Z]) KiJrl (A,L_l +Kz_+11)

— (AT K Ko (Vi |V Wing € 100 -1))
K (AL +K; ) —-At (A¢+K¢+1)A;1

+A (AL + K) AL 1)}

( (AT + KL) Kin

+Ztr{ (A7 + K Kin

J (mm

Y Wi el ]) Kip (A7 + K7L

%
-A;! (A1+Ki+1)Af1)} (51)
> Li(y) + L2(v) + La(7)- (52)

where (49) is due to the KKT properties in (13) and (14),
(50) is due to the fact that K;4; = 0, (51) follows by

Li(v)

Ztr{ (A + K1) z+1J(’L+1'y

— (A + K Kid (Vg

17)

_ Afl

Ztr{ (A7 + KoL) Kind (Vs

—AT A+ KA

—tr {\1:1 (A7 + K" Kad (YM}YﬁW W) Kz (A7 + K3') - AT A+ K) AT

(Ai+ K1) A7 + AL (AL + K))

(40a)
Y7, Wi j€ell: ])Ki+1(Ai_1+Ki_Jr11)
Wj,je[1;@-1])Kv(Af11+KZI)
A 1)} (40b)
Y Wi el ) K (A7 + K)
(40c)
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algebraic manipulations, and (52) is due to the definition of = 1_—7A1_1 (A1 + K>) ((AH‘Kz)_l + (K1 — K2)_1)
L1(7), La(7) and L3(v) in (40a)-(40c). v
Now it suffices to show that L1 (), La(y) and Ls(v) are <(K0 —|—K2)71 i 11— (A, —|—K2)71
v

all lower bounded by 0.
-1

1 _ _ _
+_(K1_K2) 1) (KQ+K2) 1(A1—KQ)A11
D. Lower Bound of L;(v) Y
From (188) in Appendix C, (58)

- _ L=y -1 B -1
(AT + K3 KT (Voo e, W) Ko (AT 4 K'Y~ (Ar+KG) (A4 K)o+ (Ko - ) )

_ _ 41— _
— AT (AL + Ky AT ((KO+K2) 1+TV(A1+K2) !
1—y _ _
= TTATH (A + KD) ((A1+K2) "4 (K — K>) 1) . A o

v +;(K1—K2) ) (Ko+ K2)  Kj

—1

(((A1 + Ky 4 (K, - KQ)*)

(Ko'—Arh). (59)
1 cov (YQ‘YQ LY W1)> From the complementary slackness condition in (15), i.e.,
/y 4 9
B _ Biw, = (K;' - A7) ¥, =0, (60)
((A1+K2) '+ (K - K>) 1) (A1 + Ko) AT = (K AL
we have
(53) N
tr {\Ifl ((A;l + Ky Ky (YM‘YI*W Wl)
Combining the data processing inequality for MMSE (see ’
Lemma 8 in Appendix A) and (176) gives Ky (AT +K;Y) — A7 (A + K)) A;l)} 61)
Y * 1-— _
cov (YQ‘YQ,W,YLWWl) th{—’yAll(Al-FKg)
~ 0
< cov (YQ‘YQ’V,YLV) (54) ((A1+K2)71—|—(K1 —Kg)fl) ((K0+K2)71
(Ko + Ko) '+ 220 (A + Ky 11—y -1, 1 —1) 7!
= | (Ko+ K2) +T( 1+ Ko) +T(A1+K2) +;(K1_K2) )
-1
+1(K1—K2)1> . (55) (Ko+ K2) ' K (K5 — A7) 91}
K —0. (62)

Substituting (55) into (53) yields the following lower bound:
This proves that L () is lower bounded by 0.

(Afl + K;l) KyJ (%,V‘Yfiw Wl) K, (Afl + Kgl)

_ A;l (A; + K>) A;l E. Lower Bound of Lx(vy)
(1- 7)2 ) To the end of showing that (40b) is lower bounded by 0,
= TAI (A1 + K>) we introduce
((A1 + Kz)_l + (K — Kz)_l) N'ix1 2 V1 =7 (Ni = Niza) + 7 (NiG - Nicjrl) ’
~ . -l 1€[l:L]. (63)
(72 (A1 + K)o+ (K - K2) ) o . o
1—7 Note that V7, ; is a Gaussian random vector with covariance
1 -1, 1=7 -1 matrix K; — K,;,; and is independent of (Y; Y:*).
- ((K K (A K i i+1 p i+l L4 5
1—x (( ot K)o vy (A1 + K) Moreover,
1 1\ ! - - .
(K - K ) Vio = Vipry + Ny, i€[2: L. (64)
- - - In view of the fact that N/, is independent of Y;* , we can
Ar+ K)o (K- Ko) ) (A + Ka) AT i+1 P i
(( 1HEG) 4 (K 2) (Ar+ K>) Ay invoke the Fisher information inequality (see Lemma 5 in

(56)  Appendix A) to show
AT A K (A K (K - K ) (A + k) K (Y
Ki(K;'+47)
1 = (A;31Ki+I)J(ﬁ+1w+N{+1
+% (K1—K2)1> ((K0+K2Y1 — (A + Kz)’l) (I+K;A.7Y)
(A1 + Ks) AT (57) < (ALK +1)J (YH—L’Y

Vi Wyj € [1ii— 1)

L 1- _
((K0+K2) 1+TV(A1+K2) !

Vi, Wi, jell: 2'—1])

Vi Wyj € [1i—1])
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(I+KimAY)+A7 (K — Kz-+1) AL Note that N/, is a Gaussian random vector with covariance
_ ~ . matrix K; — K ;1 and is independent of (Y} sz It can
= (AileH'l * I) 7 (YH_L Y v Wi €f Z]) be verified that o P . H)

, —1 —1 _ K. —1 .
(I+ f{ZHAl ) + AL (K KZH) Aict ©3) cov (Yi+1 Yit1,9, Y, Wi g€l Z])
(A +K ) z+1J( i+1 Y 7W7]€[ ])
- H_l N T . —cov( 7,+1‘\/ Y;+17+\/_ iy +17,Wj,j€[1:i])
Ky (K i+1+Ai—1)+Ai—1 (K — Kip1) A, (66) (70)
In particular, (65) can be verified as follows. Let — cov (Y ) ‘ (1- " \/7}, LAY
- 1+ z+1 i+1
N =\7(Ni—1 — N;) — /1 —~(NEZ,-NF), ic2:L] AT YE Fr W) € [1:i]) a1
Notice that N is a Gaussian random vector with covariance T oa
matrix K ;1 —K; and is independent of (X, Yi 41, Y;% ). Itis = Y Yipr|Yier + VAN, Yigr + 1T-% ,YYiJrl’
easy to check W5 €ell: i) 72)
Yiia, =Y, +N0,ie2: 1) = cov <Yi+1‘ ( (A K)o (K- K 1)
v Y
From the data processing inequality for Fisher information T—~ R
(see Lemma 7 in Appendix A), we have Yit1 +4/ T (A + Ki+1)_1 Yﬁrl
v g g 1
J(YHM W],je[l.z]) +\/j(Ki_Ki+1) N/, Wj,jell: ]>~
Y
- J( i+1,7y ]7] S [1 . Z]) (73)
=J ( it1y| Vi, Wy, g €[L: ]) ) where (73) is due to the data processing inequality for MMSE

(see Lemma 8 in Appendix A).
which, together with the matrix inequality U? (A — B)U = 0 For the sake of simplifying notation, we introduce
for A > B, gives (65).

