6708

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 19, NO. 10, OCTOBER 2020

A Maximin Optimal Online Power Control Policy
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Abstract— A general theory of online power control for
discrete-time battery limited energy harvesting communications
is developed, which leads to, among other things, an explicit
characterization of a maximin optimal policy. This policy only
requires the knowledge of the (effective) mean of the energy
arrival process and maximizes the minimum asymptotic expected
average reward (with the minimization taken over all energy
arrival distributions of a given (effective) mean). Moreover, it is
universally near optimal and has a strictly better worst-case
performance as well as a strictly improved lower multiplicative
factor in comparison with the fixed fraction policy proposed
by Shaviv and Ozgiir when the objective is to maximize the
throughput over an additive white Gaussian noise channel.
The competitiveness of this maximin optimal policy is also
demonstrated via numerical examples.

Index Terms—Energy harvesting, maximin optimal, online
policy, power control, saddle point, worst-case performance.

I. INTRODUCTION

ECENT advances in energy harvesting technologies have

enabled the development of self-sustainable wireless
communication systems that are powered by renewable energy
sources in the environment. An important research topic of
energy harvesting communications is to design power control
policies that maximize throughput or other rewards under ran-
dom energy availability (see, e.g., [1]-[17]). Although offline
power control is by far well investigated, our understanding
of online power control remains quite limited. This situation
can be largely attributed to the technical differences between
these two control problems. For offline power control, since
the realization of the whole energy arrival process is known
in advance, the underlying distribution is irrelevant as far as
policy design is concerned and it enters the picture only in the
evaluation of the expected reward, where different realizations

Manuscript received December 3, 2019; revised April 27, 2020; accepted
June 14, 2020. Date of publication July 2, 2020; date of current version
October 9, 2020. This work was supported in part by the National Natural
Science Foundation of China under Grant 61571398 and in part by the Natural
Sciences and Engineering Research Council (NSERC) of Canada under a
Discovery Grant. This article was presented in part at the 2020 IEEE Inter-
national Conference on Communications. The associate editor coordinating
the review of this article and approving it for publication was Y.-F. Liu.
(Corresponding author: Shengtian Yang.)

Shengtian Yang is with the School of Information and Electronic
Engineering, Zhejiang Gongshang University, Hangzhou 310018, China
(e-mail: yangst@codlab.net).

Jun Chen is with the
Engineering, McMaster University,
(e-mail: junchen@ece.mcmaster.ca).

Color versions of one or more of the figures in this article are available
online at http://ieeexplore.ieee.org.

Digital Object Identifier 10.1109/TWC.2020.3004693

Department
Hamilton, ON

of Electrical and Computer
L8S 4KI1, Canada

need to be weighted according to their respective probabilities.
In contrast, for online power control, one has to take into
account the distribution of the energy arrival process due to
the uncertainty of future energy arrivals. Indeed, this fact can
also be seen from the implicit characterization of the optimal
online power control policy based on the Bellman equation,
which invovles the energy arrival distribution in an essential
way. Due to its distribution-dependent nature, the Bellman
equation is often very difficult to solve exactly. To the best of
our knowledge, the general analytical solution to the Bellman
equation has only been found in the low battery-capacity
regime where the greedy policy is shown to be optimal [17].
Even in that case, the so-called low battery-capacity regime
varies from one energy arrival distribution to another. More
generally, for any nondegenerate reward function, there is no
online power control policy that is universally optimal for all
energy arrival distributions, which should be contrasted with
offline power control where universality comes for free in
light of the aforementioned reason. It is worth mentioning that
the requirement of precise knowledge of the energy arrival
distribution not only complicates the characterization of the
optimal online power control policy, but also, in a certain
sense, diminishes the importance of such policy since the
needed knowledge is typically not available in practice.
Fortunately, as demonstrated by Shaviv and Ozgiir in their
remarkable work [14], it is possible to break the deadlock
by weakening the notions of optimality and universality.
Specifically, they proposed a fixed fraction policy, which
only requires the knowledge of the (effective) mean of the
energy arrival process, and established its universal near-
optimality in terms of the achievable throughput over an
additive white Gaussian noise (AWGN) channel (see also [15]
for an extended version of this result for more general
reward functions). At the heart of their argument is a worst-
case performance analysis of the fixed fraction policy, which
shows that among all energy arrival processes of the same
(effective) mean, the Bernoulli process induces the minimum
throughput for the fixed fraction policy; the aforementioned
near-optimality result then follows directly from the fact that
this minimum throughput is within both constant additive
and multiplicative gaps from a simple universal upper bound.
Their finding naturally raises the question of whether it is
possible to find an online power control policy with improved
worst-case performance as compared to the fixed fraction
policy or, better still, a policy with the best worst-case per-
formance. In this work, we provide an affirmative answer to
this question by constructing an online power control policy
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that is maximin optimal in the following sense: this policy
achieves the maximum asymptotic expected average reward
for the Bernoulli energy arrival process of any (effective)
mean while among all energy arrival processes of the same
(effective) mean, the Bernoulli process induces the minimum
asymptotic expected average reward for this policy. To this
end, two major obstacles need to be overcome. First of all,
the optimal online power control policy for the Bernoulli
energy arrival process of a given (effective) mean is uniquely
defined only for some discrete battery energy levels; however,
under the maximin formulation, it is essential to extend the
support of this policy to cover all possible battery energy
levels, and a judicious construction is needed to ensure that
the interpolated policy has desired properties and at the same
time is amenable to analysis. The second obstacle lies in the
worst-case performance analysis of the interpolated policy.
In contrast to the fixed fraction policy for which some basic
convexity/concavity argument suffices due to its linearity,
the interpolated policy requires more delicate reasoning for
establishing Bernoulli arrivals as the least favorable form
of energy arrivals. It will be seen that these two obstacles
are intertwined, and we will address them by developing
a maximin theory based on detailed investigations of some
general families of online power control policies. From a
mathematical perspective, our work can also be viewed as
saddle-point analysis in a functional space. Note that even for
finite-dimensional minimax/maximin games, one often relies
on fixed-point theorems to prove the existence of saddle-point
solutions. It is thus somewhat surprising that the saddle-point
solution of the specific functional game under consideration
admits an explicit characterization. In this sense, our work is
of inherent theoretical interest.