-1
Meanwhile, due to the complementary slackness condition P, £ <1_—7 (A +Kiq) '+ 1 (K; — Ki+1)1> ,
in (15), i.e., v v

N 11—~ -15-G
Biw, = (A7 —AL) W, =0, iel2:L), (67 Sk Pm(V 7 (AR
1
we have +\/;(Ki - K1) N{ﬂrl) . (74)

tr{\Ili((Ai_l—f—K;rll) 1,+1']('L+1 Y, Wi, jel Z])

1,7y

Now (73) can be rewritten as follows

K (A7'+ K1) - (AL + K7 K; . -1
+{( ' ' Z+1) ( 171 N ' ) cov (Y'H*l }/;+1,7ﬂ}/;77W 7] S [ ])
I (Yir Wy lsi—1)) K (A7 + K ) B
>~ cov (Y7;+1 Y7;+1+Sg_1,Wj,jE [1 Z]) .

— AT N (AHK ) AT AT (A +K) A 1)} . . .
By the theory of linear MMSE estimation, it can be verified

Ztr{qu((A;_ll —f—K;_ll) Ki—i—l that
~ . _ oG G
J (YHM Yy Wyjell z]) i (AT + KL) Ni = Niy1 = Siig + T,
_ . . here TS, is a Gaussian random vector with covariance
— AL+ KK, ( Ljell:ie1 ) W i+1
( i-1 ) 7 S Wiig € [Lei=1] matrix K;— K ;1 — P; 1 and is independent of SH_1 We can
K, (Ai:ll T Ki—l) FATL (K — Kip) A;}1)} invoke Lemma 6 in Appendix A to show that
—1
>0, iel2:1L). 68)  cov (yi+1 Yip1 +SC,, W) € [1:i])
. . —1
This proves that L(v) is lower bounded by 0. = cov (Yz‘+1 Vi1 +SG, + TS, Wi, j €1 Z])

— (K- Kiz1) + P

F. Lower Bound of Ls(7y) -1
= COV (Y;‘+1 Y;,W];j S []. : Z])

To the end of showing that Ls(vy) is lower bounded by 0,
we introduce

1 _
+fTQA+mm + (K~ Ki) ™), (75

" A A 1 _ G arG
N1 = /7 (Ni = Nig1) L= (N7 = Nijh), where (75) follows by the definition of P; 1 in (74). We then
€[l:L]. (69) bound the two terms in (75) separately.
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1) : Note that the following Markov chain condition holds: = cov (Yi+1

Yip1 +SC,, W) € [1:z'])

. - n . . _1
(Wi, €l:d]) = X — Yiey — Y, 6 (COV (Yira| Ve Wy € [1:0)

Since X, Y;, and Y; 1) are jointly Gaussian, it follows that - .
—1

E[Yiq]|X, Y] (77) + 5 ((A + K1)+ (K — K1) ))
= _ K. —1 , —ly _{\— _
= (K~ K K X 4 Ko K (78) 2y (K — K1) K (D + (Kz-i-ll K; 1) 1) K

Furthermore, we have (K K1)

K3
Vier = (Ki = Kip)) K (X + N ) + Ko K3,

In view of (188), we have
7 YWy € 1))

(A;1+K;r11) z+1J( i+l Ly
K (A7 + K - A7 (A +Ki+1)A‘71
=A7 (A + Kiy) (J (f@rm Y, Wi, j el i])

where N;;; is a zero-mean Gaussian random vector with
covariance matrix

K= (KL K =0, (80) iy
—1 _
and is independent of (X,Y;). Therefore, ~(Ait Kita) ) (Ai+ K1) A/ (85)
L=y A1
cov (}/;'Jrl Y, Wj,jell: z]) = 5 A7 (A +Kiq)
= cov ((K K, 1)K, (X+Nz+1) Yi, Wi, j €l z]) ((Ai'f’KiJrl)il+(Ki_Ki+1)71)
_1y -1 _ _ N1
= (K — Kip1) K7 (D + (K - K )K'Ll (((A¢+K¢+1) "+ (K- Kip) 1)
(Ki — K1), (81) 1
. . . . . - cov (Yi-i-l Y;-H ’Y?Y;'WW [ Z]))
where (81) is because of covariance distortion constraint y
cov(X|Y;, W,.j € [1 :i]) < D; in (18). ((Az FK) 4 (K- Ki+1)71)
2) : It can be verified that .
» e (A + K1) A; (86)
((A¢+K¢+1) + (K — K1) ) 1

e (A7 + K ((A;1 +KN) T - Di)
1 1\t v
(KZH (Kipy1— Ki) 7' = K}l + (Ai+ Kipa) )

(A7'+ K (87)
_ ! _ -1\ ! 1—
=Ky ((Kl+1 K —(A7'+K;)) ) K — (A 4 K) D (D - AT - KN (88)
Y
82
L . (82) From the complementary slackness condition in (16), i.e.,
=K1 (K5 — Ki ) 1 1 1
B 1 (A7'+K;'-D; ' )A; =0, i€[l:L], (89)
(A7 +K7) 7 + (K2 - K
1 we have
(K - ) Kip (83)
K- Ko K ‘(Do (k) ) K {A ((A ) Kinnd (Yiaaa ¥, Wind € 1:1)
K, - K; 4 L -
(K 1) (84) Ko (A7"+ K7 — A7 (A + Ki) A, 1)}
where (82) follows by the matrix inversion identities - i
_ - - - >tr{ —A (A7 '+ K Y)D (D7 - AT - KT
K~ (Kip - K) ' =K (K, —K; ') Kiy, - r{ g (AT + KT D (D; ’ )
K~ (A+Kip) ' =K (A + K25) Ko, (90)
(83) follows by the matrix inversion identity =0, dell:L}. On
_ —1\ 1 This proves that L is lower bounded by 0.
<(KZ+11 K;l) 1 . (A;l —|—K;+11) 1) p 3(7) y
— (K7L -KY) ((A;1+K;1) + (KDL - K;l)—l) IV. PROOF OF THEOREM 1
( K-l K_l) The proof of Theorem 1 is divided into three steps. We first
i+l L adapt the argument in [9], [10] to show that every rate tuple
and (84) is because of A; ' + K; ' = D; ! in (12). in R(D;,i € [l : L]) is achievable, i.e., R(D;,i € [1 :
Substituting (81) and (84) into (75) yields L]) € R*(D;,i € [1: L]). We then study the supporting
' hyperplanes of R(D;,i € [l : L]) and characterize the
cov (Yi+1 Yz+1 v Yi s Wi efl Z]) optimal solution of the relevant minimization problem via
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KKT analysis. Finally we derive a matching converse by
leveraging the extremal inequality in Theorem 2.

A. Achievability

It is easy to adapt the achevability argument in [9], [10] to
prove the following result.

Lemma 1: (R;,i € [1: L)) € R*(D;,i € [1: L)) if
there exist auxiliary random vectors (W;,i € [1 : L]) jointly
Gaussian with (X,Y;,7 € [1: L]) satisfying

« the Markov chain constraint

Wiiel: L) =X =Y, —>Y,1—... oY,
92)
o the rate constraints
Ry > I(X; Wi Y1), (93)

SR > I(X; WA vh)

J=1

i
Y I WS Wy, WL Y),

=2
i€[2:L], (94)

o the covariance distortion constraints
cov(X|Y;, W;,jel:d])=D;, ie[l:L]. (95

Equipped with Lemma 1, we proceed to show that every
rate tuple in R(D,;,i € [1 : L]) is achievable. First choose
auxiliary Gaussian random vectors (W;,7 € [1 : L]) such that

—1

i
cov(X|Wj,jel:i])=[K;'+) B;| , ie[l:L].
j=1

(96)
It can be verified that
hMX|Y;, W, j€l:1])

_ ~1
1 3 B 3
zalog (2me) Kol"'Kz‘l"‘;Bj ,
iell:L], (97
WX |Yig1, Wy, j € [1:4])
~1

1 B B i
zilog (2me) K01+Ki+11+Z:IBj ,
=

1el:L—1]. (98)
Moreover, we have

1 —
WX ;) = h(X|X + N;) = 5 log \(%e) (Ko +K; ") 1\ )

iell:L] (99)

. —1
K3

cov (X|Yi, Wy jel:i))= Ko +K;'+) B |
j=1

iel:L]. (100)
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Now one can readily prove R(D;,i € [1 : L]) C
R*(D;,i € [1:L]) by invoking Lemma 1 and a timesharing
argument.

B. Supporting Hyperplane Characterization

Since R(D;,i € [1 : L]) is convex, it is completely
specified by its supporting hyperplanes. The characterization
of the supporting hyperplanes boils down to solving the
following optimization problem

L
R* £ inf iRi;
(Rl,...,RL)ER(Di,iE[IZL])ZM

i=1

(101)

where 11 > po > ... > pr > 0. It is clear that
K,'+ K{'+ By
Ko+ K
+iﬂlo Ko + K + %5 Byl
=2 UK K+ Y Byl
(102)
i€ (1L,

&10

R*= mi
(Bii€[1:L]) 2

subject to B; >0,

7
> B;=D;'-K;'-K;', ic[;L].
j=1

Theorem 3: The minimizer (B},i € [1: L]) of (102) must

satisfy
, 1
% Ky'+ K ' +Y B
j=1
_ -1
—% KoK L +Y Bl | =% - @+ A,
j=1
iel:L—1], (103)
I —1
PPV Ry K+ B | =@ +AL, (104
j=1

for some positive semi-definite matrices (¥;,7 € [1 : L]) and
(Ai,i €[1: L]) such that

BiW¥, =0, iec[l:L],

(105)

K,"+K;'+) B;-D;'|A;=0, ic[l:L].
j=1

(106)

Proof: The Lagrangian of (102) is given by
110, 1Ko + Ky + By|
2 Ko+ K|
L -1 -1 i
pi Ko + K7+ Bjl
—1
+ZZ:; 5 og

K, + K. '+ Y2 Byl
L 7
=Y t{Bi¥; + (K;'+ K;' = D;'+> Bj)A;},
j=1

i=1

(107)
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where positive semi-definite matrices (¥;,7 € [1 : L]) and
(Ai,i € [1 : L]) serve as Lagrange multipliers. Note that
(103)-(106) follow directly form the KKT conditions. The
proof is complete by verifying a set of constraint qualifications
in [45, Sections 4-5]. [ |

Remark 4: 1t is worth noting that (103)-(106) in Theorem 3
correspond exactly to (13)-(16) in Theorem 2.

C. Converse

It is easy to adapt the converse argument in [9], [10] to
prove the following result.

Lemma 2: For any (R;,i € [1:L]) € R*(D;,i €[1:L])
and any e > 0, there exist auxiliary random objects jointly
distributed with (X,Y;,4 € [1 : L]) satisfying

o the Markov chain constraint

(Wiie[l: L) > X —-Y, —>Y, 1 — ... > Y,
(108)
o the rate constraints
Ry + e > I(X; Wh|Y3), (109)

Z(Rj +¢€)

> I(X WA Y1) + Y TG W Wyia, ... WAL Y)),

j=2
€2: L], (110)
« the covariance distortion constraints
cov(X|Y;, Wy, jel:d]) = D;+e€l, ie[l:L]
(111)
Now we proceed to show that R*(D;,i € [1 : L]) C

R(D;,i €[1:L)]).Forany (Ry,...,R) € R*(D;,i €[l:
L]) and any € > 0, it follows by Lemma 2, Theorem 3, and
Theorem 2 that

L
> wi(Ri+e)
i=1

L
> i I(X;WAlYD) + > el (X; Wil W5, Yz 5 € [1:d — 1))
=2
(112)
L—1
= mh(X|Y1) + Y (uah(Yi|Wy, 5 € [1:]) — wih(Yi| X)
=1
—piv1h(Yi1 Wy, 5 € [1:d])+pip1h(Yiga| X)
—(pi = pip1)R(X|W;, 5 € [1:4]))
+ MLh(YLle,j S [1 : L])—/.LLh(YL|X)
— prh(X|W;,j € [1: L]) (113)
_ Pi+1

L—1
> —% log |(2me) " (Ko + K1) [+ Y
=1

i
log |(2me) ™! | Kyt + K;_ll + ZB; (€)

Jj=1
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i - - N
+75 log| (2me) KT+ KT+ B
j=1
1238 &
+ =5 log (2re) ' | Kg'+ K"+ Bj(e) ||,
j=1
(114)

where (B} (€),i € [1 : L]) denotes the minimizer of (102)

with (D;,7 € [1 : L]) replaced by (D; +¢I,i € [1 : L]).
Now one can readily show
L
> wiRi > R (115)
i=1

via a simple limiting argument. This completes the proof of
Theorem 1.

V. CONCLUSION

We have studied the problem of successive refinement
for Wyner-Ziv coding with degraded side information and
obtained a computable characterization of the rate region in
the quadratic vector Gaussian setting. From the technical per-
spective, our main contribution is a new extremal inequality,
which is established via a refined monotone path argument
inspired by the doubling trick in [38]. The proof of Gaussian
optimality also arises in functional inequalities such as the
Brascamp-Lieb inequality [46] and Young’s inequality [43].
Apart from the doubling trick and the monotone path argu-
ment, many other techniques (e.g., rearrangement [47] and
optimal transport [48]) can also be used for establishing such
inequalities. It is an active research topic to investigate the
connections among these inequalities and identify a unifying
theme. Moreover, a deeping understanding of the geometric
nature of these problems will likely shed light on the feasibility
of the relevant techniques.