The rest of this paper is organized as follows. In Sec. II,
we formulate the problem and introduce the main results
of this paper. A maximin theory of online power control
for discrete-time battery limited energy harvesting commu-
nications is developed in Sec. III; this theory leads to an
explicit characterization of a maximin optimal policy, which is
shown to be universally near optimal and have a strictly better
worst-case performance as well as a strictly improved lower
multiplicative factor in comparison with the fixed fraction
policy when the objective is to maximize the throughput over
an AWGN channel. We conclude the paper in Sec. IV. The
proofs of Theorem 3 and most propositions, as well as some
auxiliary results, are given in the appendices.

Throughout the paper, the base of the logarithm function
is e. The maximum and the minimum of a and b are denoted
by a V b and a A b, respectively. The Borel o-field generated
by the topology on a metric space S is denoted by B(S). The
n-fold product measure of a probability measure ( is denoted
by Q®™. The n-fold composition of a function f : A — A for
some subset A of R is denoted by f(™) with the convention
O (z) = z. An empty sum and an empty product are defined
to be 0 and 1, respectively.

II. PROBLEM FORMULATION AND MAIN RESULTS

Consider a discrete-time energy harvesting communication
system equipped with a battery of capacity ¢ > 0. We denote
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by x*° = (x)§2, the amount of energy harvested at time
t=1,2,3,.... An online power control policy 7> = (7;)52,
is a family of mappings specifying the energy u; = my(z!)
consumed in time slot ¢ based on z! = (w1, 22, ..., 7). Let
b;— and b, denote the amounts of energy stored in the battery
at the beginning of time slot ¢ before and after the arrival of
energy x;, respectively. They satisfy

be = (b +2) A, (la)

b(t+1)_ - bt — Ug. (lb)

It is assumed that ;- = 0.
A policy 7 is said to be admissible if

uy < by forall 2*° € IR%OO and all ¢ > 1.

The collection of all admissible policies is denoted by II. For
7> € 11, if m; depends on z! only through b; and is time
invariant, we say 7 is stationary and identify it by a mapping
o :10,¢] — [0, ] satisfying o(x) < x for all x € [0, ¢] such
that 7°° = (0 0 b;)?2,, where b; is understood as a function
of xt by (1). The set of all (admissible) stationary policies is
denoted by X.. In the sequel, when we write a stationary policy
o € %, it may be understood as a mapping o : [0, ¢] — [0, ¢],
a policy (o o b;)$2,, or a partial policy (o o by)i,,, and so
on, by the context.

The energy u; is consumed to perform some task in time
slot ¢, from which a reward r(u;) is obtained.

Definition 1: A reward function 7 is a nondecreasing, Lip-
schitz, and concave function from [0, +00) to [0, +00) with
r(0) = 0.

Definition 2: A reward function r is said to be regular if it
is strictly concave and differentiable and the function

rs(x) := 1" (sr'(x), x € [1s,+00),

is convex for all s > 1 (satisfying sr’(400) < /(0), which is
in fact unnecessary because r’(4+00) = 0 by Proposition 5),

where
(29 040

Ts i= K1/5(0) = .

One example of interest is the throughput over an AWGN
channel. In this case, the reward r(u;) is the information rate
in time slot ¢ given by

r(ug) == %111(1 + yuy) (nats) 2)

with + being the channel coefficient.

Thus the (m, n)-horizon total reward of partial policy 7]}, =
(7)., with respect to energy arrivals ™ and the initial
battery energy level b,,— is

n
R;In (7777:7,7 xnv bmf) = Z T(ut)v
t=m

where m < n, 7 € II, and u; = m(2*) < by, with b~ and
b, satisfying (1). The corresponding n-horizon average reward
is

1
To(m™,a") = ER?(W", x",0).
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Suppose now that the energy harvested at each time ¢ is
a random variable X, and consequently the whole sequence
X = (X;)2, of energy arrivals forms a random process.
Correspondingly, the energy variables wu;, b;—, and b, become
the random variables U;, B;-, and By, respectively. The
asymptotic expected average reward of policy 7 with respect
to energy arrivals X*° is defined as

T(r>, X)) = linnlngTn(W”,X").
Since it depends only on the (probability) distribution of X >,
we can also write Px~ in place of X °°. For example, we may
write 7 (7%, Q®>°), where Q®>° denotes the distribution of
an i.i.d. process with marginal distribution Q.

We are interested in characterizing online power control
policies that maximize the asymptotic expected average reward
in the worst case of a given family of energy arrival distribu-
tions. To this end, we introduce a maximin formulation.

Definition 3: The mean-to-capacity ratio (MCR) of a prob-
ability measure @ on (R>q, B(R>0)) is defined by

MCR(Q) = MC(Q)’

C

where 1.(Q) := [(z A ¢)dQ is the (effective) mean of Q.