For the quadratic scalar Gaussian case of the side informa-
tion scalable source coding problem, Tian and Diggavi [49]
proved the optimality of the Gaussian solution even when
the side informations at the receivers are not degraded along
the same successive coding order (see [8] for a related result
regarding a Heegard-Berger problem with two sources and
degraded reconstruction sets). Specifically, this is accom-
plished by ranking the auxiliary random variables through the
comparisons of the relevant distortions. However, the vector
Gaussian case is considerably more challenging as covariance
distortions might not have a linear order, and so far there are
only some partial solutions [50]. Our proof technique does not
require such comparisons and thus is potentially better suited
to the non-degraded side information setting. On the other
hand, the absence of a suitable single-letter outer bound for
this general setting is a major hurdle for our approach. It is
conceivable that one may overcome this difficulty by exploit-
ing certain implicit Markov structures extracted from the KKT
conditions of extremal Gaussian solutions for the achievability
scheme.
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APPENDIX A
PRELIMINARIES ON FISHER INFORMATION AND MMSE

Here is a summary of some basic properties of Fisher
information and MMSE, which will be used extensively in
the proof of extremal inequality (19).

We begin with the definition of conditional Fisher informa-
tion matrix and MMSE matrix.

Definition 2: Let (X, U) be a pair of jointly distributed ran-
dom vectors with differentiable conditional probability density
function:

f(xlu) & f(zi,i € [1:m]|u). (116)
The vector-valued score function is defined as
T
Vlog f(w/u) = 0log f(x|u) . dlog f(x|u) A
81)1 81‘”1,

The conditional Fisher information of X respect to U is
given by

J(X|U) = E |(Vog f(w|u)) - (V1og f(wlu))"].

Definition 3: Let (X,Y,U) be a set of jointly distributed
random vectors. The conditional covariance matrix of X given
(Y,U) is defined as

(118)

cov(X|Y,U) =E {(X —E[X|V,U]) - (X - E[X]Y, U])T} .

(119)

Lemma 3 (Matrix Version of de Bruijn’s Identity): Let
(X,U) be a pair of jointly distributed random vectors, and
N ~ N(0,X) be a Gaussian random vector independent of
(X,U). Then
(120)

1
Vsh(X + N|U) = ZJ(X + N|U).

Lemma 3 is a conditional version of [51, Theorem 1],
which provides a link between differential entropy and Fisher
information.

Lemma 4: Let (X,U) be a pair of jointly distributed ran-

dom vectors, and N ~ N(0,X) be a Gaussian random vector
independent of (X, U). Then

JX +NU)+Z L eov(X|X + N, U)E ' ="t (121)

The complementary identity in Lemma 4 provides a link
between Fisher information and MMSE, and its proof can be
found in [51, Corollary 1].

Lemma 5: Let (X,Y,U) be a set of jointly distributed
random vectors. Assume that X and Y are conditionally
independent given U. Then for any square matrix A and B,

(A+B)J(X +Y|U)A+ B)"

< AJ(X|U)AT + BJ(Y|U)B". (122)

Proof: From the conditional version of matrix Fisher
information inequality in [42, Appendix II], we have

J(X+Y|U) = KJ(X|U)K" + (I - K)J(Y|U)I-K)T,
(123)
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for any square matrix K. Setting

K=(A+B)'A (124)
proves (122). [ |

Lemma 6: Let X be a Gaussian random vector and U be
an arbitrary random vector. Let N; and N» be two zero-mean
Gaussian random vectors, independent of (X, U), with covari-
ance matrices X1 and X, respectively. If

3o =31 -0, (125)

then

cov (X|X 4N, U) " =S = cov (X[ X +N,,U) " =55 L,
(126)

Lemma 6 can be proved by combining the Cramér-Rao
inequality and the complementary identity in Lemma 4. See
[39, Lemma 4] for details.

Lemma 7 (Data Processing Inequality for Fisher Informa-
tion): Let (X,U,V) be a set of jointly distributed random
vectors. Assume that U — V — X form a Markov chain.
Then

J(X|U) = J(X|V). (127)

Lemma 7 is analogous to [52, Lemma 3], and can be easily
proved using the chain rule of Fisher information matrix [52,
Lemma 1].

Lemma 8 (Data Processing Inequality for MMSE): Let
(X,U,V) be a set of jointly distributed random vectors.

Assume U — V' — X form a Markov chain. Then
cov(X|U) = cov(X|V). (128)

See [53, Proposition 5] for a detailed proof of Lemma 8.

APPENDIX B
DERIVATIVE OF THE BIVARIATE DIFFERENTIAL ENTROPY
h(Xiq, Y5, Wy, € [1:4])
In view of (27) and (30), we have
h(Xiq, Vi W5, 5 € [1:i]) (129)
—h(,/l— X + AXE, —V/1-7Y7
W,jell: i]) (130)
G 1-7v,¢ . .
=h|X+ 1_ —X., Y, — TY; Wi, j€el[l:4]
+glog'y+§10g(1—fy). (131)
Recall from (23) that
Y& = X7+ Nf. (132)

The covariance matrix of

( V1/A=1)XE )
—/ A =7) /7Y€
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is given by
AL —A.
) é 177 (2 T
It is easy to verify that
At + K'Y K;!
-1 _ [
and
A, 0
— | A=)
VX = < 0 —%(A —|—K)> (135)
Combining (134) and (135) gives
tr {(V,Zi.) 2,1} =0, (136)

LA+ K 0
— — 2
Ewl(VVEM)Ei; = < K z0 ' 1 L K1)
-7)
(137)

By invoking the chain rule of matrix calculus and Lemma 3
in Appendix A, we have

d

d’yh(X YW, 5 € [1:id])

1,7 1,7

N e

W,,je [1:1']) +glog'y+glog(1—'y)} (138)
e
va)pes (o).

Wi, i€l (139)

It can be verified

tr{ (V425 4)

(=t i) e

= { (V4 2) B - 2 1 (7,200 3
COV<XT Y7) ‘X—h/ X
T o .

Y, — TY;,Wj,jE[l:z] } (140)

—w(ATHED) 0
- tr{ 0 1 _K!
1

(1-7)2

COV<(XT EQT)T‘X+1/ﬁXf
1 —
YL' Y T’inGaWjaj € [1 : Z]) }7 (14’1)

where (140) follows by Lemma 4 in Appendix A, and (141)
is due to (136) and (137). Notice that

1=
COV((XT Y;-T)T‘X—G—MLXzG,Yi— \/—’inG>
L=~ v
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—1

-1
K, Ky 1
<K0 K0+Ki> +2i’*> (142)
_((Ko' + K71 K
- ~-K;! K; !
1— V(A +K ) Kfl -1
- P (143)
K; LK
o 3
(K +1‘TVA;1+1K*1)_ 0
(144)

Thus, we have the Markov chain

(Wj,jé[l:z’])ﬁXﬁ

1 _
<X+ - XG Y, — 1/—Vyﬁ) — Y. (145
— v

As a consequence,
efl:i])

cov((XT Y;T) ‘X Y, Wi,

iy Liys
_ <cov (X[ Vi Wi g € 15 i]) 0 )
0 (1-7K;
(146)
By combining (139), (141) and (146), we obtain
ddyh (XW,Y;*7 W€l i])

1 - Lt + K 0
=tr K 0 11
2 a2 i
cov(X‘XW,YW,W,jG[ ]) 0
0 (1-7)K;

+n1 1
2\y 1l-v

(147)

1 (1
=——tr{ (A7 H KT
2y {7( )
cov(X‘XM,YW,W el i]) —I} (148)

1
=——tri{ (A + Kt
2 r{( i tK;)

<%COV(X‘X1'WY;’WW"7€[ ])

—(A7 K;1)1> } .

On the other hand, it follows by the theory of linear MMSE
estimation that

_ _1\ -1
VIXE == VA=) (A7 + (1= K7
(VAN = VI=7YE) + VAXE,
where X ., is a Gaussian random vector with mean zero and

covariance matrix (A; " + (1 —7) K;l)il,
dent of \/7N; — /T =7Y,C. Thus, we have

Xin =/1—7X +AXE

(149)
Kt
(150)

and is indepen-

(151)
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=VT=X — - (A7 + (- K
K;! (ﬁNz /1= wf) + AXC (152)

=VI—v(A7'+(1-7) K )
X +,AXE

— VA=) (AT + -y KN

—1 (A;l —ﬁ—K,L_l)

K'Yy
(153)

The complementary Fisher information representation of
cov (X‘X Y Wyjel i])

ivys Yitys can thereby be expressed
as
e 1)

cov (X‘X Y* W;,

1,7 7,7y

(154)

= cov (X|v/T—7 (A;1+(1 —EY AT K
X+ AXE Y, Wy G el i]) (155)
1_7(A + K'Y (A +( )K‘
T (X Vi Wisj e [1:4]) ) (AT + K T
(156)

Equivalently, we can write

1
(A’L_l —’—Kl_l) <; COov (X‘Xz 02} z'y)thy € []‘ L])

—(A7 + K;l)l) (A7 + K (157)
Y oa- . . .
:mAil—TJ( YW e ).
(158)
Finally, substituting (158) into (149) gives
d . .
d’}/h (X ,Vvyvz'y‘wjv] € [1 : Z])
1 -1 —1y—1
R — A K
(7 (Xia|yi wigenad) —ar)} aso

APPENDIX C
DERIVATIVE OF THE BIVARIATE DIFFERENTIAL ENTROPY
h (Y:Hrl,’yv Y;*'y|Wjaj € [1 : Z])
In view of (29) and (30),
h (ﬁJrl;’YﬂY:i*'”Wjaj € []- : Z])

—h(\/l_ }/'1,+1+\/_1+1,

(160)

—/1=9Y¢

Wjjell: ) (161)
h<l+1+1l 7,+1, 1( YG
W;,jell: z]) + 5 1og’y + 5 1og(1 —). (162)

By the definition of ¥;% and Y;$, in (23) and (24) as well
as the construction of (NZ,i € [1: L]), we can write

Ve =YS, + (NF-NT,), (163)
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where N~ N | is a Gaussian random vector with covariance
matrix K; — K41, and is independent of VA i11- Therefore,
the covariance matrix of

( 7/1(_ NS }Z{Gl )
is given by

5, 2 (%((Ai +K) (At K)

_ o). o4
— (A + K;) 1TV(A¢+K1+1)> (164

It can be verified that

- M Ki— K1)
B = <(K Tk —( (Ki—zct)l)‘l) e
where
My = (Ai+ K1) '+ (K- K1), (166)
and
V5= <ﬁ (A(;JFK"“) _7_12(A(:+Ki)>. (167)
Combining (165) and (167) gives
tr { (vvii) 2[1} ~0, (168)

1
~ 1 ~ ~ — __2M11 0
3, (V3% = v .
2 ( Y ) 2 < 0 (1 ’Y)z (K Kz-i—l) )
(169)

By invoking the chain rule of matrix calculus and Lemma 3
in Appendix A, we have

ih( Yir1,y, Yiy Wy, 5 €Lt ])

‘d—{<”1+\/ T Y \/ —1y¢

Wj,jell:d)+ Elog'y—k Elog(l —’y)}

(170)
“rel (e o (5, Vo)

WjaJE[lzi])}_Fg(%_ﬁ)

It can be verified that

tr{ (vali)
(V5 m*f) \Wj,j cn:i)]

- tr{ (vvzi) s (

(171)

Cov ((Yzzl 7; ’L+1 + z+1a
1- G
Y - 5 Yz Wj.j €l (172)
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—=Mun 0
:tr{ L (K~ K1)
0 2( i z+1)

(1—7)
Y G
Yigr 44/ ﬁYzH,

cov (v, v

Ve W iet
Y-\ m,W],;eu.zQ},

where (172) follows by Lemma 4 in Appendix A, and (173)
is due to (168) and (169). Notice that

1+1+ \( Y;f—h \l ’Y YG>

(173)

cov (v, v

[ (Ko+Kiy1 Ko+ K o1
N <<K0+K1+1 Ko+ K; +Ei (174
_ (( Pu (K- K 1)
—(Ki — K1) (K;— K1)
+ 177’}/]\4'11 (K - K’H‘l (175)
(Ki— K1) 125 (Ko — Kig)~

Q' 0 )
_ , 176
( 0 (1-9)(K;— K1) (176)
where
Pi=(Ko+Ki) '+ (Ki—Ki) ', (77

_ 1-— _
Q= (Ko+ K1) '+ T‘Y (A + Kip)

1 _
o (Ki- K ! (178)

Thus, we have the Markov chain

1/ YG> —Y;. (179

Vi, Wij € [1:1])

Y T,y

(ijj 6 i+l —7

< z+1+\/ 1,+17

As a consequence,

COV((Yzi YiT)T Vit

T 0
= , 180
( 0 (1-)(K, - Kim) (150)
where
T11 = cov (Yi+1 Vi, Yoo, Wy, j € [1: ]) .38
Combining (171), (173) and (180), we obtain
d - « . .
%h (YviJrl,’YaY—i,'y‘Wjaj € [1 : Z])
= 1tr _$M11 0
T2 0 W(Ki—KH-l)_l
(5" -
0 (1-7)(Ki-Ki1)
n (l — L) (182)
2\rv 1l-v
1 1
_ __tr{_MuTu _ 1}. (183)
2y v

IEEE TRANSACTIONS ON INFORMATION THEORY, VOL. 67, NO. 11, NOVEMBER 2021

On the other hand, it follows by the theory of linear MMSE
estimation that

VTS == VA=) (A + K
FO =) (K- Ki) ) (K~ Kig) ™
(ﬁNi = VNit1 = \/TYG) + VY,

(184)
where Yﬁr 1 is a  Gaussian  random  vec-
tor  with  mean zero and  covariance  matrix
((Az—f—KH_l)_l—l-(l—’}/) (Ki—KH_l)_l . and iS

independent of /7 (N; — Njj1) —
Vi = \/Tyﬂrl + \/_Yz+1
=1—Yip — V(1 —7) ((Ai + K1)
+(1=7) (Ki— Ki+1)71)_1 (Ki— Ki1)™'
(ﬁNi = VNit1 — \/EY;G) +VAvE,
= VT (A K)o+ (1) (K~ Koo)' )
MY + VA% = VA0 =) (A + Kip) !