Definition 4: Let Q. ), consist of all probability measures
Q@ on ([0, ¢, B(]0,c])) with MCR(Q) = p, where p € (0, 1).
An online power control policy 7°° is said to be maximin
optimal for Q. if

inf 7(7°°,Q%%) = sup

inf 7 (7>°,Q%>).
QEQep = (r,@7%)

700 eIl QE€Qe.p
The main result of this paper is summarized as follows.
Theorem 1 (Theorems 5, 6 and Proposition 7): If
reward function r is regular, then the stationary policy

the

wia) = (x)

is maximin optimal for Q. , and its associated least favorable
distribution is Bernoulli (see (4)), where

n(z) = Z H1/(1—p)i71($) = Z H1/(1—p)i*1($),
i=1 i=1

and

In particular, if r is given by (2), then

Wawen () = 1 [M _ 1]
—(1-pM

Y
is maximin optimal, where M is the least integer satisfying

[1 4 p(yx + M))(1—p)™ < 1.
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III. A MAXIMIN THEORY OF ONLINE POWER CONTROL
FOR ENERGY HARVESTING COMMUNICATIONS

In order to find the maximin optimal online power control

policy, we adopt the following approach:

1) Find a distribution Q that is the least favorable one
in Q. , when a policy in some special subset A of II or
> is employed.

2) Construct a policy that is optimal for @ and is an element
of NV.

The rationale underlying this approach is best explained by
the following fact.

Proposition 1: Let 7> € II. If there is a distribution

Q € Q. such that

T(#%,Q%) = max T(r™, Q")
T E

= min T(#%°,Q%>
QEQ., (7’( 7Q )a

then 77°° is maximin optimal.
Proof: For any 7°,

inf 7T (7%, Q%) < T(n™, Q%>
ot T @) S TEROT)
< T (7> AR oo
< max T(n%, Q%)
= min T (7%,Q%>).
oBin T(7%,Q7%)
So 7°° is maximin optimal. 0

A. Normal Stationary Policies and the Least Favorable
Distribution

In this subsection, we will study a special family A of
policies called normal (stationary) policies. We will show that,
for any o € N, the Bernoulli distribution is the least favorable
one in Q. , as long as p is not below a certain threshold
depending on o.

Definition 5: For each (stationary) policy o € X, let o be
its associated policy induced by the complement operation:

ag(x) =z —o(z).

Note that 6 = o.

Policy & may be called a (stationary) reserve policy because

it specifies the amount of energy reserved for future use.

Definition 6: A policy o € ¥ is said to be normal if it is

nondecreasing and concave. The set of all normal policies is
denoted by V.

Proposition 2: A normal policy o € N satisfies:

1) 0(0) =35(0) =0.

2) & is nondecreasing and convex on [0, c].

3) Both ¢ and & are Lipschitz on [0, ¢].

4) Both ¢ and & are differentiable at all but at most count-
able points of (0,c), and ¢’ and &’ are nonincreasing
and nondecreasing, respectively, on their domains of
definition. Moreover, both ¢’ (x) and &' (z) are between
0 and 1 whenever they exist.

The proof of Proposition 2 is given in Appendix A.

The next theorem shows that the Bernoulli distribution is

the least favorable one for normal policies under certain mild
conditions.
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Theorem 2: For a normal policy o € N, if
(o)) = (1= p)r'(o(e(2) (©)
for almost every z € [0, ¢], then
Eynopen RY (0, X", 2) < Exnogen Ry (0, X", z)

for all Q € Q. and x € [0, ], where

B, := (1 —p)do + pde, )
and
1, ifx e A,
6z(A) == . )
0, otherwise.

Proof: Let X™ and X™ be two random sequences of
energy arrivals such that Px» = Q%" and Py, = BS”,
respectively. Let

ft(x) = ER?(Ua an,l‘)
and

gi(x) =E R} (0, X}", ),
where X' = (X)), X = (Xy)",, z € [0,¢, and
t=1,2,...,n

Note that o and r are both nondecreasing, concave, and
Lipschitz (Definitions 1 and 6 and Proposition 2). Let

x(z,y) = (z+y) Ac,

where x,y > 0. It is clear that y is concave in z for fixed y.
Recall that, for any concave functions f and g, f(g(x)) is
concave if f is nondecreasing ([18, p. 84]). So a function
such as r(o(x(x,y))) is concave in x for fixed y.

Now we will show that g¢(x) < fi(x) forall 1 <t < n.
Note that

fa(@) = Er(o(x(Xn, 7))
> Er(o(x(Xn,z))) ([14, Lemma 2])
= gn(2)
= (L=p)r(o(x)) +pr(o(c)
and
gn(x) = (L=p)r'(o(x))0’(z) ae;
moreover,
gn(0(2)) = (L= p)r'(o(a(x)))o’(7(x))
< r'(o(2))o’ (@(x)) (Ea. 3)
< r'(o(z)) ae. (Proposition 2),

and g, (z) is nondecreasing, Lipschitz, and concave on [0, c].
We proceed by induction on ¢ in the reverse order. Suppose
that

(6a)
(6b)
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and g¢(x) is nondecreasing, Lipschitz, and concave on [0, ¢].
It follows that

fr-1(z) > Eh(X()ft 1,2)) (Eq. (6a))
> Eh(x(Xi—1,z)) ([14, Lemma 2])
= gi—1(7)
= (L=p)h(z) + ph(c)
and
gi_1(z) < (1 —p)r'(o(x)) ae. (Lemma 1 with (6b)),

which, together with Eq. (3), implies
gi1(0(2)) <r'(o(x)) ae.,

where

h(zx) = r(o(z)) + g:(o(x))

is nondecreasing, Lipschitz, and concave on [0, ¢] (Lemma 1
with (6b)), and so is g;—1(x). Therefore, g;(xz) < fi(z) for
all ¢, and in particular for ¢t = 1. OJ

Remark 1: In essence, condition (3) compares the marginal
utilities of two energy consumptions specified by policy o: one
in the current time slot and the other in the next time slot if
there is no new energy arrival, assuming that the distribution
of energy arrivals is Bernoulli. The marginal utilities of these
two energy consumptions are

r(o(x)) and (1 - p)r'(o(o(x))),

respectively. When condition (3) is met, o can be considered,
in a certain sense, non-greedy for Q. ,,.