—7) (K — Ki+1)_1) (K; — Ki_H)_l Y+

iy

(186)

v1—~Y>. Thus, we have

(185)

+(

The complementary Fisher information representation

of cov SY;-H Yi-’,—l,w szjaJ € [ Z])
expressed as
€1:1])

cov (Yi—i-l

- %Mﬁ ((Az + K1)+ (=) (K — Kigh) ™!
efL:d])) My

_'YJ(1+1’Y
v, Wi, gell ])—Mff)Mu

can be thereby

Vit1,, Y7 Wy, j

SV T,y

YR, W,

0,7y

(187)

Equivalently, we can write
Y T,y

Yip

1
My, (- cov (Yi+1
Y

=1 (A +Ki1)™!

L=~

- TJ( |V WG el i]). (188)
Substituting (188) into (183) gives

d

ah (ﬁJrl,’Ya}/—iT'y‘Wjaj € [1 : Z])

= ﬁtr {Mﬁl (J (5};‘4»177
— (A + Ki+1)71) } .

Furthermore, it follows by the Woodbury matrix inversion
lemma that

((Ai + K1) '+ (K - Ki+1)_1)71

=K (Ki—i-l K (Kip1—K) 'Ky — Kiyy

1,7

Vi, Wisj € [1:4))

(189)
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-1
K (A Kin) K ) Kin (190)

_ -1\ !
(A11+K¢+11) ) K
(191)

:K'H-l ((Ki_-i-l Ki—l)*l_
= K (A7 + K3 (A7 + k7)™
—(ATHEC) ) (AT EG) Ko (192)

So we can rewrite (189) as

d ~ . , )
d_’)/h (EJrlﬁvai,'y‘ijj €fl: Z])

L (TR D
<(Ai_1 +Kh) ZHJ( i1y |Yio, Wy g€ [L: ])
Kip (A7 4 K - AT (A + Kia) AT ]

(193)

(Al + K )

APPENDIX D
PROOF OF THEOREM 1 VIA THE DOUBLING TRICK

During the reviewing process, one anonymous reviewer
provided an alternative proof of our main result based on the
doubling/rotation method, which is included here with his/her
kind permission.

A. Definitions

For the sake of simplifying notations, random vector

(X1, Xa,...,X;) is written as X(;) in this appendix. Let
s(Wiry)
L
A
S I(XWAY1) + Y I (X Wi Wiy, Vi) (194)
i=2
L
=2 (mi(h(Yi[Wig) = (X |Wig)
i=1
—pit1 (R(Yit1|Wiy) — M(X W)
+ pr (h(YL W) = M(X W) - (195)
Introduce random variable () such that
QW) =X =Y, —...=Y (196)

form a Markov chain. Similarly to (194), let

s(Wi|Q) £pal(X; Wi|Y1, Q)

L

Y (X Wi Wiy, Vi, Q). (197)
1=2

We further define the lower convex envelop of s(Wz) as

S(W[L]) e inf S(W[LHQ). (198)
p(q|z,wiry)
We also define
S(WilQ) £ Zp Wil@=9) (199
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for @ (over a finite alphabet) and its natural extension for an
arbitrary Q.
Remark 5: Since S(W|r)) is convex in p(wiz)|z), we have

SWinlQ) = S(W)

by Jensen’s inequality.
The rate-distortion problem of Theorem 1 can be reformu-
lated as finding the optimal random vectors Wy, for

(200)

V*(Dyy) ép( mf‘ )S(W[L}) (201)
'w[L] T
= inf s(W|Q), (202)
p(q,wir)|z)

where p(wy)|x) satisfies cov(X|Y;, W};)) < D; for any i €
[1:L].

Lemma 9: There exists a pair of random variables
(Wi ), @«) with cov(X|Y;, W, ;) = Dy, i € [1, L], such
that

V(D)) = s(W 1)1Qx)

Proof: ~We can assume that the conditional law of
(X, Y[z)) has zero mean for every Q.. Because the centering
condition on each ). = ¢. does not change the mutual
information terms and hence S(W, 1)|@) remains the same.
The existence of a minimizer and the cardinality bound on Q).
follow by the argument in [38, Appendix IL.A]. [ ]

(203)

B. The Doubling Trick
Let

(Wai21s Wa 215 Xas Xo, Ya 1205 Yo, 17) ~

P(Wa,[L]s Tas Ya,[L]) X P(Wh,[L]s Tbs Yb,[L]) (204)

be two i.i.d copies of (W}, X, Y[y)) with
Wan) = Xa =Yoo = Yar-1... = Yau, (205)
Wor) = Xo = Yo = Yo 1... — Yy 1. (206)

The above Markov chains still hold when conditioned on

(Qa ) Qb) and

(Qa, W,
Qv Wyir) = X =Yoo =Yoo 1...

(207)
(208)

) = Xae—=Yor —Yar1...— Yan,

- Y3),1

are also satisfied.
Given

(Xa, Xp) ~ p(za) X p(z),

we define s(W, (1], Wy, (1)), in a similar fashion as above,
s(Wa,1z)s W, 1))

> (Mz’(h(Ya,ia Yo,ilWa, i), We, i)

i=1
= h(Xa, Xo|Wa i), We 1)
= pir1(h(Ya,it1, Yo,it1IWa, i) W 1)

—h(Xa, Xp|Wa 1), Wb,[i])))
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+ pr (h(Ya,L, Yo,.|Wa, (2], Wa, (1))

—h(Xa, Xp|Wa 111, Wi 1)) - (209)

We also define the quantities s(Wo, (1), Wi,[1)|Qa, @),
SWa it We 1), s(Wa,iz), Wi 11)|Qa, Qp) similarly. The
proof of the following lemma can be found in Appendix D-C.

Lemma 10: The  following inequality holds  for

(Xa» Xb, Yo (1), Yo, 1)) ~ P(Tas Ya, L)) X P(Tb, Y, (L)):
SWa iy We ) = SWa 1)) + S(We 1) (210)
Furthermore, if a particular tuple (WM L] Q.) satisfies

S(Wa 121 Wos 12 Qa s Qb x)

= SWa w12 Won 1)) 11)
= S(Wa 1)) + S(Wha12)) (212)
the following facts must be true,
D
I(Xa,*§ Xb,*lya,*,i7 Y;),*,i; Wa,*,[i]a Wb,*,[i]7
Qa,*a Qb,*) =0, 1€ [1 : L]; (213)
2)

S(Wa,*,[L])

= s(Wa, 121 Ya, (1) Wa,(1)s Qa,x» Qb,+) (214)

= s(Wi11|Ya, 1), Wa, i), Qaes Qb x)s (215)

where
$s(Wa,1£)1Yo,12] W, 1))
L1
= (ﬂi(h(Ya,i|Wa,[i]va,iv W 1i7)
i1
- h(Xa|Wa,[i])a n,i; Wb,[z])
— prig1 (M(Ya,ir1IWa ), Yo,i, W i)
G AUATRARUADN)
+pn(h(Ya,£IWa, ), Yoo, Wa 1))

= h(XaWa L), Yo, We,(1)))- (216)

sWo 1 Ya 21 Wayn)s  s(Wa ) Ye, 12y, W iz, Qa,xr Qb,+)
and s(Wy,(1)|Ya, (2], Wa,[L]» Qax; Qb,«) are defined similarly.
For simplifying notations, we denote

1 1
=—(Za+ ), Z_=—
\/ﬁ( b) \/§

where (Z,, Z) are two i.i.d copies of random variable Z. In a
similar manner, we define s(W, 1)) as

s(Wy 1) Sl (X5 W a[Yi)
L
Y I(X s Wi Wy oy, Vi) (218)
i=2
Furthermore, s(W_ 1)), s(Wy 1z}, W= 1)), S(Wy 1)),
S(W_ ) and S(W_ 17, W_ (1)) can be defined similarly.
The proof of the following lemma can be found in
Appendix D-D.

Z+ (Za - Zb); (217)
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Lemma 11: For (W, 1],Q«) ~ p«(wpz,q) that attains

V*(Dyyy) and (We iz), Wi 1), Qas Qb) ~ Px(Wa (1], qa) X
P« (wp,[L], @), the following holds:

9]
I(XJr; X*|Y+,ia Yf,i; W+,[i]v W—,[i]v Qaa Qb) =0,
ie[l:L]; (219)
2)
V(D)) = SWy Y- iz)) = SW_ 11)|Yy 1))
(220)
where
s(Wy in|Y= (1))

L—1
SN (Y i Wi, Yo i) = BX 4 W), Yo )
i=1

— pig1 (MY i Wy, Yo i) = ROX W ], Y 4)))
+ pn(h(Yy LW (1), Y= 1) = (X4 Wy (1), Y- 1)),
221)

and s(W_ 7)Y, (1)) is defined similarly.

Now we are in a position to establish the following result,
which will complete the proof of Gaussian optimality in
Theorem 1.

Theorem 4: There exist legitimate auxiliary random objects
W, [z jointly Gaussian with (X, Y[)) such that

V(D) = s(Wy (1))

Proof: The optimal value V, defined in (201) can be
achieved by a suitable (W, 1], Q«) ~ p«(w,q) according
to Lemma 9. For any pair (X, Xy, Yy 1), Ysr)) ~
P(TasYa, i) X D(To,ypr)) satisfying  conditions in
Lemma 10, (X,,Y, 7)) and (Xp,Y3 [z)) are conditionally
independent zero mean random  variables  given
(Wia,1L1s Wi p,1L]5 @05 @«p). So by Lemma 11, conditioned
on (Wa iz}, Wy,iz], Qa, Qb) the following Markov chains
hold:

(222)

X+ — (Y+7j7Y_7j) — X_. (223)

Since

Yij— (X, Vo)) = X, Yo ;= (X, Y, ) — Xy,

(224)
it follows by double Markovity that
(X Yy ) =Y, =X, (XY ) =Yy, — X,
(225)

Next, invoking double
(Wa,[L]7 Wb,[L] ) Qaa Qb) with

Yij— X4 — X,

Markovity (conditioned on

Y ;- X_— X4, (226)

we can deduce that X, and X_ are independent condi-
tioned on (W, 1], Wi 1], Qa; @p). According to the property
of Gaussian random variables in [38, Theorem 3] and the
proof method in [38, Appendix [-A], we can conclude that
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(X|Wr), Q) has a Gaussian distribution. Since @ is arbitrary
and the covariance matrix of (X W[z}, @) is the same for dif-
ferent @, it follows that (X|Wz) is Gaussian, which further
implies that W) can be assumed to be jointly Gaussian with
X. This completes the proof. [ ]

C. Proof of Lemma 10

For any auxiliary random variables () satisfying (196), (205)
and (206), (Qq,Qp) is denoted as @ for simplicity. We can
expand S(W, (1), Wy,[1)) as

SWa,iz)s Wa, i) = s(Wa 1), We,11)| Q) (227)
—Z( h(Yai, Yo,ilWa i, We i, Q)
— WX s X Wi, Wo i Q)) (228)
— pig1 (M(Ya,iv1, Yoi1[Wa,1i, Wa, 11, Q)
= h(Xa, Xo|Wa 1, W Q))) (229)
+ pr(h(Ya,L, h(Yo,L|Wa 1), Wo, 1], Q)
— h(Xa, Xo|Wa, (1), Wi, ), Q))- (230)

First consider the terms in (228):

h(Ya,is Yo,ilWa,fi1s W 1), @) — h(Xay Xo|Wa, 1), We, i1, Q)
_h( a1|YbuW M’Wb 1s )
+ h(Ys,ilYa,i, Wa i), W11, Q)
+ I1(Ya,i; Yol W, [z],Wb 1, Q)
— M XaWa 1, W 1), Q) — h(Xp|Wa 13, Wi ), Q)
+I(Xa17Xbl|W 1s W 1 Q)
1, Q)
Yo,il Ya,i, Wa 1, W11, Q)
il Yo,i, W, ,[Z],Wb ,Q)
XolYa,i, Wa i), We ), Q)
Xa; Xo|Wa (i, W j, Q)
Yaquzlw,[z]aWb aQ)
Xa; Yo,ilWa s Wh 1), Q)
— I(Xp; Yo il Wa i 1 Q)
= h(Ya,i|Ys,i, W, [z];Wb 7Q)
+ h(Yy,ilYa i, Wa 1, Wa, 117, Q)

(231)
- h( a szb i»Wa [z]aWb

+ h(
—h(X
= h(
+1(
+1(
—I(
(

(232)

(
h(XalYe,i, Wa i), W1, Q)
— h(Xp|Yai, Wa 1), Wa ), Q)
I(Xa; Xo|Ya,i; Yoi, Wa 1, We 111, Q)
I(Ya,i; Yo,il Xo, Wa 1, Wa 131, Q)
— I(Xa; Yo,il Xo, W i), Wa 1, Q)
= I(Ya,i; Xo|Yo,i5 Xay Wa i), Wa i), Q)-
In view of (205), (206) and the definition of X,,

Xp, the following Markov chains hold (conditioned on

(Waii W i1 Qar Qp)):

Yb,’i i Xb i (X(L7Ya,’i)7

(233)

Ya,i — Xa = (Xp, Yo,0). (234)

6979

Therefore, we have

I(Ya,i; Yo,il Xo, Wa 1, We, 117, Q)

= I(Xa; Ys,il Xp, Wa i), Wa 13, Q) (235)
= 1(Yai; Xo|Ysi, Xa, Wa i), W), Q) (236)
—0, (237)

which yields
h(Ya,is Yo,il Wa,fi)s Wo i, Q) —
= h(YailYo,i, Wa (i), We 11, Q)
+h(YoilYai, Wa 1), Wa 1, Q)
= M(XalYs,i, Wa i), Wh,ja), Q)
— h(Xp|Ya,i, Wa i, Wa ), Q)
+ I(Xa; Xo|Yais Yoi Wa i), We ), Q)-