Motivated by this observation, we introduce the following
definitions.

Definition 7: A universal stationary policy o is a mapping
from R>( to R>q satisfying o(x) < x. The set of all universal
stationary policy is denoted by >.,. A universal stationary
policy o € Y is said to be normal if it is nondecreasing and
concave. The set of all universal normal (stationary) policies
is denoted by No.

Note that any universal stationary policy o can be regarded
as a stationary policy in X by considering its restriction
on [0, ¢].

Definition 8: The greed index .(o) of a stationary policy
o € X is defined by

/
te(o) :=1—essinf M.
0<e<c r'(o(a(x)))
The universal greed index «(o) of a universal stationary policy
0 € Yo is defined by

/
t(oc) ;=1 —ess inf m.
220 1'(0(a(x)))

Remark 2: Theorem 2 only provides a sufficient condition,
so it does not cover all possible policies for which the least
favorable distribution is Bernoulli (e.g., the greedy policy
o(x) = x for sufficiently large ¢ but fixed p). However, since
condition (3) coincides in part with the optimality condition
for the Bernoulli distribution (see (21) with «; = o(z) and
ag = o(a(x))), any policy completely violating (3) cannot be
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an optimal policy for the Bernoulli distribution, and hence is
not maximin optimal even if its least favorable distribution is
Bernoulli.

We end this subsection with some properties of the greed
index and the universal greed index. Their proofs are simple
and hence left to the reader.

Proposition 3: Let o € X.

1) t.(o) €[0,1].

2) If 1.(0) < p, then o satisfies (3).

Proposition 4: Let 0 € Y.

D (o) €[0,1].

2) t.(o) is nondecreasing in ¢, and lim,_, 4 o tc(0) = ¢(0).

3) If «(o) < p, then o satisfies (3).

By Proposition 3, Theorem 2 can be restated as follows: If
a normal policy o satisfies ¢.(c) < p, then its least favorable
distribution in Q. , is Bernoulli.

B. An Optimal Policy for Bernoulli Energy Arrivals

In this subsection, we will construct an optimal policy
for Bernoulli energy arrivals that is normal and satisfies
te(0) < p, and consequently is maximin optimal. In order to
achieve this goal, the reward function is required to be regular
(Definition 2). This property further implies the following fact.

Proposition 5: A regular reward function r is strictly
increasing and continuously differentiable. Its derivative ' is
strictly decreasing and satisfies 7/ (+00) = 0.

Sketch of Proof: Use [19, Th. 1.5] and Proposition 9. [l

From now on, we will assume that r is regular. Under this
assumption, we can construct an explicit optimal stationary
policy for Bernoulli energy arrivals.

Definition 9: For any universal stationary policy ¢ para-
metrized by p, the asymptotic expected average reward
7 (o, Bf?oo) of o with respect to the Bernoulli energy arrival
distribution Bp is a function of capacity ¢ and MCR p, which
is denoted by T, (¢, p), or more succinctly, T, (c¢), when p is
fixed and is clear from the context.

Theorem 3 (cf. [14, Th. 1] and [15, Sec. II-A]): A station-
ary policy w is optimal for i.i.d. energy arrivals with the
Bernoulli distribution B, iff it satisfies

M(w(z))
T = Z K1/(—pyi—1 (w(T)) )
i=1
for all
reC={a0@:0<i<Mwe)},  ®
where

a5/ ). o

M@%:{ In(1 —p)

The proof of Theorem 3 is presented in Appendix A. From
the proof of Theorem 3, we can see that the value of w(x)
for x ¢ C has no impact on the asymptotic expected average
reward for Bernoulli arrivals. However, this is not necessarily
the case for other energy arrival distributions. To construct a
universal stationary policy with maximin optimal performance,
we consider the natural extension of (7) from C' to R>.
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The resulting policy w is analyzed with the aid of the following
functions.
Definition 10: The extension ks of k4 is defined by

_ {Hs(x); T > T,

Rs(z) == ks(x V T5) = 0 0<por

where s > 1.
Definition 11: Let

ns(x) = Z Rsi_l)(x)v

i=1

where Rgl) denotes the i-fold composition of ks with the
convention /?ago)(x) = .

The following propositions summarize some important
properties of ks and 7.
Proposition 6: The

properties:
1) 0 <Rs(z) <z forz>0.
2) ks is continuous, nondecreasing, and convex.
3) 8 (2) = ky(z v ), where i > 0 and 7" =
Hs—i(O). )
4) The least nonnegative integer ¢ such that R (x)=01s

1MW®VW@D]

Ins

function Ky has the following

Mo = |

which is a generalization of (9) (the latter corresponds
to the special case s = 1/(1 — p)).
Proposition 7: The function 7y is continuous, strictly
increasing, and convex, and 74(x) = Eﬁil Rgifl)(a:) for all
N > M(x). In particular,

M (z) M, (x)
ns(x) = Z Kgim1(x) = Z Kgi—1(x),
where
e = | QI

The proofs of Propositions 6 and 7 are given in
Appendix A. A straightforward consequence of these prop-
erties is the next theorem, which shows that w is normal and
t(w) = p.

Theorem 4: The stationary policy w(z) = 1, /1(1_p)(x) has
the following properties:

1) Policy w is strictly increasing, concave, and conse-

quently normal.

2)
w@ V(@) = & W)
:{mquw@»iM<Mw@»
0, otherwise.
3) w)=p.

Proof: 1) It is clear that x = 7y /(1_p)(w(z)) (Theorem 3
and Proposition 7), which implies w(z) = 7, /1(1_p)(x) due
to the invertibility of 7,1,y (Proposition 7). Moreover, w
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is strictly increasing and concave (Propositions 7 and 10).
Therefore, w is normal.

2) Since z = 1y /(1—p)(w(x)),

o) = > AL, W)

=2

M

Rgi/f(ll)_p)(f%/(kp) (w(z)))

<.
Il
i

1/(1-p) (F1/(-p) (W()))
TR a-p) (w(2))),

3

l
&

which implies that w(w(z)) = ki 1—p)(w(x)). Repeat-
edly applying this identity, we have w(@(~V(z)) =
Rglf(ll)_p)(w(a:)), which is zero if i > M;;q_p)(w(x))
(Proposition 6).

3) It is clear that

' (w(x) V Ti0-p)

r(ww(x))) =

(Property (2)).

L—p
We have
/ /
inf — (wf(m = (1 —p) inf rw(z)
>0 1’ (w(w(x))) 2>0 7" (w(x) V T1/(1-p))
=1- b,
and therefore +(w) = p. O

From Theorems 2, 3, and 4 and Proposition 1, it then follows
that w is maximin optimal.

Theorem 5: Suppose that r is regular. The stationary policy
w(z) = n;/l(lfp) (x) is maximin optimal for Q. , and

Qérgw T (w, Q%) =T,(c) := T (w,BZ>),
where Bp is the Bernoulli distribution defined by (4).
In particular, for the special reward function given by (2),
we have the following maximin optimal policy.
Theorem 6 (cf. [14, Th. 1]): Suppose that r is given by (2).
The policy

Wawgn (l‘) = (10)

_ | ezt
Y

1—(1-pM

is maximin optimal, where M is the least integer satisfying

[1+plyz + M))(1 —p)M < 1.

Proof: With no loss of generality, we assume v = 1. Note
that

1
/ @
and
1 1
/—1 —_ —
' x) = o 1 forx e (0,2>.
We have
1
o) = 7' (7' (2)) = = 1 for & € (7, +00),
s
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and consequently

1+

_17 szsa
0, 0<x<Ts,

where 7, = s — 1. It is easy to see that r is regular.
In light of Theorem 5, the online power control policy

Wawgn (T) = 771_/1(17,)) (x)

is maximin optimal. Note that

M (z) _
Mya-p)(T) = (T +2)(1—p) ' —1]
i=1
(1 — M) -
SRS el ol ) i pp) — M(z)
with
- _ | In(1+=) ~In(1+x)
M(x){ ln(l—p)J+1> (1-p)
Thus
() = PETID)
awgn 1 - (1 —p)M )

where M is the least integer satisfying
[1+p(z+ M)](1 —p)™ < 1.

By replacing = and wawgn () With vz and Ywawgen (), respec-

tively, we get (10) for a general ~. O
By Proposition 6, it is easy to see that wawen 1S a piecewise

linear function, with the endpoints of line segments given by

1 (k) (k)

S a1y 0)s T10)

1 ((1 -p)F -1

Y p

for £ > 0. Policy wawen is plotted in Fig. 1 for v = 1 and

p = 0.1,0.5. For comparison, the fixed fraction policy

By =

—k, (1—p>’“—1) (11)

o(x) = px (12)

and the greedy policy o(x) = x are also plotted in Fig. 1. It
is observed from (11) and Fig. 1 that wawen () coincides with
o(z) when z < p/(1—p). It is also observed that wayen(x) =
o(x) + O(Inz) as ¢ — oo.

C. Maximin Optimal Policy Versus Fixed Fraction Policy

In general, a maximin optimal policy does not necessarily
perform well for all distributions in Q. ,. But in the case
where the reward function is given by (2), there exists a certain
performance guarantee as shown in the sequel.

Definition 12: The additive gap G(7w>°, Q) and the multi-
plicative factor F(n®°,Q) of n* € II for distribution () are
defined respectively as

G, Q) == S}g)'f(ﬁ'oo, Q®>®) — T (7>,Q%>),

T(7,Q%%)
SUpsoe T (720, Q®®)

F(r*,Q) :=
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Fig. 1.

When 7™ is parametrized by (c¢,p) (and is written as
Teps OF simply 7°° when there is no danger of confusion),

the upper additive gap and the lower multiplicative factor of
7> are defined respectively as

G(n>®) := sup G(r° Tops G D),
c>0
0<p<1
E(r*) = inf E(rZ,cp)
0<p<1
with
@( c,p) == sup G(mo,,Q),
QEQc,p
F = f F
_( Cp) QéIéLp ( cp’Q)

According to ([14, Th. 2]), the fixed fraction policy ¢ is
universally near optimal for reward (2) in the sense that

(13a)

(13b)

This universal near optimality is established by consider-
ing the worst-case performance of ¢ and invoking the fact
that 7(7>,Q%>) < r(pc) for all #> and Q € Q.,
([14, Prop. 2] and [15, Lemma 1]). Note that for both
Wawegn and ¢, the least favorable distribution is Bernoulli
(Theorem 2 or [14, Prop. 5]). Since wawgn is optimal for
Bernoulli arrivals whereas ¢ is suboptimal, it follows that
Wawgn has a strictly better worst-case performance compared to
o and consequently must be universally near optimal as well
(in the sense of (13) with ¢ replaced by wawgen). The next
result reveals that wawgn is actually superior to ¢ in terms of
the lower multiplicative factor.

Theorem 7: For reward (2),

F(Wawgn) > 1—e ' 2 0.6321 (14)

while

15)

Authorized licensed use limited to: McMaster University.
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Plots of the maximin optimal policy wawgn (x) (for v = 1), the fixed fraction policy ¢(x), and the greedy policy o(x) = «.