Similarly, the terms in (229) can be simplified
using the following Markov chains (conditioned on

Waii W i1, Qas Qb))
Yii = Yoit1 — Xo — (Xa, Yo, Ya,it1),
Yo, — Yair1 — Xo — (Xo, Yo,i, Yoit1)-

h(Xa, Xo|Wa. 1, We i, Q)

(238)

(239)
(240)

Specifically, we have

h(Yaiv1,Yeiv1|Wa i) Wa,1,Q) —h
= h(Ya,it1IWa 11, Wa, 111, Q)
(Yo,iv1IWa i, Wi, Q)
(XalWa i Wb [, Q) —
(
(

(Xa;Xb|W Wb [i]» Q)

R(Xp[Wa (i, Wa, i, Q)
XayXb|W 1 Wa i Q)

Yo,iv1; Y?;,z+1 Wa.ii, Wa i, Q)

Ya,iv1Yei, Wa i), We ), Q)
Yo,iv1|Yais Wa,fi)s We. i), Q)

Xa|Yy,is Wa i, Wo 1, Q)

+h

—h

+ 1

-1
(
h(

—h(

— h(Xo|Yai, Wa i, We ), Q)

+ 1(

—I(Y.

+

Xa; X |Ya z;%va i) Wb,[i]vQ)
a,i+13 Y, 'L+1|Ya iy Yb Iz Wa,[i]v Wb,[i]a Q)

For the terms in (230), it can be shown using the same
method that

h(Ya,, Yo,0|[Wa,(z)s We (1), Q) — h(Xa, Xo|Wa (1), Wh (1), Q)

= h(Ya,o|Wa L), Wo,1); Q) + h(Yo,L|Wa, 1), Wi (1], Q)
— h(XaWa i), Wa ), Q) — h(Xe|Wa 17, Wh (1], Q)
+ 1(Xa; Xo|Ya,r; Yo, Wa (1), Wa (1), Q)-
Combining (238), (241), and (242) gives

S(W [L]va )

= Z (M'L azle'u []aWb,[i]vQ)

+ h(Yo,ilYa,i, Wa (i), W 1), Q)
— M XalYi, Wa (i), Wa i), Q)
= h(Xp|Ya,i: Wa, (i, We a1, Q))
— pip1 (M(Ya,iv1|Yo,is Wa i, W), Q)

(241)

(242)
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+ h(Ys, i+1|Yai; Wa.1i)s Wa,1i), Q)
- h(X |Yb i W, Wb L[] Q)
- h(Xb|Ya s W Wb [2]» Q)))
+ML(h( Yo, 01Yo, 1, Wa,iL); W (1), Q)
+h(Yo,oYa,£, Wa 121, Wa, 1), Q)
— W(XalYo,2, Wa, 127, Wa 111, Q)
— h(Xo|Ya, L, Wa 12, We, (1), Q))
L1
+ Z (Mz‘I(Xa§Xb|Ya,i§Y;),i7Wa,[i]7Wb,[i]vQ)
i=1
- MiJrl(I(Xa; Xb|Ya,i; Y—b,i; Wa,[i]a Wb,[i]vQ)
—I(Ya,iv1; Yoiv1|Yayis Yo,io Wa i, Wo Q)))

+prd (Xa; Xo|Ya, 5 Yo,2, Wa,i2), We, 1], Q) (243)
= s(Wa,121[Ye,12, Wa 1) Q)
+ 8(Wh,12)Ya, 12}, Wa iz}, Q)

+z(

pit1d (Ya,iv1; Yoiv1Yasis Yo,is Wa i), Wa Q))

,LL'LJrl (Xa;Xb|Ya,i7Yb,i7Wa,[i]vwb,[i]aQ)

+ pr I (Xa; XolYa, 3 Yo, Wa i), Wa i), Q) (244)
(@)
S(Wa, i)Yo, 121 Wi 1), Q) + s(Wh (1) Ya, 1), Wa, (1), Q)
(245)
(b)
> S(Wa,ir)) + SWo, 1), (246)

where (a) follows from p; > p;+1 and the nonnegativity of
mutual information while (b) is due to the fact that S(W[z)
is the lower convex envelope of s(Wz;) (see (198)).

D. Proof of Lemma 11
In view of the definition of V*(Djz)) and the assumption

that (W, (1], @+) ~ p«(wiz), q) attains V*(D[z)), we have
2V (D) @ s(Wa11]Qa) + (Wi, 11]Qs) (247)
O s(Wa, 121, W, 11| Qa> Qb) (248)
(W0 W (11Qu. Q1) (249)
Vs (Wi 2, W- 1) (250)
(g SWo Y= 10y) + SW_ 1Yy (7)) (251)
(g SWy ) +SW_ 1)) (252)
2V (Dyy) + V(D) = 2V (Dyyy). 259

The justification for each step is given below:

(a) holds because p.(wyz],q) achieves V*(Dp)).

(b) holds  because  of  the  independence  of
(Xa, Yo 121 Wa,iz), Qa) and (Xs, Yy, 1), Wi 2], @b)-

(c¢) holds since differential entropy is invariant under unitary
transformation.
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(d) follows from the definition of S(Wz;) in (198).

(e) is a consequence of Lemma 10 and the fact that mutual
information is preserved under bijective transformation.
It is noticed that

S(W+ [L] W_ 1))

> Z (ul (Yo alY— i, Wa 1, Wa 1), Q)

+ (Y ilYi i, Wa i, Wa,ji), Q)
= WX [Y_ i, Wa i, Wa 117, Q)
— (XYY 4, Wo g, We ), Q)
— w1 (MY i1 Yo i Wa i), Wa 13, Q)
+ (Y- i1 1Yy s Wa g, Wa g, Q)
— h(X4|Y_ “W Wb [i]s Q)

= h(X Yy i, Wa i, W [, Q))>

+uL(h(Y+L|Y 2 Wa iz W, iz), Q)
+h(Y- LYy L, Wa, 1), W 1), Q)
— (XY 1y W), Wa (1], Q)
— "X Yy £, Wa ), Wa, 1), Q))
=sWy Y- r,W_1],Q)
+sW_ Y40, Wy (1), Q)

> S(Wy 1)) +S(W_ (1) (254)
Defining
Wi = (Yo s, WaigsWo, Q) i€[1:L], (255)
W, = (Yo, Wi, Wo. Q) i€[1:L], (256)
we can observe that
cov(X4|Yy i, W)
= cov( X |Yy 4, Yo i, Wo 1, Wa g, Q) (257)
< D;, ie[l:L], (258)
COV(X_|Y_71,WZ.*)
= cov(X_[Y_i, Ve i, Wa s Wi i, Q) (259)
< D;, i€ [l:L]. (260)

(f) follows from Remark 5.
(g) follows form the definition of V*(Dyz;) in (201).

Since the extremes match, all inequalities should be equalities.
Therefore, the conditions in Lemma 11 must be satisfied.
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