Proof: Since the least favorable distribution for wawgn is
Bernoulli and 7 (7°°, Q®>°) < r(pc) forall 7 and Q € Q.
([14, Prop. 2] and [15, Lemma 1]), we immediately have

Twawgn (Cﬂ p)
r(pe)
adewgn ( 9 p)

ox

o (pc)

/ pr’ (Wawgn (7))dz
0

= (Lemma 3)
7(pc)

/ : f

/0 pr'(pz) inf
r(pc)

/

= inf M. (16)
v>0 1'(py)

With no loss of generality, we assume v =
Theorem 6 with v = 1, it follows that

(L+p2) 1= (1-p)"]

p(z+ M)
1—pM
+p(m+]\~4)>7

- [1—(1—;;)“”} <1

which is nonincreasing for M <1 /p and is increasing for
M > 1/p. So its minimum is attained at

E(wawgm C, p) >

L

dx

r (@aen (1))

oy

>

1. Then from

7’ (Wann (z)) _
r' (px)

zo = sup {z: [1 + p(z + Mp)](1 )MU<1
[+ p(x + My — 1))(1 — p)Mo—t > 1}
_ (1 _p)_MO -1 — I,
p

where My = |1/p], and the minimum ratio is

— [y _ (1 _ \o 1—pMy
Fy(p) = [1 - (1-p) ]<”—<1_p>m_1>
=1 =p)" + (1= php)(1 —p)™"

=1- pMo(l - p)MO.
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Fig. 2. The additive gaps and multiplicative factors of fixed fraction policies for reward (2) with v =1 and X; ~ Ep with p = 0.1, 0.5, 0.9, respectively.

1072

©0-0-0-0-3 8 9900000600000
°

Additive Gap

50

Fig. 3.

For p € [1/(14+n),1/n) where n > 1,
Fo(p) =1 —np(1 —p)",
and hence
Fy(p) = n(1

so the minimum of Fy(p) over p € [1/(1+n),1/n) is
n+1
F0< )—1_(1_ ) |

Therefore,
E(Wawgn) = inf inf F(wawgmcap)

—p)" (n+1)p—1] >0,

1
n+1

1

n+1

0<p<le>0—
> inf F Eq. (1
2 of o(p) (Eq. (16))
1 n+1
= inf 1—(1— ) =1—e1.
n>1 n—+1

Now let us evaluate F'(¢). In view of (13b), it suffices to
show that F'(¢) < 1/2. For fixed p, by Lemmas 2 and 3 and

Multiplicative Factor
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The additive gaps and multiplicative factors of maximin optimal and fixed fraction policies for reward (2) with v = 1 and Xy ~ GQ;}’C with
p=0.1,0.5,0.9 (MCR = 0.1, 0.5, and approximately 0.7222), respectively.

the dominated convergence theorem, we have

) - (o@D (¢
lim F(p, By) = lim ;p(l _p)z_lw
00 X r st ¢
< i p(L=p) ) 1
=S p(1-p) () 2=p

so F(p) <infocpca1 1/(2—p) =1/2.

Figs. 2—4 illustrate the performance comparisons of the
maximin optimal policy wawen and the fixed fraction policy
o when (@ is Bernoulli, c-limited uniform, or c-limited expo-
nential, where the c-limited uniform and c-limited exponential
distributions are given by

ﬁb(A)::/A %1{0 <z <bAchr+ (1 - g)+ 5.(A) (17)

with (z)4 :==2 Vv 0 and

Ex(4) := / Ae M0 <z < c}dz + e 6. (A), (18)
A
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(MCR = 0.1, 0.5, and approximately 0.7222), respectively.

respectively, where J. is defined by (5). The comparison is
performed by computing the additive gap and the multiplica-
tive factor (Definition 12) of a policy 7°° for a distribution Q).
Note that wawen is optimal in the Bernoulli case. A modified
value iteration algorithm based on [20, Sec. 8.5] is employed to
compute the optimal performance as well as the performance
of a given policy in non-Bernoulli cases. It can be seen
from the plots that wawen consistently outperforms ¢ and
has a clear advantage in the low battery-capacity regime
(i.e., when ¢ is small). This shows that the dominance of
Wawgn OVEr @ is not restricted to the worst-case scenario.
Moreover, the performance of wawgn 18 very close (within 2%)
to the optimal in the non-Bernoulli cases under consideration,
in particular for low MCRs.

The advantage of the maximin optimal policy is potentially
more evident for other reward functions. Indeed, for the square
root reward

r(z) = (14 2)Y% -1, (19)

the maximin optimal policy, denoted by wsqq, can outperform
the fixed fraction policy by a wide margin, as is shown
by Fig. 5.

Remark 3: In contrast to the fact that MCR(B,) = p,
the MCRs of U, and E\ depend on the battery capacity ¢
(in addition to their respective parameters b and \). To facil-
itate the characterization of this dependency, we define the
nominal MCR (NMCR) of a battery-capacity-limited distrib-
ution to be the ratio of the mean of its original distribution to
the battery capacity c. Note that the NMCRs of U, and Ey
are

NMCR(U;) = 2%

and

. 1
NMCR(E,) = 1.

respectively. Hence, if the NMCR is p, then
Uy = Up.ac

and

Ex =By,
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and their actual MCRs are

b
- —, 0<b<eg,
MCR(U(,) =< 2 c
1——, b
T
1
ﬁa 0 < ﬁ < 5;
= 1 - 1
4’5’ p 2)
and
. 1 _
MCR(E») = +(1 - e ) =p(l —eV/P),
respectively.

IV. CONCLUSION

We have constructed a maximin optimal online power con-
trol policy for discrete-time battery limited energy harvesting
communications. This policy only requires the knowledge of
the (effective) mean of the energy arrival process and achieves
the best possible worst-case performance. It is of considerable
interest to compare our new policy against the existing ones
in a systematic manner and quantify the performance gains.
We have made some initial attempt along this direction and in
particular showed that the new policy strictly outperforms the
fixed fraction policy in terms of the lower multiplicative factor
when the objective is to maximize the throughput over an
AWGN channel. It is also worthwhile to explore possible ways
to simplify the new policy without essentially compromising
its competitiveness or to enhance it for coping with the more
realistic scenario where the reward function and the energy
arrival distribution are not static. We intend to undertake some
of these tasks in a follow-up work [21].

APPENDIX A
PROOFS OF RESULTS IN SEC. III

Proof of Proposition 2: 1) 0 < ¢(0) < 0.
2) It is clear that & is convex. For y >z > 0,

(-3

< 2o+ (1-2) o0 < oo

o(z) =

3) For 0 < x <y < ¢, we have

022 =0@) _o®) O | o
y—a y—0

(20)

which implies |o(y)—o(x)| < |y—z|. Therefore, o is Lipschitz
on [0, ¢], and so is &.
4) Use [19, Th. 1.4] and inequality (20). U
Proof of Theorem 3: We first prove the existence of a
stationary policy that is optimal for the Bernoulli distribution.
Let f := pm/c + d. be a finite measure on ([0, ¢], B([0, c])),
where m denotes the Lebesgue measure on [0, ¢]. Let € = p.

6717

It is clear that any measurable set A with f(A) < e does not
contain the point ¢, and consequently

Ppa 1, (A | b) < Pp,5,([0,¢) | )

= Y Pus,(u| b)Ps,s,0,([0,¢) | bu)
u€[0,b]

= Y Py (u|b)P{b—u+X; <c}
u€[0,b]

< Y Py (u]b)(1-p)
u€[0,b]

<l-p=1-c¢

for all b € [0,c] and all (admissible) randomized stationary
policies P, | g, . This means that the so-called Doeblin condi-
tion is satisfied, and hence there exist a set C' € B([0,c])
with f(C') > € and a stationary policy w € X such that
for all By = b € C, policy w achieves the maximum
asymptotic expected average reward and Ppg,|p,(C | b) = 1
([22, Th. 2.2]). It is clear that ¢ € C, and in fact, by the prop-
erty of Bernoulli distribution, C' is an invariant set consisting
of the points

2O%) =, 0W(e),...,a™V(e), oM (c) =0

for some integer IV to be determined later. Note that for B;- =
0, the distribution of Bj is supported on {0,c} C C'. The
asymptotic expected average reward of policy w is

T.(c) = Zp(l —p) " r(w@ Y (e))) (Lemma 2),

or equivalently,

oo

To(c) = p(1—p)" 'r(a)

i=1

with the constraint ">, a; < ¢, where a; = w(@V(c))
> 0.

In order to find (a;)$2;, we need to solve the following
infinite-dimensional optimization problem:

maximize T'((u;)i2;) := Zp(l - p)iilr(ui)
i=1
subject to u; > 0,

0o
E Uq S C,
i=1

where ¢ > 0. It can be shown via an argument similar to [14,
Appx. C] that

i=1,2,...,

A .
(ay) = o _‘;)l - for 1 << M, (21a)
Ao = p(1—p)Mr'(0), (21b)
M
Zai =c (21¢)
=1

Uf the distribution of Bj is supported on a set not contained in C, e.g., [0, ¢],
then the energy By stored in the battery will undergo a transient stage, which
however has negligible impact on the long-term expected average reward (see,
e.g., [14, Prop. 6] or [22, Lemma 3.1]).
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Then, for 1 <1i,5 < M, we have

() _ 1
Pag) A= p)
and
(1 - )M (0) < % — (ay)(1 - p)i~?

= 7'(an)(1 =)™~ < (1= p)M=1(0).
So

z:’ﬁ/(1 —pyi-1 (@) ZO‘JH 1

a;] 1))

with

1n<r/<aj>/r/<o>>w |

In(1 —p)

Since a; = w(@Y Y (e)), w(z) satisfies (7) for all z € C
defined by (8), including z = @™)(c) = 0. In view of the fact
that x4 is strictly increasing (see also Proposition 7), Eq. (7)
uniquely determines all a;, and we can conclude that w is
optimal iff it satisfies (7). U

Proof of Proposition 6: 1) It is clear that Z4(x) > 0. Since
s> 1, it is also easy to see that &4(z) < r'~1(r'(x)) = x for
X > Ts.

2) It is clear that &s(z) = f(g(z)) with f(z) = ks(x) and
g(x) = x V 7,. Since r is regular, f is continuous, strictly
increasing, and convex on [7g, +00). It is also clear that g is
continuous, nondecreasing, and convex on [0, +00). Therefore,
Ks 1s continuous, nondecreasing, and convex ([18, p. 84]).

3) It is clear that /@g)( ) = Kgi(x \/Ts()) for i = 0,1.
Suppose the identity is true for ¢ = k. Then

R (2) = ko (R (2) V 75)

V7Y VT

eV THFV ki (15)))

AR AV Canob!

xV T(k+1))) = Kgh+1 (x \% T(k+1))

Mj:M—j—i—lz[

= Ks(Rgr
= Ks(Rgr

:l‘ig( sk

~ o~ o~ o~

= Ks(Rgk

Therefore by induction, R )( ) = Kgi(xV 7 ) for all ¢ > 0.
4) The least nonnegative integer ¢ such that /ig )( )=01is
exactly the least nonnegative integer M satisfying

z < 7™M = kg (0),
or equivalently,
Myl (x) > ' (0).
In other words,

b [0 ),

U

Proof of Proposition 7: Tt is easy to see that ns(r) =

Zi]\il /?;g_l)(x) for all N > Mg(x). So 7, is continuous,
strictly increasing, and convex (Proposition 6).

IEEE TRANSACTIONS ON WIRELESS COMMUNICATIONS, VOL. 19, NO. 10, OCTOBER 2020

Observing that /@g ( ) = (f)( ) for all > 0 and
= Ks

i < M,(z) and that &M <“’>>(x) (M=) () = 0 for x
satisfying
In(r"(0) /' (x
M, (z) = ( (1)/ ().
ns
we immediately have
M (x) M ()

= Z lﬁ}Si—l(m) = Z ”si—l(x)
i=1 i=1

APPENDIX B
IMPORTANT LEMMAS

Lemma 1: For a policy o € X and a real-valued function ¢
on [0, ¢], we define the function

h(zx) = r(o(z)) + g(a ().

If o is normal, ¢ is nondecreasing, Lipschitz, and concave on
[0,¢], and ¢'(5(x)) < r'(o(x)) almost everywhere, then h is
nondecreasing, Lipschitz, and concave on [0, ¢|, and h/(z) <
r’'(c(x)) almost everywhere.

Proof: Since h is nondecreasing and Lipschitz on [0, ]
(Proposition 2), it is absolutely continuous and hence dif-
ferentiable a.e. [23, Lemma 6.1.3 and Cor. 6.1.5], and so
are o, r, and g. Thus, the derivative of A can be com-
puted by the differentiation rules, in particular, the chain rule
[23, Th. 6.5.2]. Specifically, we have

W(x) =1'(o(x))o’ (x) + ¢'(o(x))o’ (x)
=1'(0(x)) + 0’ (2)(g'(e(x)) —1'(0(2))) ae.,

which implies h'(z) < r/(o(z)) a.e. because ¢’ is nonnegative
a.e. (Proposition 2).

Let A be the common set on which h/(z) exists and
g’ (a(x)) < r'(o(x)) holds true. It is clear that A is measurable
and its Lebesgue measure is c. Note that ¢’ and ' are both
nonnegative on A, and ¢’(z), r’(o(x)), and ¢'(5(zx)) are all
nonincreasing on A (Proposition 2 and [19, Th. 1.4]). For any
x,y € A such that x < y, we have

W(y) = b (z) = r'(o(y))o’(

I
—~
%\
—~
S)
—~
NS
N~—
N~— ~—
|
—~
S)
—
=2
S—
S—
q
—~
NS
S—

which implies that 2’ is nonincreasing on A. Therefore, h is
concave on [0, ¢] (Proposition 8). O
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Lemma 2 ( [14, Appx. C] and [15, Eq. (9)]): The asymp-
totic expected average reward of a stationary policy o € X
with respect to the Bernoulli energy arrival distribution B, is

= Zp(l —p)’

Lemma 3: T! (¢) = pr'(w(c)).
Proof: By Lemma 2 and Theorem 4,

tr(o (@ ().

M(w(c)) 4
To(e):= > p1—p) rw@ ().
i=1
We have
M(w(c))

. ) w(@t=Y (¢
S a1 - ) (@t (o) D)

for almost every ¢ > 0. Since
(1=p) 7 (W@ ()
= (1=p)" "' (K1/(1—pyi-1(w(c))) (Theorem 4)
=r'(w(0))
for 1 <i < M(w(c)), it follows that

M(w(c))

w(@=Y (e
Q= Y w1
i=1
M(w(©) |, (mi=1) (¢
_ pr/(w(c))de:I dc( ( ))
= o (wle) S = P ()
for almost every ¢ > 0. O

APPENDIX C
USEFUL FACTS

Proposition 8: If f is an absolutely continuous real-valued
function on a closed interval I = [a, b] and f’ is nondecreasing
(resp., nonincreasing) a.e. on the set of points where it exists,
then f is convex (resp., concave) on I.

Proof: Since f is absolutely continuous, it is differentiable
a.e. and satisfies

F(@) = fla) = / f(s)ds (123, Th. 6.4.2]).
Then for any a < 2 <y < b and any t € (0,1),

(1—t)f(x) +ﬁf( )= f(2)
= (1 =0)(f(x) = f(2)) +t(f(y) = f(2))

= 1—t/f ds+t/f )ds
e f e

—(1-1) / g.ds + t/ g-ds
[z,z]NA [z,y]NA

= g.[~(1—t)(z —2) +1(y - 2)]
— g1 =t +ty—2] =0,

f'(s)ds

(Y

6719

where z = (1—t)x+1ty, g. = SUP,c(y .)na ['(5), and A s the
set of points where f’ exists and is nondecreasing. Therefore,
f is convex on 1. O
Proposition 9: Let f be a nonnegative and strictly decreas-
ing function on R>o (so f(+00) = limy .40 f(2z) is
well defined). If f~1(sf(z)), defined on [f~1(f(0)/s), +00),
is convex for some s € (1, f(0)/f(400)), then f(+o0) = 0.
Proof Let g(z) = f~'(sf(z)) and choose an arbitrary

x1 € [f7H(f(0)/s), +00). If f(+00) > 0, then

glx) < f~

that is, g is bounded. On the other hand, since g(z) is convex,

glar) = g () < Zg(a)

for all x > x1. So

Ysf(+00)) < 400,

g(1)

g(x) >

which implies that g is unbounded, a contradiction to the
assumption. Therefore, f(400) = 0. O
Proposition 10: Let f be a strictly increasing real-valued
functions on some convex subset of R. Then f is convex iff
f~1is concave.
Proof: Since f is strictly increasing, we have

{@y):y= f@)} ={@y: o<W}

that is, the epigraph of y = f(x) is exactly the hypograph of
x = f~1(y). Therefore f is convex iff f~! is concave. [

€z,
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